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ìóëèðîâêè çàäà÷, ïîäðîáíûå óêàçàíèÿ ïî èõ ðåøåíèþ è îòâåòû. Â ïîñîáèè
èñïîëüçîâàíû çàäà÷è èç êíèã:

1) Äåìèäîâè÷ Á.Ï. Ñáîðíèê çàäà÷ è óïðàæíåíèé ïî ìàòåìàòè÷åñêîìó àíà-
ëèçó;

2) Âîëêîâûñêèé Ë.È., Ëóíö Ã.Ë., Àðàìàíîâè÷ È.Ã. Ñáîðíèê çàäà÷ ïî òåî-
ðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî;

3) Øåëêîâíèêîâ Ô.À., Òàêàéøâèëè Ê.Ã. Ñáîðíèê óïðàæíåíèé ïî îïåðà-
öèîííîìó èñ÷èñëåíèþ.

Â ïåðâîé ãëàâå ïîñîáèÿ ïðåäñòàâëåíû ÷åòûðíàäöàòü çàíÿòèé ïî ¾Òåîðèè
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è Îñòðîãðàäñêîãî; ýëåìåíòû òåîðèè ïîëÿ; ñîáñòâåííûå è íåñîáñòâåííûå èíòå-
ãðàëû, çàâèñÿùèå îò ïàðàìåòðà; èíòåãðàëüíàÿ ôîðìóëà è ðÿäû Ôóðüå.

Òðåòüÿ ãëàâà îáúåäèíÿåò ÷åòûðíàäöàòü çàíÿòèé ïî ¾Òåîðèè ôóíêöèé êîì-
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ïåííûå ðÿäû è ðÿäû Ëîðàíà; êëàññèôèêàöèÿ îñîáûõ òî÷åê è âû÷åò ôóíêöèè;
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Ãëàâà 1

Ðÿäû

1.1 ×èñëîâûå ðÿäû

�����������������������������������������

1.1.1 Çàíÿòèå 1

u1, u2, . . . , uk, . . . � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {uk}
Îïðåäåëåíèå. u1 + u2 + u3 + . . .+ uk + . . . =

∑∞
k=1 uk � ÷èñëîâîé ðÿä (1) .

Ïðè ïîñëåäîâàòåëüíîì ñóììèðîâàíèè ýëåìåíòîâ ðÿäà âîçíèêàåò íîâàÿ ïî-
ñëåäîâàòåëüíîñòü ñ ýëåìåíòàìè s1 = u1 � 1-àÿ ÷àñòè÷íàÿ ñóììà, s2 = s1 +u2 �
2-àÿ ÷àñòè÷íàÿ ñóììà, s3 = s2 +u3 � 3-üÿ ÷àñòè÷íàÿ ñóììà, . . . , sn = sn−1 +un
� n-àÿ ÷àñòè÷íàÿ ñóììà, . . . .

Îïðåäåëåíèå. sn =
∑n

k=1 uk � n-àÿ ÷àñòè÷íàÿ ñóììà ðÿäà (1) .

Îïðåäåëåíèå. Ðÿä (1) íàçûâàåòñÿ ñõîäÿùèìñÿ (ïî Êîøè), åñëè ñõîäèòñÿ
ïîñëåäîâàòåëüíîñòü {sn} ÷àñòè÷íûõ ñóìì ýòîãî ðÿäà. Ïðåäåë S = lim

n→∞
sn

ïîñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì íàçûâàåòñÿ ñóììîé (ïî Êîøè) ðÿäà (1)
(
∑∞

k=1 uk = S) .

Åñëè lim
n→∞

sn íå ñóùåñòâóåò, òî ðÿä (1) íàçûâàåòñÿ ðàñõîäÿùèìñÿ.

Òåîðåìà (êðèòåðèé Êîøè). Äëÿ òîãî, ÷òîáû ðÿä
∑∞

k=1 uk ñõîäèëñÿ, íåîáõî-
äèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî ÷èñëà ε > 0 íàøåëñÿ íîìåð N(ε) òàêîé,
÷òî äëÿ âñåõ íîìåðîâ n ≥ N(ε) è äëÿ ëþáîãî íàòóðàëüíîãî p âûïîëíÿëîñü
íåðàâåíñòâî |sn+p − sn| =

∣∣∑n+p
k=n+1 uk

∣∣ < ε.

Ñëåäñòâèå (íåîáõîäèìîå óñëîâèå ñõîäèìîñòè ÷èñëîâîãî ðÿäà). Äëÿ ñõîäè-
ìîñòè ðÿäà

∑∞
k=1 uk íåîáõîäèìî, ÷òîáû lim

k→∞
uk = 0.

Åñëè lim
k→∞

uk 6= 0, òî ðÿä (1) ÿâëÿåòñÿ ðàñõîäÿùèìñÿ ðÿäîì.
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Îïðåäåëåíèå. ×èñëîâîé ðÿä
∑∞

k=1 pk, â êîòîðîì âñå pk > 0, íàçûâàåòñÿ
÷èñëîâûì ðÿäîì ñ ïîëîæèòåëüíûìè ÷ëåíàìè.

Ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì òàêîãî ðÿäà ÿâëÿåòñÿ íåóáûâàþùåé
÷èñëîâîé ïîñëåäîâàòåëüíîñòüþ.

Òåîðåìà. Äëÿ òîãî, ÷òîáû ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè ñõîäèëñÿ, íåîá-
õîäèìî è äîñòàòî÷íî, ÷òîáû ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ýòîãî ðÿäà
áûëà îãðàíè÷åííîé.

Òåîðåìà (ïðèçíàê ñðàâíåíèÿ). Ïóñòü
∑∞

k=1 pk è
∑∞

k=1 p
′

k � ðÿäû ñ ïîëîæè-
òåëüíûìè ÷ëåíàìè. Ïóñòü äëÿ âñåõ íîìåðîâ k ≥ k0 ñïðàâåäëèâî íåðàâåíñòâî
pk ≤ p

′

k. Òîãäà, ñõîäèìîñòü ðÿäà
∑∞

k=1 p
′

k âëå÷åò ñõîäèìîñòü ðÿäà
∑∞

k=1 pk, à
ðàñõîäèìîñòü

∑∞
k=1 pk âëå÷åò ðàñõîäèìîñòü

∑∞
k=1 p

′

k.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.1 (�2549 [1]). Èññëåäîâàòü íà ñõîäèìîñòü è íàéòè ñóììó ðÿäà

∞∑
k=1

1

k(k + 1)
.

Ð å ø å í è å: uk =
1

k(k + 1)
→ lim

k→∞
uk = lim

k→∞

1

k(k + 1)
= 0 � íåîáõîäèìîå

óñëîâèå ñõîäèìîñòè âûïîëíåíî

sn =
n∑
k=1

uk =
n∑
k=1

1

k(k + 1)
=

n∑
k=1

(
1

k
− 1

k + 1

)
=

(
1− 1

2

)
+

(
1

2
− 1

3

)
+

+

(
1

3
− 1

4

)
+ . . . +

(
1

n− 1
− 1

n

)
+

(
1

n
− 1

n+ 1

)
= 1− 1

n+ 1

lim
n→∞

sn = lim
n→∞

(
1− 1

n+ 1

)
= 1 =

∑∞
k=1

1

k(k + 1)

Î ò â å ò: Ðÿä ñõîäèòñÿ è åãî ñóììà ðàâíà 1 (ïî îïðåäåëåíèþ ñõîäèìîñòè
÷èñëîâîãî ðÿäà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.2 (�2554 [1]). Äîêàçàòü, ÷òî åñëè ðÿä (1)
∑∞

n=1 an ñõîäèòñÿ, òî
ðÿä (2)

∑∞
n=1An, ãäå An =

∑pn+1−1
i=pn

ai (p1 = 1, p1 < p2 < p3 < . . .� çàäàííûå
öåëûå ÷èñëà), ïîëó÷åííûé â ðåçóëüòàòå ãðóïïèðîâêè ÷ëåíîâ ðÿäà (1) áåç íàðó-
øåíèÿ ïîðÿäêà èõ ñëåäîâàíèÿ, òàêæå ñõîäèòñÿ è èìååò òó æå ñóììó. Îáðàòíîå
íåâåðíî, ïðèâåñòè ïðèìåð.

Ð å ø å í è å: {sn}� ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ðÿäà (1)

lim
n→∞

sn = lim
n→∞

∑n
k=1 ak = S =

∑∞
n=1 an � ñóììà ðÿäà (1){

s
′

n

}
� ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ðÿäà (2)
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s
′

n =
n∑
k=1

Ak =
n∑
k=1

(
pk+1−1∑
i=pk

ai

)
= a1 + a2 + a3 + . . .+ apn+1−1 =

=

pn+1−1∑
k=1

ak = spn+1−1

� ýëåìåíò ÷èñëîâîé ïîñëåäîâàòåëüíîñòè {sn}
s
′

n ÿâëÿåòñÿ ïîäïîñëåäîâàòåëüíîñòüþ ÷èñëîâîé ïîñëåäîâàòåëüíîñòè sn, êî-
òîðàÿ ñõîäèòñÿ.

Ñëåäîâàòåëüíî, lim
n→∞

s
′

n = lim
n→∞

sn = S.

Ïðèìåð. Ïóñòü an = (−1)n. Ðÿä (1)
∑∞

n=1(−1)n� ðàñõîäèòñÿ (íàðóøåíî
íåîáõîäèìîå óñëîâèå ñõîäèìîñòè). Ïóñòü p1 = 1, p2 = 3, p3 = 5, . . . , pk = 2k−
1, . . . . Òîãäà A1 = A2 = . . . = Ak = . . . = 0 è ðÿä (2)

∑∞
n=1An =

∑∞
n=1 0 = 0

ÿâëÿåòñÿ ñõîäÿùèìñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.3 (�2557 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà
∞∑
k=1

k
√

0, 001.

Ð å ø å í è å: uk = k
√

0, 001 =
1

103/k
→ lim

k→∞
uk = lim

k→∞
10−3/k = 1 6= 0 �

íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

Î ò â å ò: Ðÿä ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè ÷èñ-
ëîâîãî ðÿäà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.4 (�2558 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà
∞∑
n=1

1

n!
.

Ð å ø å í è å: un =
1

n!
→ lim

n→∞
un = lim

n→∞

1

n!
= 0 � íåîáõîäèìîå óñëîâèå

ñõîäèìîñòè âûïîëíåíî

Äëÿ ëþáîãî n ≥ 1 âåðíî íåðàâåíñòâî n! ≥ 2n−1.

Òîãäà, 0 < un =
1

n!
≤ 1

2n−1
= u

′

n.

Ðÿä
∑∞

n=1 u
′

n =
∑∞

n=1

1

2n−1
� ñõîäèòñÿ, êàê ñóììà áåñêîíå÷íî óáûâàþùåé

ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì ðàâíûì
1

2
.
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Ðÿäû
∑∞

n=1 un è
∑∞

n=1 u
′

n � ðÿäû ñ ïîëîæèòåëüíûìè ÷ëåíàìè è un 6 u
′

n.

Ñëåäîâàòåëüíî, ðÿä
∑∞

n=1 un =
∑∞

n=1

1

n!
ÿâëÿåòñÿ ñõîäÿùèìñÿ ðÿäîì (ïî ïðè-

çíàêó ñðàâíåíèÿ) .

Î ò â å ò: Ðÿä
∑∞

n=1

1

n!
ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.5 (�2559 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

1

2n− 1
.

Ð å ø å í è å: un =
1

2n− 1
→ lim

n→∞
un = lim

n→∞

1

2n− 1
= 0 � íåîáõîäèìîå

óñëîâèå ñõîäèìîñòè âûïîëíåíî

Èñïîëüçóÿ êðèòåðèé Êîøè, äîêàæåì ðàñõîäèìîñòü ðÿäà
∑∞

n=1

1

2n− 1
.

Ïðîâåðÿåì âûïîëíåíèå îòðèöàíèÿ êðèòåðèÿ Êîøè:∣∣∣∣∣
n+p∑

k=n+1

uk

∣∣∣∣∣ =

∣∣∣∣∣
n+p∑

k=n+1

1

2k − 1

∣∣∣∣∣ =
1

2(n+ 1)− 1
+ . . .+

1

2(n+ p)− 1
>

>
p

2(n+ p)− 1
>

p

2(n+ p)
= {âûáåðåì p = n} =

1

4
> ε0 =

1

8

Î ò â å ò: Ðÿä
∑∞

n=1

1

2n− 1
ðàñõîäèòñÿ (ïî êðèòåðèþ Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.6 (�2575.2 [1]). Ïîëüçóÿñü êðèòåðèåì Êîøè, äîêàçàòü ñõîäè-
ìîñòü ðÿäà

∞∑
n=1

cosxn

n2
.

Ó ê à ç à í è å: èñïîëüçîâàòü íåðàâåíñòâî
1

n2
<

1

n(n− 1)
=

1

n− 1
− 1

n
(n = 2, 3, . . . ).

Ð å ø å í è å: Äëÿ ëþáîãî ε > 0 è ëþáîãî íàòóðàëüíîãî p âåðíû íåðàâåíñòâà∣∣∣∣∣
n+p∑

k=n+1

uk

∣∣∣∣∣ =

∣∣∣∣∣
n+p∑

k=n+1

cosxk

k2

∣∣∣∣∣ ≤
n+p∑

k=n+1

∣∣cosxk
∣∣

k2
≤

n+p∑
k=n+1

1

k2
<

n+p∑
k=n+1

1

k(k − 1)
=

=

n+p∑
k=n+1

(
1

k − 1
− 1

k

)
=

(
1

n
− 1

n+ 1

)
+

(
1

n+ 1
− 1

n+ 2

)
+ . . .
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+

(
1

n+ p− 2
− 1

n+ p− 1

)
+

(
1

n+ p− 1
− 1

n+ p

)
=

1

n
− 1

n+ p
<

1

n
< ε,

åñëè n ≥ N (ε) =

[
1

ε

]
+ 1.

Î ò â å ò: Ðÿä
∑∞

n=1

cosxn

n2
ñõîäèòñÿ (ïî êðèòåðèþ Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.7 (�2552 [1]). Èññëåäîâàòü íà ñõîäèìîñòü è íàéòè ñóììó ðÿäà
∞∑
k=1

(√
k + 2− 2

√
k + 1 +

√
k
)
.

Ð å ø å í è å:

uk =
√
k + 2− 2

√
k + 1 +

√
k =

(√
k + 2−

√
k + 1

)
−
(√

k + 1−
√
k
)

=

=
1√

k + 2 +
√
k + 1

− 1
√
k + 1 +

√
k

lim
k→∞

uk = lim
k→∞

(
1√

k + 2 +
√
k + 1

− 1
√
k + 1 +

√
k

)
= 0 � íåîáõîäèìîå

óñëîâèå ñõîäèìîñòè âûïîëíåíî

sn =
n∑
k=1

uk =
n∑
k=1

(
1√

k + 2 +
√
k + 1

− 1
√
k + 1 +

√
k

)
=

=

(
1√

3 +
√

2
− 1√

2 + 1

)
+

(
1√

4 +
√

3
− 1√

3 +
√

2

)
+

+

(
1√

5 +
√

4
− 1√

4 +
√

3

)
+ . . .+

(
1√

n+ 1 +
√
n
− 1
√
n+
√
n− 1

)
+

+

(
1√

n+ 2 +
√
n+ 1

− 1√
n+ 1 +

√
n

)
=

1√
n+ 2 +

√
n+ 1

− 1√
2 + 1

lim
n→∞

sn = lim
n→∞

(
1√

n+ 2 +
√
n+ 1

− 1√
2 + 1

)
= − 1√

2 + 1
= 1−

√
2

Î ò â å ò: Ðÿä ñõîäèòñÿ è åãî ñóììà ðàâíà 1−
√

2 (ïî îïðåäåëåíèþ ñõîäè-
ìîñòè ÷èñëîâîãî ðÿäà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.8 (�2560 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà
∞∑
n=1

1

1000n+ 1
.
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Ð å ø å í è å: un =
1

1000n+ 1
→ lim

n→∞
un = lim

n→∞

1

1000n+ 1
= 0 � íåîáõîäè-

ìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî

Äëÿ ëþáîãî n ≥ 1 âåðíî íåðàâåíñòâî un =
1

1000n+ 1
>

1

1000(n+ 1)
= u

′

n.

Ðÿä
∑∞

n=1 u
′

n =
∑∞

n=1

1

1000(n+ 1)
=

1

1000

∑∞
n=1

1

n+ 1
� ðàñõîäèòñÿ (ãàð-

ìîíè÷åñêèé ðÿä).

Ðÿäû
∑∞

n=1 un è
∑∞

n=1 u
′

n � ðÿäû ñ ïîëîæèòåëüíûìè ÷ëåíàìè è un > u
′

n.

Ñëåäîâàòåëüíî, ðÿä
∑∞

n=1 un =
∑∞

n=1

1

1000n+ 1
ÿâëÿåòñÿ ðàñõîäÿùèìñÿ ðÿ-

äîì (ïî ïðèçíàêó ñðàâíåíèÿ).

Î ò â å ò: Ðÿä
∑∞

n=1

1

1000n+ 1
ðàñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.9 (�2562 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

1

(2n− 1)2 .

Ð å ø å í è å: un =
1

(2n− 1)2 → lim
n→∞

un = lim
n→∞

1

(2n− 1)2 = 0 � íåîáõîäèìîå

óñëîâèå ñõîäèìîñòè âûïîëíåíî

Èñïîëüçóÿ êðèòåðèé Êîøè, äîêàæåì ñõîäèìîñòü ðÿäà
∑∞

n=1

1

(2n− 1)2 .

Âåðíû íåðàâåíñòâà∣∣∣∣∣
n+p∑

k=n+1

uk

∣∣∣∣∣ =

n+p∑
k=n+1

1

(2k − 1)2 <

2(n+p)−1∑
m=2n+1

1

m2
<

2(n+p)−1∑
m=2n+1

1

m(m− 1)
=

=

2(n+p)−1∑
m=2n+1

(
1

m− 1
− 1

m

)
=

(
1

2n
− 1

2n+ 1

)
+

(
1

2n+ 1
− 1

2n+ 2

)
+ . . .

+

(
1

2(n+ p)− 3
− 1

2(n+ p)− 2

)
+

(
1

2(n+ p)− 2
− 1

2(n+ p)− 1

)
=

=
1

2n
− 1

2(n+ p)− 1
<

1

2n
< ε,

åñëè n ≥ N (ε) =

[
1

2ε

]
+ 1.

Î ò â å ò: Ðÿä
∑∞

n=1

1

(2n− 1)2 ñõîäèòñÿ (ïî êðèòåðèþ Êîøè).
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.10 (�2566 [1]). Äîêàçàòü, ÷òî åñëè ðÿäû
∑∞

n=1 an è
∑∞

n=1 bn ñõî-
äÿòñÿ è an ≤ cn ≤ bn (n = 1, 2, . . .), òî ðÿä

∑∞
n=1 cn òàêæå ñõîäèòñÿ.

Ð å ø å í è å: Òàê êàê ðÿäû
∑∞

n=1 an è
∑∞

n=1 bn ñõîäÿòñÿ, òî âûïîëíåíû
íåðàâåíñòâà

∣∣∑n+p
k=n+1 ak

∣∣ < ε è
∣∣∑n+p

k=n+1 bk
∣∣ < ε (êðèòåðèé Êîøè).

Òàê êàê an ≤ cn ≤ bn, òî âåðíû íåðàâåíñòâà

n+p∑
k=n+1

ak ≤
n+p∑

k=n+1

ck ≤
n+p∑

k=n+1

bk.

Ñëåäîâàòåëüíî,
∣∣∑n+p

k=n+1 ck
∣∣ ≤ max

{∣∣∑n+p
k=n+1 ak

∣∣ , ∣∣∑n+p
k=n+1 bk

∣∣} < ε è ðÿä∑∞
n=1 cn ñõîäèòñÿ (ïî êðèòåðèþ Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.11 (�2569 [1]). Äîêàçàòü, ÷òî åñëè ðÿäû
∑∞

n=1 a
2
n è
∑∞

n=1 b
2
n ñõî-

äÿòñÿ, òî ñõîäÿòñÿ è ðÿäû
∑∞

n=1 |anbn| ,
∑∞

n=1 (an + bn)
2 ,
∑∞

n=1

|an|
n

.

Ð å ø å í è å:

à) Òàê êàê un = |anbn| ≤
1

2

(
a2
n + b2

n

)
= u

′

n, òî èç ñõîäèìîñòè ðÿäà
∑∞

n=1 u
′

n

ñëåäóåò ñõîäèìîñòü ðÿäà
∑∞

n=1 un =
∑∞

n=1 |anbn| (ïî ïðèçíàêó ñðàâíåíèÿ).
á) Òàê êàê un = (an + bn)

2 = a2
n + 2anbn + b2

n ≤ a2
n + 2 |anbn|+ b2

n = u
′

n, òî èç
ñõîäèìîñòè ðÿäà

∑∞
n=1 u

′

n ñëåäóåò ñõîäèìîñòü ðÿäà
∑∞

n=1 un =
∑∞

n=1 (an + bn)
2

(ïî ïðèçíàêó ñðàâíåíèÿ).

â) Ïóñòü un = |anbn| , ãäå bn =
1

n
(ðÿä

∑∞
n=1 bn =

∑∞
n=1

1

n2
ñõîäèòñÿ). Òîãäà,

ðÿä
∑∞

n=1 un =
∑∞

n=1

|an|
n

ñõîäèòñÿ (ñì. ïóíêò à)) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.12 (�2575.1 [1]). Ïîëüçóÿñü êðèòåðèåì Êîøè, äîêàçàòü ñõîäè-
ìîñòü ðÿäà

∞∑
n=1

cosnx− cos(n+ 1)x

n
.

Ð å ø å í è å: Âåðíû íåðàâåíñòâà∣∣∣∣∣
n+p∑

k=n+1

uk

∣∣∣∣∣ =

∣∣∣∣∣
n+p∑

k=n+1

cos kx− cos(k + 1)x

k

∣∣∣∣∣ =

∣∣∣∣cos(n+ 1)x− cos(n+ 2)x

n+ 1
+

+
cos(n+ 2)x− cos(n+ 3)x

n+ 2
+ . . .+

cos(n+ p)x− cos(n+ p+ 1)x

n+ p

∣∣∣∣ =

=

∣∣∣∣cos(n+ 1)x

n+ 1
+ cos(n+ 2)x

(
− 1

n+ 1
+

1

n+ 2

)
+ . . .

13



+ cos(n+ p)x

(
− 1

n+ p− 1
+

1

n+ p

)
− cos(n+ p+ 1)x

n+ p

∣∣∣∣ ≤
≤
∣∣∣∣cos(n+ 1)x

n+ 1

∣∣∣∣+

∣∣∣∣ cos(n+ 2)x

(n+ 1)(n+ 2)

∣∣∣∣+ . . .+

∣∣∣∣ cos(n+ p)x

(n+ p− 1)(n+ p)

∣∣∣∣+
+

∣∣∣∣cos(n+ p+ 1)x

n+ p

∣∣∣∣ ≤ 1

n+ 1
+

1

(n+ 1)(n+ 2)
+ . . .+

1

(n+ p− 1)(n+ p)
+

+
1

n+ p
=

1

n+ 1
+

(
1

n+ 1
− 1

n+ 2

)
+

(
1

n+ 2
− 1

n+ 3

)
+ . . .

+

(
1

n+ p− 1
− 1

n+ p

)
+

1

n+ p
=

2

n+ 1
< ε,

åñëè n ≥ N (ε) =

[
2

ε

]
.

Î ò â å ò: Ðÿä
∑∞

n=1

cosnx− cos(n+ 1)x

n
ñõîäèòñÿ (ïî êðèòåðèþ Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 1.13 (�2576 [1]). Ïîëüçóÿñü êðèòåðèåì Êîøè, äîêàçàòü ðàñõîäè-
ìîñòü ãàðìîíè÷åñêîãî ðÿäà

∞∑
n=1

1

n
.

Ð å ø å í è å: un =
1

n
→ lim

n→∞
un = lim

n→∞

1

n
= 0 � íåîáõîäèìîå óñëîâèå

ñõîäèìîñòè âûïîëíåíî

Ïðîâåðÿåì âûïîëíåíèå îòðèöàíèÿ êðèòåðèÿ Êîøè:∣∣∣∣∣
n+p∑

k=n+1

uk

∣∣∣∣∣ =

∣∣∣∣∣
n+p∑

k=n+1

1

k

∣∣∣∣∣ =
1

n+ 1
+

1

n+ 2
+ . . .+

1

n+ p
>

p

n+ p
=

= {âûáåðåì p = n} =
1

2
> ε0 =

1

4
.

Î ò â å ò: Ðÿä
∑∞

n=1

1

n
ðàñõîäèòñÿ (ïî êðèòåðèþ Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.1.2 Çàíÿòèå 2∑∞
k=1 pk � ÷èñëîâîé ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè (pk > 0)

Òåîðåìà (ïðèçíàê Äàëàìáåðà). Åñëè ñóùåñòâóåò ïðåäåë lim
k→∞

pk+1

pk
= L, òî

ðÿä
∑∞

k=1 pk ñõîäèòñÿ ïðè L < 1 è ðàñõîäèòñÿ ïðè L > 1.

Òåîðåìà (ïðèçíàê Êîøè). Åñëè ñóùåñòâóåò ïðåäåë lim
k→∞

k
√
pk = L, òî ðÿä∑∞

k=1 pk ñõîäèòñÿ ïðè L < 1 è ðàñõîäèòñÿ ïðè L > 1.

Òåîðåìà (èíòåãðàëüíûé ïðèçíàê Êîøè-Ìàêëîðåíà). Ïóñòü ôóíêöèÿ

f(x) ≥ 0 è íå âîçðàñòàåò âñþäó íà ïîëóïðÿìîé x ≥ m, ãäå

m � ôèêñèðîâàííîå öåëîå ÷èñëî.

Òîãäà ÷èñëîâîé ðÿä
∑∞

k=m f(k) = f(m) + f(m + 1) + f(m + 2) + . . . ñõî-
äèòñÿ â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ñóùåñòâóåò ïðåäåë ïðè n → ∞
ïîñëåäîâàòåëüíîñòè an =

∫ n
m f(x)dx.

Òåîðåìà (ïðèçíàê Ãàóññà). Åñëè
pn
pn+1

= λ +
µ

n
+

Θn

n1+ε
, ãäå |Θn| < C è

ε > 0, òî ïðè λ > 1 ðÿä ñõîäèòñÿ, ïðè λ < 1 ðÿä ðàñõîäèòñÿ è ïðè λ = 1 ðÿä
ñõîäèòñÿ, åñëè µ > 1, è ðàñõîäèòñÿ, åñëè µ ≤ 1.

Òåîðåìà (ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå). Åñëè pn = O∗
(

1

nα

)
,

òî ïðè α > 1 ðÿä ñõîäèòñÿ è ïðè α ≤ 1 ðàñõîäèòñÿ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.1 (�2581 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà:

à)
∞∑
n=1

2nn!

nn
;

á)
∞∑
n=1

3nn!

nn
.

Ð å ø å í è å:

à)

un =
2nn!

nn
=

{
ô-ëà Ñòèðëèíãà: n! =

√
2πn nn exp

(
−n+O

(
1

n

))}
=

=
√

2πn 2n exp

(
−n+O

(
1

n

))
−→ 0 ïðè n → ∞
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� íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî.

un > 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçóåì ïðèçíàê Äàëàìáåðà:

lim
n→∞

un+1

un
= lim

n→∞

2n+1(n+ 1)! nn

(n+ 1)n+1 2nn!
= lim

n→∞

2nn

(n+ 1)n
=

= lim
n→∞

2(
n+

1

n

)n =
2

e
< 1

� ÷èñëîâîé ðÿä ñõîäèòñÿ.

á)

un =
3nn!

nn
=

{
ô-ëà Ñòèðëèíãà: n! =

√
2πn nn exp

(
−n+O

(
1

n

))}
=

=
√

2πn 3n exp

(
−n+O

(
1

n

))
−→ ∞ ïðè n → ∞

� íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè. Ðÿä ðàñõîäèòñÿ.

Î ò â å ò:

à) Ðÿä ñõîäèòñÿ (ïî ïðèçíàêó Äàëàìáåðà);

á) Ðÿä ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.2 (�2586 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

n2(
2 +

1

n

)n .
Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

n2(
2 +

1

n

)n = lim
n→∞

n2

2n

((
1 +

1

2n

)2n
)1

2

= 0 � íåîáõîäèìîå

óñëîâèå ñõîäèìîñòè âûïîëíåíî.

un =
n2(

2 +
1

n

)n > 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçóåì ïðè-

çíàê Êîøè:

lim
n→∞

n
√
un = lim

n→∞

n(2/n)

2 +
1

n

=
1

2
< 1 � ðÿä ñõîäèòñÿ.
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Î ò â å ò: ×èñëîâîé ðÿä ñõîäèòñÿ (ïî ïðèçíàêó Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.3. Èññëåäîâàòü ñõîäèìîñòü îáîáùåííîãî ãàðìîíè÷åñêîãî ðÿäà
∞∑
n=1

1

nα
(α− ïàðàìåòð).

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

1

nα
6= 0, åñëè α ≤ 0. Íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäè-

ìîñòè è îáîáùåííûé ãàðìîíè÷åñêèé ðÿä ïðè α ≤ 0 ðàñõîäèòñÿ.

Ïóñòü α > 0. un =
1

nα
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçóåì

èíòåãðàëüíûé ïðèçíàê Êîøè-Ìàêëîðåíà. Ôóíêöèÿ f(x) =
1

xα
> 0 è ìîíîòîí-

íî óáûâàåò íà ïîëóïðÿìîé x ≥ 1 = m. Ðÿä
∑∞

n=1

1

nα
ñõîäèòñÿ èëè ðàñõîäèòñÿ

âìåñòå ñ ÷èñëîâîé ïîñëåäîâàòåëüíîñòüþ

an =

∫ n

1

f(x)dx =

∫ n

1

dx

xα
=

ln x|x=n
x=1 , åñëè α = 1;

1

1− α
x1−α

∣∣x=n

x=1
, åñëè α 6= 1

=

=

lnn, åñëè α = 1;
1

1− α
(
n1−α − 1

)
, åñëè α 6= 1.

Êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè {an} ñóùåñòâóåò ïðè α > 1.

Î ò â å ò: Îáîáùåííûé ãàðìîíè÷åñêèé ðÿä
∑∞

n=1

1

nα
ñõîäèòñÿ ïðè α > 1

è ðàñõîäèòñÿ ïðè α ≤ 1 (èíòåãðàëüíûé ïðèçíàê Êîøè-Ìàêëîðåíà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.4 (�2598 [1]). Ïîëüçóÿñü ïðèçíàêîì Ãàóññà, èññëåäîâàòü ñõîäè-
ìîñòü ðÿäà

∞∑
n=1

(
(2n− 1)!!

(2n)!!

)p
(p− ïàðàìåòð).

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

(
(2n− 1)!!

(2n)!!

)p
6= 0, åñëè p ≤ 0. Íàðóøåíî íåîáõîäèìîå

óñëîâèå ñõîäèìîñòè è çàäàííûé ðÿä ïðè p ≤ 0 ðàñõîäèòñÿ.

Ïóñòü p > 0. un =

(
(2n− 1)!!

(2n)!!

)p
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè.

Èñïîëüçóåì ïðèçíàê Ãàóññà.
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un
un+1

=

(
(2n− 1)!!

(2n)!!

)p
(

(2n+ 1)!!

(2n+ 2)!!

)p =

(
2n+ 2

2n+ 1

)p
=

(
1 +

1

2n+ 1

)p
=

=
{

(1 + x)α = 1 + αx+ Î(x2) ïðè x << 1
}

= {ïðè n >> 1} =

= 1 +
p

2n+ 1
+Î(

1

n2
) = 1 +

p

2n

1

1 +
1

2n

+Î(
1

n2
) = 1 +

p

2n

(
1 +

1

2n

)−1

+

+ Î(
1

n2
) = 1 +

p

2n

(
1− 1

2n
+ Î(

1

n2
)

)
+ Î(

1

n2
) = 1 +

p

2n
+ Î(

1

n2
)

Òî åñòü, λ = 1 è µ =
p

2
.

Î ò â å ò: Ðÿä ñõîäèòñÿ ïðè p > 2 è ðàñõîäèòñÿ ïðè p ≤ 2 (ïî ïðèçíàêó
Ãàóññà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.5 (�2600 [1]). Ïîëüçóÿñü ïðèçíàêîì Ãàóññà, èññëåäîâàòü ñõîäè-
ìîñòü ðÿäà

∞∑
n=1

n!en

nn+p
(p− ïàðàìåòð).

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

n!en

nnnp
= lim

n→∞

√
2πn e

−n+O

(
1

n

)
en

np
= lim

n→∞

√
2π eO(1)

np−0,5
6= 0,

åñëè p−0, 5 ≤ 0. Íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè è çàäàííûé ðÿä

ïðè p ≤ 1

2
ðàñõîäèòñÿ.

Ïóñòü p >
1

2
. un =

n!en

nn+p
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçóåì

ïðèçíàê Ãàóññà.

un
un+1

=
n!en(n+ 1)n+1(n+ 1)p

nnnp(n+ 1)!en+1
=

1

e

(
1 +

1

n

)n(
1 +

1

n

)p
bn =

(
1 +

1

n

)p
= {ïðè n >> 1} = 1 +

p

n
+O

(
1

n2

)
an =

1

e

(
1 +

1

n

)n
→ ln an = n ln

(
1 +

1

n

)
− 1 =

=

{
ln(1 + x) = x− x2

2
+ Î(x3) ïðè x =

1

n
<< 1

}
=
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= n

(
1

n
− 1

2n2
+O

(
1

n3

))
− 1 = − 1

2n
+ O

(
1

n2

)
Òîãäà,

an = e
−

1

2n
+O

(
1

n2

)
=

{
e−x = 1− x+ Î(x2) ïðè x =

1

2n
<< 1

}
=

= 1 − 1

2n
+ O

(
1

n2

)
.

un
un+1

= anbn =

(
1− 1

2n
+O

(
1

n2

))(
1 +

p

n
+O

(
1

n2

))
=

= 1 +
p− 0, 5

n
+ O

(
1

n2

)

Òî åñòü, λ = 1 è µ = p− 1

2
.

Î ò â å ò: Ðÿä ñõîäèòñÿ ïðè p >
3

2
è ðàñõîäèòñÿ ïðè p ≤ 3

2
(ïî ïðèçíàêó

Ãàóññà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.6 (�2609 [1]). Îïðåäåëèâ ïîðÿäîê óáûâàíèÿ îáùåãî ÷ëåíà an,
èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=2

an =
∞∑
n=2

(√
n+ 1−

√
n
)p

ln
n− 1

n+ 1
(p− ïàðàìåòð).

Ð å ø å í è å:

an =
(√

n+ 1−
√
n
)p

ln
n− 1

n+ 1
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñ-

ïîëüçóåì ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå.

an =
(√

n+ 1−
√
n
)p

ln
n− 1

n+ 1
= np/2

(√
1 +

1

n
− 1

)p

ln

(
1− 2

n+ 1

)
=

= np/2

(√
1 +

1

n
− 1

)p

ln

(
1− 2

n

(
1 +

1

n

)−1
)

=

=

{
(1 + x)β = 1 + βx+ Î(x2) ïðè x =

1

n
<< 1

}
=
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= np/2
(

1 +
1

2n
+ Î

(
1

n2

)
− 1

)p
ln

(
1− 2

n
+ Î

(
1

n2

))
=

=

{
ln(1− x) = −x+ Î(x2) ïðè x =

2

n
<< 1

}
=

= np/2
(

1

2pnp
+ . . .

)(
−2

n
+ Î

(
1

n2

))
=
−np/2

2p−1np+1
+. . . = Î∗

(
1

np/2+1

)
Òî åñòü, α =

p

2
+ 1.

Î ò â å ò: Ðÿä ñõîäèòñÿ ïðè p > 0 è ðàñõîäèòñÿ ïðè p ≤ 0 (ïî ïðèçíàêó
ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.7 (�2583 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

103 (103 + 1) . . . (103 + n− 1)

(2n− 1)!!
.

Ð å ø å í è å:

pn =
103 (103 + 1) . . . (103 + n− 1)

(2n− 1)!!
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè.

Èñïîëüçóåì ïðèçíàê Äàëàìáåðà:

lim
n→∞

pn+1

pn
= lim

n→∞

103 + n

2n+ 1
=

1

2
< 1 � ÷èñëîâîé ðÿä ñõîäèòñÿ.

Î ò â å ò: Ðÿä ñõîäèòñÿ (ïî ïðèçíàêó Äàëàìáåðà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.8 (�2589(â) [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=2

(
n− 1

n+ 1

)n(n−1)

.

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

(
n− 1

n+ 1

)n(n−1)

= 0 � íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âû-

ïîëíåíî.

un =

(
n− 1

n+ 1

)n(n−1)

> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçóåì

ïðèçíàê Êîøè:

lim
n→∞

n
√
un = lim

n→∞

(
n− 1

n+ 1

)n−1

= {m = n− 1} = lim
m→∞

(
m

m+ 2

)m
=
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= lim
m→∞

1

(1 + 2/m)m
= lim

m→∞

1(
(1 + 2/m)m/2

)2 =
1

e2
< 1

� ðÿä ñõîäèòñÿ.

Î ò â å ò: ×èñëîâîé ðÿä ñõîäèòñÿ (ïî ïðèçíàêó Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.9 (�2597(á) [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

(
1 + cosn

2 + cosn

)2n−lnn

.

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

(
1 + cosn

2 + cosn

)2n−lnn

= 0 � íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

âûïîëíåíî.

un =

(
1 + cosn

2 + cosn

)2n−lnn

> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè.

1 + cosn

2 + cosn
= {x = cosn, −1 ≤ x ≤ 1} =

1 + x

2 + x
= f(x) →

→ f
′
(x) =

1

(2 + x)2 > 0 → 0 ≤ f(x) ≤ 2

3

Ñëåäîâàòåëüíî, un =

(
1 + cosn

2 + cosn

)2n−lnn

≤
(

2

3

)2n−lnn

= u
′

n.

Ðÿä
∑∞

n=1 u
′

n ñõîäèòñÿ, òàê êàê

lim
n→∞

n
√
u′n = lim

n→∞

(
2

3

)2−
lnn

n =
4

9
< 1 (ïî ïðèçíàêó Êîøè).

Ñëåäîâàòåëüíî, ðÿä
∑∞

n=1 un ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Î ò â å ò: ×èñëîâîé ðÿä
∑∞

n=1

(
1 + cosn

2 + cosn

)2n−lnn

ñõîäèòñÿ (ïî ïðèçíàêó

ñðàâíåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.10 (�2602 [1]). Ïîëüçóÿñü ïðèçíàêîì Ãàóññà, èññëåäîâàòü ñõîäè-
ìîñòü ðÿäà

∞∑
n=1

n!n−p

q(q + 1) . . . (q + n)
(q > 0, p− ïàðàìåòðû).
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Ð å ø å í è å:

un =
n!n−p

q(q + 1) . . . (q + n)
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçó-

åì ïðèçíàê Ãàóññà.

un
un+1

=

(
1 +

1

n

)p
n+ 1 + q

n+ 1
= {ïðè n >> 1} =

=

(
1 +

p

n
+O

(
1

n2

))(
1 +

q

n
+O

(
1

n2

))
= 1 +

p+ q

n
+ O

(
1

n2

)
Òî åñòü, λ = 1 è µ = p+ q.

Î ò â å ò: Ðÿä ñõîäèòñÿ ïðè p + q > 1 è ðàñõîäèòñÿ ïðè p + q ≤ 1 (ïî
ïðèçíàêó Ãàóññà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.11 (�2608 [1]). Îïðåäåëèâ ïîðÿäîê óáûâàíèÿ îáùåãî ÷ëåíà an,
èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

an =
∞∑
n=1

1

np
sin

π

n
(p− ïàðàìåòð).

Ð å ø å í è å:

lim
n→∞

an = lim
n→∞

1

np
sin

π

n
6= 0, åñëè p < 0. Íàðóøåíî íåîáõîäèìîå óñëîâèå

ñõîäèìîñòè è çàäàííûé ðÿä ïðè p < 0 ðàñõîäèòñÿ.

Ïóñòü p > 0. an =
1

np
sin

π

n
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëü-

çóåì ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå.

an =
1

np
sin

π

n
=
{

sinx = x+ Î(x3) ïðè x =
π

n
<< 1

}
=

=
1

np

(
π

n
+O

(
1

n3

))
= O∗

(
1

np+1

)
Òî åñòü, α = p+ 1.

Î ò â å ò: Ðÿä ñõîäèòñÿ ïðè p > 0 è ðàñõîäèòñÿ ïðè p ≤ 0 (ïî ïðèçíàêó
ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 2.12 (�2612 [1]). Îïðåäåëèâ ïîðÿäîê óáûâàíèÿ îáùåãî ÷ëåíà an,
èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

an =
∞∑
n=1

(
e−

(
1 +

1

n

)n)p
(p− ïàðàìåòð).
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Ð å ø å í è å:

an =

(
e−

(
1 +

1

n

)n)p
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçóåì

ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå.

an =

(
e−

(
1 +

1

n

)n)p
= ep

(
1− 1

e

(
1 +

1

n

)n)p
=

=

{
1

e

(
1 +

1

n

)n
= 1− 1

2n
+ Î

(
1

n2

)
(ñì. Çàäà÷à 2.5)

}
=

= ep
(

1−
(

1− 1

2n
+ Î

(
1

n2

)))p
=

ep

2pnp
+ . . . = Î∗

(
1

np

)
Òî åñòü, α = p.

Î ò â å ò: Ðÿä ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè p ≤ 1 (ïî ïðèçíàêó
ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.1.3 Çàíÿòèå 3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.1 (�2587 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

nn+1/n

(n+ 1/n)n
.

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

nn+1/n

(n+ 1/n)n
= lim

n→∞

n1/n

(1 + 1/n2)n
=

= lim
n→∞

n1/n(
(1 + 1/n2)n

2
)1/n

=
1

1
= 1 6= 0

� íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè. Ðÿä ðàñõîäèòñÿ.

Î ò â å ò: Ðÿä ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.2 (�2619(à) [1]). Ïîëüçóÿñü èíòåãðàëüíûì ïðèçíàêîì Êîøè-
Ìàêëîðåíà, èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=2

1

n lnp n
(p− ïàðàìåòð).

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

1

n lnp n
= 0 � íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî

ïðè ëþáîì p.

un =
1

n lnp n
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçóåì èíòå-

ãðàëüíûé ïðèçíàê Êîøè-Ìàêëîðåíà. Ôóíêöèÿ f(x) =
1

x lnp x
> 0 ìîíîòîííî

óáûâàåò íà ïîëóïðÿìîé x ≥ 2 = m. Ðÿä
∑∞

n=2

1

n lnp n
ñõîäèòñÿ èëè ðàñõîäèò-

ñÿ âìåñòå ñ ÷èñëîâîé ïîñëåäîâàòåëüíîñòüþ

an =

∫ n

2

f(x)dx =

∫ n

2

dx

x lnp x
=

{
y = lnx, dy =

dx

x

}
=
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=

∫ lnn

ln 2

dy

yp
=

ln y|y=lnn
y=ln 2 , åñëè p = 1;

1

1− p
y1−α

∣∣y=lnn

y=ln 2
, åñëè p 6= 1

=

=

ln lnn− ln ln 2, åñëè p = 1;
1

1− p

(
(lnn)1−p − (ln 2)1−p

)
, åñëè p 6= 1.

Êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè {an} ñóùåñòâóåò ïðè p > 1.

Î ò â å ò: Ðÿä ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè p ≤ 1 (ïî èíòåãðàëüíîìó
ïðèçíàêó Êîøè-Ìàêëîðåíà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.3 (�2626 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=2

√
n+ 2−

√
n− 2

nα
(α− ïàðàìåòð).

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

√
n+ 2−

√
n− 2

nα
=

= lim
n→∞

4

nα+0,5
(√

1 + 2/n+
√

1− 2/n
) =

{
0, ïðè α + 0, 5 > 0;

6= 0, ïðè α + 0, 5 ≤ 0.

Òî åñòü, ïðè α ≤ −1

2
íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè è çàäàí-

íûé ðÿä ðàñõîäèòñÿ.

Ïóñòü α > −1

2
. Èñïîëüçóåì ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå.

un =
4

nα+0,5
(√

1 + 2/n+
√

1− 2/n
) =

=
{√

1 + x = 1 +
x

2
+ Î(x2) ïðè |x| << 1

}
=

=
4

nα+0,5

(
1 +

1

n
+ Î

(
1

n2

)
+ 1− 1

n
+ Î

(
1

n2

)) =

=
4

nα+0,5

(
2 + Î

(
1

n2

)) = O∗
(

1

nα+0,5

)
ïðè n >> 1
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Î ò â å ò: Ðÿä ñõîäèòñÿ ïðè α >
1

2
è ðàñõîäèòñÿ ïðè α ≤ 1

2
(ïî ïðèçíàêó

ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.4 (�2642 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

(
ln

1

nα
− ln

(
sin

1

nα

))
(α− ïàðàìåòð).

Ð å ø å í è å:

lim
n→∞

an = lim
n→∞

ln(n!)

nα
6= 0 ïðè α ≤ 0. Ïðè α ≤ 0 íàðóøåíî íåîáõîäèìîå

óñëîâèå ñõîäèìîñòè è çàäàííûé ðÿä ðàñõîäèòñÿ.

Ïóñòü α > 0.

an =
ln(n!)

nα
=

ln 2 + ln 3 + . . .+ lnn

nα

Òîãäà bn =
(n− 1) ln 2

nα
< an <

n lnn

nα
= cn.

Òàê êàê bn =
(n− 1) ln 2

nα
=

(
1

nα−1
− 1

nα

)
ln 2, òî ðÿä

∑∞
n=1 bn ðàñõîäèòñÿ

ïðè α − 1 ≤ 1 (ïî ïðèçíàêó ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå). Òîãäà è ðÿä∑∞
n=1 an ïðè α ≤ 2 ðàñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Òàê êàê cn =
lnn

nα−1
<

nε

nα−1
=

1

nα−1−ε , ∀ε > 0, òî ðÿä
∑∞

n=1 cn ñõîäèòñÿ

ïðè α− 1− ε > 1 (α > 2 + ε) (ïî ïðèçíàêó ñðàâíåíèÿ). Òîãäà è ðÿä
∑∞

n=1 an
ïðè α > 2 ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Î ò â å ò: ×èñëîâîé ðÿä
∑∞

n=1

ln(n!)

nα
ñõîäèòñÿ ïðè α > 2 è ðàñõîäèòñÿ

ïðè α ≤ 2 (ïî ïðèçíàêó ñðàâíåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -∑∞
n=1 un (1) � çíàêîïåðåìåííûé ÷èñëîâîé ðÿä (un 6 0 èëè un > 0) .

Ñîïîñòàâèì ðÿäó (1) çíàêîïîñòîÿííûé ÷èñëîâîé ðÿä
∑∞

n=1 |un| (2).

Ïóñòü ðÿä (2) ñõîäèòñÿ. Òîãäà (êðèòåðèé Êîøè): äëÿ ëþáîãî ε > 0 ñó-
ùåñòâóåò N(ε) òàêîå, ÷òî äëÿ ëþáîãî n > N(ε) è ëþáîãî íàòóðàëüíîãî p
âûïîëíåíî íåðàâåíñòâî

∑n+p
k=n+1 |uk| < ε.

Âåðíû íåðàâåíñòâà
∣∣∑n+p

k=n+1 uk
∣∣ 6 ∑n+p

k=n+1 |uk| < ε. Òî åñòü, âûïîëíåíû
óñëîâèÿ êðèòåðèÿ Êîøè äëÿ ðÿäà (1). Ñëåäîâàòåëüíî, ñõîäèìîñòü ðÿäà (2)
ãàðàíòèðóåò ñõîäèìîñòü ðÿäà (1).

Îïðåäåëåíèå. Ðÿä (1)
∑∞

n=1 un íàçûâàåòñÿ óñëîâíî ñõîäÿùèìñÿ, åñëè ðÿä
(1) ñõîäèòñÿ, à ðÿä èç ìîäóëåé (2)

∑∞
n=1 |un| ðàñõîäèòñÿ.
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Îïðåäåëåíèå. Áóäåì íàçûâàòü ðÿä (1)
∑∞

n=1 un àáñîëþòíî ñõîäÿùèìñÿ,
åñëè ñõîäèòñÿ ðÿä (2)

∑∞
n=1 |un| .

Òåîðåìà (Êîøè). Åñëè ðÿä (1) ñõîäèòñÿ àáñîëþòíî, òî ëþáîé ðÿä, ïîëó-
÷åííûé èç ðÿäà (1) ïîñðåäñòâîì ïðîèçâîëüíîé ïåðåñòàíîâêè ÷ëåíîâ ðÿäà (1),
òàêæå ñõîäèòñÿ àáñîëþòíî è èìååò òó æå ñóììó, ÷òî è ðÿä (1).

Òåîðåìà (Ðèìàíà). Åñëè ðÿä (1) ñõîäèòñÿ óñëîâíî, òî äëÿ ëþáîãî ÷èñëà
L ìîæíî òàê ïåðåñòàâèòü ÷ëåíû ðÿäà (1), ÷òî ïðåîáðàçîâàííûé ðÿä áóäåò
ñõîäèòüñÿ ê ÷èñëó L.

Îïðåäåëåíèå. Çíàêîïåðåìåííûé ðÿä âèäà

p1 − p2 + p3 − . . .+ (−1)n−1pn + . . . =
∞∑
n=1

(−1)n−1pn,

ãäå pn > 0, íàçûâàåòñÿ çíàêî÷åðåäóþùèìñÿ ðÿäîì (ðÿäîì Ëåéáíèöà).

Òåîðåìà (ïðèçíàê Ëåéáíèöà). Åñëè ÷ëåíû çíàêî÷åðåäóþùåãîñÿ ðÿäà, âçÿ-
òûå ïî ìîäóëþ, îáðàçóþò íåâîçðàñòàþùóþ è áåñêîíå÷íî ìàëóþ ïîñëåäîâà-
òåëüíîñòü, òî ýòîò çíàêî÷åðåäóþùèéñÿ ðÿä ñõîäèòñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.5 (�2660 [1]). Äîêàçàòü ñõîäèìîñòü ðÿäà

1 +
1

2
− 1

4
+

1

8
+

1

16
− 1

32
+ . . . (1).

Íàéòè åãî ñóììó S.

Ð å ø å í è å:

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò

âèä
∑∞

n=0

1

2n
è ñõîäèòñÿ (ïî ïðèçíàêó Êîøè). Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ

àáñîëþòíî. Òîãäà (ïî òåîðåìå Êîøè), âåðíû ïðåîáðàçîâàíèÿ

1 +
1

2
− 1

4
+

1

8
+

1

16
− 1

32
+ . . . =

(
1 +

1

8
+

1

64
+ . . .

)
+

+

(
1

2
+

1

16
+

1

128
+ . . .

)
−
(

1

4
+

1

32
+

1

256
+ . . .

)
=

=

(
1 +

1

8
+

1

64
+ . . .

)
+

1

2

(
1 +

1

8
+

1

64
+ . . .

)
−

− 1

4

(
1 +

1

8
+

1

64
+ . . .

)
=

(
1 +

1

8
+

1

64
+ . . .

)(
1 +

1

2
− 1

4

)
=

=
∞∑
k=0

1

8k
· 5

4
=

1

1− 1

8

· 5

4
=

8

7
· 5

4
=

10

7
.
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Î ò â å ò: Ðÿä ñõîäèòñÿ àáñîëþòíî è åãî ñóììà S =
10

7
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.6 (�2661 [1]). Äîêàçàòü ñõîäèìîñòü ðÿäà

1− 1

2
+

1

3
− 1

4
+

1

5
− 1

6
+ . . . =

∞∑
n=1

(−1)n−1 1

n
(1)

è íàéòè åãî ñóììó S.

Ó ê à ç à í è å. Èñïîëüçîâàòü ôîðìóëó 1 +
1

2
+

1

3
+ . . .+

1

n
= C + lnn+ εn,

ãäå C − const è limn→∞ εn = 0.

Ð å ø å í è å:

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò

âèä
∑∞

n=1

1

n
(2) è ðàñõîäèòñÿ (ãàðìîíè÷åñêèé ðÿä).

Ðÿä (1) çíàêî÷åðåäóþùèéñÿ

(
pn =

1

n

)
. Èñïîëüçóåì ïðèçíàê Ëåéáíèöà:

1. pn =
1

n
>

1

n+ 1
= pn+1;

2. lim
n→∞

pn = lim
n→∞

1

n
= 0.

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Ëåéáíèöà). Òàê êàê, ðÿä (2)
ðàñõîäèòñÿ, à ðÿä (1) ñõîäèòñÿ, òî ðÿä (1) ñõîäèòñÿ óñëîâíî.

Âû÷èñëèì ñóììó ðÿäà (1) S =
∑∞

n=1(−1)n−1 1

n
.

Sn− ýëåìåíò ïîñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì ðÿäà (1).

Sn =
n∑
k=1

(−1)k−1 1

k
= 1− 1

2
+

1

3
+ . . .+


−1

n
, n = 2l(÷åòíîå);

1

n
, n = 2l − 1(íå÷åòíîå)

=

= 1 +
1

3
+

1

5
+ . . .+


1

n− 1
, n = 2l;

1

n
, n = 2l − 1

−

−

1

2
+

1

4
+

1

6
+ . . .+


1

n
, n = 2l;

1

n− 1
, n = 2l − 1

 = 1 +
1

2
+

1

3
+ . . .+

1

n
−
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− 2

1

2
+

1

4
+

1

6
+ . . .+


1

n
, n = 2l;

1

n− 1
, n = 2l − 1

 = C + lnn+ εn−

−

1 +
1

2
+

1

3
+

1

4
+ . . .+


2

n
, n = 2l;

2

n− 1
, n = 2l − 1

 = C + lnn+ εn−

−

C + ε
′

n +

ln
n

2
, n = 2l;

ln
n− 1

2
, n = 2l − 1

 = ε
′′

n+

+

ln 2, n = 2l;

ln
2n

n− 1
, n = 2l − 1

−−−→
n→∞

ln 2 = S

Î ò â å ò: Ðÿä ñõîäèòñÿ óñëîâíî è åãî ñóììà S = ln 2.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.7 (�2664 [1]). Èññëåäîâàòü ñõîäèìîñòü çíàêîïåðåìåííîãî ðÿäà

∞∑
n=1

(−1)

n(n− 1)

2
1

2n
(1).

Ð å ø å í è å:

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò

âèä
∑∞

n=1

1

2n
(2) è ñõîäèòñÿ (ïî ïðèçíàêó Êîøè).

Î ò â å ò: Ðÿä ñõîäèòñÿ àáñîëþòíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.8 (�2629 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

(
1√
n
−
√

ln
n+ 1

n

)
.

Ð å ø å í è å:

Èñïîëüçóåì ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå.

un =
1√
n
−
√

ln
n+ 1

n
=

1√
n
−
(

ln

(
1 +

1

n

))1

2 = { ïðè n >> 1} =

=
1√
n
−
(

1

n
− 1

2n2
+ . . .

)1

2 =
1√
n
− 1√

n

(
1− 1

2n
+ . . .

)1

2 =

29



=
1√
n
− 1√

n

(
1− 1

4n
+ . . .

)
=

1

4n3/2
+ . . . = O∗

(
1

n3/2

)

Òî åñòü, α =
3

2
> 1 � ðÿä ñõîäèòñÿ.

Î ò â å ò: Ðÿä ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.9 (�2630 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

ln(n!)

nα
(α− ïàðàìåòð).

Ð å ø å í è å:

lim
n→∞

an = lim
n→∞

ln(n!)

nα
6= 0 ïðè α ≤ 0. Òî åñòü, ïðè α ≤ 0 íàðóøåíî íåîáõî-

äèìîå óñëîâèå ñõîäèìîñòè è çàäàííûé ðÿä ðàñõîäèòñÿ.

Ïóñòü α > 0.

an =
ln(n!)

nα
=

ln 2 + ln 3 + . . .+ lnn

nα

Òîãäà bn =
(n− 1) ln 2

nα
< an <

n lnn

nα
= cn.

Òàê êàê bn =
(n− 1) ln 2

nα
=

(
1

nα−1
− 1

nα

)
ln 2, òî ðÿä

∑∞
n=1 bn ðàñõîäèòñÿ

ïðè α − 1 ≤ 1 (ïî ïðèçíàêó ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå). Òîãäà è ðÿä∑∞
n=1 an ïðè α ≤ 2 ðàñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Òàê êàê cn =
lnn

nα−1
<

nε

nα−1
=

1

nα−1−ε , ∀ε > 0, òî ðÿä
∑∞

n=1 cn ñõîäèòñÿ

ïðè α− 1− ε > 1 (α > 2 + ε) (ïî ïðèçíàêó ñðàâíåíèÿ). Òîãäà è ðÿä
∑∞

n=1 an
ïðè α > 2 ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Î ò â å ò: ×èñëîâîé ðÿä
∑∞

n=1

ln(n!)

nα
ñõîäèòñÿ ïðè α > 2 è ðàñõîäèòñÿ

ïðè α ≤ 2 (ïî ïðèçíàêó ñðàâíåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.10 (�2632 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

n2e−
√
n.

Ð å ø å í è å:

Òàê êàê e
√
n > n4 ïðè n ≥ 900, òî un =

n2

e
√
n
<

1

n2
= u

′

n.
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Ðÿä
∑∞

n=1 u
′

n =
∑∞

n=1

1

n2
ñõîäèòñÿ. Ñëåäîâàòåëüíî, ðÿä∑∞

n=1 un =
∑∞

n=1 n
2e−
√
n ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Î ò â å ò: ×èñëîâîé ðÿä
∑∞

n=1 n
2e−
√
n ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.11 (�2635 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà
∞∑
n=1

1

ln2

(
sin

1

n

) .
Ð å ø å í è å:

Òàê êàê, ïðè ε > 0 ïðåäåë lim
x→0

xε ln2 x = 0, òî ln2 x <
1

xε
.

Ïóñòü x = sin
1

n
=

1

n
+ Î

(
1

n3

)
. Òîãäà, âåðíî íåðàâåíñòâî

ln2 sin
1

n
<

1

1/nε
= nε. Ñëåäîâàòåëüíî, un =

1

ln2

(
sin

1

n

) >
1

nε
= u

′

n.

Ðÿä
∑∞

n=1 u
′

n =
∑∞

n=1

1

nε
ðàñõîäèòñÿ ïðè 0 < ε < 1. Ñëåäîâàòåëüíî, ðÿä∑∞

n=1 un =
∑∞

n=1

1

ln2

(
sin

1

n

) ðàñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Î ò â å ò: ×èñëîâîé ðÿä
∑∞

n=1

1

ln2

(
sin

1

n

) ðàñõîäèòñÿ (ïî ïðèçíàêó ñðàâ-

íåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.12 (�2639 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà
∞∑
n=2

nlnn

(lnn)n
.

Ð å ø å í è å:

un =
nlnn

(lnn)n
> 0 � ðÿä ñ ïîëîæèòåëüíûìè ÷ëåíàìè. Èñïîëüçóåì ïðèçíàê

Êîøè:

lim
n→∞

n
√
un = lim

n→∞

n

 lnn

n


lnn

= lim
n→∞

e

 ln2 n

n


lnn

= 0 < 1 � ðÿä ñõîäèòñÿ.
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Î ò â å ò: ×èñëîâîé ðÿä
∑∞

n=2

nlnn

(lnn)n
ñõîäèòñÿ (ïî ïðèçíàêó Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.13 (�2657 [1]). Äîêàçàòü, ÷òî ðÿä
∑∞

n=1 an ñõîäèòñÿ, åñëè:

1. an −−−→
n→∞

0;

2.
∑∞

n=1An � ñõîäèòñÿ, ãäå An =
∑pn+1−1

i=pn
ai (1 = p1 < p2 < p3 < . . . );

3. maxi(pi+1 − pi) = m.

Ð å ø å í è å:

Sn =
∑n

k=1 ak, S̄n =
∑n

k=1Ak =
∑n

k=1

∑pk+1−1
i=pk

ai =
∑pn+1−1

k=1 ak −−−→
n→∞

S

|Sn − S| =
∣∣Sn − S̄n + S̄n − S

∣∣ 6 ∣∣Sn − S̄n∣∣+
∣∣S̄n − S∣∣ <

<
∣∣Sn − S̄n∣∣+

ε

2
=

∣∣∣∣∣
pn+1−1∑
k=n+1

ak

∣∣∣∣∣+
ε

2
6

pn+1−1∑
k=n+1

|ak|+
ε

2
<

pn+1−1∑
k=pl

|ak|+
ε

2
<

< {pn+1 − pl = qm} < max
k∈[pl, pn+1]

|ak| · qm+
ε

2
<

<

{
max

k∈[pl, pn+1]
|ak| <

ε

2qm

}
<
ε

2
+
ε

2
= ε

Ñëåäîâàòåëüíî, Sn −−−→
n→∞

S.

Î ò â å ò: Ðÿä ñõîäèòñÿ (ïî êðèòåðèþ Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.14 (�2659 [1]). Äîêàçàòü ñõîäèìîñòü ðÿäà 1− 3

2
+

5

4
− 7

8
+ . . . (1).

Íàéòè åãî ñóììó S.

Ð å ø å í è å:

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìå-

åò âèä
∑∞

n=0

2n+ 1

2n
è ñõîäèòñÿ (ïî ïðèçíàêó Êîøè). Ñëåäîâàòåëüíî, ðÿä (1)

ñõîäèòñÿ àáñîëþòíî. Òîãäà (ïî òåîðåìå Êîøè), âåðíû ïðåîáðàçîâàíèÿ

3

2
S = S +

1

2
S =

(
1− 3

2
+

5

4
− 7

8
+ . . .

)
+

1

2

(
1− 3

2
+

5

4
− 7

8
+ . . .

)
=

=

(
1− 3

2
+

5

4
− 7

8
+ . . .

)
+

(
1

2
− 3

4
+

5

8
− 7

16
+ . . .

)
=

= 1− 1 +
1

2
− 1

4
+ · · · =

∞∑
k=1

(−1)k−1 1

2k
=

1

2

1−
(
−1

2

) =
1

3
.
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Ñëåäîâàòåëüíî, S =
1

3
· 2

3
=

2

9
.

Î ò â å ò: Ðÿä ñõîäèòñÿ àáñîëþòíî è åãî ñóììà S =
2

9
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 3.15 (�2665(a) [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

(−1)n
(

2n+ 100

3n+ 1

)n
(1).

Ð å ø å í è å:

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò

âèä
∑∞

n=1

(
2n+ 100

3n+ 1

)n
(2) è ñõîäèòñÿ (ïî ïðèçíàêó Êîøè).

Î ò â å ò: Ðÿä ñõîäèòñÿ àáñîëþòíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.1.4 Çàíÿòèå 4

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Ïóñòü
∑∞

k=1(−1)k−1pk � ñõîäÿùèéñÿ ðÿä Ëåéáíèöà.

∞∑
k=1

(−1)k−1pk =
n∑
k=1

(−1)k−1pk +
∞∑

k=n+1

(−1)k−1pk = Sn +Rn,

ãäå Rn =
∑∞

k=n+1(−1)k−1pk− îñòàòîê ðÿäà Ëåéáíèöà.

Âåðíà îöåíêà |Rn| 6 pn+1.

Òåîðåìà (ïðèçíàê Äèðèõëå-Àáåëÿ). Ïóñòü äàí çíàêîïåðåìåííûé ðÿä∑∞
k=1 ukvk. Ýòîò ðÿä ñõîäèòñÿ, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1. Ïîñëåäîâàòåëüíîñòü {vk} ÿâëÿåòñÿ íåâîçðàñòàþùåé è áåñêîíå÷íî ìàëîé;
2. Ðÿä

∑∞
k=1 uk èìååò îãðàíè÷åííóþ ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.1 (�2673(a) [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

(−1)n

n
√
n

(1).

Ð å ø å í è å:

un =
(−1)n

n
√
n
, limn→∞ un = limn→∞

(−1)n

n
√
n
− íå ñóùåñòâóåò.

Î ò â å ò: Ðÿä ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.2 (�2675 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
n=1

(−1)n−1

np
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

un =
(−1)n−1

np
, limn→∞ un = limn→∞

(−1)n−1

np
6= 0 ïðè p 6 0.

Ïðè p 6 0 ðÿä (1) ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

Ïóñòü p > 0. Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîä-

íîãî ðÿäà èìååò âèä
∑∞

n=1 |un| =
∑∞

n=1

1

np
− îáîáùåííûé ãàðìîíè÷åñêèé ðÿä.

Ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè 0 < p 6 1.
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Ïðè p > 1 ðÿä (1) ñõîäèòñÿ àáñîëþòíî.

Ïóñòü 0 < p 6 1. Ðÿä (1) çíàêî÷åðåäóþùèéñÿ (ðÿä Ëåéáíèöà). Èñïîëüçóåì

ïðèçíàê Ëåéáíèöà: bn =
1

np
>

1

(n+ 1)p
= bn+1, limn→∞ bn = limn→∞

1

np
= 0.

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Ëåéáíèöà).

Ïðè 0 < p 6 1 ðÿä (1) ñõîäèòñÿ óñëîâíî.

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè p > 1, ñõîäèòñÿ óñëîâíî ïðè
0 < p 6 1 è ðàñõîäèòñÿ ïðè p 6 0.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.3 (�2703(à) [1]). Ñêîëüêî ÷ëåíîâ ðÿäà

∞∑
n=1

(−1)n+1

√
n2 + 1

(1)

ñëåäóåò âçÿòü, ÷òîáû ïîëó÷èòü åãî ñóììó ñ òî÷íîñòüþ äî ε = 10−6 .

Ð å ø å í è å:

limn→∞ un = limn→∞
(−1)n+1

√
n2 + 1

= 0− íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âû-

ïîëíåíî.

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò

âèä
∑∞

n=1 |un| =
∑∞

n=1

1√
n2 + 1

− ðàñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ â ïðå-

äåëüíîé ôîðìå: ïðè n >> 1 |un| =
1√

n2 + 1
= O∗

(
1

n

)
).

Ðÿä (1) çíàêî÷åðåäóþùèéñÿ (ðÿä Ëåéáíèöà). Èñïîëüçóåì ïðèçíàê Ëåéáíè-

öà: bn =
1√

n2 + 1
>

1√
(n+ 1)2 + 1

= bn+1, limn→∞ bn = limn→∞
1√

n2 + 1
= 0.

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ óñëîâíî è ñóùåñòâóåò êîíå÷íàÿ ñóììà

S =
∞∑
n=1

(−1)n+1

√
n2 + 1

.

Îïðåäåëèì n, ïðè êîòîðîì |S − Sn| < 10−6 = ε, ãäå Sn =
∑∞

k=n+1

(−1)k+1

√
k2 + 1

.

Âåðíî íåðàâåíñòâî |S − Sn| < bn+1. Ïîòðåáóåì âûïîëíåíèÿ íåðàâåíñòâà
bn+1 < ε = 10−6, êîòîðîå ðåøèì îòíîñèòåëüíî n :

1√
(n+ 1)2 + 1

< 10−6 → 1012 < (n+ 1)2 + 1→ n >
√

1012 − 1− 1 ≈ 106.

Î ò â å ò: ×àñòè÷íàÿ ñóììà Sn, ñîäåðæàùàÿ 106 ñëàãàåìûõ, ïðèáëèæàåò
S ñ çàäàííîé òî÷íîñòüþ ε.
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.4 (�2665(á) [1]). Èññëåäîâàòü ñõîäèìîñòü çíàêîïåðåìåííîãî ðÿ-

äà 1 +
1

2
+

1

3
− 1

4
− 1

5
− 1

6
+

1

7
+

1

8
+

1

9
− . . . (1).

Ð å ø å í è å:

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè äëÿ ðÿäà (1) âûïîëíåíî. Ðÿä (1) ÿâëÿåòñÿ
çíàêîïåðåìåííûì ðÿäîì. Åìó ñîîòâåòñòâóåò ðÿä èç ìîäóëåé ýëåìåíòîâ ðÿäà

(1) âèäà
∑∞

n=1

1

n
, ÿâëÿþùèéñÿ ðàñõîäÿùèìñÿ ðÿäîì (ãàðìîíè÷åñêèé ðÿä).

Èññëåäóåì ðÿä (1) íà óñëîâíóþ ñõîäèìîñòü. Ýòî ðÿä âèäà
∑∞

n=1 un ·vn, ãäå
vn =

1

n
, à un ðàâíî +1 äëÿ íå÷åòíûõ òðîåê ñëàãàåìûõ è ðàâíî -1 äëÿ ÷åòíûõ

òðîåê ñëàãàåìûõ.

Èñïîëüçóåì ïðèçíàê Äèðèõëå-Àáåëÿ:

1. vn =
1

n
>

1

n+ 1
= vn+1, limn→∞ vn = 0;

2. Sn =
∑n

k=1 uk, |Sn| 6 3.

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî (ïî ïðèçíàêó Äèðèõëå-Àáåëÿ) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.5. Èññëåäîâàòü íà ñõîäèìîñòü ðÿä

∞∑
k=1

cos(kx)
10
√
k

(x 6= 2πm− ïàðàìåòð) (1).

Ð å ø å í è å:

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè äëÿ ðÿäà (1) âûïîëíåíî. Ðÿä (1) çíàêî-
ïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò âèä

∞∑
k=1

|cos(kx)|
10
√
k

(2).

|Uk| =
|cos(kx)|

10
√
k
>

cos2(kx)
10
√
k

=
1 + cos(2kx)

2 10
√
k

=
1

2 10
√
k

+
cos(2kx)

2 10
√
k

n∑
k=1

|Uk| >
1

2

n∑
k=1

1
10
√
k︸ ︷︷ ︸

→∞ ïðè n→∞

+
1

2

n∑
k=1

cos(kx1)
10
√
k︸ ︷︷ ︸

÷àñòè÷íàÿ ñóììà ðÿäà (1)

, ãäå x1 = 2x

Åñëè ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ðÿäà (1) èìååò êîíå÷íûé ïðå-
äåë (ðÿä (1) ñõîäèòñÿ), òî ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ðÿäà (2) íå
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èìååò êîíå÷íîãî ïðåäåëà, òî åñòü ðÿä èç ìîäóëåé ÿâëÿåòñÿ ðàñõîäÿùèìñÿ.
Ñëåäîâàòåëüíî, ðÿä (1) åñëè ñõîäèòñÿ, òî ñõîäèòñÿ óñëîâíî.

Èñïîëüçóåì ïðèçíàê Äèðèõëå-Àáåëÿ:

∞∑
k=1

cos(kx)
10
√
k

=
∞∑
k=1

cos(kx)︸ ︷︷ ︸
=uk

· 1
10
√
k︸︷︷︸

=vk

1. vk =
1

10
√
k
>

1
10
√
k + 1

= vk+1, limk→∞ vk = 0;

2. Sn =
n∑
k=1

uk =
n∑
k=1

cos(kx) =
1

sin
x

2

n∑
k=1

sin
x

2
cos(kx) =

1

2 sin
x

2

·

·
n∑
k=1

(
sin

((
k +

1

2

)
x

)
− sin

((
k − 1

2

)
x

))
=

1

2 sin
x

2

·

·
((

sin
3x

2
− sin

x

2

)
+

(
sin

5x

2
− sin

3x

2

)
+ . . .+

(
sin

((
n+

1

2

)
x

)
−

− sin

((
n− 1

2

)
x

)))
=

sin

((
n+

1

2

)
x

)
− sin

x

2

2 sin
x

2

∣∣∣∣∣
n∑
k=1

uk

∣∣∣∣∣ =

∣∣∣∣sin((n+
1

2

)
x

)
− sin

x

2

∣∣∣∣
2
∣∣∣sin x

2

∣∣∣ 6

6

∣∣∣∣sin((n+
1

2

)
x

)∣∣∣∣+
∣∣∣sin x

2

∣∣∣
2
∣∣∣sin x

2

∣∣∣ 6
1∣∣∣sin x

2

∣∣∣
Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Äèðèõëå-Àáåëÿ).

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.6 (�2667 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
k=1

ln100 k

k
sin

(
πk

4

)
(1).
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Ð å ø å í è å:

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè äëÿ ðÿäà (1) âûïîëíåíî. Ðÿä (1) çíàêî-
ïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò âèä

∞∑
k=1

ln100 k

k

∣∣∣∣sin(πk4
)∣∣∣∣ (2).

ln100 k

k

∣∣∣∣sin(πk4
)∣∣∣∣ > ln100 k

k
sin2

(
πk

4

)
=

ln100 k

2k
− ln100 k

2k
cos

(
πk

2

)
n∑
k=1

ln100 k

k

∣∣∣∣sin(πk4
)∣∣∣∣ > 1

2

n∑
k=1

ln100 k

k︸ ︷︷ ︸
→∞ ïðè n→∞

−1

2

n∑
k=1

ln100 k

k
cos

(
πk

2

)
︸ ︷︷ ︸
ïðè n→∞ ñõîäèòñÿ óñëîâíî

Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ðÿäà (2) íå èìååò êî-
íå÷íîãî ïðåäåëà, òî åñòü ðÿä èç ìîäóëåé ÿâëÿåòñÿ ðàñõîäÿùèìñÿ. Ðÿä (1) åñëè
ñõîäèòñÿ, òî ñõîäèòñÿ óñëîâíî.

Èñïîëüçóåì ïðèçíàê Äèðèõëå-Àáåëÿ:

∞∑
k=1

ln100 k

k
sin

(
πk

4

)
=

∞∑
k=1

ln100 k

k︸ ︷︷ ︸
=vk

· sin
(
πk

4

)
︸ ︷︷ ︸

=uk

1. vk =
ln100 k

k
>

ln100(k + 1)

k + 1
= vk+1, limk→∞ vk = 0;

2. Sn =
n∑
k=1

uk =
n∑
k=1

sin (kx)|
x=
π

4

=
1

sin
x

2

·
n∑
k=1

sin
x

2
sin (kx)|

x=
π

4

=

=
1

2 sin
x

2

·
n∑
k=1

(
− cos

((
k +

1

2

)
x

)
+ cos

((
k − 1

2

)
x

))∣∣∣∣
x=
π

4

=

=
1

2 sin
x

2

·
((
− cos

3x

2
+ cos

x

2

)
+

(
− cos

5x

2
+ cos

3x

2

)
+ . . .+

+

(
− cos

((
n+

1

2

)
x

)
+ cos

((
n− 1

2

)
x

)))∣∣∣∣
x=
π

4

=

38



=

− cos

((
n+

1

2

)
x

)
+ cos

x

2

2 sin
x

2

∣∣∣∣∣∣∣∣
x=
π

4

∣∣∣∣∣
n∑
k=1

uk

∣∣∣∣∣ =

∣∣∣∣− cos

((
n+

1

2

)
x

)
+ cos

x

2

∣∣∣∣
2
∣∣∣sin x

2

∣∣∣
∣∣∣∣∣∣∣∣
x=
π

4

6

6

∣∣∣∣cos

((
n+

1

2

)
x

)∣∣∣∣+
∣∣∣cos

x

2

∣∣∣
2
∣∣∣sin x

2

∣∣∣
∣∣∣∣∣∣∣∣
x=
π

4

6
1∣∣∣sin π

8

∣∣∣
Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Äèðèõëå-Àáåëÿ).

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.7 (�2669 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

(−1)n
√
n

n+ 100
(1).

Ð å ø å í è å:

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî. Ðÿä (1) çíàêîïåðåìåííûé.
Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò âèä

∞∑
n=1

√
n

n+ 100
(2).

Ðÿä (2) ðàñõîäèòñÿ, òàê êàê

√
n

n+ 100
= O∗

(
1

n0,5

)
ïðè n >> 1 (ïðèçíàê

ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

Ðÿä (1) çíàêî÷åðåäóþùèéñÿ (ðÿä Ëåéáíèöà). Èñïîëüçóåì ïðèçíàê Ëåéá-
íèöà:

1. pn =

√
n

n+ 100
>

√
n+ 1

n+ 101
= pn+1 ïðè n > 100, òàê êàê äëÿ ôóíêöèè

f(x) =
x

x2 + 100
ïðîèçâîäíàÿ f

′
(x) = . . . =

100− x2

(x2 + 100)2 < 0 ïðè x > 10;
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2. limn→∞ pn = limn→∞

√
n

n+ 100
= 0.

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Ëåéáíèöà).

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.8 (�2676 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
n=1

(−1)n−1

np+1/n
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

un =
(−1)n−1

np+1/n
, limn→∞ un = limn→∞

(−1)n−1

np+1/n
6= 0 ïðè p 6 0.

Ïðè p 6 0 ðÿä (1) ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

Ïóñòü p > 0. Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîä-
íîãî ðÿäà èìååò âèä

∞∑
n=1

|un| =
∞∑
n=1

1

np+1/n
.

Ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè 0 < p 6 1(
1

np+1/n
= O∗

(
1

np

)
ïðè n >> 1 (ïð. ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå)

)
.

Ïðè p > 1 ðÿä (1) ñõîäèòñÿ àáñîëþòíî.

Ïóñòü 0 < p 6 1. Ðÿä (1) çíàêî÷åðåäóþùèéñÿ (ðÿä Ëåéáíèöà). Èñïîëü-

çóåì ïðèçíàê Ëåéáíèöà: bn =
1

np+1/n
>

1

(n+ 1)p+1/(n+1)
= bn+1, limn→∞ bn =

limn→∞
1

np+1/n
= 0. Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Ëåéáíèöà).

Ïðè 0 < p 6 1 ðÿä (1) ñõîäèòñÿ óñëîâíî.

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè p > 1, ñõîäèòñÿ óñëîâíî ïðè
0 < p 6 1 è ðàñõîäèòñÿ ïðè p 6 0.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.9 (�2679 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
n=1

(−1)n

x+ n
; (x− ïàðàìåòð, íå ðàâíûé öåëîìó îòðèöàòåëüíîìó ÷èñëó) (1).

Ð å ø å í è å:
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Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ ðÿäà (1) èìååò âèä∑∞
n=1

1

x+ n
è ðàñõîäèòñÿ, òàê êàê

1

x+ n
= O∗

(
1

n

)
ïðè n >> 1 (ïðèçíàê

ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

Ðÿä (1) çíàêî÷åðåäóþùèéñÿ (ðÿä Ëåéáíèöà). Èñïîëüçóåì ïðèçíàê Ëåéá-

íèöà: bn =
1

x+ n
>

1

x+ n+ 1
= bn+1, limn→∞ bn = limn→∞

1

x+ n
= 0. Ñëåäî-

âàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Ëåéáíèöà).

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.10 (�2697 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿäû

∞∑
n=1

cos (nx)

np
è

sin (nx)

np
(x, p− ïàðàìåòðû (0 < x < π)).

Ð å ø å í è å:

Ïðè p 6 0 íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè (ðÿäû ðàñõîäÿòñÿ).

Ïóñòü p > 0. Ðÿäû çíàêîïåðåìåííûå. Ðÿäû èç ìîäóëåé ýëåìåíòîâ èñõîä-
íûõ ðÿäîâ èìåþò âèä

∞∑
n=1

|cos (nx)|
np

è
∞∑
n=1

|sin (nx)|
np

.

Òàê êàê,

|cos (nx)|
np

6
1

np
,
|sin (nx)|

np
6

1

np
è ìîæàðàíòíûé ðÿä

∞∑
n=1

1

np

ñõîäèòñÿ ïðè p > 1, òî ïðè p > 1 èñõîäíûå ðÿäû ñõîäÿòñÿ àáñîëþòíî (ïî
ïðèçíàêó ñðàâíåíèÿ).

Ïóñòü 0 < p 6 1.

|cos(nx)|
np

>
cos2(nx)

np
=

1 + cos(2nx)

2np
=

1

2np
+

cos(2nx)

2np

|sin(nx)|
np

>
sin2(nx)

np
=

1− cos(2nx)

2np
=

1

2np
− cos(2nx)

2np

n∑
k=1

|cos(kx)|
kp

>
1

2

n∑
k=1

1

kp︸ ︷︷ ︸
→∞ ïðè n→∞

+
1

2

n∑
k=1

cos(kx1)

kp︸ ︷︷ ︸
÷àñòè÷íàÿ ñóììà èñõîäíîãî ðÿäà
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n∑
k=1

|sin(kx)|
kp

>
1

2

n∑
k=1

1

kp︸ ︷︷ ︸
→∞ ïðè n→∞

−1

2

n∑
k=1

cos(kx1)

kp︸ ︷︷ ︸
÷àñòè÷íàÿ ñóììà èñõîäíîãî ðÿäà

ãäå x1 = 2x

Åñëè ïîñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì èñõîäíûõ ðÿäîâ èìåþò êîíå÷-
íûé ïðåäåë (èñõîäíûå ðÿäû ñõîäÿòñÿ), òî ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ
ñóìì ðÿäîâ èç ìîäóëåé íå èìåþò êîíå÷íîãî ïðåäåëà, òî åñòü ðÿäû èç ìîäóëåé
ÿâëÿþòñÿ ðàñõîäÿùèìèñÿ. Ñëåäîâàòåëüíî, èñõîäíûå ðÿäû åñëè ñõîäÿòñÿ, òî
ñõîäÿòñÿ óñëîâíî.

Èñïîëüçóåì ïðèçíàê Äèðèõëå-Àáåëÿ:

∞∑
k=1

cos(kx)

kp
=

∞∑
k=1

cos(kx)︸ ︷︷ ︸
=uk

· 1

kp︸︷︷︸
=vk

∞∑
k=1

sin(kx)

kp
=

∞∑
k=1

sin(kx)︸ ︷︷ ︸
=uk

· 1

kp︸︷︷︸
=vk

1. vk =
1

kp
>

1

(k + 1)p
= vk+1, limk→∞ vk = 0;

2.
n∑
k=1

cos(kx) =
1

sin
x

2

n∑
k=1

sin
x

2
cos(kx) = {ñì. Çàäà÷à 4.5} =

=

sin

((
n+

1

2

)
x

)
− sin

x

2

2 sin
x

2

n∑
k=1

sin(kx) =
1

sin
x

2

n∑
k=1

sin
x

2
sin(kx) = {ñì. Çàäà÷à 4.6} =

=

− cos

((
n+

1

2

)
x

)
+ cos

x

2

2 sin
x

2∣∣∣∣∣
n∑
k=1

cos(kx)

∣∣∣∣∣ 6 1∣∣∣sin x
2

∣∣∣
∣∣∣∣∣
n∑
k=1

sin(kx)

∣∣∣∣∣ 6 1∣∣∣sin x
2

∣∣∣
Ñëåäîâàòåëüíî, èñõîäíûå ðÿäû ñõîäÿòñÿ (ïî ïðèçíàêó Äèðèõëå-Àáåëÿ).

42



Ïðè 0 < p 6 1 èñõîäíûå ðÿäû ñõîäÿòñÿ óñëîâíî.

Î ò â å ò: Ðÿäû ñõîäÿòñÿ àáñîëþòíî ïðè p > 1, ñõîäÿòñÿ óñëîâíî ïðè
0 < p 6 1 è ðàñõîäÿòñÿ ïðè p 6 0.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 4.11 (�2704 [1]). Äîêàçàòü, ÷òî åñëè ÷ëåíû ðÿäà

1− 1

2
+

1

3
− 1

4
+

1

5
− · · · (1)

ïåðåñòàâèòü òàê, ÷òîáû ãðóïïó p ïîñëåäîâàòåëüíûõ ïîëîæèòåëüíûõ ÷ëåíîâ
ñìåíÿëà ãðóïïà q ïîñëåäîâàòåëüíûõ îòðèöàòåëüíûõ ÷ëåíîâ, òî ñóììà íîâîãî

ðÿäà áóäåò ln 2 +
1

2
ln
p

q
.

Ð å ø å í è å:

Ðÿä (1) ñõîäèòñÿ óñëîâíî è åãî ñóììà ðàâíà ln 2 (ñì. Çàäà÷à 3.6).

Ïóñòü Sm åñòü ÷àñòè÷íàÿ ñóììà ìîäèôèöèðîâàííîãî ðÿäà:

Sm =

(
1 +

1

3
+

1

5
+ . . .+

1

2p− 1

)
−
(

1

2
+

1

4
+ . . .+

1

2q

)
+

+

(
1

2p+ 1
+ . . .+

1

2 · 2p− 1

)
−
(

1

2q + 2
+ . . .+

1

2 · 2q

)
+ . . .

. . .+

(
1

(m− 1) · 2p+ 1
+ . . .+

1

m · 2p− 1

)
−
(

1

(m− 1) · 2q + 2
+ . . .

. . .+
1

m · 2q

)
= {ïóñòü p > q} =

(
1− 1

2
+

1

3
− 1

4
+ . . .− 1

m · 2q

)
︸ ︷︷ ︸

=A1

+

+

(
1

m · 2q + 1
+ . . .+

1

m · 2p− 1

)
︸ ︷︷ ︸

=A2−ñóììà äðîáåé ñ íå÷åòíûìè çíàìåíàòåëÿìè

=

= {â A2 äîáàâèì è âû÷òåì äðîáè ñ ÷åòíûìè çíàìåíàòåëÿìè} =

= A1 +

(
1

m · 2q + 1
+

1

m · 2q + 2
+ . . .+

1

m · 2p− 1

)
︸ ︷︷ ︸

=A3

−

−
(

1

m · 2q + 2
+

1

m · 2q + 4
+ . . .+

1

m · 2p− 2

)
︸ ︷︷ ︸

=A4

= A1 + A3 + A4 =

=

{
A3 =

(
1

m · 2q + 1
+

1

m · 2q + 2
+ . . .+

1

m · 2p− 1

)
=
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=

(
1 +

1

2
+

1

3
+ . . .+

1

m · 2p− 1

)
−
(

1 +
1

2
+

1

3
+ . . .+

1

m · 2q

)
=

= C + ln(m · 2p− 1)− C − ln(m · 2q) + ε = ln
m · 2p− 1

m · 2q
+ ε,

A4 =
1

2

(
1

m · q + 1
+

1

m · q + 2
+ . . .+

1

m · p− 1

)
=

=
1

2

((
1 +

1

2
+ . . .+

1

m · p− 1

)
−
(

1 +
1

2
+ . . .+

1

m · q

))
=

=
1

2
(C + ln(m · p− 1)− C − ln(m · q)) + ε

′
=

1

2
ln
m · p− 1

m · q
+ ε

′
}

=

= A1 + ln
m · 2p− 1

m · 2q
− 1

2
ln
m · p− 1

m · q
+ ε

′′ −−−→
m→∞

ln 2 + ln
p

q
− 1

2
ln
p

q
=

= ln 2 +
1

2
ln
p

q

Î ò â å ò: Ñóììà ìîäèôèöèðîâàííîãî ðÿäà ðàâíà ln 2 +
1

2
ln
p

q
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.1.5 Çàíÿòèå 5

Çàäà÷à 5.1 (�2670 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=2

(−1)n√
n+ (−1)n

(1).

Ð å ø å í è å:

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî. Ðÿä (1) çíàêîïåðåìåííûé.

Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò âèä
∑∞

n=2

1√
n+ (−1)n

è ðàñ-

õîäèòñÿ, òàê êàê
1√

n+ (−1)n
= O∗

(
1

n0,5

)
ïðè n >> 1 (ïðèçíàê ñðàâíåíèÿ â

ïðåäåëüíîé ôîðìå).

Ðÿä (1) çíàêî÷åðåäóþùèéñÿ (ðÿä Ëåéáíèöà). Èñïîëüçóåì ïðèçíàê Ëåéáíè-

öà: ïóñòü n = 2l− ÷åòíîå. Òîãäà b2l =
1√

2l + 1
è b2l+1 =

1√
2l + 1− 1

. Ñðàâíèì

äðîáè:
1√

2l + 1
∨ 1√

2l + 1− 1
→
√

2l + 1−1∨
√

2l+1 → 2l+1∨2l+4
√

2l+3 →

0 < 4
√

2l+ 3. Íåò ìîíîòîííîãî ñòðåìëåíèÿ bn ê 0. Ïðèçíàê Ëåéáíèöà íå ïðè-
ìåíèì.

Ïðåáðàçóåì îáùèé ÷ëåí ðÿäà (1):

un =
(−1)n√
n+ (−1)n

=
(−1)n (

√
n− (−1)n)

(
√
n+ (−1)n) (

√
n− (−1)n)

=
(−1)n

√
n− 1

n− 1
=

=
(−1)n

√
n

n− 1
− 1

n− 1

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ïðåîáðàçîâàííîãî ðÿäà
(1):

Sn =
n∑
k=2

(−1)k
√
k

k − 1︸ ︷︷ ︸
ïðè n→∞ ñõîäèòñÿ óñëîâíî(ïðèçíàê Ëåéáíèöà)

−
n∑
k=2

1

k − 1︸ ︷︷ ︸
ïðè n→∞ ðàñõîäèòñÿ (ãàðìîíè÷åñêèé ðÿä)

Ñëåäîâàòåëüíî, {Sn} êîíå÷íîãî ïðåäåëà ïðè n→∞ íå èìååò.

Î ò â å ò: Ðÿä (1) ðàñõîäèòñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 5.2 (�2673(á) [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
k=2

1

ln2 k
cos

(
πk2

k + 1

)
(1).

Ð å ø å í è å:

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè äëÿ ðÿäà (1) âûïîëíåíî. Ðÿä (1) çíàêî-
ïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò âèä

∞∑
k=2

1

ln2 k

∣∣∣∣cos

(
πk2

k + 1

)∣∣∣∣ (2).

1

ln2 k

∣∣∣∣cos

(
πk2

k + 1

)∣∣∣∣ > 1

ln2 k
cos2

(
πk2

k + 1

)
=

1

2 ln2 k
+

1

2 ln2 k
cos

(
2πk2

k + 1

)
Sn− ÷àñòè÷íàÿ ñóììà ðÿäà (2).

Sn =
n∑
k=2

1

ln2 k

∣∣∣∣cos

(
πk2

k + 1

)∣∣∣∣ > 1

2

n∑
k=2

1

ln2 k︸ ︷︷ ︸
=A

+
1

2

n∑
k=2

1

ln2 k
cos

(
2πk2

k + 1

)
︸ ︷︷ ︸

=B

limn→∞A =
∑∞

k=2

1

ln2 k
− ðàñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ), òàê êàê

1

ln2 k
>

1

kε
, 0 < ε < 1.

limn→∞B =
∑∞

k=2

1

ln2 k
cos

(
2πk2

k + 1

)
− ñîâïàäàåò ïî ñòðóêòóðå ñ ðÿäîì (1).

Åñëè ðÿä (1) ñõîäèòñÿ, òî {Sn} íå èìååò êîíå÷íîãî ïðåäåëà (ðÿä (2) ðàñõîäèò-
ñÿ). Ñëåäîâàòåëüíî, ðÿä (1) åñëè ñõîäèòñÿ, òî ñõîäèòñÿ óñëîâíî.

Èñïîëüçóåì ïðèçíàê Äèðèõëå-Àáåëÿ:

uk = cos

(
πk2

k + 1

)
, vk =

1

ln2 k

1. vk =
1

ln2 k
>

1

ln2(k + 1)
= vk+1, limk→∞ vk = 0;

2. uk = cos

(
πk2

k + 1

)
= cos

(
πk2 − π + π

k + 1

)
= cos

(
π(k − 1) +

π

k + 1

)
=

= (−1)k−1 cos

(
π

k + 1

)
= (−1)k−1

(
1− π

2k2
+O

(
1

k4

))
ïðè
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k > k0 � 1 (êîíå÷íîå ÷èñëî (k0) ïåðâûõ ñëàãàåìûõ ðÿäà íà
ñõîäèìîñòü ðÿäà íå âëèÿåò)∣∣∣∣∣

n∑
k=k0+1

uk

∣∣∣∣∣ =

∣∣∣∣∣
n∑

k=k0+1

(
(−1)k−1 +

(−1)kπ

2k2
+O

(
1

k4

))∣∣∣∣∣ 6
6

∣∣∣∣∣
n∑

k=k0+1

(−1)k−1

∣∣∣∣∣︸ ︷︷ ︸
61

+

∣∣∣∣∣
n∑

k=k0+1

(−1)kπ

2k2

∣∣∣∣∣︸ ︷︷ ︸
ïðè n→∞ ñõîäèòñÿ

+

∣∣∣∣∣
n∑

k=k0+1

O

(
1

k4

)∣∣∣∣∣︸ ︷︷ ︸
ïðè n→∞ ñõîäèòñÿ àáñîëþòíî

< M

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Äèðèõëå-Àáåëÿ).

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 5.3 (�2677 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
n=2

ln

(
1 +

(−1)n

np

)
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

Ñëàãàåìîå un = ln

(
1 +

(−1)n

np

)
îïðåäåëåíî ïðè p > 0.

Ïóñòü p > 0. Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîä-
íîãî ðÿäà èìååò âèä

∞∑
k=2

∣∣∣∣ln(1 +
(−1)k

kp

)∣∣∣∣ (2).

∣∣∣∣ln(1 +
(−1)k

kp

)∣∣∣∣ =

{
ln (1 + x) =

x�1
x− x2

2
+ . . .+ (−1)k−1x

k

k
+ . . . ,

x =
(−1)k

kp
ïðè k � 1

}
=

∣∣∣∣(−1)k

kp
− 1

2k2p
+

(−1)k

3k3p
+ . . .

∣∣∣∣ = O∗
(

1

kp

)
−

ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè 0 < p 6 1 (ïðèçíàê ñðàâíåíèÿ â ïðå-
äåëüíîé ôîðìå).

Òî åñòü, ïðè p > 1 ðÿä (1) ñõîäèòñÿ àáñîëþòíî.

Ïóñòü 0 < p 6 1.

uk =
k>k0�1

(−1)k

kp
− 1

2k2p
+

(−1)k

3k3p
− 1

4k4p
+

(−1)k

5k5p
− 1

6k6p
+
−
o

(
1

k6p

)
Sn− ÷àñòè÷íàÿ ñóììà ðÿäà (1).
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Sn =
n∑
k=2

uk =

k0∑
k=2

uk +
n∑

k=k0+1

(−1)k

kp︸ ︷︷ ︸
=C1

−1

2

n∑
k=k0+1

1

k2p︸ ︷︷ ︸
=C2

+
1

3

n∑
k=k0+1

(−1)k

k3p︸ ︷︷ ︸
=C3

−

− 1

4

n∑
k=k0+1

1

k4p︸ ︷︷ ︸
=C4

+
1

5

n∑
k=k0+1

(−1)k

k5p︸ ︷︷ ︸
=C5

− 1

6

n∑
k=k0+1

1

k6p︸ ︷︷ ︸
=C6

+
n∑

k=k0+1

−
o

(
1

k6p

)
︸ ︷︷ ︸

=C7

Ñëàãàåìûå C1, C3, C5 ïðè n → ∞ îáðàçóþò ðÿäû, ñõîäÿùèåñÿ ïðè p > 0
(ïðèçíàê Ëåéáíèöà). Ñëàãàåìûå C2, C4, C6, C7 ïðè n → ∞ îáðàçóþò
îáîáùåííûå ãàðìîíè÷åñêèå ðÿäû, ñõîäÿùèåñÿ, ñîîòâåòñòâåííî, ïðè

2p > 1 →
(
p >

1

2

)
, 4p > 1 →

(
p >

1

4

)
, 6p > 1 →

(
p >

1

6

)
.

Òî åñòü, ïðè p >
1

2
ïîñëåäîâàòåëüíîñòü {Sn} èìååò ïðåäåë,

à ïðè 0 < p 6
1

2
íå èìååò ïðåäåëà.

Ñëåäîâàòåëüíî, ïðè
1

2
< p 6 1 ðÿä (1) ñõîäèòñÿ óñëîâíî.

Î ò â å ò: Ðÿä (1) ïðè p > 1 ñõîäèòñÿ àáñîëþòíî, ïðè
1

2
< p 6 1 ñõîäèòñÿ

óñëîâíî è ïðè 0 < p 6
1

2
ðàñõîäèòñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 5.4 (�2683 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
n=1

(−1)n
n− 1

n+ 1

1
100
√
n

(1).

Ð å ø å í è å:

un = (−1)n
n− 1

n+ 1

1
100
√
n
→ lim

n→∞
un = lim

n→∞
(−1)n

n− 1

n+ 1

1
100
√
n

= 0 � íåîáõîäè-

ìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî.

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò
âèä

∞∑
n=1

n− 1

n+ 1

1
100
√
n

(2).

|un| =
n− 1

n+ 1

1
100
√
n

=
n�1

O∗
(

1

n0,01

)
Ðÿä (2) ðàñõîäèòñÿ (ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).
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Ðÿä (1) çíàêî÷åðåäóþùèéñÿ. Èñïîëüçóåì äëÿ èññëåäîâàíèÿ ñõîäèìîñòè ðÿ-
äà (1) ïðèçíàê Ëåéáíèöà:

1. limn→∞
n− 1

n+ 1

1
100
√
n

= 0;

2.
n− 1

n+ 1

1
100
√
n

ìîíîòîííî ñòðåìèòñÿ ê íóëþ ïðè n > 200, òàê êàê äëÿ

ôóíêöèè f(x) =
x− 1

x+ 1

1
100
√
x

ïðîèçâîäíàÿ

f
′
(x) = . . . =

0, 01

(x+ 1)2x1,01

(
200x− x2 + 1

)
< 0

ïðè x > 200.

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Ëåéáíèöà).

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 5.5 (�2671 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

sin
(
π
√
n2 +m2

)
(m− ïàðàìåòð) (1).

Ð å ø å í è å:

un = sin

(
πn

√
1 +

m2

n2

)
→ lim

n→∞
un = lim

n→∞
sin

(
πn

√
1 +

m2

n2

)
= 0 � íåîá-

õîäèìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî.

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò
âèä

∞∑
n=1

∣∣∣∣∣sin
(
πn

√
1 +

m2

n2

)∣∣∣∣∣ (2).

un = sin

(
πn

√
1 +

m2

n2

)
=

n>n0�m
sin

(
πn

(
1 +

m2

2n2
+O

(
1

n4

)))
=

= sin(πn)︸ ︷︷ ︸
=0

cos

(
πm2

2n
+O

(
1

n3

))
+ cos(πn)︸ ︷︷ ︸

=(−1)n

sin

(
πm2

2n
+O

(
1

n3

))
︸ ︷︷ ︸

=sinx=x+...

=

= (−1)n
πm2

2n
+ O

(
1

n3

)

|un| =
n>>1

O∗
(

1

n

)
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Ðÿä (2) ðàñõîäèòñÿ (ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

Sn =
∑n

k=1 uk− ÷àñòè÷íàÿ ñóììà ðÿäà (1).

Sn =
n∑
k=1

uk =

n0∑
k=1

uk +
n∑

k=n0+1

(−1)k
πm2

2k︸ ︷︷ ︸
=C1

+
n∑

k=n0+1

O

(
1

k3

)
︸ ︷︷ ︸

=C2

Ñëàãàåìîå C1 ïðè n→∞ îáðàçóåò ñõîäÿùèéñÿ ðÿä (ïðèçíàê Ëåéáíèöà).
Ñëàãàåìîå C2 ïðè n→∞ îáðàçóåò àáñîëþòíî ñõîäÿùèéñÿ ðÿä (îáîáùåííûé
ãàðìîíè÷åñêèé ðÿä).

Òî åñòü, ïîñëåäîâàòåëüíîñòü {Sn} èìååò ïðåäåë.
Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ.

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 5.6 (�2678 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
n=1

(−1)n−1 2n sin2n x

n
(x− ïàðàìåòð) (1).

Ð å ø å í è å:

un = (−1)n−1

(
2 sin2 x

)n
n

→ lim
n→∞

un = lim
n→∞

(−1)n−1

(
2 sin2 x

)n
n

=

=

{
0 , ïðè 2 sin2 x 6 1;

6= 0, ïðè 2 sin2 x > 1

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî ïðè 2 sin2 x 6 1 → −π/4 +
πk 6 x 6 π/4 + πk.

Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò
âèä

∞∑
n=1

(
2 sin2 x

)n
n

(2).

Ðÿä (2) ñõîäèòñÿ (ïðèçíàê Êîøè) ïðè −π/4 + πk < x < π/4 + πk è
ðàñõîäèòñÿ (ãàðìîíè÷åñêèé ðÿä) ïðè x = ±π/4 + πk.

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè −π/4+πk < x < π/4+πk.

Ïóñòü x = ±π/4+πk. Òîãäà ðÿä (1) èìååò âèä
∑∞

n=1(−1)n−1·1/n− ñõîäèòñÿ
(ïðèçíàê Ëåéáíèöà).
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Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ óñëîâíî ïðè x = ±π/4 + πk.

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè −π/4 + πk < x < π/4 + πk,
ñõîäèòñÿ óñëîâíî ïðè x = ±π/4 + πk è ðàñõîäèòñÿ ïðè äðóãèõ çíà÷åíèÿõ x.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 5.7 (�2680 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
n=2

(−1)n

(n+ (−1)n)p
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

un =
(−1)n

(n+ (−1)n)p
→ lim

n→∞
un = lim

n→∞

(−1)n

(n+ (−1)n)p
=

{
0 , ïðè p > 0;

6= 0, ïðè p 6 0

Ðÿä (1) ðàñõîäèòñÿ ïðè p 6 0 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

Ïóñòü p > 0. Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîä-
íîãî ðÿäà èìååò âèä

∞∑
n=2

1

(n+ (−1)n)p
(2) → |un| =

n>>1
O∗
(

1

np

)
.

Ðÿä (2) ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè 0 < p 6 1 (ïðèçíàê ñðàâíåíèÿ
â ïðåäåëüíîé ôîðìå).

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè p > 1.

Ïóñòü 0 < p 6 1.

un =
(−1)n

(n+ (−1)n)p
· (n− (−1)n)p

(n− (−1)n)p
= (−1)n

(n− (−1)n)p

(n2 − 1)p
=

= (−1)n
(

1

n+ 1
+

1− (−1)n

n2 − 1

)p
=

(−1)n

(n+ 1)p

(
1 +

1− (−1)n

n− 1

)p
=

n>n0>>1

=
n>n0�1

(−1)n

(n+ 1)p
+ O

(
1

np+1

)
Sn =

∑n
k=1 uk− ÷àñòè÷íàÿ ñóììà ðÿäà (1).

Sn =
n∑
k=1

uk =

n0∑
k=1

uk +
n∑

k=n0+1

(−1)k

(k + 1)p︸ ︷︷ ︸
=C1

+
n∑

k=n0+1

O

(
1

kp+1

)
︸ ︷︷ ︸

=C2
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Ñëàãàåìîå C1 ïðè n→∞ îáðàçóåò ñõîäÿùèéñÿ ðÿä (ïðèçíàê Ëåéáíèöà).
Ñëàãàåìîå C2 ïðè n→∞ îáðàçóåò àáñîëþòíî ñõîäÿùèéñÿ ðÿä (îáîáùåííûé
ãàðìîíè÷åñêèé ðÿä).

Òî åñòü, ïîñëåäîâàòåëüíîñòü {Sn} èìååò ïðåäåë.
Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ óñëîâíî ïðè 0 < p 6 1.

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè p > 1, ñõîäèòñÿ óñëîâíî ïðè
0 < p 6 1 è ðàñõîäèòñÿ ïðè p 6 0.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 5.8 (�2686 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
k=2

1

ln k
sin

(
πk

12

)
(1).

Ð å ø å í è å:

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè äëÿ ðÿäà (1) âûïîëíåíî. Ðÿä (1) çíàêî-
ïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò âèä

∞∑
k=1

1

ln k

∣∣∣∣sin(πk12

)∣∣∣∣ (2).

1

ln k

∣∣∣∣sin(πk12

)∣∣∣∣ > 1

ln k
sin2

(
πk

12

)
=

1

2 ln k
− 1

2 ln k
cos

(
πk

6

)
n∑
k=1

1

ln k

∣∣∣∣sin(πk12

)∣∣∣∣ > 1

2
·

n∑
k=1

1

ln k︸ ︷︷ ︸
→∞ ïðè n→∞

−1

2
·

n∑
k=1

1

ln k
cos

(
πk

6

)
︸ ︷︷ ︸

ïðè n→∞ ñõîäèòñÿ (ñì.Çàäà÷à 4.5)

Òî åñòü, ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ðÿäà (2) íå èìååò êîíå÷íîãî
ïðåäåëà (ðÿä èç ìîäóëåé ÿâëÿåòñÿ ðàñõîäÿùèìñÿ). Ñëåäîâàòåëüíî, ðÿä (1)
åñëè ñõîäèòñÿ, òî ñõîäèòñÿ óñëîâíî.

Èñïîëüçóåì ïðèçíàê Äèðèõëå-Àáåëÿ:

∞∑
k=1

1

ln k
sin

(
πk

12

)
=

∞∑
k=1

1

ln k︸︷︷︸
=vk

· sin
(
πk

12

)
︸ ︷︷ ︸

=uk

1. vk =
1

ln k
>

1

ln(k + 1)
= vk+1, limk→∞ vk = 0;
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2. Sn =
n∑
k=1

uk =
n∑
k=1

sin (kx)|
x=
π

12

=
1

sin
x

2

·
n∑
k=1

sin
x

2
sin (kx)|

x=
π

12

=

=
1

2 sin
x

2

·
n∑
k=1

(
− cos

((
k +

1

2

)
x

)
+ cos

((
k − 1

2

)
x

))∣∣∣∣
x=
π

12

=

=
1

2 sin
x

2

·
((
− cos

3x

2
+ cos

x

2

)
+

(
− cos

5x

2
+ cos

3x

2

)
+ . . .+

+

(
− cos

((
n+

1

2

)
x

)
+ cos

((
n− 1

2

)
x

)))∣∣∣∣
x=
π

12

=

=

− cos

((
n+

1

2

)
x

)
+ cos

x

2

2 sin
x

2

∣∣∣∣∣∣∣∣
x=
π

12

∣∣∣∣∣
n∑
k=1

uk

∣∣∣∣∣ =

∣∣∣∣− cos

((
n+

1

2

)
x

)
+ cos

x

2

∣∣∣∣
2
∣∣∣sin x

2

∣∣∣
∣∣∣∣∣∣∣∣
x=
π

12

6

6

∣∣∣∣cos

((
n+

1

2

)
x

)∣∣∣∣+
∣∣∣cos

x

2

∣∣∣
2
∣∣∣sin x

2

∣∣∣
∣∣∣∣∣∣∣∣
x=
π

12

6
1

sin
π

24

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Äèðèõëå-Àáåëÿ).

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 5.9 (�2689 [1]). Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-
ìîñòü ðÿä

∞∑
n=1

(−1)n−1

(
1 · 3 · 5 · . . . · (2n− 1)

2 · 4 · 6 · . . . · (2n)

)p
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

un = (−1)n−1

(
(2n− 1)!!

(2n)!!

)p
→ lim

n→∞
un =

{
0 , ïðè p > 0;

6= 0, ïðè p 6 0
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Ðÿä (1) ðàñõîäèòñÿ ïðè p 6 0 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

Ïóñòü p > 0. Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîä-
íîãî ðÿäà èìååò âèä

∞∑
n=1

(
(2n− 1)!!

(2n)!!

)p
(2).

Ðÿä (2) ñõîäèòñÿ ïðè p > 2 è ðàñõîäèòñÿ ïðè 0 < p 6 2 (ñì. Çàäà÷à 2.4).

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè p > 2.

Ïóñòü 0 < p 6 2. Ðÿä (1) çíàêî÷åðåäóþùèéñÿ. Èñïîëüçóåì äëÿ èññëåäîâà-
íèÿ ñõîäèìîñòè ðÿäà (1) ïðèçíàê Ëåéáíèöà:

1. bn =

(
(2n− 1)!!

(2n)!!

)p
>

(
(2n− 1)!!

(2n)!!

)p
·
(

2n+ 1

2n+ 2

)p
= bn+1;

2. 0 < bn =

(
(2n− 1)!!

(2n)!!

)p
<

ñì. �9(á) ([1])

(
1√

2n+ 1

)p
→
n→∞

0

Ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó Ëåéáíèöà).

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ óñëîâíî ïðè 0 < p 6 2.

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè p > 2, ñõîäèòñÿ óñëîâíî ïðè
0 < p 6 2 è ðàñõîäèòñÿ ïðè p 6 0.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.1.6 Çàíÿòèå 6

Çàäà÷à 6.1 (�2615 [1]). Äîêàçàòü, ðÿä
∑∞

n=1 an (an > 0) (1) ñõîäèòñÿ,
åñëè ñóùåñòâóåò α > 0 òàêîå, ÷òî ln(1/an)/ lnn > 1 + α, ïðè n > n0, è
ðàñõîäèòñÿ, åñëè ln(1/an)/ lnn 6 1 ïðè n > n0 (ëîãàðèôìè÷åñêèé ïðèçíàê).

Ð å ø å í è å:

Ðåøèì îòíîñèòåëüíî an íåðàâåíñòâî ln(1/an)/ lnn > 1 + α :

ln
1

an
> (1 + α) lnn → 1

an
> n1+α → an 6

1

n1+α
→

→
∞∑

n=n0

an 6
∞∑

n=n0

1

n1+α
(îáîáùåííûé ãàðìîíè÷åñêèé ðÿä)

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Ðåøèì îòíîñèòåëüíî an íåðàâåíñòâî ln(1/an)/ lnn 6 1 :

ln
1

an
6 lnn → 1

an
6 n → an >

1

n
→

→
∞∑

n=n0

an >
∞∑

n=n0

1

n
(ãàðìîíè÷åñêèé ðÿä)

Ñëåäîâàòåëüíî, ðÿä (1) ðàñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.2 (�2618 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà ñ îáùèì ÷ëåíîì

an =
1

(lnn)ln lnn
(n > 1).

Ð å ø å í è å:

lim
n→∞

an = lim
n→∞

1

(lnn)ln lnn
= 0 − íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî.

Èñïîëüçóåì ëîãàðèôìè÷åñêèé ïðèçíàê:

ln
1

an
lnn

=
ln
(

(lnn)ln lnn
)

lnn
=

(ln lnn)2

lnn
= {x = lnn} =

ln2 x

x
→
x→∞

0 < 1
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Ñëåäîâàòåëüíî, ðÿä ðàñõîäèòñÿ (ïî ëîãàðèôìè÷åñêîìó ïðèçíàêó).

Î ò â å ò: Ðÿä èç an ðàñõîäèòñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

∞∑
n=0

an (1) è
∞∑
n=0

bn (2) − ÷èñëîâûå ðÿäû.

Îïðåäåëåíèå. Ñóììîé (ðàçíîñòüþ) äâóõ ðÿäîâ íàçûâàåòñÿ ðÿä âèäà

∞∑
n=0

an ±
∞∑
n=0

bn =
∞∑
n=0

(an ± bn)︸ ︷︷ ︸
=cn

.

Ðàâåíñòâî èìååò íåôîðìàëüíûé ñìûñë, åñëè ðÿä (1) è ðÿä (2) ñõîäÿòñÿ.

Îïðåäåëåíèå. Ïðîèçâåäåíèåì äâóõ ðÿäîâ íàçûâàåòñÿ ðÿä âèäà
∞∑
n=0

an ·
∞∑
n=0

bn =
∞∑
n=0

cn, ãäå cn = a0bn + a1bn−1 + . . .+ anb0 =
n∑
k=0

akbn−k.

Ðàâåíñòâî èìååò íåôîðìàëüíûé ñìûñë, åñëè ðÿäû (1), (2) ñõîäÿòñÿ è õîòÿ
áû îäèí èç ýòèõ ðÿäîâ ñõîäèòñÿ àáñîëþòíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.3 (�2708 [1]). Íàéòè ñóììó ðÿäà

∞∑
n=1

(
1

2n
+

(−1)n

3n

)
.

Ð å ø å í è å:

Ðÿä
∑∞

n=1

1

2n
ñõîäèòñÿ (ïðèçíàê Êîøè). Ðÿä

∑∞
n=1

(−1)n

3n
ñõîäèòñÿ àáñî-

ëþòíî (ïðèçíàê Êîøè). Ñëåäîâàòåëüíî:

∞∑
n=1

(
1

2n
+

(−1)n

3n

)
=

∞∑
n=1

1

2n
+
∞∑
n=1

(−1)n

3n
=

1

2

1− 1

2

+
−1

3

1 +
1

3

= 1− 1

4
=

3

4
.

Î ò â å ò: Ñóììà ðÿäà ðàâíà
3

4
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.4 (�2712 [1]). Ïîêàçàòü, ÷òî( ∞∑
n=0

qn

)2

=
∞∑
n=0

(n+ 1) qn, ãäå |q| < 1 .
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Ð å ø å í è å:

Ðÿä
∑∞

n=0 q
n ñõîäèòñÿ àáñîëþòíî (ïðèçíàê Êîøè). Ñëåäîâàòåëüíî:( ∞∑

n=0

qn

)2

=
∞∑
n=0

an︸︷︷︸
=qn

·
∞∑
n=0

bn︸︷︷︸
=qn

=
∞∑
n=0

cn ,

ãäå cn =
n∑
k=0

ak · bn−k =
n∑
k=0

qk · qn−k =
n∑
k=0

qn = qn ·
n∑
k=0

1 = (n+ 1) qn .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.5 (�2713 [1]). Ïîêàçàòü, ÷òî êâàäðàò ñõîäÿùåãîñÿ ðÿäà

∞∑
n=1

(−1)n+1

√
n

åñòü ðÿä ðàñõîäÿùèéñÿ .

Ð å ø å í è å:

Çíàêî÷åðåäóþùèéñÿ ðÿä
∑∞

n=1

(−1)n+1

√
n

ñõîäèòñÿ óñëîâíî (ïðèçíàê Ëåéá-

íèöà).

( ∞∑
n=1

(−1)n+1

√
n

)2

=
∞∑
n=1

an︸︷︷︸
=

(−1)n+1

√
n

·
∞∑
n=1

bn︸︷︷︸
=

(−1)n+1

√
n

=
∞∑
n=1

cn ,

ãäå cn =
n∑
k=1

ak · bn−k+1 =
n∑
k=1

(−1)k+1

√
k
· (−1)n−k+2

√
n− k + 1

=

=
n∑
k=1

(−1)n+3√
k (n− k + 1)

= (−1)n+1 ·
n∑
k=1

1√
k (n− k + 1)

Èñïîëüçóÿ êðèòåðèé Êîøè, äîêàæåì ðàñõîäèìîñòü ðÿäà
∑∞

n=1 cn :∣∣∣∣∣
n+p∑
i=n+1

ci

∣∣∣∣∣ = {p = 1} = |cn+1| =

∣∣∣∣∣(−1)n
n+1∑
k=1

1√
k (n− k + 2)

∣∣∣∣∣ =

=
n+1∑
k=1

1√
k (n− k + 2)︸ ︷︷ ︸

çíàìåíàòåëü äðîáè ìàêñèìàëåí ïðè k=
n+ 2

2

>
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> (n+ 1) · 1√
k (n− k + 2)

∣∣∣∣∣
k=
n+ 2

2

= 2 · n+ 1

n+ 2
=

= 2 ·
(

1− 1

n+ 2

)
︸ ︷︷ ︸

>
1

2

> 1 = ε

Î ò â å ò: Êâàäðàò çàäàííîãî óñëîâíî ñõîäÿùåãîñÿ ðÿäà ÿâëÿåòñÿ ðàñõîäÿ-
ùèìñÿ ðÿäîì.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.6 (�2617 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà ñ îáùèì ÷ëåíîì

an =
1

(ln lnn)lnn
(n > 1).

Ð å ø å í è å:

lim
n→∞

an = lim
n→∞

1

(ln lnn)lnn
= 0− íåîáõîäèìîå óñëîâèå ñõîäèìîñòè âûïîëíåíî.

Èñïîëüçóåì ëîãàðèôìè÷åñêèé ïðèçíàê:

ln
1

an
lnn

= ln ln lnn →
n→∞

∞ →
ln

1

an
lnn

> 1 + α (α > 0).

Ñëåäîâàòåëüíî, ðÿä ñõîäèòñÿ (ïî ëîãàðèôìè÷åñêîìó ïðèçíàêó).

Î ò â å ò: Ðÿä èç an ñõîäèòñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.7 (�2633 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäà

∞∑
n=1

n 1

n2 + 1 − 1

 (1).

Ð å ø å í è å:

lim
n→∞

un = lim
n→∞

n 1

n2 + 1 − 1

 = 0 − íåîáõîäèìîå óñëîâèå
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ñõîäèìîñòè âûïîëíåíî.

un = exp

ln

n 1

n2 + 1

− 1 = exp

(
lnn

n2 + 1

)
− 1 =

= exp

(
lnn

n2

(
1

1 + 1/n2

))
− 1 =

n�1
exp

(
lnn

n2

(
1− 1

n2
+ . . .

))
− 1 =

= exp

(
lnn

n2
+ . . .

)
− 1 =

(
1 +

lnn

n2
+
−
o

(
1

n2

))
− 1 =

=
lnn

n2
+
−
o

(
1

n2

)
<

0<ε<1

nε

n2
+
−
o

(
1

n2

)
=

1

n2−ε +
−
o

(
1

n2

)

Ðÿä
∞∑
n=1

(
1

n2−ε +
−
o

(
1

n2

))
ñõîäèòñÿ.

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.8 (�2698 [1]). Èññëåäîâàòü ñõîäèìîñòü ðÿäîâ:

à)
∞∑
n=2

(−1)n n
√
n

lnn
(1); á)

∞∑
n=2

sin (n+ 1/n)

ln lnn
(2); â)

∞∑
n=10

sinn

n+ 10 sinn
(3).

Ð å ø å í è å:

(à): un =
(−1)n n

√
n

lnn
, lim

n→∞
un = 0 − íåîáõîäèìîå óñëîâèå

ñõîäèìîñòè âûïîëíåíî.

|un| =
n
√
n

lnn
=

exp
(
ln
(
n1/n

))
lnn

=
1

lnn
exp

(
lnn

n

)
=
n�1

=
n�1

1

lnn

(
1 +

lnn

n
+

ln2 n

2n2
+ . . .

)
=

1

lnn
+

1

n
+

lnn

2n2
+ . . .

Sn =
n∑
k=2

|uk| =
n∑
k=2

(
1

ln k
+

1

k

)
︸ ︷︷ ︸

=C1

+
n∑
k=2

(
ln k

2k2
+ . . .

)
︸ ︷︷ ︸

=C2
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Ñëàãàåìîå C1 ïðè n → ∞ îáðàçóåò ðàñõîäÿùèéñÿ ðÿä. Ñëàãàåìîå C2

ïðè n→∞ îáðàçóåò àáñîëþòíî ñõîäÿùèéñÿ ðÿä.

Òî åñòü, ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì {Sn} íå èìååò êîíå÷íîãî ïðå-
äåëà. Ñëåäîâàòåëüíî, ðÿä

∑∞
n=2 |un| ðàñõîäèòñÿ.

Äëÿ èññëåäîâàíèÿ èñõîäíîãî ðÿäà íà óñëîâíóþ ñõîäèìîñòü èñïîëüçóåì

ïðèçíàê Ëåéáíèöà. Òàê êàê,
n
√
n

lnn
ïðè n > 3 ìîíîòîííî ñòðåìèòñÿ ê íóëþ, òî

ðÿä (1) ñõîäèòñÿ óñëîâíî (ïî ïðèçíàêó Ëåéáíèöà).

(á): un =
sin (n+ 1/n)

ln lnn
, lim

n→∞
un = 0 − íåîáõîäèìîå óñëîâèå

ñõîäèìîñòè âûïîëíåíî.

un =
1

ln lnn
(sinn · cos (1/n) + cosn · sin (1/n)) =

n�1

=
n�1

1

ln lnn

(
sinn ·

(
1− 1

2n2
+
−
o

(
1

n2

))
+

+ cosn ·
(

1

n
− 1

6n3
+
−
o

(
1

n3

)))
=

sinn

ln lnn
+

cosn

n ln lnn
+

+
sinn

ln lnn
·
(
− 1

2n2
+
−
o

(
1

n2

))
+

cosn

n ln lnn
·
(
− 1

6n3
+
−
o

(
1

n3

))

∞∑
n=2

sin (n+ 1/n)

ln lnn
=

n0�1

n0∑
n=2

sin (n+ 1/n)

ln lnn︸ ︷︷ ︸
=C−const

+
∞∑

n=n0+1

sinn

ln lnn︸ ︷︷ ︸
Ðÿä ñõîäèòñÿ óñëîâíî.

+

+
∞∑

n=n0+1

cosn

n ln lnn︸ ︷︷ ︸
Ðÿä ñõîäèòñÿ óñëîâíî.

+
∞∑

n=n0+1

sinn

ln lnn
·
(
− 1

2n2
+
−
o

(
1

n2

))
︸ ︷︷ ︸

Ðÿä ñõîäèòñÿ àáñîëþòíî.

+

+
∞∑

n=n0+1

cosn

n ln lnn
·
(
− 1

6n3
+
−
o

(
1

n3

))
︸ ︷︷ ︸

Ðÿä ñõîäèòñÿ àáñîëþòíî.

Ñëåäîâàòåëüíî, ðÿä (2), êàê ñóììà ðÿäîâ, ñõîäèòñÿ óñëîâíî.

(â): un =
sinn

n+ 10 sinn
, lim

n→∞
un = 0 − íåîáõîäèìîå óñëîâèå
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ñõîäèìîñòè âûïîëíåíî.

un =
sinn

n
· 1

1 + 10
sinn

n

=
n�1

sinn

n

(
1− 10

sinn

n
+O
−

(
1

n2

))
=

=
sinn

n
− 10

sin2 n

n2
+ O
−

(
1

n3

)

∞∑
n=10

sinn

n+ 10 sinn
=

n0>>1

n0∑
n=10

sinn

n+ 10 sinn︸ ︷︷ ︸
=C−const

+
∞∑

n=n0+1

sinn

n︸ ︷︷ ︸
Ðÿä ñõîäèòñÿ óñëîâíî.

−

− 10 ·
∞∑

n=n0+1

sin2 n

n2︸ ︷︷ ︸
Ðÿä ñõîäèòñÿ àáñîëþòíî.

+
∞∑

n=n0+1

O
−

(
1

n3

)
︸ ︷︷ ︸

Ðÿä ñõîäèòñÿ àáñîëþòíî.

Ñëåäîâàòåëüíî, ðÿä (3), êàê ñóììà ðÿäîâ, ñõîäèòñÿ óñëîâíî.

Î ò â å ò: Ðÿäû (1), (2), (3) ñõîäÿòñÿ óñëîâíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.9 (�2707 [1]). Íàéòè ñóììó äâóõ ðÿäîâ

∞∑
n=1

(
1

3n
+

(−1)n

n3

)
+

∞∑
n=1

(
1

3n+1
+

(−1)n+1

n3

)
.

Ð å ø å í è å:

Ðÿä
∑∞

n=1

1

3n
ñõîäèòñÿ (ïðèçíàê Êîøè). Ðÿä

∑∞
n=1

(−1)n

n3
ñõîäèòñÿ àá-

ñîëþòíî (ïðèçíàê Êîøè). Ðÿä
∑∞

n=1

1

3n+1
ñõîäèòñÿ (ïðèçíàê Êîøè). Ðÿä∑∞

n=1

(−1)n+1

n3
ñõîäèòñÿ àáñîëþòíî (ïðèçíàê Êîøè). Ñëåäîâàòåëüíî:

∞∑
n=1

(
1

3n
+

(−1)n

n3

)
+

∞∑
n=1

(
1

3n+1
+

(−1)n+1

n3

)
=

∞∑
n=1

1

3n
+
∞∑
n=1

(−1)n

n3
+

+
1

3

∞∑
n=1

1

3n
−
∞∑
n=1

(−1)n

n3
=

4

3

∞∑
n=1

1

3n
=

4

3
·

1

3

1− 1

3

=
4

3
· 1

2
=

2

3
.
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Î ò â å ò: Ñóììà ðÿäà ðàâíà
2

3
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 6.10 (�2709 [1]). Íàéòè ñóììó ðÿäà

∞∑
n=1

cos

(
2πn

3

)
2n

(1).

Ð å ø å í è å:

un =

cos

(
2πn

3

)
2n

, lim
n→∞

un = 0 − íåîáõîäèìîå óñëîâèå

ñõîäèìîñòè âûïîëíåíî.

|un| =

∣∣∣∣cos

(
2πn

3

)∣∣∣∣
2n

6
1

2n

Ðÿä
∑∞

n=1

1

2n
ñõîäèòñÿ. Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ àáñîëþòíî.

cos

(
2πn

3

)
=


−1/2 , n = 1, 4, 7, . . .

−1/2 , n = 2, 5, 8, . . .

1 , n = 3, 6, 9, . . .

Òîãäà,
∞∑
n=1

cos

(
2πn

3

)
2n

= −1

2
·
∞∑
n=1

1

21+3(n−1)
− 1

2
·
∞∑
n=1

1

22+3(n−1)
+

+
∞∑
n=1

1

23n
=

(
−1

4
− 1

8

)
·
∞∑
n=0

1

23n
+
∞∑
n=1

1

23n
= −3

8
− 3

8
·
∞∑
n=1

1

23n
+

+
∞∑
n=1

1

23n
= −3

8
+

(
1− 3

8

)
·
∞∑
n=1

1

23n
= −3

8
+

5

8
·

1

8

1− 1

8

= −3

8
+

5

7 · 8
= −2

7
.

Î ò â å ò: Ñóììà ðÿäà ðàâíà −2

7
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 6.11 (�2715 [1]). Ïðîâåðèòü, ÷òî ïðîèçâåäåíèå äâóõ ðàñõîäÿùèõñÿ
ðÿäîâ

∞∑
n=0

an = 1−
∞∑
n=1

(
3

2

)n
è

∞∑
n=0

bn = 1 +
∞∑
n=1

(
3

2

)n−1

·
(

2n +
1

2n+1

)
åñòü ñõîäÿùèéñÿ ðÿä.

Ð å ø å í è å:

Òàê êàê a0 = 1, an = −
(

3

2

)n
ïðè n > 1 è

b0 = 1, bn =

(
3

2

)n−1

·
(

2n +
1

2n+1

)
ïðè n > 1, òî

∞∑
n=0

an ·
∞∑
n=0

bn =
∞∑
n=0

cn ãäå cn =
n∑
k=0

ak · bn−k = a0bn +
n−1∑
k=1

akbn−k + anb0 =

=

(
3

2

)n−1

·
(

2n +
1

2n+1

)
−

n−1∑
k=1

(
3

2

)k
·
(

3

2

)n−k−1

·
(

2n−k +
1

2n−k+1

)
−

−
(

3

2

)n
=

(
3

2

)n−1

·

(
2n +

1

2n+1
−

n−1∑
k=1

(
2n−k +

1

2n−k+1

)
− 3

2

)
=

=

(
3

2

)n−1

·

(
2n +

1

2n+1
− 1

2

n∑
k=1

2k −
n∑
k=1

1

2k

)
=

{
n∑
k=1

qk =
qn+1 − q
q − 1

}
=

=

(
3

2

)n−1

·

2n +
1

2n+1
− 1

2
· 2

n+1 − 2

1
−

1

2n+1
− 1

2(
−1

2

)
 =

=

(
3

2

)n−1

·
(

2n +
1

2n+1
− 2n + 1 +

1

2n
− 1

)
=

(
3

2

)n−1

· 1

2n
·
(

1

2
+ 1

)
=

=

(
3

2

)n
· 1

2n
=

(
3

4

)n
.

Ðÿä
∞∑
n=0

cn =
∞∑
n=0

(
3

4

)n
ñõîäèòñÿ (ïî ïðèçíàêó Êîøè).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.2 Áåñêîíå÷íûå ïðîèçâåäåíèÿ

�����������������������������������������

1.2.1 Çàíÿòèå 7

u1, u2, . . . , uk, . . . � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {uk}
Îïðåäåëåíèå. u1 ·u2 ·u3 · . . . ·uk · . . . =

∏∞
k=1 uk � áåñêîíå÷íîå ïðîèçâåäåíèå

(1) .

Ïðè ïîñëåäîâàòåëüíîì óìíîæåíèè ýëåìåíòîâ áåñêîíå÷íîãî ïðîèçâåäåíèÿ
âîçíèêàåò íîâàÿ ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü ñ ýëåìåíòàìè P1 = u1 , P2 =
P1 · u2 , P3 = P2 · u3 , . . . , Pn = Pn−1 · un , . . . .

Îïðåäåëåíèå. Pn =
∏n

k=1 uk � n-îå ÷àñòè÷íîå ïðîèçâåäåíèå áåñêîíå÷íîãî
ïðîèçâåäåíèÿ (1) .

Îïðåäåëåíèå. Áåñêîíå÷íîå ïðîèçâåäåíèå (1) íàçûâàåòñÿ ñõîäÿùèìñÿ, åñëè
ñóùåñòâóåò êîíå÷íûé è îòëè÷íûé îò íóëÿ ïðåäåë lim

n→∞
Pn = P 6= 0 .

Îïðåäåëåíèå. Åñëè P = 0 è íè îäèí èç ñîìíîæèòåëåé uk íå ðàâåí íóëþ,
òî áåñêîíå÷íîå ïðîèçâåäåíèå (1) íàçûâàåòñÿ ðàñõîäÿùèìñÿ ê íóëþ.

Ïóñòü âñå uk > 0 . Òîãäà lnPn = ln
∏n

k=1 uk =
∑n

k=1 lnuk .

Åñëè áåñêîíå÷íîå ïðîèçâåäåíèå (1) ñõîäèòñÿ, òî

lim
n→∞

lnPn = lnP =
∞∑
k=1

lnuk (2).

Ðàâåíñòâî lim
k→∞

lnuk = 0 ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ñõîäèìîñòè ðÿäà

(2). Ñëåäîâàòåëüíî, ðàâåíñòâî lim
k→∞

uk = 1 ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì

ñõîäèìîñòè áåñêîíå÷íîãî ïðîèçâåäåíèÿ (1).

Ïðåäñòàâèì uk â âèäå uk = 1 + αk .

Òåîðåìà. Åñëè âñå αk îäíîãî çíàêà, òî äëÿ ñõîäèìîñòè áåñêîíå÷íîãî ïðî-
èçâåäåíèÿ (1) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû áûë ñõîäÿùèìñÿ ðÿä

∞∑
k=1

αk (3).

Îïðåäåëåíèå. Áåñêîíå÷íîå ïðîèçâåäåíèå (1) íàçûâàåòñÿ àáñîëþòíî (óñëîâ-
íî) ñõîäÿùèìñÿ, åñëè àáñîëþòíî (óñëîâíî) ñõîäèòñÿ ðÿä (2).

Òåîðåìà. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì àáñîëþòíîé ñõîäèìîñòè
áåñêîíå÷íîãî ïðîèçâåäåíèÿ (1) ÿâëÿåòñÿ àáñîëþòíàÿ ñõîäèìîñòü ðÿäà (3).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

64



Çàäà÷à 7.1 (�3051 [1]). Äîêàçàòü ðàâåíñòâî

∞∏
n=2

(
1− 1

n2

)
=

1

2
(1).

Ð å ø å í è å:

un = 1− 1

n2
, lim

n→∞
un = 1 − íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

áåñêîíå÷íîãî ïðîèçâåäåíèÿ âûïîëíåíî.

Pn =
n∏
k=2

uk =
n∏
k=2

(
1− 1

k2

)
=

n∏
k=2

k2 − 1

k2
=

n∏
k=2

(
k − 1

k
· k + 1

k

)
=

=

(
1

2
· 3

2

)
·
(

2

3
· 4

3

)
·
(

3

4
· 5

4

)
· . . . ·

(
n− 1

n
· n+ 1

n

)
=

1

2
· n+ 1

n
→
n→∞

1

2

Î ò â å ò: Áåñêîíå÷íîå ïðîèçâåäåíèå (1) ðàâíî
1

2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 7.2 (�3056 [1]). Äîêàçàòü ðàâåíñòâî

∞∏
k=1

cos
x

2k
=

sinx

x
(x− ïàðàìåòð, x 6= 0) (1).

Ð å ø å í è å:

uk = cos
x

2k
, lim

k→∞
uk = 1 − íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

áåñêîíå÷íîãî ïðîèçâåäåíèÿ âûïîëíåíî.

Pn =
n∏
k=1

cos
x

2k
=
(

cos
x

2
· cos

x

22
· . . . · cos

x

2n−1
· cos

x

2n

)
· sin x

2n︸ ︷︷ ︸
=

1

2
·sin

x

2n−1

· 1

sin
x

2n

=

=

cos
x

2
· cos

x

22
· . . . · cos

x

2n−1
· 1

2
sin

x

2n−1︸ ︷︷ ︸
=

1

22
·sin

x

2n−2

 ·
1

sin
x

2n

= . . . =
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=
1

2n
· sinx · 1

sin
x

2n

=
sinx

x
·

x

2n

sin
x

2n︸ ︷︷ ︸
→ 1 ïðè n→∞

→
n→∞

sinx

x

Î ò â å ò: Áåñêîíå÷íîå ïðîèçâåäåíèå (1) ðàâíî
sinx

x
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 7.3 (�3066 [1]). Èññëåäîâàòü ñõîäèìîñòü áåñêîíå÷íîãî ïðîèçâåäå-
íèÿ ∞∏

k=1

1

k
(1).

Ð å ø å í è å:

uk =
1

k
, lim

k→∞
uk = 0 6= 1 − íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

áåñêîíå÷íîãî ïðîèçâåäåíèÿ.

Pn =
n∏
k=1

1

k
= 1 · 1

2
· . . . · 1

n
=

1

n!
→
n→∞

0

Î ò â å ò: Áåñêîíå÷íîå ïðîèçâåäåíèå (1) ðàñõîäèòñÿ ê íóëþ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 7.4 (�3068 [1]). Èññëåäîâàòü ñõîäèìîñòü áåñêîíå÷íîãî ïðîèçâåäå-
íèÿ ∞∏

k=1

(
1 +

1

kp

)
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

uk =

(
1 +

1

kp

)
, lim

k→∞
uk =

{
1 , ïðè p > 0

6= 1 , ïðè p 6 0

Ïðè p 6 0 íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè áåñêîíå÷íîãî ïðîèç-
âåäåíèÿ. Ïóñòü p > 0 .

Äëÿ ñõîäèìîñòè áåñêîíå÷íîãî ïðîèçâåäåíèÿ
∏∞

k=1

(
1 +

1

kp

)
íåîáõîäèìî

è äîñòàòî÷íî ñõîäèìîñòè ðÿäà
∑∞

k=1

1

kp
, êîòîðûé ñõîäèòñÿ ïðè p > 1 è

ðàñõîäèòñÿ ïðè p 6 1 (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä).

Î ò â å ò: Áåñêîíå÷íîå ïðîèçâåäåíèå (1) ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ
ïðè p 6 1 .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 7.5 (�3053 [1]). Äîêàçàòü ðàâåíñòâî

∞∏
k=2

(
1− 2

k(k + 1)

)
=

1

3
(1).

Ð å ø å í è å:

uk = 1− 2

k(k + 1)
, lim

k→∞
uk = 1 − íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

áåñêîíå÷íîãî ïðîèçâåäåíèÿ âûïîëíåíî.

Pn =
n∏
k=2

(
1− 2

k(k + 1)

)
=

n∏
k=2

k2 + k − 2

k(k + 1)
=

n∏
k=2

(
k − 1

k
· k + 2

k + 1

)
=

=
n∏
k=2

k − 1

k
·

n∏
k=2

k + 2

k + 1
=

(
1

2
· 2

3
· . . . · n− 2

n− 1
· n− 1

n

)
·

·
(

4

3
· 5

4
· . . . · n+ 1

n
· n+ 2

n+ 1

)
=

1

n
· n+ 2

3
→
n→∞

1

3

Î ò â å ò: Áåñêîíå÷íîå ïðîèçâåäåíèå (1) ðàâíî
1

3
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 7.6 (�3067 [1]). Èññëåäîâàòü ñõîäèìîñòü áåñêîíå÷íîãî ïðîèçâåäå-
íèÿ ∞∏

k=1

(k + 1)2

k (k + 2)
(1).

Ð å ø å í è å:

uk =
(k + 1)2

k (k + 2)
, lim

k→∞
uk = 1 − íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

áåñêîíå÷íîãî ïðîèçâåäåíèÿ âûïîëíåíî.

uk =
(k + 1)2

k (k + 2)
=

(1 + 1/k)2

(1 + 2/k)
=

(
1 +

1

k

)2

·
(

1 +
2

k

)−1

=
k>k0�1

=
k>k0�1

(
1 +

2

k
+ . . .

)
·
(

1− 2

k
+ . . .

)
= 1− 4

k2
+ . . .︸ ︷︷ ︸

=αk

= 1− αk
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Äëÿ ñõîäèìîñòè áåñêîíå÷íîãî ïðîèçâåäåíèÿ
∏∞

k=1

(k + 1)2

k (k + 2)
íåîáõîäèìî è

äîñòàòî÷íî ñõîäèìîñòè ðÿäà
∑∞

k=k0
αk =

∑∞
k=k0

(
4/k2 + . . .

)
, êîòîðûé ñõîäèò-

ñÿ (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä).

Î ò â å ò: Áåñêîíå÷íîå ïðîèçâåäåíèå (1) ñõîäèòñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 7.7 (�3069 [1]). Èññëåäîâàòü ñõîäèìîñòü áåñêîíå÷íîãî ïðîèçâåäå-
íèÿ ∞∏

k=2

(
1− 1

k

)
(1).

Ð å ø å í è å:

uk = 1− 1

k
, lim

k→∞
uk = 1 − íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

áåñêîíå÷íîãî ïðîèçâåäåíèÿ âûïîëíåíî.

Pn =
n∏
k=2

(
1− 1

k

)
=

n∏
k=2

k − 1

k
=

1

2
· 2

3
· . . . · n− 2

n− 1
· n− 1

n
=

1

n
→
n→∞

0

Î ò â å ò: Áåñêîíå÷íîå ïðîèçâåäåíèå (1) ðàñõîäèòñÿ ê íóëþ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 7.8 (�3070 [1]). Èññëåäîâàòü ñõîäèìîñòü áåñêîíå÷íîãî ïðîèçâåäå-
íèÿ ∞∏

k=2

(
k2 − 1

k2 + 1

)p
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

uk =

(
k2 − 1

k2 + 1

)p
, lim

k→∞
uk = 1 − íåîáõîäèìîå óñëîâèå ñõîäèìîñòè

áåñêîíå÷íîãî ïðîèçâåäåíèÿ âûïîëíåíî ïðè ëþáîì p.

uk =

(
k2 − 1

k2 + 1

)p
=

(
1− 2

k2 + 1

)p
=

(
1− 2

k2
·
(

1 +
1

k2

)−1
)p

=
k>k0�1

=
k>k0�1

(
1− 2

k2
·
(

1− 1

k2
+ . . .

))p
=

(
1− 2

k2
+ . . .

)p
=

= 1 − 2p

k2
+ . . .︸ ︷︷ ︸

=αk

= 1 − αk
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Äëÿ ñõîäèìîñòè áåñêîíå÷íîãî ïðîèçâåäåíèÿ
∏∞

k=1

(
k2 − 1

k2 + 1

)p
íåîáõîäèìî è

äîñòàòî÷íî ñõîäèìîñòè ðÿäà
∑∞

k=k0
αk =

∑∞
k=k0

(
2p

k2
+ . . .

)
, êîòîðûé ñõîäèò-

ñÿ ïðè ëþáîì p (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä).

Î ò â å ò: Áåñêîíå÷íîå ïðîèçâåäåíèå (1) ñõîäèòñÿ ïðè ëþáîì p.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.3 Ôóíêöèîíàëüíûå ïîñëåäîâàòåëüíîñòè è ðÿäû

�����������������������������������������

1.3.1 Çàíÿòèå 8

f1(x), f2(x), . . . , fn(x), . . . � ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü

Xn− îáëàñòü îïðåäåëåíèÿ ôóíêöèè fn(x) (x ∈ Xn)
−
X − ïåðåñå÷åíèå âñåõ Xn,

−
X − îáëàñòü îïðåäåëåíèÿ âñåé ôóíêöèîíàëü-

íîé ïîñëåäîâàòåëüíîñòè {fn(x)}

Xf − ìíîæåñòâî òåõ çíà÷åíèé x ∈
−
X, ïðè êàæäîì èç êîòîðûõ ñóùåñòâóåò

êîíå÷íûé lim
n→∞

fn(x) = f(x)

Îïðåäåëåíèå. f(x)− ïðåäåëüíàÿ ôóíêöèÿ ôóíêöèîíàëüíîé ïîñëåäîâà-
òåëüíîñòè.

Xf − îáëàñòü îïðåäåëåíèÿ ïðåäåëüíîé ôóíêöèè

(
Xf ⊂

−
X

)
Îïðåäåëåíèå. f1(x) + f2(x) + . . . + fn(x) + . . . =

∑∞
n=1 fn(x)− ôóíêöèî-

íàëüíûé ðÿä.
−
X − îáëàñòü îïðåäåëåíèÿ âñåõ ýëåìåíòîâ ôóíêöèîíàëüíîãî ðÿäà

XS − ìíîæåñòâî òåõ çíà÷åíèé x ∈
−
X, ïðè êàæäîì èç êîòîðûõ ôóíêöèî-

íàëüíûé ðÿä ñõîäèòñÿ

∞∑
n=1

fn(x) = S(x) − ñóììà ôóíêöèîíàëüíîãî ðÿäà (x ∈ XS)

Ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü {fn(x)} íà ìíîæåñòâå Xf (x ∈ Xf)
îïðåäåëÿåò ôóíêöèþ f(x).

Ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 fn(x) íà ìíîæåñòâå XS (x ∈ XS) îïðåäåëÿåò
ôóíêöèþ S(x).

Äëÿ èññëåäîâàíèÿ ñâîéñòâ ôóíêöèè f(x) èëè S(x) èñïîëüçóåòñÿ óäîáíûé
äëÿ ïðàêòè÷åñêîé ðåàëèçàöèè ìàòåìàòè÷åñêèé àïïàðàò. Ýëåìåíòîì òàêîãî ìà-
òåìàòè÷åñêîãî àïïàðàòà ÿâëÿåòñÿ ïîíÿòèå ðàâíîìåðíîé ñõîäèìîñòè.

Îïðåäåëåíèå. Ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü

f1(x), f2(x), . . . , fn(x), . . . íàçûâàåòñÿ ðàâíîìåðíî ñõîäÿùåéñÿ íà ìíîæå-
ñòâå X, åñëè:

1) ñóùåñòâóåò ïðåäåëüíàÿ ôóíêöèÿ f(x) = lim
n→∞

fn(x) (x ∈ X) ;
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2) äëÿ ëþáîãî ÷èñëà ε > 0 ìîæíî óêàçàòü ÷èñëî N(ε) òàêîå, ÷òî

|f(x)− fn(x)| < ε ïðè n > N(ε) è ëþáîì x ∈ X .

Äëÿ îáîçíà÷åíèÿ ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîé ïîñëåäîâà-
òåëüíîñòè {fn(x)} ê ñâîåé ïðåäåëüíîé ôóíêöèè f(x) íà ìíîæåñòâå X èñ-
ïîëüçóåòñÿ ñèìâîë

fn(x) ⇒
x∈X

f(x).

Îïðåäåëåíèå. Ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 fn(x) íàçûâàåòñÿ ðàâíîìåðíî
ñõîäÿùèìñÿ íà ìíîæåñòâå X, åñëè ðàâíîìåðíî ñõîäèòñÿ íà ýòîì ìíîæåñòâå
ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü åãî ÷àñòè÷íûõ ñóìì

Sn(x) =
∑n

k=1 fk(x) (n = 1, 2, . . . ).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.1 (�2717 [1]). Îïðåäåëèòü îáëàñòü ñõîäèìîñòè (àáñîëþòíîé è
óñëîâíîé) ôóíêöèîíàëüíîãî ðÿäà

∞∑
n=1

(−1)n

2n− 1
·
(

1− x
1 + x

)n
(1).

Ð å ø å í è å:

Îáëàñòü îïðåäåëåíèÿ ñëàãàåìûõ x 6= −1 .

un(x) =
(−1)n

2n− 1
·
(

1− x
1 + x

)n
→ lim

n→∞
un(x) =

{
0 , ïðè x > 0;

6= 0, ïðè x < 0

Ðÿä (1) ðàñõîäèòñÿ ïðè x < 0 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

Ïóñòü x > 0 . Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîä-
íîãî ðÿäà èìååò âèä

∞∑
n=1

1

2n− 1
·
∣∣∣∣1− x1 + x

∣∣∣∣n (2).

Èñïîëüçóåì ïðèçíàê Êîøè : lim
n→∞

n
√
|un(x)| = . . . =

∣∣∣∣1− x1 + x

∣∣∣∣ .
Åñëè

∣∣∣∣1− x1 + x

∣∣∣∣ < 1, òî ðÿä (2) ñõîäèòñÿ. Ðåøàåì íåðàâåíñòâî

∣∣∣∣1− x1 + x

∣∣∣∣ < 1 → −1 <
1− x
1 + x

< 1 →


1− x
1 + x

+ 1 > 0;

1− x
1 + x

− 1 < 0

→
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→


2

1 + x
> 0;

− 2x

1 + x
< 0

→ x > 0.

Ïðè x > 0 ðÿä (2) ñõîäèòñÿ. Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè
x > 0 .

Ïóñòü x = 0 .

un(0) =
(−1)n

2n− 1
→

∞∑
n=1

(−1)n

2n− 1
− ñõîäèòñÿ óñëîâíî (ïðèçíàê Ëåéáíèöà)

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè x > 0, ñõîäèòñÿ óñëîâíî ïðè
x = 0 è ðàñõîäèòñÿ ïðè x < 0.

Ñóììà ðÿäà (1)
∑∞

n=1

(−1)n

2n− 1
·
(

1− x
1 + x

)n
îïðåäåëåíà ïðè x > 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.2 (�2722 [1]). Îïðåäåëèòü îáëàñòü ñõîäèìîñòè (àáñîëþòíîé è
óñëîâíîé) ôóíêöèîíàëüíîãî ðÿäà

∞∑
n=1

(−1)n

(x+ n)p
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

Îáëàñòü îïðåäåëåíèÿ ñëàãàåìûõ x 6= −k, k ∈ Z.

un(x) =
(−1)n

(x+ n)p
→ lim

n→∞
un(x) =

{
0 , ïðè p > 0;

6= 0, ïðè p 6 0

Ðÿä (1) ðàñõîäèòñÿ ïðè p 6 0 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

Ïóñòü p > 0 . Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñõîä-
íîãî ðÿäà èìååò âèä

∞∑
n=1

1

(x+ n)p
(2).

Ðÿä (2) ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè 0 < p 6 1 (ïðèçíàê ñðàâíåíèÿ
â ïðåäåëüíîé ôîðìå).

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè p > 1 .

Ïóñòü 0 < p 6 1 . Ðÿä (1) çíàêî÷åðåäóþùèéñÿ è ñõîäèòñÿ (ïðèçíàê Ëåéá-
íèöà). Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ óñëîâíî ïðè 0 < p 6 1 .
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Î ò â å ò: Ðÿä (1) â ñëó÷àå x 6= −k ñõîäèòñÿ àáñîëþòíî ïðè p > 1,
ñõîäèòñÿ óñëîâíî ïðè 0 < p 6 1 è ðàñõîäèòñÿ ïðè p 6 0.

Ñóììà ðÿäà (1) îïðåäåëåíà ïðè x 6= −k è p > 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.3 (�2741 [1]). Äîêàçàòü, ÷òî äëÿ ðàâíîìåðíîé ñõîäèìîñòè íà
ìíîæåñòâå X ôóíêöèîíàëüíîé ïîñëåäîâàòåëüíîñòè fn(x) (n = 1, 2, . . . ) ê
ïðåäåëüíîé ôóíêöèè f(x) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

lim
n→∞

(
sup
x∈X

rn(x)

)
= 0, ãäå rn(x) = |f(x)− fn(x)| .

Ð å ø å í è å:

Ä î ñ ò à ò î ÷ í î ñ ò ü. Ïóñòü lim
n→∞

(
sup
x∈X

rn(x)

)
= 0. Ýòî îçíà÷àåò, ÷òî ñó-

ùåñòâóåò ïðåäåëüíàÿ ôóíêöèÿ f(x) = lim
n→∞

fn(x) (x ∈ X) è äëÿ ëþáîãî ε > 0

ñóùåñòâóåò íîìåð N(ε) òàêîé, ÷òî äëÿ ëþáîãî n > N(ε) âûïîëíÿåòñÿ íåðà-
âåíñòâî sup

x∈X
|f(x)− fn(x)| < ε . Òàê êàê |f(x)− fn(x)| 6 sup

x∈X
|f(x)− fn(x)| ,

òî âûïîëíåíû âñå óñëîâèÿ èç îïðåäåëåíèÿ ðàâíîìåðíîé ñõîäèìîñòè ôóíêöè-
îíàëüíîé ïîñëåäîâàòåëüíîñòè.

Í å î á õ î ä è ì î ñ ò ü. Ïóñòü fn(x) ⇒
x∈X

f(x). Ýòî îçíà÷àåò, ÷òî äëÿ

ëþáîãî ε > 0 ñóùåñòâóåò íîìåð N(ε) òàêîé, ÷òî äëÿ ëþáîãî

n > N(ε) è ëþáîãî x ∈ X âûïîëíÿåòñÿ íåðàâåíñòâî |f(x)− fn(x)| < ε/2 .

Òîãäà è sup
x∈X
|f(x)− fn(x)| = sup

x∈X
rn(x) < ε . Òî åñòü, lim

n→∞

(
sup
x∈X

rn(x)

)
= 0.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

À ë ã î ð è ò ì èññëåäîâàíèÿ íà ðàâíîìåðíóþ ñõîäèìîñòü:

1) Íàéòè ïðåäåëüíóþ ôóíêöèþ f(x) = lim
n→∞

fn(x) (x ∈ X) ;

2) Ïîñòðîèòü îòêëîíåíèå rn(x) = |f(x)− fn(x)| (x ∈ X) ;

3) Íàéòè ρn = sup
x∈X

rn(x) ;

4) Íàéòè lim
n→∞

ρn = C ;

5) Åñëè C = 0 , òî åñòü ðàâíîìåðíàÿ ñõîäèìîñòü. Åñëè C 6= 0 , òî íåò
ðàâíîìåðíîé ñõîäèìîñòè.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.4 (�2746 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü {fn(x)} íà ðàâíîìåðíóþ ñõîäèìîñòü íà çàäàííîì ìíîæåñòâå:

à) fn(x) = xn, 0 6 x 6
1

2
; á) fn(x) = xn, 0 6 x 6 1.
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Ð å ø å í è å:

à): 1. f(x) = lim
n→∞

xn = 0, ïðè 0 6 x 6
1

2
;

2. rn(x) = |f(x)− fn(x)| = xn, ïðè 0 6 x 6
1

2
;

3. ρn = sup
x∈[0 ; 0,5]

xn =
1

2n
;

4. lim
n→∞

ρn = lim
n→∞

1

2n
= 0 → Ñëåäîâàòåëüíî, fn(x) ⇒

x∈[0 ; 0,5]

0 .

á): 1. f(x) = lim
n→∞

xn =

{
0 , ïðè 0 6 x < 1;

1 , ïðè x = 1;

2. rn(x) = |f(x)− fn(x)| =

{
xn , ïðè 0 6 x < 1;

0, ïðè x = 1;

3. ρn = sup
x∈[0 ; 1]

rn(x) = 1 ;

4. lim
n→∞

ρn = 1 6= 0 →

→ Ñëåäîâàòåëüíî, fn(x) 6⇒
x∈[0 ; 1]

0 ({fn(x)} ñõîäèòñÿ íåðàâíîìåðíî) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.5 (�2749 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü íà ðàâíîìåðíóþ ñõîäèìîñòü íà çàäàííîì ìíîæåñòâå:

fn(x) =
1

x+ n
, 0 < x < +∞.

Ð å ø å í è å:

1. f(x) = lim
n→∞

1

x+ n
= 0, ïðè 0 < x < +∞;

2. rn(x) = |f(x)− fn(x)| = 1

x+ n
, ïðè 0 < x < +∞;

3. ρn = sup
0<x<+∞

1

x+ n
=

1

n
;

4. lim
n→∞

ρn = lim
n→∞

1

n
= 0 → Ñëåäîâàòåëüíî, fn(x) ⇒

0<x<+∞
0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

74



Çàäà÷à 8.6 (�2755 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü íà ðàâíîìåðíóþ ñõîäèìîñòü íà çàäàííîì ìíîæåñòâå:

à) fn(x) =
sin(nx)

n
, −∞ < x < +∞;

á) fn(x) = sin
(x
n

)
, −∞ < x < +∞.

Ð å ø å í è å:

à): 1. f(x) = lim
n→∞

sin(nx)

n
= 0, ïðè −∞ < x < +∞;

2. rn(x) = |f(x)− fn(x)| = |sin(nx)|
n

, ïðè −∞ < x < +∞;

3. ρn = sup
−∞<x<+∞]

|sin(nx)|
n

=
1

n
;

4. lim
n→∞

ρn = lim
n→∞

1

n
= 0 → Ñëåäîâàòåëüíî,

sin(nx)

n
⇒

−∞<x<+∞
0 .

á): 1. f(x) = lim
n→∞

sin
(x
n

)
= 0, ïðè −∞ < x < +∞;

2. rn(x) = |f(x)− fn(x)| =
∣∣∣sin(x

n

)∣∣∣ , ïðè −∞ < x < +∞;

3. ρn = sup
−∞<x<+∞

∣∣∣sin(x
n

)∣∣∣ = 1 ;

4. lim
n→∞

ρn = 1 6= 0 →

→ Ñëåäîâàòåëüíî, sin
(x
n

)
6⇒

−∞<x<+∞
0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.7 (�2758 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü íà ðàâíîìåðíóþ ñõîäèìîñòü íà çàäàííîì ìíîæåñòâå:

à) fn(x) = e−(x−n)2, −l < x < +l, l − ïîëîæèòåëüíîå ÷èñëî;

á) fn(x) = e−(x−n)2, −∞ < x < +∞.

Ð å ø å í è å:

à): 1. f(x) = lim
n→∞

e−(x−n)2 = 0, ïðè − l < x < +l;

2. rn(x) = |f(x)− fn(x)| = e−(x−n)2, ïðè − l < x < +l;
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3. ρn = sup
−l<x<+l

e−(x−n)2 =

{
1 , ïðè n 6 l;

e−(l−n)2 , ïðè n > l;

4. lim
n→∞

ρn = 0 → Ñëåäîâàòåëüíî, fn(x) ⇒
−l<x<+l

0 .

á): 1. f(x) = lim
n→∞

e−(x−n)2 = 0, ïðè −∞ < x < +∞;

2. rn(x) = |f(x)− fn(x)| = e−(x−n)2, ïðè −∞ < x < +∞;

3. ρn = sup
−∞<x<+∞

e−(x−n)2 = 1 ;

4. lim
n→∞

ρn = 1 6= 0 →

→ Ñëåäîâàòåëüíî, e−(x−n)2 6⇒
−∞<x<+∞

0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.8 (�2718 [1]). Îïðåäåëèòü îáëàñòü ñõîäèìîñòè (àáñîëþòíîé è
óñëîâíîé) ôóíêöèîíàëüíîãî ðÿäà

∞∑
n=1

n

n+ 1

(
x

2x+ 1

)n
(1).

Ð å ø å í è å:

un(x) =
n

n+ 1

(
x

2x+ 1

)n
→

→ lim
n→∞

un(x) =


0 , ïðè

∣∣∣∣ x

2x+ 1

∣∣∣∣ < 1 → x < −1 èëè x > −1/3;

6= 0, ïðè

∣∣∣∣ x

2x+ 1

∣∣∣∣ > 1 .

Ðÿä (1) ðàñõîäèòñÿ ïðè

∣∣∣∣ x

2x+ 1

∣∣∣∣ > 1 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõî-

äèìîñòè).

Ïóñòü x < −1 èëè x > −1/3 . Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé
ýëåìåíòîâ èñõîäíîãî ðÿäà èìååò âèä

∞∑
n=1

n

n+ 1

∣∣∣∣ x

2x+ 1

∣∣∣∣n (2).
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Èñïîëüçóåì ïðèçíàê Êîøè: lim
n→∞

n
√
|un(x)| =

∣∣∣∣ x

2x+ 1

∣∣∣∣ .
Ðÿä (2) ñõîäèòñÿ ïðè

∣∣∣∣ x

2x+ 1

∣∣∣∣ < 1 .

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè x < −1 èëè x > −1

3
è

ðàñõîäèòñÿ ïðè äðóãèõ çíà÷åíèÿõ x.

Ñóììà ðÿäà (1) îïðåäåëåíà ïðè x < −1 è x > −1

3
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.9 (�2723 [1]). Îïðåäåëèòü îáëàñòü ñõîäèìîñòè (àáñîëþòíîé è
óñëîâíîé) ôóíêöèîíàëüíîãî ðÿäà

∞∑
n=1

np sin(nx)

1 + nq
, (p, q, x− ïàðàìåòðû, q > 0, 0 < x < π) (1).

Ð å ø å í è å:

un(x) =
np sin(nx)

1 + nq
→ lim

n→∞
un(x) =

{
0 , ïðè q − p > 0 ;

6= 0, ïðè q − p 6 0 .

Ðÿä (1) ðàñõîäèòñÿ ïðè q − p 6 0 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäè-
ìîñòè).

Ïóñòü q − p > 0 . Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ

èñõîäíîãî ðÿäà èìååò âèä
∑∞

n=1

np |sin(nx)|
1 + nq

(2). Ðÿä (2) ñõîäèòñÿ ïðè

q − p > 1 (ïðèçíàê ñðàâíåíèÿ) è ðàñõîäèòñÿ ïðè 0 < q − p 6 1 .

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè q − p > 1 .

Ïóñòü 0 < q − p 6 1 . Ðÿä (1) çíàêîïåðåìåííûé. Èñïîëüçóåì ïðèçíàê
Äèðèõëå-Àáåëÿ:

np

1 + nq
↘ 0 ,

∣∣∣∣∣
n∑
k=1

sin(kx)

∣∣∣∣∣ < 1

|sin(x/2)|
.

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ óñëîâíî ïðè 0 < q − p 6 1 .

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè q − p > 1 è ñõîäèòñÿ óñëîâíî
ïðè 0 < q − p 6 1 .

Ñóììà ðÿäà (1) îïðåäåëåíà ïðè 0 < q − p .
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 8.10 (�2726 [1]). Îïðåäåëèòü îáëàñòü ñõîäèìîñòè (àáñîëþòíîé è
óñëîâíîé) ôóíêöèîíàëüíîãî ðÿäà

∞∑
n=1

xn

1 + x2n
, (1).

Ð å ø å í è å:

un(x) =
xn

1 + x2n
→ lim

n→∞
un(x) =

{
0 , ïðè |x| 6= 1 ;

6= 0, ïðè |x| = 1 .

Ðÿä (1) ðàñõîäèòñÿ ïðè |x| = 1 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìî-
ñòè).

Ïóñòü |x| 6= 1 . Ðÿä (1) çíàêîïåðåìåííûé. Ðÿä èç ìîäóëåé ýëåìåíòîâ èñ-

õîäíîãî ðÿäà èìååò âèä
∑∞

n=1

∣∣∣∣ xn

1 + x2n

∣∣∣∣ (2). Èñïîëüçóåì ïðèçíàê Êîøè:

lim
n→∞

n
√
|un(x)| =

{
|x| , ïðè |x| < 1 ;

1/ |x| , ïðè |x| > 1
< 1 ïðè ëþáîì x .

Ñëåäîâàòåëüíî, ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè |x| 6= 1 .

Î ò â å ò: Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè |x| 6= 1 è ðàñõîäèòñÿ ïðè
x = ±1 .

Ñóììà ðÿäà (1) îïðåäåëåíà ïðè |x| 6= 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.11 (�2728 [1]). Îïðåäåëèòü îáëàñòü ñõîäèìîñòè ôóíêöèîíàëü-
íîãî ðÿäà

∞∑
n=1

n e−nx , (1).

Ð å ø å í è å:

un(x) = n e−nx → lim
n→∞

un(x) =

{
0 , ïðè x > 0 ;

6= 0, ïðè x 6 0 .

Ðÿä (1) ðàñõîäèòñÿ ïðè x 6 0 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìî-
ñòè).

Ïóñòü x > 0 . Èñïîëüçóåì ïðèçíàê Êîøè:

lim
n→∞

n
√
un(x) = e−x < 1 ïðè x > 0 .
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Î ò â å ò: Ðÿä (1) ñõîäèòñÿ ïðè x > 0 è ðàñõîäèòñÿ ïðè x 6 0 .

Ñóììà ðÿäà (1) îïðåäåëåíà ïðè x > 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.12 (�2742 [1]). ×òî îçíà÷àåò, ÷òî ôóíêöèîíàëüíàÿ ïîñëåäîâà-
òåëüíîñòü fn(x) (n = 1, 2, . . .) :

à) ñõîäèòñÿ íà èíòåðâàëå (x0 , +∞) ;

á) ñõîäèòñÿ ðàâíîìåðíî íà êàæäîì êîíå÷íîì èíòåðâàëå (a , b) ⊂ (x0,+∞);

â) ñõîäèòñÿ ðàâíîìåðíî íà èíòåðâàëå (x0 , +∞) ?

Ð å ø å í è å:

à): ∀ ε > 0 ∃ N(ε , x) , n > N(ε , x) , |f(x)− fn(x)| < ε , x ∈ (x0 , +∞)

á): ∀ ε > 0 ∃ N(ε , a, b) , n > N(ε , a, b) , |f(x)− fn(x)| < ε ,

x ∈ (a , b) ⊂ (x0 , +∞)

â): ∀ ε > 0 ∃ N(ε) , n > N(ε) , |f(x)− fn(x)| < ε , x ∈ (x0 , +∞)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.13 (�2750 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü íà ðàâíîìåðíóþ ñõîäèìîñòü íà çàäàííîì ìíîæåñòâå:

fn(x) =
nx

1 + n+ x
, 0 6 x 6 1 .

Ð å ø å í è å:

1. f(x) = lim
n→∞

nx

1 + n+ x
= x, ïðè 0 6 x 6 1 ;

2. rn(x) = |f(x)− fn(x)| = x+ x2

1 + n+ x
, r

′

n(x) = . . . =

=
(1 + n)(1 + 2x) + x2

(1 + n+ x)2 > 0 ïðè 0 6 x 6 1 ;

3. ρn = sup
06x61

x+ x2

1 + n+ x
=

x+ x2

1 + n+ x

∣∣∣∣
x=1

=
2

2 + n
;

4. lim
n→∞

ρn = 0 . → Ñëåäîâàòåëüíî, fn(x) ⇒
06x61

x .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 8.14 (�2751 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü íà ðàâíîìåðíóþ ñõîäèìîñòü íà çàäàííîì ìíîæåñòâå:

fn(x) =
xn

1 + xn
,

à) 0 6 x 6 1− ε ;

á) 1− ε 6 x 6 1 + ε ;

â) 1 + ε 6 x < +∞ , ãäå ε > 0 .

Ð å ø å í è å:

à): 1. f(x) = lim
n→∞

xn

1 + xn
= 0, ïðè 0 6 x 6 1− ε ;

2. rn(x) = |f(x)− fn(x)| = xn

1 + xn
, r

′

n(x) = . . . =

=
nxn−1

(1 + xn)2 > 0 ïðè 0 6 x 6 1− ε ;

3. ρn = sup
06x61−ε

rn(x) = rn(1− ε) =
(1− ε)n

1 + (1− ε)n
;

4. lim
n→∞

ρn = 0 . → Ñëåäîâàòåëüíî, fn(x) ⇒
06x61−ε

0 .

á): 1. f(x) = lim
n→∞

xn

1 + xn
=


0 , ïðè 1− ε 6 x < 1 ;

1/2 , ïðè x = 1 ;

1 , ïðè 1 < x 6 1 + ε ;

2. rn(x) = |f(x)− fn(x)| =


xn

1 + xn
, ïðè 1− ε 6 x < 1 ;

0 , ïðè x = 1 ;
1

1 + xn
, ïðè 1 < x 6 1 + ε ;

3. ρn = sup
1−ε6x61+ε

rn(x) =
1

2
;

4. lim
n→∞

ρn =
1

2
6= 0 . → Ñëåäîâàòåëüíî, fn(x) 6⇒

1−ε6x61+ε
f(x) .

â): 1. f(x) = lim
n→∞

xn

1 + xn
= 1, ïðè 1 + ε 6 x < +∞ ;

2. rn(x) = |f(x)− fn(x)| = 1

1 + xn
↘ 0 ïðè x→ +∞ ;
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3. ρn = sup
1+ε6x<+∞

rn(x) = rn(1 + ε) =
1

1 + (1 + ε)n
;

4. lim
n→∞

ρn = 0 . → Ñëåäîâàòåëüíî, fn(x) ⇒
1+ε6x<+∞

1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.15 (�2752 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü íà ðàâíîìåðíóþ ñõîäèìîñòü íà çàäàííîì ìíîæåñòâå:

fn(x) =
2nx

1 + n2x2
,

à) 0 6 x 6 1 ;

á) 1 < x < +∞ .

Ð å ø å í è å:

fn(x) =
2nx

1 + n2x2
, f

′

n(x) = . . . = 2n
1− n2x2

(1 + n2x2)2 , f
′

n(x) = 0 → x0 =
1

n

Òî÷êà x0 =
1

n
ÿâëÿåòñÿ òî÷êîé ìàêñèìóìà ôóíêöèè fn(x) è fn(x0) = 1 .

à): 1. f(x) = lim
n→∞

2nx

1 + n2x2
= 0, ïðè 0 6 x 6 1 ;

2. rn(x) = |f(x)− fn(x)| = 2nx

1 + n2x2
, ïðè 0 6 x 6 1 ;

3. ρn = sup
06x61

rn(x) = rn

(
1

n

)
= 1 ;

4. lim
n→∞

ρn = 1 6= 0 . → Ñëåäîâàòåëüíî, fn(x) 6⇒
06x61

0 .

á): 1. f(x) = lim
n→∞

2nx

1 + n2x2
= 0, ïðè 1 < x < +∞ ;

2. rn(x) = |f(x)− fn(x)| = 2nx

1 + n2x2
↘ ïðè 1 < x < +∞ ;

3. ρn = sup
1<x<+∞

rn(x) = rn(1) =
2n

1 + n2
;

4. lim
n→∞

ρn = 0 . → Ñëåäîâàòåëüíî, fn(x) ⇒
1<x<+∞

0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 8.16 (�2754 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü íà ðàâíîìåðíóþ ñõîäèìîñòü íà çàäàííîì ìíîæåñòâå:

fn(x) = n

(√
x+

1

n
−
√
x

)
, 0 < x < +∞ .

Ð å ø å í è å:

fn(x) = n

(√
x+

1

n
−
√
x

)
= n

x+ 1/n− x√
x+ 1/n+

√
x

=
1√

x+ 1/n+
√
x

1. f(x) = lim
n→∞

1√
x+ 1/n+

√
x

=
1

2
√
x

ïðè 0 < x < +∞ ;

2. rn(x) = |f(x)− fn(x)| =

∣∣∣∣∣ 1√
x+ 1/n+

√
x
− 1

2
√
x

∣∣∣∣∣ =

=

∣∣∣∣∣∣
√
x−

√
x+ 1/n

2
√
x
(√

x+ 1/n+
√
x
)
∣∣∣∣∣∣ =

1/n

2
√
x
(√

x+ 1/n+
√
x
)2 ;

3. ρn = sup
0<x<+∞

rn(x) =∞ ;

4. lim
n→∞

ρn 6= 0 . → Ñëåäîâàòåëüíî, fn(x) 6⇒
0<x<+∞

f(x) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 8.17 (�2763 [1]). Èññëåäîâàòü ôóíêöèîíàëüíóþ ïîñëåäîâàòåëü-
íîñòü íà ðàâíîìåðíóþ ñõîäèìîñòü íà ìíîæåñòâå 0 6 x 6 1 , åñëè

fn(x) =



n2x , ïðè 0 6 x 6
1

n
;

n2

(
2

n
− x
)
, ïðè

1

n
< x <

2

n
;

0 , ïðè
2

n
6 x 6 1 .

Ð å ø å í è å:

Çàäàííàÿ ôóíêöèÿ fn(x) èìååò â òî÷êå x0 =
1

n
ìàêñèìóì, ðàâíûé

fn

(
1

n

)
= n .
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1. f(x) = lim
n→∞

fn(x) = 0 , ïðè 0 6 x 6 1 ;

2. rn(x) = |f(x)− fn(x)| = fn(x) , ïðè 0 6 x 6 1 ;

3. ρn = sup
06x61

rn(x) = rn

(
1

n

)
= n ;

4. lim
n→∞

ρn 6= 0 . → Ñëåäîâàòåëüíî, fn(x) 6⇒
06x61

0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.3.2 Çàíÿòèå 9

Ïóñòü ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 un(x) (1) íà ìíîæåñòâå x ∈ X ñõî-
äèòñÿ.

Òåîðåìà (Êðèòåðèé Êîøè ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿ-
äà). Äëÿ ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà (1) íà ìíîæåñòâå
X ê ñâîåé ñóììå íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî ε > 0 ñóùå-
ñòâîâàë íîìåð N(ε) òàêîé, ÷òî íåðàâåíñòâî

∣∣∑n+p
k=n+1 uk(x)

∣∣ < ε âûïîëíåíî
äëÿ âñåõ íîìåðîâ n > N(ε), ëþáûõ íàòóðàëüíûõ p è âñåõ x ∈ X .

Óäîáíûìè äëÿ èñïîëüçîâàíèÿ íà ïðàêòèêå ÿâëÿþòñÿ äîñòàòî÷íûå ïðèçíà-
êè ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíûõ ðÿäîâ.

Òåîðåìà (ïðèçíàê Âåéåðøòðàññà). Ïóñòü ôóíêöèîíàëüíûé ðÿä (1) ñõîäèò-
ñÿ íà ìíîæåñòâå X . Åñëè ñóùåñòâóåò ñõîäÿùèéñÿ ÷èñëîâîé ðÿä

∑∞
n=1 ñn

òàêîé, ÷òî äëÿ âñåõ x ∈ X è âñåõ íîìåðîâ n ñïðàâåäëèâî íåðàâåíñòâî
|un(x)| 6 ñn , òî ôóíêöèîíàëüíûé ðÿä (1) ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå
X .

Òåîðåìà (ïðèçíàê Äèðèõëå-Àáåëÿ). Ïóñòü ôóíêöèîíàëüíûé ðÿä∑∞
n=1 un(x)vn(x) (2) ñõîäèòñÿ íà ìíîæåñòâå X . Åñëè ôóíêöèîíàëüíûé

ðÿä
∑∞

n=1 un(x) îáëàäàåò ðàâíîìåðíî îãðàíè÷åííîé íà ìíîæåñòâå X ïî-
ñëåäîâàòåëüíîñòüþ ÷àñòè÷íûõ ñóìì, à ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü
{vn(x)} íå âîçðàñòàåò íà ìíîæåñòâå X è ðàâíîìåðíî íà ýòîì ìíîæåñòâå ñõî-
äèòñÿ ê íóëþ, òî ôóíêöèîíàëüíûé ðÿä (2) ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå
X .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 9.1 (�2768(à) [1]). Èññëåäîâàòü õàðàêòåð ñõîäèìîñòè ôóíêöèî-
íàëüíîãî ðÿäà

∞∑
n=1

xn

n2
(1) íà ñåãìåíòå − 1 6 x 6 1 .

Ð å ø å í è å:

Íà ìíîæåñòâå −1 6 x 6 1 ðÿä (1) ñõîäèòñÿ àáñîëþòíî (ïðèçíàê ñðàâíå-
íèÿ).

Äëÿ èññëåäîâàíèÿ íà ðàâíîìåðíóþ ñõîäèìîñòü, èñïîëüçóåì ïðèçíàê Âåé-
åðøòðàññà.

|un(x)| = |x|
n

n2
6

1

n2
= ñn ïðè n > 1, |x| 6 1

Ðÿä
∞∑
n=1

ñn =
∞∑
n=1

1

n2
− ñõîäèòñÿ (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä).
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Ñëåäîâàòåëüíî (ïî ïðèçíàêó Âåéåðøòðàññà), ôóíêöèîíàëüíûé ðÿä (1) íà
ìíîæåñòâå −1 6 x 6 1 ñõîäèòñÿ ðàâíîìåðíî.

Î ò â å ò:

Ôóíêöèîíàëüíûé ðÿä
∞∑
n=1

xn

n2
⇒

−16x61
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 9.2 (�2774(â,ç,ì) [1]). Ïîëüçóÿñü ïðèçíàêîì Âåéåðøòðàññà, äîêà-
çàòü ðàâíîìåðíóþ ñõîäèìîñòü â óêàçàííûõ ïðîìåæóòêàõ ñëåäóþùèõ ôóíê-
öèîíàëüíûõ ðÿäîâ:

â)
∞∑
n=1

x

1 + n4x2
(1), 0 6 x < +∞ ;

ç)
∞∑
n=1

cos(nx)

n2
(2), |x| < +∞ ;

ì)
∞∑
n=1

arctg
2x

x2 + n3
(3), |x| < +∞ .

Ð å ø å í è å:

(â): Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè −∞ < x < +∞ (ïðèçíàê ñðàâíåíèÿ
â ïðåäåëüíîé ôîðìå). Ïîëóîñü 0 6 x < +∞ ÿâëÿåòñÿ ÷àñòüþ îáëàñòè
ñõîäèìîñòè ðÿäà (1).

Äëÿ èññëåäîâàíèÿ íà ðàâíîìåðíóþ ñõîäèìîñòü, èñïîëüçóåì ïðèçíàê Âåé-
åðøòðàññà. Ôóíêöèÿ un(x) =

x

1 + n4x2
íåïðåðûâíà è äèôôåðåíöèðóåìà ïðè

0 6 x < +∞.

u
′

n(x) =

(
x

1 + n4x2

)′
=

1− n4x2

(1 + n4x2)2 , u
′

n(x0) = 0 → x0 =
1

n2

Òî÷êà x0 = 1/n2 ÿâëÿåòñÿ òî÷êîé ìàêñèìóìà ôóíêöèè un(x), òàê êàê
u
′

n(x) > 0 ïðè x < x0 è u
′

n(x) < 0 ïðè x > x0 . Òîãäà,

|un(x)| 6 un(x0) =
x

1 + n4x2

∣∣∣∣
x=x0

=
1

2n2
= ñn .

Ðÿä
∞∑
n=1

ñn =
∞∑
n=1

1

2n2
− ñõîäèòñÿ (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä).

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Âåéåðøòðàññà), ôóíêöèîíàëüíûé ðÿä (1) íà
ìíîæåñòâå 0 6 x < +∞ ñõîäèòñÿ ðàâíîìåðíî.
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(ç): Ðÿä (2) ñõîäèòñÿ àáñîëþòíî ïðè |x| < +∞ (ïðèçíàê ñðàâíåíèÿ).

Èñïîëüçóåì ïðèçíàê Âåéåðøòðàññà.

|un(x)| = |cos(nx)|
n2

6
1

n2
= ñn ïðè |x| < +∞

Ðÿä
∞∑
n=1

ñn =
∞∑
n=1

1

n2
− ñõîäèòñÿ (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä).

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Âåéåðøòðàññà), ôóíêöèîíàëüíûé ðÿä (2) íà
ìíîæåñòâå |x| < +∞ ñõîäèòñÿ ðàâíîìåðíî.

(ì): Ðÿä (3) ñõîäèòñÿ àáñîëþòíî ïðè −∞ < x < +∞ (ïðèçíàê ñðàâíåíèÿ
â ïðåäåëüíîé ôîðìå).

Èñïîëüçóåì ïðèçíàê Âåéåðøòðàññà. Ôóíêöèÿ un(x) = arctg
2x

x2 + n3
íåïðå-

ðûâíà è äèôôåðåíöèðóåìà ïðè −∞ < x < +∞.

u
′

n(x) =

(
arctg

2x

x2 + n3

)′
= 2

n3 − x2

(n3 + x2)2 + 4x2
, u

′

n(x) = 0 → x1 , 2 = ±n3/2

Òî÷êà x1 = −n3/2 ÿâëÿåòñÿ òî÷êîé ìèíèìóìà, à x2 = n3/2 ÿâëÿåòñÿ
òî÷êîé ìàêñèìóìà ôóíêöèè un(x) è |un(x1)| = |un(x2)| . Òîãäà,

|un(x)| 6 |un(x2)| = arctg
2x

x2 + n3

∣∣∣∣
x=x2

= arctg
1

n3/2
= ñn .

Ðÿä
∞∑
n=1

ñn =
∞∑
n=1

arctg
1

n3/2
−

− ñõîäèòñÿ (ïðèçíàê ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå).

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Âåéåðøòðàññà), ôóíêöèîíàëüíûé ðÿä (3) íà
ìíîæåñòâå −∞ < x < +∞ ñõîäèòñÿ ðàâíîìåðíî.

Î ò â å ò:

(â) Ðÿä
∞∑
n=1

x

1 + n4x2
⇒

06x<+∞
;

(ç) Ðÿä
∞∑
n=1

cos(nx)

n2
⇒

|x|<+∞
;

(ì) Ðÿä
∞∑
n=1

arctg
2x

x2 + n3
⇒

|x|<+∞
.
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 9.3 (�2781 [1]). Èññëåäîâàòü íà ðàâíîìåðíóþ ñõîäèìîñòü â óêà-
çàííîì ïðîìåæóòêå ôóíêöèîíàëüíûé ðÿä

∞∑
n=1

sinx · sin(nx)√
n+ x

(1), 0 6 x < +∞ .

Ð å ø å í è å:

Ðÿä (1) ïðè ëþáîì x 6= −k (k ∈ N) ñõîäèòñÿ óñëîâíî (ïðèçíàê Äèðèõëå-
Àáåëÿ ñõîäèìîñòè ÷èñëîâûõ ðÿäîâ). Ïîëóîñü 0 6 x < +∞ ÿâëÿåòñÿ ÷àñòüþ
îáëàñòè îïðåäåëåíèÿ ðÿäà (1). Äëÿ èññëåäîâàíèÿ íà ðàâíîìåðíóþ ñõîäèìîñòü,
èñïîëüçóåì ïðèçíàê Äèðèõëå-Àáåëÿ ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëü-

íûõ ðÿäîâ. Ôóíêöèÿ vn(x) =
1√
n+ x

ìîíîòîííî ïî n è ðàâíîìåðíî ïî x

ñòðåìèòñÿ ê íóëþ:

1. v(x) = lim
n→∞

1√
n+ x

= 0 ïðè 0 6 x < +∞ ;

2. rn(x) = |v(x)− vn(x)| = 1√
n+ x

ïðè 0 6 x < +∞ ;

3. ρn = sup
06x<+∞

1√
n+ x

=
1√
n

;

4. lim
n→∞

ρn = 0 . → Ñëåäîâàòåëüíî, vn(x) ⇒
06x<+∞

0 .

Ôóíêöèÿ un(x) = sinx · sin(nx) = cos
(x

2

)
·
(

2 sin
(x

2

)
· sin(nx)

)
=

= cos
(x

2

)
·
(

cos
(x

2
− nx

)
− cos

(x
2

+ nx
))

.

Òîãäà,

∣∣∣∣∣
n∑
k=1

uk(x)

∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=1

cos
(x

2

)
·
(

cos
(x

2
− kx

)
− cos

(x
2

+ kx
))∣∣∣∣∣ =

=
∣∣∣cos

(x
2

)
·
(

cos
(x

2

)
− cos

(x
2

+ nx
))∣∣∣ 6 2 ïðè 0 6 x < +∞ .

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Äèðèõëå-Àáåëÿ), ôóíêöèîíàëüíûé ðÿä (1) íà
ìíîæåñòâå 0 6 x < +∞ ñõîäèòñÿ ðàâíîìåðíî.

Î ò â å ò:

Ðÿä
∞∑
n=1

sinx · sin(nx)√
n+ x

⇒
06x<+∞

.
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 9.4 (�2767 [1]). Èññëåäîâàòü õàðàêòåð ñõîäèìîñòè ðÿäà

∞∑
n=0

xn (1)

íà èíòåðâàëå:
à) |x| < q ïðè q < 1 ;

á) |x| < 1 .

Ð å ø å í è å:

Ðÿä (1) ñõîäèòñÿ àáñîëþòíî ïðè |x| < 1 (ïðèçíàê Êîøè).

(à): Äëÿ èññëåäîâàíèÿ íà ðàâíîìåðíóþ ñõîäèìîñòü, èñïîëüçóåì ïðèçíàê
Âåéåðøòðàññà.

|un(x)| = |x|n < qn = ñn,
∞∑
n=0

ñn =
∞∑
n=0

qn − ñõîäèòñÿ (0 < q < 1)

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Âåéåðøòðàññà), ôóíêöèîíàëüíûé ðÿä (1) íà
ìíîæåñòâå |x| < q ñõîäèòñÿ ðàâíîìåðíî.

(á): Èñïîëüçóåì îïðåäåëåíèå ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî
ðÿäà:

Sn(x) =
n∑
k=0

xk =
1− xn+1

1− x
− ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü

÷àñòè÷íûõ ñóìì ôóíêöèîíàëüíîãî ðÿäà (1) ;

1. S(x) = lim
n→∞

Sn(x) =
1

1− x
, ïðè |x| < 1 ;

2. rn(x) = |S(x)− Sn(x)| = |x|
n+1

1− x
, ïðè |x| < 1 ;

3. ρn = sup
|x|<1

|x|n+1

1− x
=∞ 6→

n→∞
0 .

Ñëåäîâàòåëüíî (ïî îïðåäåëåíèþ), ðÿä (1) íà ìíîæåñòâå |x| < 1 ñõîäèòñÿ
íåðàâíîìåðíî.

Î ò â å ò:

(à) Ðÿä
∞∑
n=0

xn ⇒
|x|<q<1

;
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(á) Ðÿä
∞∑
n=0

xn 6⇒
|x|<1

.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 9.5 (�2774(á,ã,ë) [1]). Ïîëüçóÿñü ïðèçíàêîì Âåéåðøòðàññà, äîêà-
çàòü ðàâíîìåðíóþ ñõîäèìîñòü â óêàçàííûõ ïðîìåæóòêàõ ñëåäóþùèõ ôóíê-
öèîíàëüíûõ ðÿäîâ:

á)
∞∑
n=1

(−1)n

x+ 2n
(1), −2 < x < +∞ ;

ã)
∞∑
n=1

nx

1 + n5x2
(2), |x| < +∞ ;

ë)
∞∑
n=1

x2 · e−nx (3), 0 6 x < +∞ .

Ð å ø å í è å:

(á): Ðÿä (1)
∞∑
n=1

(−1)n

x+ 2n
= − 1

x+ 2
+
∞∑
n=2

(−1)n

x+ 2n
.

Äëÿ èññëåäîâàíèÿ íà ðàâíîìåðíóþ ñõîäèìîñòü, èñïîëüçóåì ïðèçíàê Âåé-
åðøòðàññà.

|un(x)| =
n>2

1

x+ 2n
6

1

2n − 2
= ñn . Ðÿä

∞∑
n=2

ñn =
∞∑
n=2

1

2n − 2
− ñõîäèòñÿ.

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Âåéåðøòðàññà), ôóíêöèîíàëüíûé ðÿä (1) íà
ìíîæåñòâå −2 < x < +∞ ñõîäèòñÿ ðàâíîìåðíî.

(ã): Ôóíêöèÿ un(x) =
nx

1 + n5x2
íåïðåðûâíà è äèôôåðåíöèðóåìà ïðè

|x| < +∞.

u
′

n(x) =

(
nx

1 + n5x2

)′
=

n− n6x2

(1 + n5x2)2 , u
′

n(x) = 0 → x1 , 2 = ± 1

n5/2

Òî÷êà x1 = 1/n5/2 ÿâëÿåòñÿ òî÷êîé ìàêñèìóìà ôóíêöèè un(x), à òî÷êà
x2 = −1/n5/2 ÿâëÿåòñÿ òî÷êîé ìèíèìóìà ôóíêöèè un(x) è

|un(x1 , 2)| = 1/
(
2n3/2

)
. Òîãäà,

|un(x)| 6 un(x1) =
1

2n3/2
= ñn ïðè |x| < +∞.
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Ðÿä
∞∑
n=1

ñn =
∞∑
n=1

1

2n3/2
− ñõîäèòñÿ (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä).

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Âåéåðøòðàññà), ôóíêöèîíàëüíûé ðÿä (2) íà
ìíîæåñòâå |x| < +∞ ñõîäèòñÿ ðàâíîìåðíî.

(ë): Ôóíêöèÿ un(x) = x2 · e−nx íåïðåðûâíà è äèôôåðåíöèðóåìà ïðè
0 6 x < +∞.

u
′

n(x) =
(
x2 · e−nx

)′
= x · e−nx · (2− nx) , u

′

n(x0) = 0 → x0 =
2

n

Òî÷êà x0 = 2/n ÿâëÿåòñÿ òî÷êîé ìàêñèìóìà ôóíêöèè un(x). Òîãäà,

|un(x)| 6 un(x0) =
4

e2n2
= ñn ïðè 0 6 x < +∞.

Ðÿä
∞∑
n=1

ñn =
∞∑
n=1

4

e2n2
− ñõîäèòñÿ (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä).

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Âåéåðøòðàññà), ôóíêöèîíàëüíûé ðÿä (3) íà
ìíîæåñòâå 0 6 x < +∞ ñõîäèòñÿ ðàâíîìåðíî.

Î ò â å ò:

(á) Ðÿä
∞∑
n=1

(−1)n

x+ 2n
⇒

−2<x<+∞
;

(ã) Ðÿä
∞∑
n=1

nx

1 + n5x2
⇒

|x|<+∞
;

(ë) Ðÿä
∞∑
n=1

x2 · e−nx ⇒
06x<+∞

.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 9.6 (�2778 [1]). Èññëåäîâàòü íà ðàâíîìåðíóþ ñõîäèìîñòü â óêà-
çàííîì ïðîìåæóòêå ôóíêöèîíàëüíûé ðÿä

∞∑
n=2

(−1)n

n+ sinx
(1), 0 6 x 6 2π .

Ð å ø å í è å:

Ðÿä (1) ïðè ëþáîì −∞ < x < +∞ ñõîäèòñÿ óñëîâíî (ïðèçíàê Äèðèõëå-
Àáåëÿ ñõîäèìîñòè ÷èñëîâûõ ðÿäîâ). Îòðåçîê 0 6 x 6 2π ÿâëÿåòñÿ ÷àñòüþ
îáëàñòè ñõîäèìîñòè ðÿäà (1). Äëÿ èññëåäîâàíèÿ íà ðàâíîìåðíóþ ñõîäèìîñòü,
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èñïîëüçóåì ïðèçíàê Äèðèõëå-Àáåëÿ ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëü-

íûõ ðÿäîâ. Ôóíêöèÿ vn(x) =
1

n+ sinx
ìîíîòîííî ïî n è ðàâíîìåðíî ïî x

ñòðåìèòñÿ ê íóëþ:

1. v(x) = lim
n→∞

1

n+ sinx
= 0 ïðè 0 6 x 6 2π ;

2. rn(x) = |v(x)− vn(x)| = 1

n+ sinx
ïðè 0 6 x 6 2π ;

3. ρn = sup
06x62π

1

n+ sinx
=

1

n− 1
;

4. lim
n→∞

ρn = 0 . → Ñëåäîâàòåëüíî, vn(x) ⇒
06x62π

0 .

Ôóíêöèÿ un(x) = (−1)n.

Òîãäà,

∣∣∣∣∣
n∑
k=2

uk(x)

∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=2

(−1)k

∣∣∣∣∣ 6 1 ïðè 0 6 x 6 2π .

Ñëåäîâàòåëüíî (ïî ïðèçíàêó Äèðèõëå-Àáåëÿ), ôóíêöèîíàëüíûé ðÿä (1) íà
ìíîæåñòâå 0 6 x 6 2π ñõîäèòñÿ ðàâíîìåðíî.

Î ò â å ò:

Ðÿä
∞∑
n=2

(−1)n

n+ sinx
⇒

06x62π
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 9.7 (�2784 [1]). Äîêàçàòü, ÷òî åñëè ðÿä
∑∞

n=1 |fn(x)| (1) ñõîäèòñÿ
ðàâíîìåðíî íà îòðåçêå x ∈ [a , b], òî ðÿä

∑∞
n=1 fn(x) (2) òàêæå ñõîäèòñÿ

ðàâíîìåðíî íà îòðåçêå x ∈ [a , b] .

Ð å ø å í è å:

Êðèòåðèé Êîøè äëÿ ðàâíîìåðíî ñõîäÿùåãîñÿ ôóíêöèîíàëüíîãî ðÿäà (1):

∀ ε > 0 ∃ N(ε) , ∀n > N(ε) , ∀p ∈ N
n+p∑

k=n+1

|fk(x)| < ε ∀x ∈ [a , b] .

Òàê êàê,

∣∣∣∣∣
n+p∑

k=n+1

fk(x)

∣∣∣∣∣ 6
n+p∑

k=n+1

|fk(x)| < ε , òî âûïîëíåíû óñëîâèÿ

êðèòåðèÿ Êîøè ðàâíîìåðíîé ñõîäèìîñòè è äëÿ ðÿäà (2).

Ñëåäîâàòåëüíî, ôóíêöèîíàëüíûé ðÿä (2) íà ìíîæåñòâå x ∈ [a , b] ñõîäèòñÿ
ðàâíîìåðíî.
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Î ò â å ò:

Ðÿä
∞∑
n=1

fn(x) ⇒
x∈[a , b]

.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.3.3 Çàíÿòèå 10

Ñâîéñòâà ïðåäåëüíîé ôóíêöèè ôóíêöèîíàëüíîé ïîñëåäîâàòåëüíîñòè è
ñóììû ôóíêöèîíàëüíîãî ðÿäà.

Òåîðåìà 1. Åñëè ôóíêöèîíàëüíûé ðÿä (ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëü-
íîñòü) ñõîäèòñÿ ðàâíîìåðíî íà ñåãìåíòå [a , b] è îáëàäàåò íà ýòîì ñåãìåí-
òå íåïðåðûâíûìè ÷ëåíàìè, òî è ñóììà ôóíêöèîíàëüíîãî ðÿäà (ïðåäåëüíàÿ
ôóíêöèÿ ôóíêöèîíàëüíîé ïîñëåäîâàòåëüíîñòè) íåïðåðûâíà íà ýòîì ìíîæå-
ñòâå.

Òåîðåìà 2. Åñëè ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 un(x) (ôóíêöèîíàëüíàÿ ïî-
ñëåäîâàòåëüíîñòü {fn(x)} ) ñõîäèòñÿ ê ñóììå S(x) (ê ïðåäåëüíîé ôóíêöèè
f(x) ) ðàâíîìåðíî íà ñåãìåíòå [a , b] è åñëè êàæäàÿ ôóíêöèÿ un(x) ( fn(x) )
èíòåãðèðóåìà íà [a , b], òî è ñóììà S(x) (ïðåäåëüíàÿ ôóíêöèÿ f(x) ) èí-
òåãðèðóåìà íà [a , b], ïðè÷åì èíòåãðèðîâàíèå ìîæíî ïðîèçâîäèòü ïî÷ëåííî.

Òî åñòü, ÷èñëîâîé ðÿä
∑∞

n=1

b∫
a

un(x) dx ñõîäèòñÿ ê ñóììå
b∫
a

S(x) dx (ïðåäåë

lim
n→∞

b∫
a

fn(x) dx ñóùåñòâóåò è ðàâåí
b∫
a

f(x) dx ).

Òåîðåìà 3. Åñëè êàæäûé ÷ëåí ôóíêöèîíàëüíîãî ðÿäà un(x) (ôóíêöèî-
íàëüíîé ïîñëåäîâàòåëüíîñòè fn(x) ) èìååò ïðîèçâîäíóþ íà ñåãìåíòå [a , b]
è åñëè ðÿä (ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü), ñîñòàâëåííûé èç ïðîèç-
âîäíûõ

∑∞
n=1 u

′

n(x) (
{
f
′

n(x)
}
), ñõîäèòñÿ ðàâíîìåðíî íà ñåãìåíòå [a , b], à

ñàì ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 un(x) (ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü
{fn(x)} ) ñõîäèòñÿ õîòÿ áû â îäíîé òî÷êå x∗ ñåãìåíòà [a , b], òî ôóíêöèîíàëü-
íûé ðÿä

∑∞
n=1 un(x) (ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü {fn(x)} ) ñõîäèò-

ñÿ ê ñóììå S(x) (ïðåäåëüíîé ôóíêöèè f(x) ) ðàâíîìåðíî íà ñåãìåíòå [a , b],
ïðè÷åì ñóììà S(x) (ïðåäåëüíàÿ ôóíêöèÿ f(x) ) èìååò ïðîèçâîäíóþ íà ñåã-
ìåíòå [a , b], ÿâëÿþùóþñÿ ñóììîé ôóíêöèîíàëüíîãî ðÿäà

∑∞
n=1 u

′

n(x) (ïðå-
äåëüíîé ôóíêöèåé ôóíêöèîíàëüíîé ïîñëåäîâàòåëüíîñòè

{
f
′

n(x)
}
).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 10.1 (�2792 [1]). Ïîêàçàòü, ÷òî ôóíêöèÿ S(x) =
∑∞

n=1

sin(nx)

n3
(1)

íåïðåðûâíà è èìååò íåïðåðûâíóþ ïðîèçâîäíóþ â îáëàñòè −∞ < x < +∞ .

Ð å ø å í è å:

Ôóíêöèîíàëüíûé ðÿä (1) àáñîëþòíî ñõîäèòñÿ ïðè −∞ < x < +∞− îá-
ëàñòü îïðåäåëåíèÿ ôóíêöèè S(x) .

1. Íåïðåðûâíîñòü ôóíêöèè S(x) .
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un(x) =
sin(nx)

n3
− íåïðåðûâíà â ëþáîé òî÷êå −∞ < x < +∞ .

|un(x)| = |sin(nx)|
n3

6
1

n3
= cn ïðè −∞ < x < +∞ .

Ðÿä
∑∞

n=1 cn ñõîäèòñÿ. Òîãäà, ôóíêöèîíàëüíûé ðÿä (1) ñõîäèòñÿ ðàâíîìåðíî
(ïðèçíàê Âåéåðøòðàññà ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà) íà
îáëàñòè −∞ < x < +∞ . Ñëåäîâàòåëüíî (Òåîðåìà 1), ôóíêöèÿ

S(x) =
∞∑
n=1

sin(nx)

n3
íåïðåðûâíà íà îáëàñòè −∞ < x < +∞ .

2. Ñóùåñòâîâàíèå ïðîèçâîäíîé S
′
(x) .

Ïðè ëþáîì −∞ < x < +∞ ñóùåñòâóåò ïðîèçâîäíàÿ u
′

n(x) =
cos(nx)

n2
.

Ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 u
′

n(x) =
∑∞

n=1

cos(nx)

n2
ñõîäèòñÿ ðàâíîìåðíî

(ïðèçíàê Âåéåðøòðàññà ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà) íà
îáëàñòè −∞ < x < +∞ . Ñëåäîâàòåëüíî (Òåîðåìà 3), ñóùåñòâóåò ïðîèçâîä-

íàÿ S
′
(x), ðàâíàÿ S

′
(x) =

∑∞
n=1

cos(nx)

n2
.

3. Íåïðåðûâíîñòü ôóíêöèè S
′
(x) .

u
′

n(x) =
cos(nx)

n2
− íåïðåðûâíà â ëþáîé òî÷êå −∞ < x < +∞ .∣∣∣u′n(x)

∣∣∣ =
|cos(nx)|

n2
6

1

n2
= cn ïðè −∞ < x < +∞ .

Ðÿä
∑∞

n=1 cn ñõîäèòñÿ. Òîãäà, ôóíêöèîíàëüíûé ðÿä∑∞
n=1 u

′

n(x) =
∑∞

n=1

cos(nx)

n2
ñõîäèòñÿ ðàâíîìåðíî (ïðèçíàê Âåéåðøòðàññà

ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà) íà îáëàñòè −∞ < x < +∞ .

Ñëåäîâàòåëüíî (Òåîðåìà 1), ôóíêöèÿ S
′
(x) =

∑∞
n=1

cos(nx)

n2
íåïðåðûâíà íà

îáëàñòè −∞ < x < +∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 10.2 (�2797 [1]). Äîêàçàòü, ÷òî äçåòà-ôóíêöèÿ Ðèìàíà

ζ(x) =
∞∑
n=1

1

nx
(1)

íåïðåðûâíà â îáëàñòè x > 1 è èìååò â ýòîé îáëàñòè íåïðåðûâíûå ïðîèçâîä-
íûå âñåõ ïîðÿäêîâ.
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Ð å ø å í è å:

Ôóíêöèîíàëüíûé ðÿä (1) ñõîäèòñÿ ïðè x > 1 è ðàñõîäèòñÿ ïðè x 6 1 .
Ïîëóîñü x > 1− îáëàñòü îïðåäåëåíèÿ ôóíêöèè ζ(x) .

1. Íåïðåðûâíîñòü ôóíêöèè ζ(x) .

un(x) =
1

nx
− íåïðåðûâíà â ëþáîé òî÷êå −∞ < x < +∞ .

Ïóñòü x > 1 + ε , ãäå ε > 0 . Òîãäà, |un(x)| = 1

nx
6

1

n1+ε
= cn ïðè x > 1 + ε .

Ðÿä
∑∞

n=1 cn =
∑∞

n=1

1

n1+ε
ñõîäèòñÿ. Òîãäà, ôóíêöèîíàëüíûé ðÿä (1) ñõî-

äèòñÿ ðàâíîìåðíî (ïðèçíàê Âåéåðøòðàññà ðàâíîìåðíîé ñõîäèìîñòè ôóíêöè-
îíàëüíîãî ðÿäà) íà îáëàñòè x > 1 + ε . Ñëåäîâàòåëüíî (Òåîðåìà 1), ôóíêöèÿ

ζ(x) =
∑∞

n=1

1

nx
íåïðåðûâíà íà ìíîæåñòâå x > 1 + ε .

Ïóñòü 1 < x < 1 + ε . Ôèêñèðóåì ïðîèçâîëüíîå 1 < x∗ < 1 + ε . Âûáåðåì
íîâîå ε > 0 òàê, ÷òîáû x∗ > 1 + ε . Ïîâòîðÿåì ïðåäûäóùèå âûêëàäêè è
äîêàçûâàåì íåïðåðûâíîñòü ôóíêöèè ζ(x) â òî÷êå x∗ . Â ñèëó ïðîèçâîëüíîñòè
x∗ , ôóíêöèÿ ζ(x) íåïðåðûâíà â ëþáîé òî÷êå x > 1 .

2. Ñóùåñòâîâàíèå è íåïðåðûâíîñòü ïåðâîé ïðîèçâîäíîé ζ
′
(x) .

Ïðè ëþáîì −∞ < x < +∞ ñóùåñòâóåò ïðîèçâîäíàÿ u
′

n(x) = − lnn

nx
.

Âåðíà îöåíêà
∣∣u′n(x)

∣∣ =
lnn

nx
6

nε1

n1+ε
=

1

n1+ε−ε1
= cn ïðè x > 1 + ε è

ε − ε1 > 0 . Ðÿä
∑∞

n=1 cn =
∑∞

n=1

1

n1+ε−ε1
ñõîäèòñÿ. Òîãäà, ôóíêöèîíàëüíûé

ðÿä
∑∞

n=1 u
′

n(x) = −
∑∞

n=1

lnn

nx
ñõîäèòñÿ ðàâíîìåðíî (ïðèçíàê Âåéåðøòðàñ-

ñà ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà) íà îáëàñòè x > 1 + ε .

Ñëåäîâàòåëüíî (Òåîðåìà 3), ïðîèçâîäíàÿ ζ
′
(x), ðàâíàÿ ζ

′
(x) = −

∑∞
n=1

lnn

nx
ñóùåñòâóåò ïðè x > 1 + ε . Â ñèëó ïðîèçâîëüíîñòè ε > 0 ïðîèçâîäíàÿ ζ

′
(x)

ñóùåñòâóåò ïðè ëþáîì x > 1 .

u
′

n(x) = − lnn

nx
− íåïðåðûâíà â ëþáîé òî÷êå −∞ < x < +∞ .

Ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 u
′

n(x) ñõîäèòñÿ ðàâíîìåðíî íà îáëàñòè x > 1+ε .
Ñëåäîâàòåëüíî (Òåîðåìà 1), ôóíêöèÿ ζ

′
(x) íåïðåðûâíà ïðè x > 1+ε . Â ñèëó

ïðîèçâîëüíîñòè ε > 0 ôóíêöèÿ ζ
′
(x) íåïðåðûâíà ïðè x > 1 .

3. Ñóùåñòâîâàíèå è íåïðåðûâíîñòü âòîðîé ïðîèçâîäíîé ζ
′′
(x) .

Ôóíêöèÿ ζ
′′
(x) ÿâëÿåòñÿ ïðîèçâîäíîé ôóíêöèè ζ

′
(x) = −

∑∞
n=1

lnn

nx
.
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Ïîâòîðÿÿ ïóíêò (2.) äëÿ ôóíêöèè ζ
′
(x) , äîêàçûâàåì ñóùåñòâîâàíèå è

íåïðåðâûíîñòü ôóíêöèè ζ
′′
(x) .

Àíàëîãè÷íî äîêàçûâàåòñÿ ñóùåñòâîâàíèå è íåïðåðûâíîñòü ïðîèçâîäíûõ
ëþáîãî k − îãî (k > 2) ïîðÿäêà ôóíêöèè ζ(x) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 10.3 (�2806 [1]). Íàéòè ïðåäåë

lim
x→1−0

∞∑
n=1

(−1)n+1

n
· xn

xn + 1
(1).

Ð å ø å í è å:

Ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 (−1)n+1 xn

n (xn + 1)
ñõîäèòñÿ ïðè ëþáîì

x 6= −1 . Ðàññìîòðèì ôóíêöèþ S(x) =
∑∞

n=1

(−1)n+1

n
· xn

xn + 1
íà îòðåçêå

x ∈ [1− δ , 1 + δ] , ãäå δ > 0 .

Ôóíêöèîíàëüíûé ðÿä

∞∑
n=1

(−1)n+1 xn

n (xn + 1)
=

∞∑
n=1

(−1)n+1︸ ︷︷ ︸
un(x)

· 1
n
·


<1︷ ︸︸ ︷

1− 1

xn + 1


︸ ︷︷ ︸

vn(x)

ñõîäèòñÿ ðàâíîìåðíî íà îáëàñòè x ∈ [1 − δ , 1 + δ] (ïðèçíàê Äèðèõëå-Àáåëÿ
ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà). Ñëåäîâàòåëüíî (Òåîðåìà 1),
ôóíêöèÿ S(x) íåïðåðûâíà íà îòðåçêå x ∈ [1− δ , 1 + δ] . Òîãäà,

lim
x→1−0

∞∑
n=1

(−1)n+1

n
· xn

xn + 1
= lim

x→1−0
S(x) = S(1) =

1

2

∞∑
n=1

(−1)n+1

n
=

1

2
ln 2 .

Î ò â å ò:

lim
x→1−0

∞∑
n=1

(−1)n+1

n
· xn

xn + 1
=

1

2
ln 2 = ln

√
2 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 10.4 (�2795(à) [1]). Îïðåäåëèòü îáëàñòü ñóùåñòâîâàíèÿ ôóíêöèè

f(x) =
∞∑
n=1

(
x+

1

n

)n
(1)
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è èññëåäîâàòü å¼ íà íåïðåðûâíîñòü.

Ð å ø å í è å:

1. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x) .

un(x) =

(
x+

1

n

)n
, lim

n→∞
un(x) 6= 0 ïðè |x| > 1 .

Òî åñòü, ïðè |x| > 1 íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè ðÿäà.

Ïóñòü |x| < 1 . Ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 (x+ 1/n)n ñõîäèòñÿ àáñîëþò-
íî, òàê êàê ðÿä

∑∞
n=1 |x+ 1/n|n ñõîäèòñÿ (ïðèçíàê Êîøè). Ñëåäîâàòåëüíî,

ôóíêöèÿ f(x) îïðåäåëåíà íà èíòåðâàëå |x| < 1 .

2. Íåïðåðûâíîñòü ôóíêöèè f(x) ïðè |x| < 1 .

un(x) = (x+ 1/n)n − íåïðåðûâíà â ëþáîé òî÷êå −∞ < x < +∞ .

Ïóñòü |x| 6 1− ε , ãäå ε > 0 .

|un(x)| = |x+ 1/n|n 6 ((1− ε) + 1/n)n = cn ïðè |x| 6 1− ε .

Ðÿä
∑∞

n=1 cn ñõîäèòñÿ (ïðèçíàê Êîøè). Òîãäà, ôóíêöèîíàëüíûé ðÿä (1) ñõî-
äèòñÿ ðàâíîìåðíî (ïðèçíàê Âåéåðøòðàññà ðàâíîìåðíîé ñõîäèìîñòè ôóíêöè-
îíàëüíîãî ðÿäà) íà îáëàñòè |x| 6 1−ε . Ñëåäîâàòåëüíî (Òåîðåìà 1), ôóíêöèÿ
f(x) íåïðåðûâíà íà îáëàñòè |x| 6 1− ε . Òàê êàê ε > 0 ëþáîå ìàëîå ÷èñëî,
òî ôóíêöèÿ f(x) íåïðåðûâíà ïðè |x| < 1 .

Î ò â å ò: Ôóíêöèÿ f(x) îïðåäåëåíà è íåïðåðûâíà ïðè |x| < 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 10.5 (�2798 [1]). Äîêàçàòü, ÷òî òýòà-ôóíêöèÿ

Θ(x) =
+∞∑

n=−∞
e−πn

2x

îïðåäåëåíà è áåñêîíå÷íî äèôôåðåíöèðóåìà ïðè x > 0 .

Ð å ø å í è å:

Θ(x) =
+∞∑

n=−∞
e−πn

2x =
−1∑

n=−∞
e−πn

2x + 1 +
∞∑
n=1

e−πn
2x = 1 + 2

∞∑
n=1

e−πn
2x

1. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè Θ(x) .

un(x) = e−πn
2x, lim

n→∞
un(x) 6= 0 ïðè x 6 0 .

Òî åñòü, ïðè x 6 0 íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè ðÿäà.
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Ïóñòü x > 0 . Ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 e
−πn2x ñõîäèòñÿ (ïðèçíàê Êî-

øè). Ñëåäîâàòåëüíî, ôóíêöèÿ Θ(x) îïðåäåëåíà ïðè x > 0 .

2. Íåïðåðûâíîñòü ôóíêöèè Θ(x) ïðè x > 0 .

un(x) = e−πn
2x − íåïðåðûâíà â ëþáîé òî÷êå −∞ < x < +∞ .

Ïóñòü x > ε , ãäå ε > 0 . Òîãäà, |un(x)| = 1

eπn2x
6

1

eπn2ε
= cn ïðè x > ε .

Ðÿä
∑∞

n=1 cn =
∑∞

n=1 e
−πn2ε ñõîäèòñÿ (ïðèçíàê Êîøè). Òîãäà, ôóíêöèî-

íàëüíûé ðÿä
∑∞

n=1 un(x) ñõîäèòñÿ ðàâíîìåðíî (ïðèçíàê Âåéåðøòðàññà ðàâ-
íîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà) íà îáëàñòè x > ε . Ñëåäîâà-
òåëüíî (Òåîðåìà 1), ôóíêöèÿ Θ(x) = 1 + 2

∑∞
n=1 e

−πn2x íåïðåðûâíà íà ìíî-
æåñòâå x > ε . Â ñèëó ïðîèçâîëüíîñòè ε > 0 , ôóíêöèÿ Θ(x) íåïðåðûâíà â
ëþáîé òî÷êå x > 0 .

3. Ñóùåñòâîâàíèå ïåðâîé ïðîèçâîäíîé Θ
′
(x) ïðè x > 0 .

Ïðè ëþáîì −∞ < x < +∞ ñóùåñòâóåò ïðîèçâîäíàÿ u
′

n(x) = −πn2e−πn
2x.

Âåðíà îöåíêà
∣∣u′n(x)

∣∣ =
πn2

eπn2x
6

πn2

eπn2ε
= cn ïðè x > ε .

Ðÿä
∑∞

n=1 cn = π
∑∞

n=1 n
2e−πn

2ε ñõîäèòñÿ (ïðèçíàê Êîøè). Òîãäà, ôóíêöè-
îíàëüíûé ðÿä

∑∞
n=1 u

′

n(x) = −π
∑∞

n=1 n
2e−πn

2x ñõîäèòñÿ ðàâíîìåðíî (ïðèçíàê
Âåéåðøòðàññà ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà) íà îáëàñòè
x > ε . Ñëåäîâàòåëüíî (Òåîðåìà 3), ñóùåñòâóåò ïðîèçâîäíàÿ Θ

′
(x), ðàâíàÿ

Θ
′
(x) = −2π

∑∞
n=1 n

2e−πn
2x ïðè x > ε > 0 . Â ñèëó ïðîèçâîëüíîñòè ε > 0

ïðîèçâîäíàÿ Θ
′
(x) ñóùåñòâóåò ïðè ëþáîì x > 0 .

4. Ñóùåñòâîâàíèå âòîðîé è ëþáîé äðóãîé ïðîèçâîäíîé áîëåå âûñîêîãî ïî-
ðÿäêà ôóíêöèè Θ(x) äîêàçûâàåòñÿ àíàëîãè÷íî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 10.6 (�2799(à) [1]). Îïðåäåëèòü îáëàñòü ñóùåñòâîâàíèÿ ôóíêöèè

f(x) =
∞∑
n=1

(−1)n x

n+ x

è èññëåäîâàòü å¼ íà äèôôåðåíöèðóåìîñòü.

Ð å ø å í è å:

1. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x) .

f(x) = x ·
∞∑
n=1

(−1)n

n+ x

Ðÿä
∑∞

n=1

(−1)n

n+ x
(1) ñõîäèòñÿ óñëîâíî (ïðèçíàê Ëåéáíèöà) ïðè ëþáîì
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x 6= −k , k = 1, 2, 3, . . . (îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x)).

2. Ñóùåñòâîâàíèå ïåðâîé ïðîèçâîäíîé f
′
(x) ïðè x 6= −k .

Ïðè ëþáîì x 6= −k ñóùåñòâóåò ïðîèçâîäíàÿ

u
′

n(x) =

(
(−1)n

n+ x

)′
=

(−1)n+1

(n+ x)2 .

Ôóíêöèîíàëüíûé ðÿä
∑∞

n=1 u
′

n(x) =
∑∞

n=1

(−1)n+1

(n+ x)2 ñõîäèòñÿ ðàâíîìåðíî

(ïðèçíàê Âåéåðøòðàññà ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà) íà
ìíîæåñòâàõ îòäåëåííûõ îò x = −k . Ñëåäîâàòåëüíî (Òåîðåìà 3), ñóùåñòâóåò

ïðîèçâîäíàÿ ðÿäà (1), ðàâíàÿ
∑∞

n=1

(−1)n+1

(n+ x)2 .

Òîãäà, ôóíêöèÿ f(x) äèôôåðåíöèðóåìà è å¼ ïðîèçâîäíàÿ ðàâíà

f
′
(x) =

(
x ·

∞∑
n=1

(−1)n

n+ x

)′
=

∞∑
n=1

(−1)n

n+ x
+ x ·

∞∑
n=1

(−1)n+1

(n+ x)2 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Îïðåäåëåíèå. Ñòåïåííûì ðÿäîì íàçûâàåòñÿ ôóíêöèîíàëüíûé ðÿä âèäà

c0 + c1 · (x− a) + c2 · (x− a)2 + . . .+ ck · (x− a)k + . . . =
∞∑
k=0

ck · (x− a)k (1) ,

â êîòîðîì c0, c1, . . . − ïîñòîÿííûå âåùåñòâåííûå ÷èñëà, íàçûâàåìûå êîýôôè-
öèåíòàìè äàííîãî ñòåïåííîãî ðÿäà, è âåùåñòâåííîå ÷èñëî a− öåíòð ñòåïåí-
íîãî ðÿäà.

Òåîðåìà (Êîøè-Àäàìàðà). Äëÿ ëþáîãî ñòåïåííîãî ðÿäà (1), åñëè îí íå
ÿâëÿåòñÿ ðÿäîì ñõîäÿùèìñÿ òîëüêî â òî÷êå x = a , ñóùåñòâóåò ïîëîæèòåëü-
íîå ÷èñëî R (âîçìîæíî ðàâíîå ∞ ) òàêîå, ÷òî ñòåïåííîé ðÿä (1) àáñîëþòíî
ñõîäèòñÿ ïðè |x− a| < R è ðàñõîäèòñÿ ïðè |x− a| > R .

×èñëî R íàçûâàåòñÿ ðàäèóñîì ñõîäèìîñòè ñòåïåííîãî ðÿäà, à èíòåðâàë
(a−R , a+R) íàçûâàåòñÿ ïðîìåæóòêîì ñõîäèìîñòè ñòåïåííîãî ðÿäà.

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè èñïîëüçóåòñÿ ôîðìóëà Àäàìàðà

R−1 = lim
n→∞

n
√
|cn| .

Â ÷àñòíîì ñëó÷àå, êîãäà âñå cn 6= 0 , ðàäèóñ ñõîäèìîñòè R ìîæåò áûòü
âû÷èñëåí ïî ôîðìóëå

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ ,
åñëè ýòîò ïðåäåë ñóùåñòâóåò.

Íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè (x = a−R èëè x = a+R ) ñòåïåííîé
ðÿä (1) ìîæåò êàê ñõîäèòüñÿ, òàê è ðàñõîäèòüñÿ.

Òåîðåìà 1. Åñëè ñòåïåííîé ðÿä (1) íå ÿâëÿåòñÿ ðÿäîì ñõîäÿùèìñÿ òîëüêî
ïðè x = a , òî ñóììà ýòîãî ñòåïåííîãî ðÿäà åñòü íåïðåðûâíàÿ ôóíêöèÿ âñþäó
âíóòðè åãî ïðîìåæóòêà ñõîäèìîñòè (a−R , a+R) .

Òåîðåìà 2. Åñëè ñòåïåííîé ðÿä (1) íå ÿâëÿåòñÿ ðÿäîì ñõîäÿùèìñÿ òîëü-
êî ïðè x = a , ÷èñëî R > 0− åãî ðàäèóñ ñõîäèìîñòè è x− ëþáîå ÷èñëî,
óäîâëåòâîðÿþùåå óñëîâèþ 0 < |x− a| < R , òî ýòîò ñòåïåííîé ðÿä ìîæíî èí-
òåãðèðîâàòü ïî÷ëåííî ïî ñåãìåíòó, îãðàíè÷åííîìó òî÷êàìè a è x . Ñòåïåííîé
ðÿä, ïîëó÷åííûé â ðåçóëüòàòå ïî÷ëåííîãî èíòåãðèðîâàíèÿ

c0 · (x− a) +
c1

2
· (x− a)2 + . . .+

ck−1

k
· (x− a)k + . . . ,

èìååò òîò æå ðàäèóñ ñõîäèìîñòè R , ÷òî è ñòåïåííîé ðÿä (1).
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Òåîðåìà 3. Åñëè ñòåïåííîé ðÿä (1) íå ÿâëÿåòñÿ ðÿäîì ñõîäÿùèìñÿ òîëüêî
ïðè x = a , òî âíóòðè ïðîìåæóòêà ñõîäèìîñòè (a−R , a+R) ýòîò ñòåïåí-
íîé ðÿä ìîæíî äèôôåðåíöèðîâàòü ïî÷ëåííî. Ñòåïåííîé ðÿä, ïîëó÷åííûé â
ðåçóëüòàòå ïî÷ëåííîãî äèôôåðåíöèðîâàíèÿ

c1 + 2c2 · (x− a) + . . .+ (k + 1)ck+1 · (x− a)k + . . . ,

èìååò òîò æå ðàäèóñ ñõîäèìîñòè R , ÷òî è ñòåïåííîé ðÿä (1).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.1 (�2812 [1]). Îïðåäåëèòü ðàäèóñ è èíòåðâàë ñõîäèìîñòè è
èññëåäîâàòü ïîâåäåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè ñòåïåííîãî
ðÿäà

∞∑
n=1

xn

np
(p− ïàðàìåòð) (1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

 0 , ïðè n = 0;
1

np
, ïðè n > 1 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

(n+ 1)p

np
= 1 .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê

|x| < 1 (òåîðåìà Êîøè-Àäàìàðà).

Ïîâåäåíèå ñòåïåííîãî ðÿäà (1) íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè:

1) x = 1 →
∞∑
n=1

1

np
−ñõîäèòñÿ ïðè p > 1 (îáîáùåííûé ãàðìîíè÷åñêèé ðÿä) ;

2) x = −1 →
∞∑
n=1

(−1)n

np
−ñõîäèòñÿ àáñîëþòíî ïðè p > 1 (îáîáùåííûé

ãàðìîíè÷åñêèé ðÿä) , ñõîäèòñÿ óñëîâíî ïðè 0 < p 6 1 (ïðèçíàê Ëåéáíèöà) ,

ðàñõîäèòñÿ ïðè p 6 0 (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 11.2 (�2814 [1]). Îïðåäåëèòü ðàäèóñ è èíòåðâàë ñõîäèìîñòè è
èññëåäîâàòü ïîâåäåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè ñòåïåííîãî
ðÿäà

∞∑
n=1

(n!)2

(2n)!
xn (1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =


0 , ïðè n = 0;

(n!)2

(2n)!
, ïðè n > 1 .

Âû÷èñëèì ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1):

1. Èñïîëüçóåì ôîðìóëó Àäàìàðà

R−1 = lim
n→∞

n
√
|cn| = lim

n→∞
n

√
(n!)2

(2n)!
=

=
{
n! =

√
2πnnn e−n+δn/(12n) , ãäå 0 < δn < 1 − ô-ëà Ñòèðëèíãà

}
=

= lim
n→∞

n

√
2πnn2n e−2n+δn/(6n)

2
√
πn 4n n2n e−2n+δ′n/(24n)

= lim
n→∞

π1/(2n) · 1

4
=

1

4

Òî åñòü, R = 4 ;

2. Èñïîëüçóåì ôîðìóëó

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

(2n+ 2)(2n+ 1)

(n+ 1)2
= 4 .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê

|x| < 4 (òåîðåìà Êîøè-Àäàìàðà).

Ïîâåäåíèå ñòåïåííîãî ðÿäà (1) íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè:

1) x = 4 →
∞∑
n=1

(n!)2 4n

(2n)!
=

∞∑
n=1

un ,

lim
n→∞

un = lim
n→∞

(n!)2 4n

(2n)!
= lim

n→∞

2πn e−2n+δn/(6n)

2
√
πn e−2n+δ′n/(24n)

= lim
n→∞

√
πn =∞

(íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè) ;
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2) x = −4 →
∞∑
n=1

(n!)2 (−1)n 4n

(2n)!
=

∞∑
n=1

un ,

lim
n→∞

un = lim
n→∞

(n!)2 (−1)n 4n

(2n)!
= lim

n→∞
(−1)n

2πn e−2n+δn/(6n)

2
√
πn e−2n+δ′n/(24n)

=

= lim
n→∞

(−1)n
√
πn − íå ñóùåñòâóåò (íàðóøåíî íåîáõîäèìîå óñëîâèå

ñõîäèìîñòè) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.3 (�2815 [1]). Îïðåäåëèòü ðàäèóñ è èíòåðâàë ñõîäèìîñòè è
èññëåäîâàòü ïîâåäåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè ñòåïåííîãî
ðÿäà

∞∑
n=1

αn
2 · xn (α− ïàðàìåòð , 0 < α < 1) (1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

{
0 , ïðè n = 0;

αn
2

, ïðè n > 1 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R−1 = lim
n→∞

n
√
|cn| = lim

n→∞

n
√
αn2 = lim

n→∞
αn = 0 .

Òî åñòü, R =∞ .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ âñÿ ÷èñ-
ëîâàÿ îñü −∞ < x < +∞ (òåîðåìà Êîøè-Àäàìàðà).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.4 (�2830 [1]). Îïðåäåëèòü ðàäèóñ è èíòåðâàë ñõîäèìîñòè è
èññëåäîâàòü ïîâåäåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè ñòåïåííîãî
ðÿäà

∞∑
n=1

xn
2

2n
(1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).
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Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

ck =

 0 , ïðè k 6= n2;
1

2n
, ïðè k = n2 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R−1 = lim
k→∞

k
√
|ck| = lim

n→∞
n2

√
1

2n
= lim

n→∞

1

21/n
= 1 .

Òî åñòü, R = 1 .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ

îòðåçîê |x| < 1 (òåîðåìà Êîøè-Àäàìàðà).

Ïîâåäåíèå ñòåïåííîãî ðÿäà (1) íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè:

1) x = 1 →
∞∑
n=1

1

2n
− ñõîäèòñÿ (ïðèçíàê Êîøè) ;

2) x = −1 →
∞∑
n=1

(−1)n
2

2n
− ñõîäèòñÿ àáñîëþòíî (ïðèçíàê Êîøè) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.5 (�2908 [1]). Ïðèìåíÿÿ ïî÷ëåííîå äèôôåðåíöèðîâàíèå, âû-
÷èñëèòü ñóììó ñòåïåííîãî ðÿäà

1 +
x2

2!
+
x4

4!
+
x6

6!
+ . . . =

∞∑
n=0

x2n

(2n)!
= S(x) (1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

ck =

 0 , ïðè k 6= 2n;
1

(2n)!
, ïðè k = 2n .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R−1 = lim
k→∞

k
√
|ck| = lim

n→∞

1
2n
√

(2n)!
= lim

n→∞

1

2n

√√
4πn (2n)2n e−2n+δn/(24n)

= 0 .
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Òî åñòü, R =∞ .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ âñÿ ÷èñ-
ëîâàÿ îñü −∞ < x < +∞ (òåîðåìà Êîøè-Àäàìàðà).

Ôóíêöèÿ S(x) îïðåäåëåíà ïðè âñåõ −∞ < x < +∞ . Èç âèäà ðÿäà (1)
ñëåäóåò, ÷òî S(x) = S(−x) .

Ïðîèçâîäíàÿ S
′
(x) ñóùåñòâóåò (Òåîðåìà 3) ïðè âñåõ −∞ < x < +∞ è

ðàâíà

S
′
(x) = x+

x3

3!
+
x5

5!
+ . . . =

∞∑
n=1

x2n−1

(2n− 1)!
.

Ñóììà S
′
(x) + S(x) (ïî ñâîéñòâàì ñóììû àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ)

ðàâíà

S
′
(x) + S(x) =

∞∑
n=0

x2n

(2n)!
+
∞∑
n=1

x2n−1

(2n− 1)!
=

∞∑
n=0

xn

n!
= ex .

Èç âèäà ðÿäà (1) ñëåäóåò, ÷òî S(0) = 1 .

Èñêîìàÿ ôóíêöèÿ S(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè äëÿ íåîäíîðîä-
íîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè{

S
′
(x) + S(x) = ex , x > 0 ;

S(0) = 1 .
(2)

Ðåøàåì çàäà÷ó (2) :

d S(x)

S(x)
= −d x → S(x) = C(x)e−x → Ñ

′
(x) = e2x →

→ C(x) =
1

2
e2x + Ñ1 → S(x) =

1

2
ex + Ñ1e

−x ,

S(0) = 1 → Ñ1 =
1

2
→ S(x) =

1

2

(
ex + e−x

)
= chx .

Î ò â å ò:

S(x) =
1

2

(
ex + e−x

)
= chx .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.6 (�2911 [1]). Ïðèìåíÿÿ ïî÷ëåííîå èíòåãðèðîâàíèå, âû÷èñëèòü
ñóììó ñòåïåííîãî ðÿäà

x+ 2x2 + 3x3 + . . . =
∞∑
n=1

n · xn = S(x) (1).
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Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

{
0 , ïðè n = 0;

n , ïðè n > 1 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

n

n+ 1
= 1 .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê
|x| < 1 (òåîðåìà Êîøè-Àäàìàðà). Íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè ñòåïåí-
íîé ðÿä (1) ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).

Ôóíêöèÿ S(x) îïðåäåëåíà íà îòðåçêå |x| < 1 .

Ñòåïåííîé ðÿä
∑∞

n=1 x
n =

x

1− x
ïðè |x| < 1 (ñóììà áåñêîíå÷íî óáûâàþ-

ùåé ãåîìåòðè÷åñêîé ïðîãðåññèè).

Òîãäà,

S(x) +
∞∑
n=1

xn =
∞∑
n=1

(n+ 1)xn

ïðè |x| < 1 .

Ïðîèçâîäÿ èíòåãðèðîâàíèå (Òåîðåìà 2) ïðåäûäóùåãî ðàâåíñòâà, ïîëó÷èì:

x∫
0

(
S(t) +

t

1− t

)
dt =

x∫
0

( ∞∑
n=1

(n+ 1)tn

)
dt =

∞∑
n=1

x∫
0

(n+ 1)tn dt =

=
∞∑
n=1

tn+1
∣∣t=x
t=0

=
∞∑
n=1

xn+1 =
x2

1− x
.

Èñïîëüçóåì ôîðìóëó  x∫
0

f(t)d t

′ = f(x) .

Òîãäà,

S(x) +
x

1− x
=

(
x2

1− x

)′
.
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Ñëåäîâàòåëüíî,

S(x) = − x

1− x
+

(
x2

1− x

)′
= − x

1− x
+

2x− x2

(1− x)2
=

x

(1− x)2

ïðè |x| < 1 .

Î ò â å ò:
S(x) =

x

(1− x)2
ïðè |x| < 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.7 (�2813 [1]). Îïðåäåëèòü ðàäèóñ è èíòåðâàë ñõîäèìîñòè è
èññëåäîâàòü ïîâåäåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè ñòåïåííîãî
ðÿäà

∞∑
n=1

3n + (−2)n

n
(x+ 1)n (1).

Ð å ø å í è å:

Òî÷êà a = −1 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

 0 , ïðè n = 0;
3n + (−2)n

n
, ïðè n > 1 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R−1 = lim
n→∞

n
√
|cn| = lim

n→∞
3

n

√
1 + (−2/3)n

n
= 3 .

Òî åñòü, R =
1

3
.

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê

|x+ 1| < 1/3 → −4/3 < x < −2/3 (òåîðåìà Êîøè-Àäàìàðà).

Ïîâåäåíèå ñòåïåííîãî ðÿäà (1) íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè:

1) x = −4

3
→

∞∑
n=1

3n
1 + (−2/3)n

n
· (−1)n

3n
=

∞∑
n=1

(
(−1)n

n
+

1

n

(
2

3

)n)
−

− ñõîäèòñÿ óñëîâíî ;

2) x = −2

3
→

∞∑
n=1

3n
1 + (−2/3)n

n
· 1

3n
=

∞∑
n=1

(
1

n
+

(−1)n

n

(
2

3

)n)
−
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− ðàñõîäèòñÿ, òàê êàê ÿâëÿåòñÿ ñóììîé ãàðìîíè÷åñêîãî è àáñîëþòíî
ñõîäÿùåãîñÿ ðÿäà .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.8 (�2818 [1]). Îïðåäåëèòü ðàäèóñ è èíòåðâàë ñõîäèìîñòè è
èññëåäîâàòü ïîâåäåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè ñòåïåííîãî
ðÿäà

∞∑
n=1

(
(2n− 1)!!

(2n)!!

)p
·
(
x− 1

2

)n
, (p− ïàðàìåòð) (1).

Ð å ø å í è å:

Òî÷êà a = 1 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

 0 , ïðè n = 0;(
(2n− 1)!!

(2n)!!

)p
· 1

2n
, ïðè n > 1 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

(
(2n+ 2)

(2n+ 1)

)p
· 2 = 2 .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê

|x− 1| < 2 → −1 < x < 3 (òåîðåìà Êîøè-Àäàìàðà).

Ïîâåäåíèå ñòåïåííîãî ðÿäà (1) íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè:

1) x = −1 →
∞∑
n=1

(
(2n− 1)!!

(2n)!!

)p
· (−1)n − ïðè p > 2 ñõîäèòñÿ

àáñîëþòíî (ñì. Çàäà÷à 2.4), ïðè 0 < p 6 2 ñõîäèòñÿ óñëîâíî
è ïðè p 6 0 ðàñõîäèòñÿ ;

2) x = 3 →
∞∑
n=1

(
(2n− 1)!!

(2n)!!

)p
− ïðè p > 2 ñõîäèòñÿ (ñì. Çàäà÷à 2.4)

è ïðè p 6 2 ðàñõîäèòñÿ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.9 (�2827 [1]). Îïðåäåëèòü ðàäèóñ è èíòåðâàë ñõîäèìîñòè è
èññëåäîâàòü ïîâåäåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè ñòåïåííîãî
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ðÿäà
∞∑
n=1

(
1 +

1

2
+ . . .+

1

n

)
· xn (1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

 0 , ïðè n = 0;

1 +
1

2
+ . . .+

1

n
= C + lnn+ εn, ïðè n > 1 (ñì. Çàäà÷à 3.6) .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

C + lnn+ εn
C + ln(n+ 1) + ε′n

= 1 .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê
−1 < x < 1 (òåîðåìà Êîøè-Àäàìàðà).

Ïîâåäåíèå ñòåïåííîãî ðÿäà (1) íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè:

1) x = −1 →
∞∑
n=1

(
1 +

1

2
+ . . .+

1

n

)
· (−1)n − ðàñõîäèòñÿ (íàðóøåíî

íåîáõîäèìîå óñëîâèå ñõîäèìîñòè) ;

2) x = 1 →
∞∑
n=1

(
1 +

1

2
+ . . .+

1

n

)
− ðàñõîäèòñÿ (íàðóøåíî

íåîáõîäèìîå óñëîâèå ñõîäèìîñòè) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.10 (�2829 [1]). Îïðåäåëèòü ðàäèóñ è èíòåðâàë ñõîäèìîñòè è
èññëåäîâàòü ïîâåäåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè ñòåïåííîãî
ðÿäà

∞∑
n=2

(1 + 2 cos(π n/4))n

lnn
· xn (1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).
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Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

 0 , ïðè n = 0 , 1 ;
(1 + 2 cos(π n/4))n

lnn
, ïðè n > 2 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R−1 = lim
n→∞

n
√
|cn| = lim

n→∞

1 + 2 cos(π n/4)
n
√

lnn
= 3 .

Òî åñòü, R =
1

3
.

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê
−1/3 < x < 1/3 (òåîðåìà Êîøè-Àäàìàðà).

Íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè, â òî÷êàõ x = ±1

3
â ñîîòâåòñòâóþùèõ

÷èñëîâûõ ðÿäàõ ñëàãàåìûå ñ íîìåðàìè n êðàòíûìè 8 îáðàçóþò ðàñõîäÿùèéñÿ

÷èñëîâîé ðÿä âèäà
∑∞

k=n0�1

1

ln(8k)
.

Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ðÿäà (1) íå èìååò êî-
íå÷íîãî ïðåäåëà.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.11 (�2909 [1]). Âû÷èñëèòü ñóììó ñòåïåííîãî ðÿäà

x

1 · 2
+

x2

2 · 3
+

x3

3 · 4
+ . . . =

∞∑
n=1

xn

n(n+ 1)
= S(x) (1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

 0 , ïðè n = 0;
1

n(n+ 1)
, ïðè n > 1 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

(n+ 1)(n+ 2)

n(n+ 1)
= 1 .

Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê
−1 < x < 1 (òåîðåìà Êîøè-Àäàìàðà).
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Ïðè x = 1 ðÿä (1) ñõîäèòñÿ, à ïðè x = −1 ðÿä (1) ñõîäèòñÿ àáñîëþòíî.

Ôóíêöèÿ S(x) îïðåäåëåíà ïðè âñåõ −1 6 x 6 1 .

S(x) =
x

1 · 2
+

x2

2 · 3
+

x3

3 · 4
+ . . . =

(x
1
− x

2

)
+

(
x2

2
− x2

3

)
+

(
x3

3
− x3

4

)
+

+ . . . =

(
x

1
+
x2

2
+
x3

3
+ . . .

)
−
(
x

2
+
x2

3
+
x3

4
+ . . .

)
=

=

{
ln(1 + x) = x− x2

2
+
x3

3
+ . . .+ (−1)n−1x

n

n
+ . . . →

→ ln(1− x) = −
(
x+

x2

2
+
x3

3
+ . . .+

xn

n
+ . . .

)}
=

= − ln(1− x)−
(
x

2
+
x2

3
+
x3

4
+ . . .

)
= {x 6= 0} = − ln(1− x)+

+
1

x

(
−x
(
x

2
+
x2

3
+
x3

4
+ . . .

))
= − ln(1− x) +

1

x

(
−
(
−x+ x+

x2

2
+

+
x3

3
+
x4

4
+ . . .

))
= − ln(1− x) +

1

x

(
x−

(
x+

x2

2
+
x3

3
+ . . .

))
=

= − ln(1− x) +
1

x
(x+ ln(1− x)) = 1 +

1− x
x

ln(1− x) .

Òàê êàê lim
x→0

(
1 +

1− x
x

ln(1− x)

)
= 0 = S(0) , òî S(x) = 1 +

1− x
x

ln(1 − x)

ïðè −1 6 x < 0, 0 < x 6 1 è S(0) = 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 11.12 (�2912 [1]). Ïðèìåíÿÿ ïî÷ëåííîå èíòåãðèðîâàíèå, âû÷èñ-
ëèòü ñóììó ñòåïåííîãî ðÿäà

x− 4x2 + 9x3 − 16x4 + . . . =
∞∑
n=1

(−1)n−1n2xn = S(x) (1).

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

{
0 , ïðè n = 0;

(−1)n−1n2 , ïðè n > 1 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

n2

(n+ 1)2
= 1 .
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Îáëàñòüþ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ÿâëÿåòñÿ îòðåçîê
|x| < 1 (òåîðåìà Êîøè-Àäàìàðà). Íà êîíöàõ ïðîìåæóòêà ñõîäèìîñòè, â òî÷-
êàõ x = ±1 ñòåïåííîé ðÿä (1) ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëîâèå
ñõîäèìîñòè).

Ôóíêöèÿ S(x) îïðåäåëåíà íà îòðåçêå |x| < 1 .

S(x) = x− 4x2 + 9x3 − 16x4 + . . .

x∫
0

S(t)

t
dt =

x∫
0

( ∞∑
n=1

(−1)n−1n2tn−1

)
dt =

∞∑
n=1

(−1)n−1n2

x∫
0

tn−1 dt =

=
∞∑
n=1

(−1)n−1nxn = S1(x)

x∫
0

S1(t)

t
dt =

x∫
0

( ∞∑
n=1

(−1)n−1ntn−1

)
dt =

∞∑
n=1

(−1)n−1n

x∫
0

tn−1 dt =

=
∞∑
n=1

(−1)n−1xn =
x

1 + x

Èñïîëüçóåì ôîðìóëó  x∫
0

f(t)d t

′ = f(x) .

Òîãäà,
S1(x)

x
=

(
x

1 + x

)′
è

S(x)

x
= S

′

1(x) .

Ñëåäîâàòåëüíî,

S(x) = x·S ′1(x) = x·

(
x ·
(

x

1 + x

)′)′
= x·

(
x

(1 + x)2

)′
= x· 1− x

(1 + x)3
=

x− x2

(1 + x)3

ïðè |x| < 1 .

Î ò â å ò:

S(x) =
x− x2

(1 + x)3
ïðè |x| < 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.3.5 Çàíÿòèå 12

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ôóíêöèÿ f(x) ìîãëà áûòü ïðåäñòàâëåíà â
íåêîòîðîé îêðåñòíîñòè òî÷êè x = a â âèäå ñòåïåííîãî ðÿäà, íåîáõîäèìî,
÷òîáû ôóíêöèÿ f(x) èìåëà â òî÷êå x = a íåïðåðûâíûå ïðîèçâîäíûå ëþáîãî
ïîðÿäêà.

Òåîðåìà 2. Åñëè ôóíêöèÿ f(x) ìîæåò áûòü ïðåäñòàâëåíà â íåêîòîðîé
îêðåñòíîñòè òî÷êè x = a â âèäå ñòåïåííîãî ðÿäà, òî ýòîò ñòåïåííîé ðÿä
ÿâëÿåòñÿ ðÿäîì Òåéëîðà

f(x) =
∞∑
n=0

f (n)(a)

n!
· (x− a)n .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 12.1 (�2839 [1]). Ôóíêöèþ f(x) =
1

a− x
(a 6= 0) ðàçëîæèòü â

ðÿä :
à) ïî ñòåïåíÿì x ;

á) ïî ñòåïåíÿì ðàçíîñòè x− b , ãäå b 6= a ;

â) ïî ñòåïåíÿì
1

x
.

Óêàçàòü ñîîòâåòñòâóþùèå îáëàñòè ñõîäèìîñòè.

Ð å ø å í è å:

à) Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) =
1

a− x
â âèäå ñòåïåí-

íîãî ðÿäà
∑∞

n=0 cn x
n .

f(x) =
1

a− x
=

1

a
· 1

1− x/a
=

{ ∞∑
n=0

qn =
1

1− q
ïðè |q| < 1 .

Ïóñòü q =
x

a
.
}

=
1

a
·
∞∑
n=0

xn

an
ïðè |q| =

∣∣∣x
a

∣∣∣ < 1 .

Ñëåäîâàòåëüíî,

f(x) =
∞∑
n=0

1

an+1
xn =

∞∑
n=0

cn x
n

ïðè |x| < |a| = R . ×èñëî R åñòü ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòåïåííîãî
ðÿäà. Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà, ïîñòðîåííîãî äëÿ ôóíêöèè f(x) ,
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ðàâåí ðàññòîÿíèþ îò öåíòðà ñòåïåííîãî ðÿäà äî áëèæàéøåé ¾îñîáîé¿ òî÷-
êè ôóíêöèè f(x) . ¾Îñîáîé¿ òî÷êîé ôóíêöèè íàçûâàþò çíà÷åíèå àðãóìåíòà
ýòîé ôóíêöèè, ïðè êîòîðîì ôóíêöèÿ íå îïðåäåëåíà, èìååò ðàçðûâ èëè íå
ñóùåñòâóåò ïðîèçâîäíàÿ êàêîãî-ëèáî ïîðÿäêà.

á) Òðåáóåòñÿ ïðåäñòàâèòü ôóíêöèþ f(x) =
1

a− x
â âèäå ñòåïåííîãî ðÿäà∑∞

n=0 cn (x− b)n . Òî÷êà x = b ÿâëÿåòñÿ öåíòðîì ñòåïåííîãî ðÿäà.

f(x) =
1

a− x
=

1

a− b− (x− b)
=

1

a− b
· 1

1− (x− b)/(a− b)
=

=

{ ∞∑
n=0

qn =
1

1− q
ïðè |q| < 1 . Ïóñòü q =

x− b
a− b

.

}
=

=
1

a− b
·
∞∑
n=0

(x− b)n

(a− b)n
ïðè |q| =

∣∣∣∣x− ba− b

∣∣∣∣ < 1 .

Ñëåäîâàòåëüíî,

f(x) =
∞∑
n=0

1

(a− b)n+1
(x− b)n =

∞∑
n=0

cn (x− b)n

ïðè |x− b| < |a− b| = R , ãäå R− ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòåïåííîãî
ðÿäà.

â) Ïðåäñòàâèòü ôóíêöèþ f(x) =
1

a− x
â âèäå ðÿäà

∑∞
n=0 cn ·

1

xn
.

f(x) =
1

a− x
= −1

x
· 1

1− a/x
=

{ ∞∑
n=0

qn =
1

1− q
ïðè |q| < 1 .

Ïóñòü q =
a

x
.
}

= −1

x
·
∞∑
n=0

an

xn
ïðè |q| =

∣∣∣a
x

∣∣∣ < 1 .

Ñëåäîâàòåëüíî,

f(x) = −
∞∑
n=0

an

xn+1
= −

∞∑
n=1

an−1 · 1

xn
=

∞∑
n=1

cn ·
1

xn

ïðè |x| > |a| . Îáëàñòüþ ñõîäèìîñòè ðÿäà ÿâëÿåòñÿ ÷èñëîâàÿ îñü áåç îòðåçêà
|x| 6 |a| .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 12.2 (�2840 [1]). Ôóíêöèþ f(x) = ln x ðàçëîæèòü ïî öåëûì íåîò-
ðèöàòåëüíûì ñòåïåíÿì ðàçíîñòè (x − 1) è âûÿñíèòü èíòåðâàë ñõîäèìîñòè
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ðàçëîæåíèÿ. Íàéòè ñóììó ðÿäà

∞∑
n=1

(−1)n+1

n
.

Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) = ln x (0 < x < +∞) â âè-
äå ñòåïåííîãî ðÿäà

∑∞
n=0 cn (x− 1)n . Ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòåïåííîãî

ðÿäà ðàâåí R = 1 .

f(x) = lnx = ln (1 + (x− 1)) =

{
ln (1 + y) =

∞∑
n=1

(−1)n−1

n
yn ïðè

−1 < y 6 1 [1, ñ.255] } =
∞∑
n=1

(−1)n−1

n
(x− 1)n ïðè − 1 < x− 1 6 1 .

Ñëåäîâàòåëüíî,

f(x) =
∞∑
n=1

(−1)n−1

n
(x− 1)n =

∞∑
n=1

cn (x− 1)n

ïðè 0 < x 6 2 .

Âû÷èñëèì ñóììó ðÿäà
∑∞

n=1

(−1)n+1

n
.

∞∑
n=1

(−1)n+1

n
=

∞∑
n=1

(−1)n−1

n
=

∞∑
n=1

(−1)n−1

n
(x− 1)n

∣∣∣∣∣
x=2

= f(2) = ln 2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 12.3 (�2843 [1]). Ôóíêöèþ f(x) = sin2 x ðàçëîæèòü ïî öåëûì
íåîòðèöàòåëüíûì ñòåïåíÿì ïåðåìåííîé x è âûÿñíèòü èíòåðâàë ñõîäèìîñòè
ðÿäà.

Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) = sin2 x (−∞ < x < +∞)
â âèäå ñòåïåííîãî ðÿäà

∑∞
n=0 cn x

n . Ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòåïåííîãî
ðÿäà ðàâåí R =∞ .

f(x) = sin2 x =
1

2
(1− cos(2x)) =

{
cos y =

∞∑
n=0

(−1)n

(2n)!
y2n ïðè

−∞ < y <∞ [1, ñ.255] } =
1

2
− 1

2

∞∑
n=0

(−1)n

(2n)!
(2x)2n =
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=
1

2

∞∑
n=1

(−1)n−14n

(2n)!
x2n ïðè −∞ < x < +∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 12.4 (�2858 [1]). Íàïèñàòü ðàçëîæåíèå â ñòåïåííîé ðÿä îòíîñè-
òåëüíî x ôóíêöèè

f(x) =
x

1 + x− 2x2
.

Ó ê à ç à í è å. Ðàçëîæèòü äàííóþ äðîáü íà ïðîñòåéøèå.

Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) =
x

1 + x− 2x2
â âèäå ñòå-

ïåííîãî ðÿäà
∑∞

n=0 cn x
n .

f(x) =
x

1 + x− 2x2
=

{
1 + x− 2x2 = 0 → x1 = −1

2
, x2 = 1

}
=

=
A

2x+ 1
+

B

x− 1
=

{ {
A+ 2B = −1

B − A = 0
→ A = B = −1

3

}
=

= −1

3
· 1

2x+ 1
− 1

3
· 1

x− 1
= −1

3
· 1

1− (−2x)
+

1

3
· 1

1− x
=

=

{ ∞∑
n=0

qn =
1

1− q
ïðè |q| < 1

}
= −1

3
·
∞∑
n=0

(−1)n2nxn +
1

3
·
∞∑
n=0

xn =

=
∞∑
n=0

1

3

(
1 + (−1)n+12n

)
xn =

∞∑
n=1

1 + (−1)n+12n

3
xn

ïðè

{
|2x| < 1

|x| < 1
→ |x| < 1

2
.

Ñëåäîâàòåëüíî,

f(x) =
∞∑
n=1

1 + (−1)n+12n

3
xn =

∞∑
n=1

cn x
n

ïðè |x| < 1

2
= R . ×èñëî R åñòü ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòåïåííîãî

ðÿäà.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 12.5 (�2853 [1]). Íàïèñàòü ðàçëîæåíèå â ñòåïåííîé ðÿä îòíîñè-
òåëüíî x ôóíêöèè

f(x) = sin3 x .

116



Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) = sin3 x (−∞ < x < +∞)
â âèäå ñòåïåííîãî ðÿäà

∑∞
n=0 cn x

n . Ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòåïåííîãî
ðÿäà ðàâåí R =∞ .

f(x) = sin3 x = sinx · 1
2

(1− cos(2x)) =
1

2
sinx− 1

2
sinx cos(2x) =

=

{
sinα · cos β =

1

2
(sin(α + β) + sin(α− β))

}
=

=
1

2
sinx− 1

4
(sin(3x)− sinx) =

3

4
sinx− 1

4
sin(3x) =

=

{
sin y =

∞∑
n=1

(−1)n−1

(2n− 1)!
y2n−1 ïðè −∞ < y <∞ [1, ñ.255]

}
=

=
3

4

∞∑
n=1

(−1)n−1

(2n− 1)!
x2n−1 − 1

4

∞∑
n=1

(−1)n−1

(2n− 1)!
32n−1 x2n−1 =

=
∞∑
n=2

(−1)n−1
(
3− 32n−1

)
4 (2n− 1)!

x2n−1 ïðè −∞ < x < +∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 12.6 (�2855 [1]). Íàïèñàòü ðàçëîæåíèå â ñòåïåííîé ðÿä îòíîñè-
òåëüíî x ôóíêöèè

f(x) =
1

(1− x)2
.

Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) =
1

(1− x)2
(x 6= 1) â âè-

äå ñòåïåííîãî ðÿäà
∑∞

n=0 cn x
n . Ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòåïåííîãî ðÿäà

ðàâåí R = 1 .

f(x) =
1

(1− x)2
=

(
1

1− x

)′
=
|x|<1

( ∞∑
n=0

xn

)′
=

∞∑
n=0

(xn)
′
=

∞∑
n=0

nxn−1 =

=
∞∑
n=1

nxn−1 =
∞∑
n=0

(n + 1) xn ïðè |x| < 1 .

Â ãðàíè÷íîé òî÷êå x = −1 ðÿä ðàñõîäèòñÿ (íàðóøåíî íåîáõîäèìîå óñëî-
âèå ñõîäèìîñòè).
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Î ò â å ò:

f(x) =
∞∑
n=0

(n+ 1)xn =
∞∑
n=0

cn x
n ïðè |x| < 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 12.7 (�2859 [1]). Íàïèñàòü ðàçëîæåíèå â ñòåïåííîé ðÿä îòíîñè-
òåëüíî x ôóíêöèè

f(x) =
12− 5x

6− 5x− x2
.

Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) =
12− 5x

6− 5x− x2
â âèäå ñòå-

ïåííîãî ðÿäà
∑∞

n=0 cn x
n .

f(x) =
12− 5x

6− 5x− x2
=
{

6− 5x− x2 = 0 → x1 = −6 , x2 = 1
}

=

=
A

x+ 6
+

B

x− 1
=

{ {
A+B = 5

6B − A = −12
→ A = 6 , B = −1

}
=

= {x 6= −6 , x 6= 1} =
6

x+ 6
− 1

x− 1
=

1

1− (−x/6)
+

1

1− x
=

=

{ ∞∑
n=0

qn =
1

1− q
ïðè |q| < 1

}
=

∞∑
n=0

(−1)n

6n
xn +

∞∑
n=0

xn =

=
∞∑
n=0

(
1 +

(−1)n

6n

)
· xn ïðè

{
|x/6| < 1

|x| < 1
→ |x| < 1 .

Ñëåäîâàòåëüíî,

f(x) =
∞∑
n=0

(
1 +

(−1)n

6n

)
· xn

ïðè |x| < 1 . Â ãðàíè÷íîé òî÷êå x = −1 ðÿä ðàñõîäèòñÿ (íàðóøåíî íåîáõî-
äèìîå óñëîâèå ñõîäèìîñòè).

Î ò â å ò:

f(x) =
∞∑
n=0

(
1 +

(−1)n

6n

)
· xn =

∞∑
n=0

cn x
n ïðè |x| < 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 12.8 (�2862(á) [1]). Íàïèñàòü ðàçëîæåíèå â ñòåïåííîé ðÿä îòíî-
ñèòåëüíî x ôóíêöèè

f(x) =
1

1 + x+ x2 + x3
.
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×åìó ðàâíà f (1000)(0) ?

Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) =
1

1 + x+ x2 + x3
â âèäå

ñòåïåííîãî ðÿäà
∑∞

n=0 cn x
n .

f(x) =
1

1 + x+ x2 + x3
=
{

1 + x+ x2 + x3 = 0 → x1 = −1 ,

1 + x+ x2 + x3

x+ 1
= x2 + 1 → 1 + x+ x2 + x3 = (x+ 1)(x2 + 1)

}
=

=
A

x+ 1
+
Bx+ C

x2 + 1
=



A+B = 0

B + C = 0

A+ C = 1

→ A = −B = C =
1

2

 =

= {x 6= −1} =
1

2
· 1

1− (−x)
− x

2
· 1

1− (−x2)
+

1

2
· 1

1− (−x2)
=

=

{ ∞∑
n=0

qn =
1

1− q
ïðè |q| < 1

}
=

1

2

∞∑
n=0

(−1)n xn − x

2

∞∑
n=0

(−1)n x2n+

+
1

2

∞∑
n=0

(−1)n x2n =
∞∑
n=0

(−1)n

2
xn +

∞∑
n=0

(−1)n+1

2
x2n+1 +

∞∑
n=0

(−1)n

2
x2n

ïðè |x| < 1 .

Â ãðàíè÷íûõ òî÷êàõ x = ±1 ðÿäû ðàñõîäÿòñÿ (íàðóøåíî íåîáõîäèìîå
óñëîâèå ñõîäèìîñòè).

Âû÷èñëèì f (1000)(0) .

f (1000)(0) =

( ∞∑
n=0

(−1)n

2
xn

)(1000)
∣∣∣∣∣∣
x=0

+

( ∞∑
n=0

(−1)n+1

2
x2n+1

)(1000)
∣∣∣∣∣∣
x=0

+

+

( ∞∑
n=0

(−1)n

2
x2n

)(1000)
∣∣∣∣∣∣
x=0

=
∞∑

n=1000

(−1)n

2
(xn)(1000)

∣∣∣∣∣
x=0

+

+
∞∑

n=500

(−1)n+1

2

(
x2n+1

)(1000)

∣∣∣∣∣
x=0

+
∞∑

n=500

(−1)n

2

(
x2n
)(1000)

∣∣∣∣∣
x=0

=

=
1

2
· 1000! − 1

2
· 1001! · x

∣∣∣∣
x=0

+
1

2
· 1000! = 1000!

Î ò â å ò:
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f(x) =
∞∑
n=0

(−1)n

2
xn +

∞∑
n=0

(−1)n+1

2
x2n+1 +

∞∑
n=0

(−1)n

2
x2n ïðè |x| < 1 ,

f (1000)(0) = 1000!

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.3.6 Çàíÿòèå 13

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 13.1 (�2873(á) [1]). Íàéòè ðàçëîæåíèå â ñòåïåííîé ðÿä îòíîñè-
òåëüíî x ôóíêöèè

f(x) =
1

4
ln

1 + x

1− x
+

1

2
arctg x .

Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) =
1

4
ln

1 + x

1− x
+

1

2
arctg x

(x 6= 1) â âèäå ñòåïåííîãî ðÿäà
∑∞

n=0 cn x
n . Ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòå-

ïåííîãî ðÿäà ðàâåí R = 1 . Îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x) :

x 6= 1 ;
1 + x

1− x
> 0 → −1 < x < 1 .

f
′
(x) =

1

4

(
ln

1 + x

1− x

)′
+

1

2
(arctg x)

′
=

1

2
· 1

1− x2
+

1

2
· 1

1 + x2
=

1

1− x4
=

=

{ ∞∑
n=0

qn =
1

1− q
ïðè |q| < 1 . Ïóñòü q = x4 .

}
=
|x|<1

∞∑
n=0

x4n .

Ïðîèçâîäÿ èíòåãðèðîâàíèå ïðåäûäóùåãî ðàâåíñòâà, ïîëó÷èì:

x∫
0

f
′
(t) dt =

x∫
0

( ∞∑
n=0

t4n

)
dt ;

f(x)− f(0) =
∞∑
n=0

x∫
0

t4n dt =
∞∑
n=0

t4n+1

4n+ 1

∣∣∣∣t=x
t=0

=
∞∑
n=0

x4n+1

4n+ 1
.

Òàê êàê f(0) = 0 , òî

f(x) =
∞∑
n=0

x4n+1

4n+ 1
.

Î ò â å ò:

f(x) =
∞∑
n=0

x4n+1

4n+ 1
ïðè |x| < 1 .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 13.2 (�2891 [1]). Íàïèñàòü òðè ÷ëåíà ðàçëîæåíèÿ (îòëè÷íûå îò
íóëÿ) â ñòåïåííîé ðÿä ïî ïîëîæèòåëüíûì ñòåïåíÿì ïåðåìåííîé x ôóíêöèè

f(x) = tg x .

Ð å ø å í è å:

Öåëüþ ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè f(x) = tg x (x 6= π

2
± πk ,

k ∈ N ) â âèäå ñòåïåííîãî ðÿäà f(x) = c0 + c1 x
1 + c2 x

2 + . . .+ cn x
n + . . . , ãäå

cn =
f (n)(0)

n!
. Ðàäèóñ ñõîäèìîñòè èñêîìîãî ñòåïåííîãî ðÿäà ðàâåí R =

π

2
.

f (0)(x)
∣∣∣
x=0

= tg x|x=0 = 0 → c0 = 0

f (1)(x)
∣∣∣
x=0

= (tg x)
′
∣∣∣
x=0

=
1

cos2 x

∣∣∣∣
x=0

= 1 → c1 = 1

f (2)(x)
∣∣∣
x=0

=

(
1

cos2 x

)′∣∣∣∣∣
x=0

= 2
sinx

cos3 x

∣∣∣∣
x=0

= 0 → c2 = 0

f (3)(x)
∣∣∣
x=0

=

(
2

sinx

cos3 x

)′∣∣∣∣∣
x=0

= . . . =

(
− 4

cos2 x
+

6

cos4 x

)∣∣∣∣
x=0

= 2 →

→ c3 =
1

3

f (4)(x)
∣∣∣
x=0

=

(
− 4

cos2 x
+

6

cos4 x

)′∣∣∣∣∣
x=0

= . . . =

(
−8

sinx

cos3 x
+

+24
sinx

cos5 x

)∣∣∣∣
x=0

= 0 → c4 = 0

f (5)(x)
∣∣∣
x=0

=

(
−8

sinx

cos3 x
+ 24

sinx

cos5 x

)′∣∣∣∣∣
x=0

= . . . =

(
16

cos2 x
− 120

cos4 x
+

+
120

cos6 x

)∣∣∣∣
x=0

= 16 → c5 =
2

15

Ñëåäîâàòåëüíî,

f(x) = x+
1

3
x3 +

2

15
x5 + . . . ïðè |x| < π

2
.

Î ò â å ò:

f(x) = x+
1

3
x3 +

2

15
x5 + . . . ïðè |x| < π

2
.
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 13.3 (�2903 [1]). Ðàçëîæèòü â ñòåïåííîé ðÿä ôóíêöèþ

f(x) =

x∫
0

sin t

t
dt .

Ð å ø å í è å:

f(x) =

x∫
0

sin t

t
dt =

{
sin t =

∞∑
n=1

(−1)n−1

(2n− 1)!
t2n−1 ïðè −∞ < t < +∞

}
=

=

x∫
0

( ∞∑
n=1

(−1)n−1

(2n− 1)!
t2n−2

)
dt =

∞∑
n=1

(−1)n−1

(2n− 1)!

x∫
0

t2n−2 dt =

=
∞∑
n=1

(−1)n−1

(2n− 1)!(2n− 1)
t2n−1

∣∣∣∣∣
t=x

t=0

=
∞∑
n=1

(−1)n−1

(2n− 1)!(2n− 1)
x2n−1 .

Î ò â å ò:

f(x) =
∞∑
n=1

(−1)n−1

(2n− 1)!(2n− 1)
x2n−1 ïðè −∞ < x < +∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 13.4 (�2873(æ) [1]). Íàéòè ðàçëîæåíèå â ñòåïåííîé ðÿä ôóíêöèè

f(x) = x arcsinx+
√

1− x2 .

Ð å ø å í è å:

Îáëàñòüþ îïðåäåëåíèÿ ôóíêöèè f(x) ÿâëÿåòñÿ îòðåçîê |x| 6 1 .

f
′
(x) = (x arcsinx)

′
+
(√

1− x2
)′

= arcsinx

f (2)(x) = (arcsinx)
′
=

1√
1− x2

= { [1, ñ.255] } = 1 +
∞∑
n=1

(2n− 1)!!

(2n)!!
x2n

Ïðîèçâîäÿ èíòåãðèðîâàíèå ïðåäûäóùèõ ðàâåíñòâ, ïîëó÷èì:
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x∫
0

f (2)(t) dt =

x∫
0

(
1 +

∞∑
n=1

(2n− 1)!!

(2n)!!
t2n

)
dt →

→ f
′
(x)− f ′(0) = x+

∞∑
n=1

(2n− 1)!!

(2n)!!(2n+ 1)
x2n+1 →

→ arcsinx = x+
∞∑
n=1

(2n− 1)!!

(2n)!!(2n+ 1)
x2n+1 ;

x∫
0

f
′
(t) dt =

x∫
0

(
t+

∞∑
n=1

(2n− 1)!!

(2n)!!(2n+ 1)
t2n+1

)
dt →

→ f(x)− f(0) =
x2

2
+
∞∑
n=1

(2n− 1)!!

(2n+ 2)!!(2n+ 1)
x2n+2 .

Òàê êàê f(0) = 1 , òî

f(x) = 1 +
x2

2
+
∞∑
n=1

(2n− 1)!!

(2n+ 2)!!(2n+ 1)
x2n+2 .

Î ò â å ò:

f(x) = 1 +
x2

2
+
∞∑
n=1

(2n− 1)!!

(2n+ 2)!!(2n+ 1)
x2n+2 ïðè |x| 6 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 13.5 (�2905 [1]). Ðàçëîæèòü â ñòåïåííîé ðÿä ôóíêöèþ

f(x) =

x∫
0

t

ln(1 + t)
dt (íàïèñàòü ÷åòûðå ÷ëåíà ðàçëîæåíèÿ) .

Ð å ø å í è å:

Ïîëóîñü −1 < x < +∞ � îáëàñòü îïðåäåëåíèÿ ôóíêöèè ln(1 + x).

ln(1 + t) = t− t2

2
+
t3

3
− t4

4
+ . . . ïðè − 1 < t 6 1 [1, ñ.255]

t

ln(1 + t)
=

t

t− t2

2
+
t3

3
− t4

4
+ . . .

= 1 +
t

2
− t2

12
+
t3

24
+ . . .

f(x) =

x∫
0

t

ln(1 + t)
dt =

x∫
0

(
1 +

t

2
− t2

12
+
t3

24
+ . . .

)
dt =
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=

(
t+

t2

4
− t3

36
+
t4

96
+ . . .

)∣∣∣∣t=x
t=0

= x +
x2

4
− x3

36
+
x4

96
+ . . .

Î ò â å ò:

f(x) = x+
x2

4
− x3

36
+
x4

96
+ . . . ïðè − 1 < x 6 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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1.4 Îáîáù¼ííûå ìåòîäû ñóììèðîâàíèÿ ðàñõîäÿùèõñÿ
ðÿäîâ

�����������������������������������������

1.4.1 Çàíÿòèå 14

Ñóììîé (ïî Êîøè) ÷èñëîâîãî ðÿäà u1+u2+u3+. . .+uk+. . . =
∑∞

k=1 uk (1)
íàçûâàþò ïðåäåë S ïîñëåäîâàòåëüíîñòè {sn} ÷àñòè÷íûõ ñóìì ðÿäà (1) (åñëè
ýòîò ïðåäåë ñóùåñòâóåò).

Ðàññìîòðèì ðàñøèðåíèå ïîíÿòèÿ ñóììû ÷èñëîâîãî ðÿäà (1) è ñóììèðî-
âàíèå ðàñõîäÿùèõñÿ (ïî Êîøè) ÷èñëîâûõ ðÿäîâ ñ èñïîëüçîâàíèåì ¾îáîáù¼í-
íûõ¿ ìåòîäîâ ñóììèðîâàíèÿ.

Ïîòðåáóåì, ÷òîáû ¾îáîáù¼ííûå¿ ìåòîäû ñóììèðîâàíèÿ óäîâëåòâîðÿëè
äâóì óñëîâèÿì :

1. Ðÿä (1), ñõîäÿùèéñÿ (ïî Êîøè) è èìåþùèé ñóììó (ïî Êîøè) S , äîëæåí
èìåòü îáîáù¼ííóþ ñóììó, ðàâíóþ S .Ìåòîä ñóììèðîâàíèÿ, îáëàäàþùèé ýòèì
ñâîéñòâîì, íàçûâàåòñÿ ðåãóëÿðíûì ìåòîäîì;

2. Åñëè ðÿä
∑∞

k=1 uk èìååò îáîáù¼ííóþ ñóììó U , à ðÿä
∑∞

k=1 vk èìå-
åò îáîáù¼ííóþ ñóììó V , òî ðÿä

∑∞
k=1 (Auk +B vk) , ãäå A è B ëþáûå

ïîñòîÿííûå, èìååò îáîáù¼ííóþ ñóììó AU+B V . Ìåòîä ñóììèðîâàíèÿ, óäî-
âëåòâîðÿþùèé äàííîìó óñëîâèþ, íàçûâàåòñÿ ëèíåéíûì ìåòîäîì.

Ðàññìîòðèì ïðèìåðû ðåãóëÿðíûõ ëèíåéíûõ îáîáù¼ííûõ ìåòîäîâ ñóììè-
ðîâàíèÿ.

Ì å ò î ä ñ ó ì ì è ð î â à í è ÿ × å ç à ð î .

Ðÿä (1) íàçûâàåòñÿ ñóììèðóåìûì ïî ìåòîäó ×åçàðî, åñëè ñóùåñòâóåò êî-
íå÷íûé ïðåäåë S× ïîñëåäîâàòåëüíîñòè ñðåäíåàðèôìåòè÷åñêèõ ÷àñòè÷íûõ
ñóìì {sn} ðÿäà (1), òî åñòü ñóùåñòâóåò ïðåäåë

lim
n→∞

s1 + s2 + . . .+ sn
n

= S× (2) .

×èñëî S× íàçûâàåòñÿ îáîáù¼ííîé ñóììîé ðÿäà (1) ïî ìåòîäó ×åçàðî.

Ì å ò î ä ñ ó ì ì è ð î â à í è ÿ Ï ó à ñ ñ î í à � À á å ë ÿ .

×èñëîâîìó ðÿäó (1) ñîïîñòîâëÿåòñÿ ñòåïåííîé ðÿä

u1 + u2 x+ u3 x
2 + . . .+ uk x

k−1 + . . . =
∞∑
k=1

uk x
k−1 (3) .
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Åñëè ñòåïåííîé ðÿä (3) ñõîäèòñÿ äëÿ âñåõ x èç èíòåðâàëà 0 < x < 1 è ñóììà
S(x) ðÿäà (3) èìååò ëåâîå ïðåäåëüíîå çíà÷åíèå

lim
x→1−0

S(x) = SÏ−À

â òî÷êå x = 1 , òî ðÿä (1) ñóììèðóåì ïî ìåòîäó Ïóàññîíà-Àáåëÿ. Ïðåäåëüíîå
çíà÷åíèå SÏ−À íàçûâàåòñÿ ñóììîé ðÿäà (1) ïî ìåòîäó Ïóàññîíà-Àáåëÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 14.1. Íàéòè ñóììó ÷èñëîâîãî ðÿäà

∞∑
k=1

(−1)k−1 (1) .

Ð å ø å í è å:

uk = (−1)k−1, lim
k→∞

uk − íå ñóùåñòâóåò (íàðóøåíî íåîáõîäèìîå óñëîâèå

ñõîäèìîñòè). Ñëåäîâàòåëüíî, ðÿä (1) ðàñõîäèòñÿ (ïî Êîøè).

Ìåòîä ñóììèðîâàíèÿ ×åçàðî :

×àñòè÷íûå ñóììû ðÿäà (1) ðàâíû

sn =
n∑
k=1

uk =
n∑
k=1

(−1)k−1 =

{
0 , n = 2 l

1 , n = 2 l − 1
;

Ýëåìåíòû ïîñëåäîâàòåëüíîñòè ñðåäíåàðèôìåòè÷åñêèõ ÷àñòè÷íûõ
ñóìì ðÿäà (1) ðàâíû

−
sn =

s1 + s2 + . . .+ sn
n

=


n/2

n
, n = 2 l

(n+ 1)/2

n
, n = 2 l − 1

;

lim
n→∞

−
sn =

1

2
= S× − ñóììà ðÿäà (1) ïî ìåòîäó ×åçàðî.

Ìåòîä ñóììèðîâàíèÿ Ïóàññîíà-Àáåëÿ :

×èñëîâîìó ðÿäó (1)
∞∑
k=1

uk =
∞∑
k=1

(−1)k−1 ñîïîñòàâëÿåòñÿ ñòåïåííîé

ðÿä (3)
∞∑
k=1

uk x
k−1 =

∞∑
k=1

(−1)k−1 xk−1 =
∞∑
k=1

(−x)k−1 =
|x|<1

1

1 + x
= S(x) ;
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lim
x→1−0

S(x) = lim
x→1−0

1

1 + x
=

1

2
= SÏ−À − ñóììà ðÿäà (1) ïî

ìåòîäó Ïóàññîíà-Àáåëÿ.

Äëÿ ðÿäà (1), êàê è ñëåäîâàëî îæèäàòü, SÏ−À = S× .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 14.2. Íàéòè ñóììó ðÿäà
∞∑
k=1

cos(kx) (0 < x < 2π) (1) .

Ð å ø å í è å:

uk(x) = cos(kx), lim
k→∞

uk(x) = lim
k→∞

cos(kx) − íå ñóùåñòâóåò ïðè

0 < x < 2π (íàðóøåíî íåîáõîäèìîå óñëîâèå ñõîäèìîñòè).
Ñëåäîâàòåëüíî, ðÿä (1) ðàñõîäèòñÿ (ïî Êîøè).

Ìåòîä ñóììèðîâàíèÿ ×åçàðî :

×àñòè÷íûå ñóììû ðÿäà (1) ðàâíû

sn =
n∑
k=1

uk(x) =
n∑
k=1

cos(kx) =
1

sin
(x

2

) n∑
k=1

(
sin
(x

2

)
cos(kx)

)
=

=
1

2 sin
(x

2

) n∑
k=1

(
sin
(x

2
+ kx

)
+ sin

(x
2
− kx

))
︸ ︷︷ ︸

=− sin(x/2)+sin(x/2+nx)

=

=
sin
(x

2
+ nx

)
− sin

(x
2

)
2 sin

(x
2

) =
sin
(x

2
+ nx

)
2 sin

(x
2

) − 1

2
;

Ýëåìåíòû ïîñëåäîâàòåëüíîñòè ñðåäíåàðèôìåòè÷åñêèõ ÷àñòè÷íûõ
ñóìì ðÿäà (1) ðàâíû

−
sn =

s1 + s2 + . . .+ sn
n

=
1

n

n∑
k=1

sk =
1

n

n∑
k=1

sin
(x

2
+ kx

)
2 sin

(x
2

) − 1

2

 =

=
1

n2 sin
(x

2

) n∑
k=1

sin
(x

2
+ kx

)
− 1

2
=

=
1

n2 sin2
(x

2

) n∑
k=1

(
sin
(x

2

)
sin
(x

2
+ kx

))
− 1

2
=
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=
1

n4 sin2
(x

2

) n∑
k=1

(cos (kx)− cos (x+ kx))︸ ︷︷ ︸
= cosx−cos(x+nx)

−1

2
=

=
cosx− cos (x+ nx)

n4 sin2
(x

2

) − 1

2
;

lim
n→∞

−
sn = lim

n→∞

cosx− cos (x+ nx)

n4 sin2
(x

2

) − 1

2

 = −1

2
= S× −

− ñóììà ðÿäà (1) ïî ìåòîäó ×åçàðî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 14.3. Íàéòè ñóììó ðÿäà

∞∑
k=1

(−1)k−1k (1) .

Ð å ø å í è å:

uk = (−1)k−1k, lim
k→∞

uk − íå ñóùåñòâóåò (íàðóøåíî íåîáõîäèìîå

óñëîâèå ñõîäèìîñòè). Ñëåäîâàòåëüíî, ðÿä (1) ðàñõîäèòñÿ (ïî Êîøè).

Ìåòîä ñóììèðîâàíèÿ ×åçàðî :

×àñòè÷íûå ñóììû ðÿäà (1) ðàâíû

sn =
n∑
k=1

uk =
n∑
k=1

(−1)k−1k = 1− 2 + 3− 4 + . . .+ (−1)n−1n =

=

{
1 + 2 + 3 + . . .+ n− 2 (2 + 4 + . . .+ n) , n = 2m

1 + 2 + 3 + . . .+ n− 2 (2 + 4 + . . .+ (n− 1)) , n = 2m− 1
=

=

{
1 + 2 + 3 + . . .+ n =

n (n+ 1)

2

}
=

=


n(n+ 1)

2
− 4

n/2 (n/2 + 1)

2
, n = 2m

n(n+ 1)

2
− 4

(n− 1)/2 ((n− 1)/2 + 1)

2
, n = 2m− 1

=
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=


−n

2
, n = 2m

n+ 1

2
, n = 2m− 1

→

→ s1 = 1, s2 = −1, s3 = 2, s4 = −2, s5 = 3, s6 = −3, . . . ;

Ýëåìåíòû ïîñëåäîâàòåëüíîñòè ñðåäíåàðèôìåòè÷åñêèõ ÷àñòè÷íûõ
ñóìì ðÿäà (1) ðàâíû

−
sn =

s1 + s2 + . . .+ sn
n

=

 0 , n = 2m →
m→∞

0

(n+ 1)/2

n
, n = 2m− 1 →

m→∞

1

2

; →

→ lim
n→∞

−
sn − íå ñóùåñòâóåò. Ðÿä (1) ðàñõîäèòñÿ (ïî ×åçàðî).

Ìåòîä ñóììèðîâàíèÿ Ïóàññîíà-Àáåëÿ :

×èñëîâîìó ðÿäó (1)
∞∑
k=1

uk =
∞∑
k=1

(−1)k−1k ñîïîñòàâëÿåòñÿ ñòåïåííîé

ðÿä (3)
∞∑
k=1

uk x
k−1 =

∞∑
k=1

(−1)k−1k xk−1 = 1− 2x+ 3x2 − 4x3 + . . . =
|x|<1=R

S(x) ;

x∫
0

S(t) dt = x− x2 + x3 − x4 + . . . =
∞∑
k=1

(−1)k−1 xk =
|x|<1

x

1 + x
→

→ S(x) =

(
x

1 + x

)′
=

1

(1 + x)2
, ïðè |x| < 1 ;

lim
x→1−0

S(x) = lim
x→1−0

1

(1 + x)2
=

1

4
= SÏ−À − ñóììà ðÿäà (1) ïî

ìåòîäó Ïóàññîíà-Àáåëÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Ãëàâà 2

Èíòåãðàëû

2.1 Äâîéíûå ñîáñòâåííûå èíòåãðàëû

�����������������������������������������

2.1.1 Çàíÿòèå 15

Ïóñòü â ïëîñêîé îãðàíè÷åííîé îáëàñòè D (Ðèñ.15.1) îïðåäåëåíà îãðàíè-
÷åííàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ f(x, y) = f(P ) , ãäå P òî÷êà ñ êîîðäèíà-
òàìè {x, y} .

Ââåä¼ì ïîíÿòèå ïëîùàäè ïëîñêîé îãðàíè÷åííîé îáëàñòè. Ïðîâåä¼ì â ïëîñ-
êîñòè ñ äåêàðòîâîé ïðÿìîóãîëüíîé ñèñòåìîé êîîðäèíàò äâå ïðÿìûå ïàðàë-
ëåëüíûå êîîðäèíàòíîé îñè y , îòñòîÿùèå äðóã îò äðóãà íà ðàññòîÿíèå ðàâíîå
a , è äâå ïðÿìûå ïàðàëëåëüíûå êîîðäèíàòíîé îñè x , îòñòîÿùèå äðóã îò äðó-
ãà íà ðàññòîÿíèå ðàâíîå b . Ýòè ÷åòûðå ïðÿìûå ëèíèè âûäåëÿþò êîíå÷íóþ
÷àñòü ïëîñêîñòè, êîòîðóþ íàçûâàþò ïðÿìîóãîëüíèêîì ñî ñòîðîíàìè a è b
(Ðèñ.15.2).
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Ñîïîñòàâèì ýòîìó ïðÿìîóãîëüíèêó êîëè÷åñòâåííóþ õàðàêòåðèñòèêó, íà-
çûâàåìóþ ïëîùàäüþ ïðÿìîóãîëüíèêà, ðàâíóþ S = a · b .

Ïëîùàäü SD ïëîñêîé îãðàíè÷åííîé îáëàñòè D ðàâíà ïðåäåëó áåñêîíå÷íîé
ñóììû ïëîùàäåé íå ïåðåñåêàþùèõñÿ ïðÿìîóãîëüíèêîâ, âïèñàííûõ â îáëàñòü
D (Ðèñ.15.3) :

SD = S1 + S2 + . . .+ Si + . . . .

Ðàçîáü¼ì îáëàñòü D ëèíèÿìè Γi íà ïîäîáëàñòè Di (Ðèñ.15.1). Îáîçíà-
÷èì ÷åðåç ∆Di ïëîùàäü ïîäîáëàñòè Di . Âûáåðåì â êàæäîé ïîäîáëàñòè Di

ïðîèçâîëüíóþ òî÷êó Pi è âû÷èñëèì çíà÷åíèå f(Pi) .

Îïðåäåëåíèå. ×èñëî σ =
∑

i f(Pi)∆Di íàçûâàåòñÿ èíòåãðàëüíîé ñóììîé
ôóíêöèè f(x, y) , ñîîòâåòñòâóþùåé äàííîìó ðàçáèåíèþ îáëàñòè D íà ÷à-
ñòè÷íûå ïîäîáëàñòè Di è äàííîìó âûáîðó ïðîìåæóòî÷íûõ òî÷åê Pi â ïîä-
îáëàñòÿõ Di .

Íàçîâ¼ì äèàìåòðîì îáëàñòè Di òî÷íóþ âåðõíþþ ãðàíü ðàññòîÿíèé ìåæäó
äâóìÿ ëþáûìè òî÷êàìè ýòîé îáëàñòè. Ñèìâîëîì d îáîçíà÷èì íàèáîëüøèé èç
äèàìåòðîâ ÷àñòè÷íûõ îáëàñòåé Di .

Îïðåäåëåíèå. ×èñëî I íàçûâàåòñÿ ïðåäåëîì èíòåãðàëüíûõ ñóìì ïðè

d → 0 , åñëè äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà ε ìîæíî óêàçàòü òàêîå
ïîëîæèòåëüíîå ÷èñëî δ , ÷òî ïðè d < δ íåçàâèñèìî îò âûáîðà òî÷åê Pi â
÷àñòè÷íûõ îáëàñòÿõ Di âûïîëíÿåòñÿ íåðàâåíñòâî |σ − I| < ε .

Îïðåäåëåíèå. Ôóíêöèÿ f(x, y) íàçûâàåòñÿ èíòåãðèðóåìîé â îáëàñòè D ,
åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë I èíòåãðàëüíûõ ñóìì σ ýòîé ôóíêöèè ïðè
d→ 0 . Ýòîò ïðåäåë I íàçûâàåòñÿ äâîéíûì èíòåãðàëîì îò ôóíêöèè f(x, y)
ïî îáëàñòè D è îáîçíà÷àåòñÿ

I =
x

D

f(x, y) dxdy .

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿåòñÿ êðàòíûé èíòåãðàë îò ôóíêöèè áîëü-
øåãî ÷èñëà ïåðåìåííûõ.

Ïðè âû÷èñëåíèè äâîéíûõ èíòåãðàëîâ èñïîëüçóåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà (ñâåäåíèå äâîéíîãî èíòåãðàëà ê ïîâòîðíûì).

1. Ïóñòü âûïîëíåíû óñëîâèÿ :

à) Îáëàñòü D îãðàíè÷åíà, çàìêíóòà è òàêîâà, ÷òî ëþáàÿ ïðÿìàÿ, ïàðàë-
ëåëüíàÿ îñè Oy ïåðåñåêàåò ãðàíèöó ýòîé îáëàñòè íå áîëåå ÷åì â äâóõ òî÷êàõ,
îðäèíàòû êîòîðûõ åñòü y1(x) è y2(x) , ãäå y1(x) 6 y2(x) (Ðèñ.15.4) ;

á) Ôóíêöèÿ f(x, y) äîïóñêàåò ñóùåñòâîâàíèå äâîéíîãî èíòåãðàëà

I =
x

D

f(x, y) dxdy .
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Ïðè ýòèõ óñëîâèÿõ ñóùåñòâóåò ïîâòîðíûé èíòåãðàë

x2∫
x1

dx

y2(x)∫
y1(x)

f(x, y) dy

è ñïðàâåäëèâî ðàâåíñòâî

x

D

f(x, y) dxdy =

x2∫
x1

dx

y2(x)∫
y1(x)

f(x, y) dy .

Çäåñü x1 è x2 , ñîîòâåòñòâåííî, íàèìåíüøàÿ è íàèáîëüøàÿ àáñöèññà òî÷åê
îáëàñòè D .

2. Ïóñòü âûïîëíåíû óñëîâèÿ :

à) Îáëàñòü D îãðàíè÷åíà, çàìêíóòà è òàêîâà, ÷òî ëþáàÿ ïðÿìàÿ, ïàðàë-
ëåëüíàÿ îñè Ox ïåðåñåêàåò ãðàíèöó ýòîé îáëàñòè íå áîëåå ÷åì â äâóõ òî÷êàõ,
àáñöèññû êîòîðûõ åñòü x1(y) è x2(y) , ãäå x1(y) 6 x2(y) ;

á) Ôóíêöèÿ f(x, y) äîïóñêàåò ñóùåñòâîâàíèå äâîéíîãî èíòåãðàëà

I =
x

D

f(x, y) dxdy .

Ïðè ýòèõ óñëîâèÿõ ñóùåñòâóåò ïîâòîðíûé èíòåãðàë

y2∫
y1

dy

x2(y)∫
x1(y)

f(x, y) dx

è ñïðàâåäëèâî ðàâåíñòâî

x

D

f(x, y) dxdy =

y2∫
y1

dy

x2(y)∫
x1(y)

f(x, y) dx .

Çäåñü y1 è y2 , ñîîòâåòñòâåííî, íàèìåíüøàÿ è íàèáîëüøàÿ îðäèíàòà òî÷åê
îáëàñòè D .
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Çàäà÷à 15.1 (�3975 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë
x

D

f(x, y) dxdy

îò ðàçðûâíîé ôóíêöèè f(x, y) = [x+ y] ïî îáëàñòè

D : 0 6 x 6 2 , 0 6 y 6 2 .

Ð å ø å í è å:

Îáëàñòü D ïîäðàçäåëÿåòñÿ íà ÷åòûðå ïîäîáëàñòè D0 , D1 , D2 è D3

(Ðèñ.15.5), â êàæäîé èç êîòîðûõ ôóíêöèÿ f(x, y) = [x+y] èìååò ïîñòîÿííûå
çíà÷åíèÿ ðàâíûå, ñîîòâåòñòâåííî, f(x, y) = 0 â D0 , f(x, y) = 1 â D1 ,
f(x, y) = 2 â D2 è f(x, y) = 3 â D3 .

Òîãäà,
x

D

f(x, y) dxdy =
x

D0

f(x, y) dxdy +
x

D1

f(x, y) dxdy +
x

D2

f(x, y) dxdy+

+
x

D3

f(x, y) dxdy = 0 ·
x

D0

dxdy + 1 ·
x

D1

dxdy + 2 ·
x

D2

dxdy+

+ 3 ·
x

D3

dxdy = S1 + 2 · S2 + 3 · S3 ,

ãäå ÷åðåç S1 îáîçíà÷åíà ïëîùàäü îáëàñòè D1 , S2− ïëîùàäü îáëàñòè D2 è
S3− ïëîùàäü îáëàñòè D3 . Ïëîùàäè äâóõ òðàïåöèé ðàâíû S1 = S2 = 3/2 è
ïëîùàäü òðåóãîëüíèêà ðàâíà S3 = 1/2 .

Ñëåäîâàòåëüíî,
x

D

f(x, y) dxdy = S1 + 2 · S2 + 3 · S3 = 6 .
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Î ò â å ò: x

D

f(x, y) dxdy = 6 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 15.2 (�3918 [1]). Äâîéíîé èíòåãðàë
x

D

f(x, y) dxdy ,

ãäå îáëàñòü D− òðàïåöèÿ ñ âåðøèíàìè O(0,0), A(1,0), B(1,2), C(0,1), ñâåñòè
ê ïîâòîðíûì èíòåãðàëàì.

Ð å ø å í è å:

Îáëàñòü D îãðàíè÷åíà ÷åòûðüìÿ ïðÿìûìè ëèíèÿìè x = 0 , x = 1 ,
y = 0 è y − x = 1 (Ðèñ.15.6).

Ëþáàÿ ïðÿìàÿ ëèíèÿ x = const , ïðè x1 = 0 < x < 1 = x2 , ïåðåñåêàåò
ãðàíèöó îáëàñòè D â äâóõ òî÷êàõ y1(x) = 0 è y2(x) = x+ 1 . Ñëåäîâàòåëüíî,

x

D

f(x, y) dxdy =

x2∫
x1

dx

y2(x)∫
y1(x)

f(x, y) dy =

1∫
0

dx

x+1∫
0

f(x, y) dy .

Òàê êàê ëþáàÿ ïðÿìàÿ ëèíèÿ y = const , ïðè y1 = 0 < y < 2 = y2 , ïåðå-

ñåêàåò ãðàíèöó îáëàñòè D â äâóõ òî÷êàõ x1(y) =

{
0 , ïðè 0 6 y 6 1;

y − 1, ïðè 1 < y 6 2

è x2(y) = 1 , òî

x

D

f(x, y) dxdy =

y2∫
y1

dy

x2(y)∫
x1(y)

f(x, y) dx =

2∫
0

dy

x2(y)∫
x1(y)

f(x, y) dx =

=

1∫
0

dy

x2(y)∫
x1(y)

f(x, y) dx+

2∫
1

dy

x2(y)∫
x1(y)

f(x, y) dx =

=

1∫
0

dy

1∫
0

f(x, y) dx +

2∫
1

dy

1∫
y−1

f(x, y) dx .

Òàêèì îáðàçîì,

x

D

f(x, y) dxdy =

1∫
0

dx

x+1∫
0

f(x, y) dy =
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=

1∫
0

dy

1∫
0

f(x, y) dx +

2∫
1

dy

1∫
y−1

f(x, y) dx .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 15.3 (�3925 [1]). Èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ â ïîâòîðíîì
èíòåãðàëå

2∫
−6

dx

2−x∫
x2/4−1

f(x, y) dy .

Ð å ø å í è å:

Äâîéíîé èíòåãðàë I =
s
D

f(x, y) dxdy îò ôóíêöèè f(x, y) ïî îáëàñòè D

çàäàí â âèäå ïîâòîðíîãî èíòåãðàëà. Ïðåäåëû èíòåãðèðîâàíèÿ â ïîâòîðíîì
èíòåãðàëå îçíà÷àþò, ÷òî ïðÿìàÿ ëèíèÿ x = const , ïðè x1 = −6 6 x 6 2 =
x2 , ïåðåñåêàåò ãðàíèöó îáëàñòè èíòåãðèðîâàíèÿ D â äâóõ òî÷êàõ

y1(x) =
x2

4
−1 è y2(x) = 2−x . Òî åñòü, îáëàñòü èíòåãðèðîâàíèÿ D èìååò

âèä Ðèñ.15.7.

Ðàññìîòðèì ïðÿìóþ ëèíèþ y = const , ïðè y1 = −1 6 y 6 8 = y2 . Ýòà
ëèíèÿ ïåðåñåêàåò ãðàíèöó îáëàñòè D â äâóõ òî÷êàõ x1(y) = −2

√
y + 1 è

x2(y) =

{
2
√
y + 1, ïðè − 1 6 y 6 0;

2− y, ïðè 0 < y 6 8
.

Â ñîîòâåòñòâèè ñ ýòèì, ðàññìàòðèâàåìûé äâîéíîé èíòåãðàë ðàâåí

I =
x

D

f(x, y) dxdy =

2∫
−6

dx

2−x∫
x2/4−1

f(x, y) dy =

y2∫
y1

dy

x2(y)∫
x1(y)

f(x, y) dx =
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=

8∫
−1

dy

x2(y)∫
x1(y)

f(x, y) dx =

0∫
−1

dy

x2(y)∫
x1(y)

f(x, y) dx+

8∫
0

dy

x2(y)∫
x1(y)

f(x, y) dx =

=

0∫
−1

dy

2
√
y+1∫

−2
√
y+1

f(x, y) dx +

8∫
0

dy

2−y∫
−2
√
y+1

f(x, y) dx .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 15.4 (�3932 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë
x

Ω

x y2 dxdy ,

åñëè îáëàñòü Ω îãðàíè÷åíà ïàðàáîëîé y2 = 2px è ïðÿìîé x =
p

2
(ïàðàìåòð

p > 0) .

Ð å ø å í è å:

Îáëàñòü Ω ñèììåòðè÷íà îòíîñèòåëüíî îñè x (Ðèñ.15.8) è ïîäûíòåãðàëü-
íàÿ ôóíêöèÿ f(x, y) = x y2 ÷¼òíàÿ ïî ïåðåìåííîé y . Ïîýòîìó, çàäàííûé
äâîéíîé èíòåãðàë ïî îáëàñòè Ω ðàâåí óäâîåííîìó äâîéíîìó èíòåãðàëó ïî
îáëàñòè Ω

′
, ÿâëÿþùåéñÿ âåðõíåé ïîëîâèíîé îáëàñòè Ω . Èòàê,

x

Ω

x y2 dxdy = 2
x

Ω′

x y2 dxdy = 2

x2∫
x1

dx

y2(x)∫
y1(x)

x y2 dy =

=
{
x1 = 0 , x2 =

p

2
, y1(x) = 0 , y2(x) =

√
2px
}

=

= 2

p/2∫
0

x dx

√
2px∫

0

y2 dy =
2

3

p/2∫
0

x · y3

∣∣∣∣∣∣∣
y=
√

2px

y=0

dx =
25/2p3/2

3

p/2∫
0

x5/2 dx =
p5

21
.

Î ò â å ò: x

Ω

x y2 dxdy =
p5

21
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 15.5 (�3909 [1]). Äîêàçàòü ðàâåíñòâî

x

R

X(x) · Y (y) dxdy =

A∫
a

X(x) dx ·
B∫
b

Y (y) dy ,
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åñëè R− ïðÿìîóãîëüíèê ( a 6 x 6 A , b 6 y 6 B ) è ôóíêöèè X(x) è Y (y)
íåïðåðûâíû íà ñîîòâåòñòâóþùèõ ñåãìåíòàõ.

Ð å ø å í è å:

Îáëàñòü R (Ðèñ.15.9) òàêîâà, ÷òî

x

R

X(x) · Y (y) dxdy =

x2∫
x1

dx

y2(x)∫
y1(x)

X(x) · Y (y) dy =

= {x1 = a , x2 = A , y1(x) = b , y2(x) = B} =

=

A∫
a

X(x) dx

B∫
b

Y (y) dy =

B∫
b

Y (y) dy ·
A∫
a

X(x) dx .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 15.6 (�3910 [1]). Âû÷èñëèòü

I =

A∫
a

dx

B∫
b

f(x, y) dy ,

åñëè f(x, y) = Fx y(x, y) =
∂

∂y

(
∂F (x, y)

∂x

)
.

Ð å ø å í è å:

I =

A∫
a

dx

B∫
b

f(x, y) dy =

A∫
a

dx

B∫
b

∂

∂y

(
∂F (x, y)

∂x

)
dy =

=

A∫
a

(
∂F (x,B)

∂x
− ∂F (x, b)

∂x

)
dx = (F (A,B)− F (a,B))−

− (F (A, b)− F (a, b)) = F (A,B) + F (a, b)− F (a,B)− F (A, b) .

Î ò â å ò:

I = F (A,B) + F (a, b)− F (a,B)− F (A, b) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 15.7 (�3912(á) [1]). Êàêîé çíàê (¾+¿ èëè ¾-¿) èìååò èíòåãðàë

I =
x

x2+y264

3
√

1− (x2 + y2) dxdy .

Ð å ø å í è å:

Äâîéíîé èíòåãðàë I =
s
Ω

f(x, y) dxdy =
s

x2+y264

3
√

1− (x2 + y2) dxdy âû-

÷èñëÿåòñÿ ïî îáëàñòè Ω (Ðèñ.15.10), êîòîðàÿ ÿâëÿåòñÿ êðóãîì ñ öåíòðîì â
íà÷àëå êîîðäèíàò è ñ ðàäèóñîì ðàâíûì 2.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f(x, y) = 3
√

1− (x2 + y2) ïîëîæèòåëüíà â îá-
ëàñòè Ω+ , ÿâëÿþùåéñÿ êðóãîì ñ öåíòðîì â íà÷àëå êîîðäèíàò è ñ ðàäèóñîì
ðàâíûì 1. Ôóíêöèÿ f(x, y) = 3

√
1− (x2 + y2) îòðèöàòåëüíà â îáëàñòè Ω− ,

ÿâëÿþùåéñÿ êîëüöîì ñ âíåøíèì ðàäèóñîì ðàâíûì 2 è âíóòðåííèì ðàäèó-
ñîì ðàâíûì 1. Ïëîùàäü îáëàñòè Ω+ ðàâíà ∆D+ = π . Ïëîùàäü îáëàñòè
Ω− ðàâíà ∆D− = 3π . Ïîëîæèòåëüíûå çíà÷åíèÿ ôóíêöèè f(x, y) ìåíÿþòÿ
â äèàïàçîíå îò 0 äî 1. Îòðèöàòåëüíûå çíà÷åíèÿ ôóíêöèè f(x, y) ìåíÿþòÿ â
äèàïàçîíå îò − 3

√
3 äî 0.

Èíòåãðàëüíàÿ ñóììà ôóíêöèè f(x, y) ïî îáëàñòè Ω ðàâíà

σ =
∑
i

f(xi, yi)∆Di = σ− + σ+ ,

ãäå σ−− âñå ñëàãàåìûå ñ îòðèöàòåëüíûìè çíà÷åíèÿìè ôóíêöèè f(x, y) è
σ+− âñå ñëàãàåìûå ñ ïîëîæèòåëüíûìè çíà÷åíèÿìè ôóíêöèè f(x, y) .

Ñóììàðíàÿ ïëîùàäü ∆D− îáëàñòåé ñ îòðèöàòåëüíûìè çíà÷åíèÿìè ôóíê-
öèè f(x, y) è äèàïàçîí èçìåíåíèÿ ñàìèõ îòðèöàòåëüíûõ çíà÷åíèé ôóíêöèè
f(x, y) áîëüøå ñóììàðíîé ïëîùàäè ∆D+ îáëàñòåé ñ ïîëîæèòåëüíûìè çíà-
÷åíèÿìè ôóíêöèè f(x, y) è äèàïàçîíà èçìåíåíèÿ ïîëîæèòåëüíûõ çíà÷åíèé
ôóíêöèè f(x, y) .

Ïîýòîìó, ñëåäóåò îæèäàòü, ÷òî |σ−| > σ+ . Ñëåäîâàòåëüíî, σ < 0 è I < 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 15.8 (�3922 [1]). Â äâîéíîì èíòåãðàëå
x

Ω

f(x, y) dxdy

ðàññòàâèòü ïðåäåëû èíòåãðèðîâàíèÿ â òîì è äðóãîì ïîðÿäêå.

Îáëàñòü Ω− êðóãîâîå êîëüöî 1 6 x2 + y2 6 4 .

Ð å ø å í è å:

Äâå âåðòèêàëüíûå ïðÿìûå x = −1 è x = 1 äåëÿò îáëàñòü Ω íà ÷åòûðå
ïîäîáëàñòè Ω1 , Ω2 , Ω3 è Ω4 (Ðèñ.15.11). Ïîýòîìó,

x

Ω

f(x, y) dxdy =
x

Ω1

f(x, y) dxdy +
x

Ω2

f(x, y) dxdy +
x

Ω3

f(x, y) dxdy+

+
x

Ω4

f(x, y) dxdy =

=

{
Îáëàñòü Ω1 :

{
x1 = −2 , x2 = −1 ;

y1(x) = −
√

4− x2 , y2(x) =
√

4− x2
;

Îáëàñòü Ω2 :

{
x1 = −1 , x2 = 1 ;

y1(x) =
√

1− x2 , y2(x) =
√

4− x2
;

Îáëàñòü Ω3 :

{
x1 = −1 , x2 = 1 ;

y1(x) = −
√

4− x2 , y2(x) = −
√

1− x2
;

Îáëàñòü Ω4 :

{
x1 = 1 , x2 = 2 ;

y1(x) = −
√

4− x2 , y2(x) =
√

4− x2

}
=

=

−1∫
−2

dx

√
4−x2∫

−
√

4−x2

f(x, y) dy +

1∫
−1

dx

√
4−x2∫

√
1−x2

f(x, y) dy +

+

1∫
−1

dx

−
√

1−x2∫
−
√

4−x2

f(x, y) dy +

2∫
1

dx

√
4−x2∫

−
√

4−x2

f(x, y) dy .

Ïî àíàëîãèè ñ ïðåäûäóùèì, äâå ãîðèçîíòàëüíûå ïðÿìûå y = −1 è y = 1
äåëÿò îáëàñòü Ω íà ÷åòûðå ïîäîáëàñòè Ω

′

1 , Ω
′

2 , Ω
′

3 è Ω
′

4 . Ïîýòîìó,

x

Ω

f(x, y) dxdy =
x

Ω
′
1

f(x, y) dxdy +
x

Ω
′
2

f(x, y) dxdy +
x

Ω
′
3

f(x, y) dxdy+

+
x

Ω
′
4

f(x, y) dxdy =
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=

{
Îáëàñòü Ω

′

1 :

{
y1 = −2 , y2 = −1 ;

x1(y) = −
√

4− y2 , x2(y) =
√

4− y2
;

Îáëàñòü Ω
′

2 :

{
y1 = −1 , y2 = 1 ;

x1(y) = −
√

4− y2 , x2(y) = −
√

1− y2
;

Îáëàñòü Ω
′

3 :

{
y1 = −1 , y2 = 1 ;

x1(y) =
√

1− y2 , x2(y) =
√

4− y2
;

Îáëàñòü Ω
′

4 :

{
y1 = 1 , y2 = 2 ;

x1(y) = −
√

4− y2 , x2(y) =
√

4− y2

}
=

=

−1∫
−2

dy

√
4−y2∫

−
√

4−y2

f(x, y) dx +

1∫
−1

dy

−
√

1−y2∫
−
√

4−y2

f(x, y) dx +

+

1∫
−1

dy

√
4−y2∫

√
1−y2

f(x, y) dx +

2∫
1

dy

√
4−y2∫

−
√

4−y2

f(x, y) dx .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 15.9 (�3927 [1]). Èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ â èíòåãðàëå

1∫
−1

dx

1−x2∫
−
√

1−x2

f(x, y) dy .

Ð å ø å í è å:

1∫
−1

dx

1−x2∫
−
√

1−x2

f(x, y) dy =

=

{
Ω :

{
x1 = −1 , x2 = 1 ;

y1(x) = −
√

1− x2, y2(x) = 1− x2
→ Ðèñ.15.12

}
=

=
x

Ω

f(x, y) dxdy =

y2∫
y1

dy

x2(y)∫
x1(y)

f(x, y) dx =
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=


Ω :



{
y1 = −1 , y2 = 0 ;

x1(y) = −
√

1− y2 , x2(y) =
√

1− y2
;

{
y1 = 0 , y2 = 1 ;

x1(y) = −
√

1− y , x2(y) =
√

1− y


=

=

0∫
−1

dy

√
1−y2∫

−
√

1−y2

f(x, y) dx +

1∫
0

dy

√
1−y∫

−
√

1−y

f(x, y) dx .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.1.2 Çàíÿòèå 16

Ïðè ïðîâåäåíèè çàìåíû ïåðåìåííûõ â äâîéíîì èíòåãðàëå èñïîëüçóåòñÿ
ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Åñëè x = x(u, v) , y = y(u, v)− íåïðåðûâíî äèôôåðåíöèðóå-
ìûå ôóíêöèè ïåðåìåííûõ u, v ∈ D̃ , îñóùåñòâëÿþùèå âçàèìíî îäíîçíà÷íîå
îòîáðàæåíèå îáëàñòåé D(x, y) è D̃(u, v) è ÿêîáèàí

J =

∣∣∣∣xu yu
xv yv

∣∣∣∣ 6= 0 ,

òî ñïðàâåäëèâà ôîðìóëà
x

D

f(x, y) dxdy =
x

D̃

f (x(u, v), y(u, v)) |J | dudv .

Ïîëÿðíûå êîîðäèíàòû.

Ïðè ïåðåõîäå îò êîîðäèíàò x è y (−∞ < x < +∞ , −∞ < y < +∞)
ê ïîëÿðíûì êîîðäèíàòàì r è ϕ (0 6 r < +∞ , 0 6 ϕ < 2π) ïî ôîðìóëàì
x = r cosϕ è y = r sinϕ (Ðèñ.16.1) ìîäóëü ÿêîáèàíà ðàâåí

|J | = |
∣∣∣∣xr yr
xϕ yϕ

∣∣∣∣ | = | ∣∣∣∣ cosϕ sinϕ
−r sinϕ r cosϕ

∣∣∣∣ | = |r cos2 ϕ+ r sin2 ϕ| = r .

-

6

x

y

Ðèñ.16.1

ϕ

0 x

y u
r

-

6

x

y

Ðèñ.16.2
−a a

a

r
r ϕD

-

6

ϕ

r

Ðèñ.16.3

D̃

a

a
√

2

π/4 3π/4 πϕ
rr

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 16.1 (�3941 [1]). Â äâîéíîì èíòåãðàëå
x

D

f(x, y) dxdy ,
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ãäå D− ïàðàáîëè÷åñêèé ñåãìåíò (−a 6 x 6 a , x2/a 6 y 6 a) , ïåðåéòè ê
ïîëÿðíûì êîîðäèíàòàì r è ϕ ïîëàãàÿ x = r cosϕ , y = r sinϕ è ðàññòàâèòü
ïðåäåëû èíòåãðèðîâàíèÿ â ïîâòîðíîì èíòåãðàëå.

Ð å ø å í è å:

Îáëàñòü èíòåãðèðîâàíèÿ D èçîáðàæåíà íà Ðèñ.16.2. Ïðè çàìåíå ïåðåìåí-
íûõ x = r cosϕ è y = r sinϕ îáëàñòü D ïåðåõîäèò â îáëàñòü D̃ (Ðèñ.16.3)
â ïëîñêîñòè íåçàâèñèìûõ ïåðåìåííûõ r è ϕ .

Èñïîëüçóÿ ôîðìóëó çàìåíû ïåðåìåííûõ â äâîéíîì èíòåãðàëå, èìååì
x

D

f(x, y) dxdy =
x

D̃

f(r cosϕ, r sinϕ) |J | drdϕ =

=
x

D̃

f(r cosϕ, r sinϕ) r drdϕ .

Ãðàíèöåé îáëàñòè D ÿâëÿþòñÿ ëèíèè y =
x2

a
è y = a , êîòîðûå ïîñëå

çàìåíû ïåðåìåííûõ èìåþò, ñîîòâåòñòâåííî, âèä sinϕ =
r cos2 ϕ

a
è r sinϕ = a .

Ïðÿìàÿ ëèíèÿ ϕ = const (0 6 ϕ 6 π) ïåðåñåêàåò ãðàíèöó îáëàñòè D̃
(Ðèñ.16.3) â äâóõ òî÷êàõ

r1(ϕ) = 0 è r2(ϕ) =


a sinϕ

cos2 ϕ
, ïðè 0 6 ϕ 6 π/4 , 3π/4 6 ϕ 6 π ;

a

sinϕ
, ïðè π/4 < ϕ < 3π/4

.

Ïîýòîìó,
x

D

f(x, y) dxdy =
x

D̃

f(r cosϕ, r sinϕ) r drdϕ =

=

π∫
0

dϕ

r2(ϕ)∫
r1(ϕ)

f(r cosϕ, r sinϕ) r dr =

π

4∫
0

dϕ

a sinϕ

cos2 ϕ∫
0

f(r cosϕ, r sinϕ) r dr+

+

3π

4∫
π

4

dϕ

a

sinϕ∫
0

f(r cosϕ, r sinϕ) r dr+

π∫
3π

4

dϕ

a sinϕ

cos2 ϕ∫
0

f(r cosϕ, r sinϕ) r dr .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.16.4

2
√

3

2

0 2

Ω
x = 2

y = x

y =
√

3x

-

6

ϕ

r

Ðèñ.16.5

4

2
√

2

π/3π/4

Ω̃

-

6

x

y

Ðèñ.16.6
a b

x = b

x = a
y = αx

y = βx

Ω

Çàäà÷à 16.2 (�3945 [1]). Ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì r è ϕ ïîëàãàÿ
x = r cosϕ , y = r sinϕ è ðàññòàâèòü ïðåäåëû èíòåãðèðîâàíèÿ â òîì è äðóãîì
ïîðÿäêå â èíòåãðàëå

2∫
0

dx

x
√

3∫
x

f(
√
x2 + y2) dy .

Ð å ø å í è å:

2∫
0

dx

x
√

3∫
x

f(
√
x2 + y2) dy =

=

{
ÎáëàñòüΩ :

{
x1 = 0 , x2 = 2 ;

y1(x) = x, y2(x) =
√

3x
→ Ðèñ.16.4

}
=

=
x

Ω

f(
√
x2 + y2) dxdy =

=

{
Çàìåíà ïåðåìåííûõ :

{
x = r cosϕ ;

y = r sinϕ
(0 6 r < +∞ , 0 6 ϕ < 2π),

|J | = r , f(
√
x2 + y2) = f(r)

}
=
x

Ω̃

f(r) r drdϕ =

=

Ãðàíèöà îáëàñòèΩ :


y = x ;

y =
√

3x ;

x = 2

←→ Ãðàíèöà îáëàñòè Ω̃ :


tgϕ = 1 ;

tgϕ =
√

3 ;

r cosϕ = 2

→


ϕ = π/4 ;

ϕ = π/3 ;

r cosϕ = 2

→ Ðèñ.16.5

 =
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=

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

f(r) r dr =

{
Ω̃ :

{
ϕ1 = π/4 , ϕ2 = π/3 ;

r1(ϕ) = 0, r2(ϕ) = 2/ cosϕ

}
=

=

π

3∫
π

4

dϕ

2

cosϕ∫
0

f(r) r dr =
x

Ω̃

f(r) r drdϕ =

r2∫
r1

dr

ϕ2(r)∫
ϕ1(r)

f(r) r dϕ =

=

Ω̃ :


r1 = 0 , r2 = 4 ;

ϕ1 =

{
π/4 , ïðè 0 6 r 6 2

√
2 ;

arccos(2/r) , ïðè 2
√

2 < r 6 4
, ϕ2 = π/3

 =

=

2
√

2∫
0

dr

π

3∫
π

4

f(r) r dϕ+

4∫
2
√

2

dr

π

3∫
arccos(2/r)

f(r) r dϕ =

=
π

12

2
√

2∫
0

f(r)rdr +

4∫
2
√

2

f(r)r

(
π

3
− arccos

(
2

r

))
dr .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 16.3 (�3947 [1]). Ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì è ðàññòàâèòü
ïðåäåëû èíòåãðèðîâàíèÿ â òîì è äðóãîì ïîðÿäêå â èíòåãðàëå

x

Ω

f(x, y) dxdy ,

ãäå îáëàñòü Ω îãðàíè÷åíà êðèâîé(
x2 + y2

)2
= a2

(
x2 − y2

)
(x > 0 , ïàðàìåòð a > 0) .

Ð å ø å í è å:

x

Ω

f(x, y) dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ ;

y = r sinϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = r , f(x, y) = f(r cosϕ, r sinϕ)} =

=
x

Ω̃

f(r cosϕ, r sinϕ) r drdϕ =

=

{
Ãðàíèöà îáëàñòèΩ :

{
x > 0 ;(
x2 + y2

)2
= a2

(
x2 − y2

) ←→
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Ãðàíèöà îáëàñòè Ω̃ :

{
−π

2
6 ϕ 6

π

2
;

r2 = a2 cos(2ϕ) > 0
→

{
−π

4
6 ϕ 6

π

4
;

r2 = a2 cos(2ϕ)

}
=

=

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

f(r cosϕ, r sinϕ) r dr =

=

{
Ω̃ :

{
ϕ1 = −π/4 , ϕ2 = π/4 ;

r1(ϕ) = 0, r2(ϕ) = a
√

cos(2ϕ)

}
=

=

π

4∫
−
π

4

dϕ

a
√

cos(2ϕ)∫
0

f(r cosϕ, r sinϕ) r dr =
x

Ω̃

f(r cosϕ, r sinϕ)rdrdϕ =

=

r2∫
r1

dr

ϕ2(r)∫
ϕ1(r)

f(r cosϕ, r sinϕ)rdϕ =

=

Ω̃ :

 r1 = 0 , r2 = a ;

ϕ1 = −1

2
arccos

(
r2

a2

)
, ϕ2 =

1

2
arccos

(
r2

a2

)  =

=

a∫
0

r dr

1/2·arccos(r2/a2)∫
−1/2·arccos(r2/a2)

f(r cosϕ, r sinϕ) dϕ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 16.4 (�3957 [1]). Âìåñòî x è y ââåñòè íîâûå ïåðåìåííûå u è v
è îïðåäåëèòü ïðåäåëû èíòåãðèðîâàíèÿ â äâîéíîì èíòåãðàëå

b∫
a

dx

βx∫
αx

f(x, y) dy (0 < a < b , 0 < α < β) ,

åñëè u = x , v =
y

x
.

Ð å ø å í è å:

b∫
a

dx

βx∫
αx

f(x, y) dy =

=

{
ÎáëàñòüΩ :

{
x1 = a , x2 = b ;

y1(x) = αx, y2(x) = βx
→ Ðèñ.16.6

}
=
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=
x

Ω

f(x, y) dxdy =

{
Çàìåíà ïåðåìåííûõ :

{
u = x ;

v =
y

x

,

|J | = |
∣∣∣∣xu yu
xv yv

∣∣∣∣ | = 1

|
∣∣∣∣ux vx
uy vy

∣∣∣∣ | = |
∣∣∣∣1 −y/x2

0 1/x

∣∣∣∣ |−1 = x = u

 =

=
x

Ω̃

f(u, uv)u dudv =

=

Ãðàíèöà îáëàñòèΩ :


x = a ;

x = b ;

y = αx ;

y = βx

←→ Ãðàíèöà îáëàñòè Ω̃ :


u = a ;

u = b ;

v = α ;

v = β

 =

u2∫
u1

du

v2(u)∫
v1(u)

f(u, uv)u dv =

=

{
Ω̃ :

{
u1 = a , u2 = b ;

v1(u) = α, v2(u) = β

}
=

b∫
a

u du

β∫
α

f(u, uv) dv =

=
x

Ω̃

f(u, uv)u dudv =

v2∫
v1

dv

u2(v)∫
u1(v)

f(u, uv)u du =

=

{
Ω̃ :

{
v1 = α, v2 = β ;

u1(v) = a , u2(v) = b

}
=

β∫
α

dv

b∫
a

f(u, uv)u du .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.16.7
1

1

Ω
x+ y = 1

0
-

6

ϕ

r

Ðèñ.16.8

1√
2

2

π/20

Ω̃

-

6

x

y

Ðèñ.16.9
a b

a

b

r = b

r = a

ϕ = α

ϕ = β

Ω
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Çàäà÷à 16.5 (�3940 [1]). Â äâîéíîì èíòåãðàëå
x

Ω

f(x, y) dxdy

ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì r è ϕ è ðàññòàâèòü ïðåäåëû èíòåãðèðîâà-
íèÿ, åñëè Ω− òðåóãîëüíèê 0 6 x 6 1 , 0 6 y 6 1− x (Ðèñ.16.7).

Ð å ø å í è å:

x

Ω

f(x, y) dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ ;

y = r sinϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = r , f(x, y) = f(r cosϕ, r sinϕ)} =

=
x

Ω̃

f(r cosϕ, r sinϕ) r drdϕ =

Ãðàíèöà îáëàñòèΩ :


x = 0 ;

y = 0 ;

x+ y = 1

←→ Ãðàíèöà îáëàñòè Ω̃ :


cosϕ = 0 ;

sinϕ = 0 ;

r(cosϕ+ sinϕ) = 1

→

→


ϕ = π/2 ;

ϕ = 0 ;√
2r sin(ϕ+ π/4) = 1

→ Ðèñ.16.8

 =

=

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

f(r cosϕ, r sinϕ) r dr =

=

Ω̃ :

ϕ1 = 0 , ϕ2 = π/2 ;

r1(ϕ) = 0, r2(ϕ) =
1√

2 sin(ϕ+ π/4)

 =

=

π

2∫
0

dϕ

1√
2 sin(ϕ+ π/4)∫

0

f(r cosϕ, r sinϕ) r dr .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 16.6 (�3942 [1]). Â êàêîì ñëó÷àå ïîñëå ïåðåõîäà ê ïîëÿðíûì ïå-
ðåìåííûì ïðåäåëû èíòåãðèðîâàíèÿ áóäóò ïîñòîÿííûå?

Ð å ø å í è å:
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x

Ω

f(x, y) dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ ;

y = r sinϕ

|J | = r , f(x, y) = f(r cosϕ, r sinϕ)} =

=
x

Ω̃

f(r cosϕ, r sinϕ) r drdϕ =

ϕ2=β∫
ϕ1=α

dϕ

r2(ϕ)=b∫
r1(ϕ)=a

f(r cosϕ, r sinϕ) r dr

Ïðè ïåðåõîäå ê ïîëÿðíûì ïåðåìåííûì ïðåäåëû èíòåãðèðîâàíèÿ â ïîâòîðíîì
èíòåãðàëå áóäóò ïîñòîÿííûå, åñëè ãðàíèöåé îáëàñòè Ω ÿâëÿþòñÿ êîîðäèíàò-
íûå ëèíèè r = const è ϕ = const ïîëÿðíîé ñèñòåìû êîîðäèíàò (Ðèñ.16.9).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.16.10

10, 5
Ω

x2 + y2 = x

0

-

6

x

y

Ðèñ.16.11

x+ y = 2

x+ y = 1

2

1

1 20

Ω

-

6

u

v

Ðèñ.16.12

21
Ω̃

Çàäà÷à 16.7 (�3953 [1]). Ïåðåéäÿ ê ïîëÿðíûì êîîðäèíàòàì, çàìåíèòü
äâîéíîé èíòåãðàë x

Ω : x2+y26x

f
(y
x

)
dxdy

îäíîêðàòíûì.

Ð å ø å í è å:

x

Ω

f
(y
x

)
dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ ;

y = r sinϕ

|J | = r , f
(y
x

)
= f(tgϕ)

}
=
x

Ω̃

f(tgϕ) r drdϕ =

=
{
Ãðàíèöà îáëàñòèΩ : x2 + y2 = x (Ðèñ.16.10)←→

←→ Ãðàíèöà îáëàñòè Ω̃ : r = cosϕ > 0 → −π/2 6 ϕ 6 π/2
}

=
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=

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

f(tgϕ) r dr =

{
Ω̃ :

{
ϕ1 = −π/2 , ϕ2 = π/2 ;

r1(ϕ) = 0, r2(ϕ) = cosϕ

}
=

=

π

2∫
−
π

2

f(tgϕ) dϕ

cosϕ∫
0

r dr =
1

2

π

2∫
−
π

2

f(tgϕ) r2
∣∣r=cosϕ

r=0
dϕ =

=
1

2

π

2∫
−
π

2

f(tgϕ) cos2 ϕdϕ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 16.8 (�3958 [1]). Âìåñòî x è y ââåñòè íîâûå ïåðåìåííûå u è v
è îïðåäåëèòü ïðåäåëû èíòåãðèðîâàíèÿ â äâîéíîì èíòåãðàëå

2∫
0

dx

2−x∫
1−x

f(x, y) dy ,

åñëè u = x+ y , v = x− y .
Ð å ø å í è å:

2∫
0

dx

2−x∫
1−x

f(x, y) dy =
x

Ω

f(x, y) dxdy =

=

{
ÎáëàñòüΩ :

{
x1 = 0 , x2 = 2 ;

y1(x) = 1− x, y2(x) = 2− x
→ Ðèñ.16.11

}
=

=

{
Çàìåíà ïåðåìåííûõ :

{
u = x+ y ;

v = x− y
, |J | = |

∣∣∣∣xu yu
xv yv

∣∣∣∣ | =
=

1

|
∣∣∣∣ux vx
uy vy

∣∣∣∣ | = |
∣∣∣∣1 1
1 −1

∣∣∣∣ |−1 =
1

2

 =
1

2

x

Ω̃

f

(
u+ v

2
,
u− v

2

)
dudv =

=

Ãðàíèöà îáëàñòèΩ :


x+ y = 1 ;

x+ y = 2 ;

x = 0 ;

y = 0

←→ Ãðàíèöà îáëàñòè Ω̃ :
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u = 1 ;

u = 2 ;

u+ v = 0 ;

u− v = 0

→ Ðèñ.16.12

 =
1

2

u2∫
u1

du

v2(u)∫
v1(u)

f

(
u+ v

2
,
u− v

2

)
dv =

=

{
Ω̃ :

{
u1 = 1 , u2 = 2 ;

v1(u) = −u, v2(u) = u

}
=

1

2

2∫
1

du

u∫
−u

f

(
u+ v

2
,
u− v

2

)
dv.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.1.3 Çàíÿòèå 17

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 17.1 (�3964 [1]). Ïðîèçâåäÿ ñîîòâåòñòâóþùóþ çàìåíó ïåðåìåí-
íûõ, ñâåñòè äâîéíîé èíòåãðàë ê îäíîêðàòíîìó:

x

Ω

f(x · y) dxdy ,

ãäå îáëàñòü Ω îãðàíè÷åíà êðèâûìè

xy = 1 , xy = 2 , y = x , y = 4x (x > 0 , y > 0) .

Ð å ø å í è å:

Ãðàíèöà îáëàñòè èíòåãðèðîâàíèÿ Ω ñîñòîèò èç ëèíèé, êîòîðûå ïðèíàäëå-
æàò äâóì ñåìåéñòâàì êðèâûõ xy = const è

y

x
= const . Åñëè â êà÷åñòâå íîâûõ

ïåðåìåííûõ âûáðàòü êîìáèíàöèè, îïðåäåëÿþùèå ýòè ñåìåéñòâà, òî îáðàçîì
îáëàñòè Ω â ïëîñêîñòè íîâûõ ïåðåìåííûõ áóäåò ïðÿìîóãîëüíèê.

Ïóñòü íîâûå ïåðåìåííûå u è v ñâÿçàíû ñ ïåðåìåííûìè x è y ñîîòíîøå-
íèÿìè u = xy è v =

y

x
. Òàê êàê x, y > 0 , òî è íîâûå ïåðåìåííûå u, v > 0 .

Âåðíû ðàâåíñòâà:

x

Ω

f(x · y) dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
u = xy ;

v =
y

x

,

|J | = 1

|
∣∣∣∣ux vx
uy vy

∣∣∣∣ | = |
∣∣∣∣y −y/x2

x 1/x

∣∣∣∣ |−1 =
1

2v
, f(x, y) = f(u)

 =

=
1

2

x

Ω̃

f(u)
1

v
dudv =


Ãðàíèöà îáëàñòèΩ :


xy = 1 ;

xy = 2 ;
y

x
= 1 ;
y

x
= 4

←→

Ãðàíèöà îáëàñòè Ω̃ :


u = 1 ;

u = 2 ;

v = 1 ;

v = 4

 =
1

2

u2∫
u1

du

v2(u)∫
v1(u)

f(u)
1

v
dv =
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=

{
Ω̃ :

{
u1 = 1 , u2 = 2 ;

v1(u) = 1, v2(u) = 4

}
=

=
1

2

2∫
1

f(u)du ·
4∫

1

dv

v
= ln 2

2∫
1

f(u)du .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 17.2 (�3965 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë
x

D

(x+ y) dxdy ,

ãäå îáëàñòü D îãðàíè÷åíà êðèâîé x2 + y2 = x+ y .

Ð å ø å í è å:

Ïåðåéä¼ì îò äåêàðòîâûõ êîîðäèíàò x è y ê ïîëÿðíûì êîîðäèíàòàì r è
ϕ . Òîãäà,

x

D

(x+ y) dxdy =

{
Çàìåíà ïåðåìåííûõ :

{
x = r cosϕ ;

y = r sinϕ
, |J | = r ,

f(x, y) = x+ y = r(cosϕ+ sinϕ) = r
√

2 sin(ϕ+
π

4
)
}

=

=
√

2
x

D̃

r2 sin(ϕ+
π

4
) drdϕ =

=
{
Ãðàíèöà îáëàñòèD : x2 + y2 = x+ y ←→ Ãðàíèöà îáëàñòè D̃ :

r =
√

2 sin(ϕ+
π

4
) > 0 →

{
−π/4 6 ϕ 6 3π/4 ;

r =
√

2 sin(ϕ+
π

4
)

}
=

=
√

2

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

r2 sin(ϕ+
π

4
) dr =

=

{
D̃ :

{
ϕ1 = −π/4 , ϕ2 = 3π/4 ;

r1(ϕ) = 0, r2(ϕ) =
√

2 sin(ϕ+
π

4
)

}
=

=
√

2

3π/4∫
−π/4

sin(ϕ+ π/4)dϕ

√
2 sin(ϕ+π/4)∫

0

r2 dr =
4

3

3π/4∫
−π/4

sin4(ϕ+ π/4)dϕ =

=
1

3

3π/4∫
−π/4

(
1− cos(2ϕ+

π

2
)
)2

dϕ =
1

3

3π/4∫
−π/4

(1 + sin 2ϕ)2 dϕ =

154



=
1

3

3π/4∫
−π/4

(
1 + 2 sin 2ϕ+

1

2
− 1

2
cos 4ϕ

)
dϕ =

1

3

(
3

2
ϕ

)∣∣∣∣ϕ=
3π

4

ϕ=−
π

4

=
π

2
.

Î ò â å ò: x

D

(x+ y) dxdy =
π

2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 17.3 (�3967 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë

x

Ω

√
1− x2

a2
− y2

b2
dxdy ,

ãäå îáëàñòü Ω îãðàíè÷åíà ýëëèïñîì
x2

a2
+
y2

b2
= 1 (ïàðàìåòðû a, b > 0).

Ð å ø å í è å:

x

Ω

√
1− x2

a2
− y2

b2
dxdy =

{
Çàìåíà ïåðåìåííûõ :

{
x = ar cosϕ ;

y = br sinϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = abr , f(x, y) =

√
1− x2

a2
− y2

b2
=

=
√

1− r2
}

= ab
x

Ω̃

√
1− r2 r drdϕ =

=

{
Ãðàíèöà îáëàñòèΩ :

x2

a2
+
y2

b2
= 1 ←→ Ãðàíèöà îáëàñòè Ω̃ :

r = 1 . Äîïîëíèòåëüíûõ îãðàíè÷åíèé íà ϕ íåò. Íà r îäíî
äîïîëíèòåëüíîå îãðàíè÷åíèå r = 1. Ýòî îãðàíè÷åíèå ñâåðõó, òàê êàê

îáëàñòü Ω êîíå÷íà.→

{
0 6 ϕ < 2π ;

0 6 r 6 1

}
=

= ab

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

√
1− r2 r dr =

{
Ω̃ :

{
ϕ1 = 0 , ϕ2 = 2π ;

r1(ϕ) = 0, r2(ϕ) = 1

}
=

= ab

2π∫
0

dϕ ·
1∫

0

√
1− r2 r dr =

= ab ·
(
ϕ|ϕ=2π

ϕ=0

)
·

(
−1

3

(
1− r2

)3/2
∣∣∣∣r=1

r=0

)
=

2πab

3
.
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Î ò â å ò: x

Ω

√
1− x2

a2
− y2

b2
dxdy =

2πab

3
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 17.4 (�3972 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë
x

Ω : x2+y261

∣∣∣∣x+ y√
2
− x2 − y2

∣∣∣∣ dxdy .
Ð å ø å í è å:

x

Ω

∣∣∣∣x+ y√
2
− x2 − y2

∣∣∣∣ dxdy =

{
Çàìåíà ïåðåìåííûõ :

{
x = r cosϕ ;

y = r sinϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = r , f(x, y) =

∣∣∣∣x+ y√
2
− x2 − y2

∣∣∣∣ =

= r · |sin(ϕ+ π/4)− r|} =
x

Ω̃

|sin(ϕ+ π/4)− r| r2 drdϕ =

=
{
Ãðàíèöà îáëàñòèΩ : x2 + y2 = 1 ←→ Ãðàíèöà îáëàñòè Ω̃ :

r = 1 →

{
0 6 ϕ < 2π ;

0 6 r 6 1

}
=

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

|sin(ϕ+ π/4)− r| r2 dr =

=

{
Ω̃ :

{
ϕ1 = 0 , ϕ2 = 2π ;

r1(ϕ) = 0, r2(ϕ) = 1

}
=

2π∫
0

dϕ

1∫
0

|sin(ϕ+ π/4)− r| r2dr =

= {Â ïîäûíòåãðàëüíîì âûðàæåíèè â ñîìíîæèòåëå |sin(ϕ+ π/4)− r|
âòîðîå ñëàãàåìîå (−r) ïðèíèìàåò îòðèöàòåëüíûå çíà÷åíèÿ. Ïåðâîå
ñëàãàåìîå sin(ϕ+ π/4) < 0 ïðè 3π/4 < ϕ < 7π/4 è sin(ϕ+ π/4) > 0

ïðè − π/4 6 ϕ 6 3π/4. Ïîýòîìó, äëÿ 3π/4 < ϕ < 7π/4 ìîäóëü
|sin(ϕ+ π/4)− r| = r − sin(ϕ+ π/4), à äëÿ − π/4 6 ϕ 6 3π/4

ìîäóëü |sin(ϕ+ π/4)− r| =

{
sin(ϕ+ π/4)− r, ïðè r 6 sin(ϕ+ π/4) ;

r − sin(ϕ+ π/4), ïðè r > sin(ϕ+ π/4)

} =

7π/4∫
3π/4

dϕ

1∫
0

(r − sin(ϕ+ π/4)) r2 dr+

+

3π/4∫
−π/4

dϕ

 sin(ϕ+π/4)∫
0

(sin(ϕ+ π/4)− r) r2 dr+
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+

1∫
sin(ϕ+π/4)

(r − sin(ϕ+ π/4)) r2 dr

 =

=

7π/4∫
3π/4

(
1

4
− 1

3
sin
(
ϕ+

π

4

))
dϕ+

3π/4∫
−π/4

(
1

4
− 1

3
sin
(
ϕ+

π

4

)
+

+
1

6
sin4

(
ϕ+

π

4

))
dϕ =

π

4
+

1

3
cos
(
ϕ+

π

4

)∣∣∣ϕ=7π/4

ϕ=3π/4
+

+
π

4
+

1

3
cos
(
ϕ+

π

4

)∣∣∣ϕ=3π/4

ϕ=−π/4
+

1

6

3π/4∫
−π/4

sin4
(
ϕ+

π

4

)
dϕ =

=
π

2
+

1

24

3π/4∫
−π/4

(
3

2
+ 2 sin 2ϕ− 1

2
cos 4ϕ

)
dϕ =

π

2
+

1

24
· 3π

2
=

9π

16
.

Î ò â å ò: x

Ω : x2+y261

∣∣∣∣x+ y√
2
− x2 − y2

∣∣∣∣ dxdy =
9π

16
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 17.5 (�3966 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë
x

|x|+|y|61

(|x|+ |y|) dxdy .

Ð å ø å í è å:

Îáëàñòü èíòåãðèðîâàíèÿ |x| + |y| 6 1 ñèììåòðè÷íà îòíîñèòåëüíî îñè x
è îñè y . Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f(x, y) = |x|+ |y| ÷¼òíàÿ ïî ïåðåìåííîé
x è ïî ïåðåìåííîé y . Ïîýòîìó,

x

|x|+|y|61

(|x|+ |y|) dxdy = 4 ·
x

Ω :x>0 , y>0 , x+y61

(x+ y) dxdy =

= 4

x2∫
x1

dx

y2(x)∫
y1(x)

(x+ y) dy =

{
Ω :

{
x1 = 0 , x2 = 1 ;

y1(x) = 0 , y2(x) = 1− x

}
=

= 4

1∫
0

dx

1−x∫
0

(x+ y) dy = 2

1∫
0

(x+ y)2

∣∣∣∣∣∣
y=1−x

y=0

dx = 2

1∫
0

(
1− x2

)
dx =
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= 2 ·
(

1− 1

3

)
=

4

3
.

Î ò â å ò: x

|x|+|y|61

(|x|+ |y|) dxdy =
4

3
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 17.6 (�3968 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë
x

x4+y461

(
x2 + y2

)
dxdy .

Ð å ø å í è å:

x

Ω :x4+y461

(
x2 + y2

)
dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ ;

y = r sinϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = r , f(x, y) =
(
x2 + y2

)
= r2

}
=

=
x

Ω̃

r3 drdϕ =
{
Ãðàíèöà îáëàñòèΩ : x4 + y4 = 1 ←→

←→ Ãðàíèöà îáëàñòè Ω̃ : r4
(
cos4 ϕ+ sin4 ϕ

)
= 1 →

→ r4
((

cos2 ϕ+ sin2 ϕ
)2 − 2 sin2 ϕ cos2 ϕ

)
= 1 →

→ r
4

√
1− 2 sin2 ϕ cos2 ϕ = 1 →

→

{
ϕ1 = 0 6 ϕ 6 2π = ϕ2;

r1(ϕ) = 0 6 r 6 1/ 4
√

1− 2 sin2 ϕ cos2 ϕ = r2(ϕ)

}
=

=

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

r3 dr =

2π∫
0

dϕ

1/
4
√

1−2 sin2 ϕ cos2 ϕ∫
0

r3 dr =

=
1

4

2π∫
0

dϕ

1− 2 sin2 ϕ cos2 ϕ
=

1

4

2π∫
0

dϕ

1− 1

4
(1− cos(4ϕ))

=

2π∫
0

dϕ

3 + cos(4ϕ)
=

=
1

4

2π∫
0

d(4ϕ)

3 + cos(4ϕ)
=

1

4

8π∫
0

dϕ

3 + cosϕ
= {Ïåðèîäîì ôóíêöèè cosϕ

ÿâëÿåòñÿ îòðåçîê äëèíîé 2π} =

2π∫
0

dϕ

3 + cosϕ
= {Çàìåíà ïåðåìåííîé :
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t = tg
ϕ

2
→ cosϕ =

1− t2

1 + t2
, dϕ =

2 dt

1 + t2
. Ôóíêöèÿ tg

ϕ

2
â òî÷êå

ϕ = π èìååò ðàçðûâ.} =

π∫
0

dϕ

3 + cosϕ
+

2π∫
π

dϕ

3 + cosϕ
=

∞∫
0

dt

2 + t2
+

+

0∫
−∞

dt

2 + t2
= 2

∞∫
0

dt

2 + t2
= 2 · 1√

2
arctg

(
t√
2

)∣∣∣∣t=∞
t=0

=
π√
2
.

Î ò â å ò: x

x4+y461

(
x2 + y2

)
dxdy =

π√
2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 17.7 (�3969 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë
x

D

(x+ y) dxdy ,

ãäå îáëàñòü D îãðàíè÷åíà ëèíèÿìè y2 = 2x , x+ y = 4 , x+ y = 12 .

Ð å ø å í è å:

Ïðè âû÷èñëåíèè äàííîãî äâîéíîãî èíòåãðàëà óäîáíî ïåðåéòè ê íîâûì
íåçàâèñèìûì ïåðåìåííûì u è v , ñâÿçàííûì ñ ïåðåìåííûìè x è y ñîîò-
íîøåíèÿìè u = y , v = x+ y . Òîãäà,

x

D

(x+ y) dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
u = y ;

v = x+ y
,

|J | = 1

|
∣∣∣∣ux vx
uy vy

∣∣∣∣ | = |
∣∣∣∣0 1
1 1

∣∣∣∣ |−1 = 1 , f(x, y) = x+ y = v

 =

=
x

D̃

v dudv =

Ãðàíèöà îáëàñòèD :


x+ y = 4 ;

x+ y = 12 ;

y2 = 2x

←→

←→ Ãðàíèöà îáëàñòè D̃ :


v = 4 ;

v = 12 ;

u2 + 2u− 2v = 0

→

→

{
v1 = 4 6 v 6 12 = v2;

u1(v) = −1−
√

1 + 2v 6 u 6 −1 +
√

1 + 2v = u2(v)

}
=
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=

v2∫
v1

dv

u2(v)∫
u1(v)

v du =

12∫
4

v dv

−1+
√

1+2v∫
−1−

√
1+2v

du =

= 2

12∫
4

v
√

1 + 2v dv =
{
Çàìåíà ïåðåìåííîé :

√
1 + 2v = t →

→ v =
t2 − 1

2
, dv = t dt

}
=

5∫
3

(t2−1)t2 dt =

(
1

5
t5 − 1

3
t3
)∣∣∣∣t=5

t=3

= 543
11

15
.

Î ò â å ò: x

D

(x+ y) dxdy = 543
11

15
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 17.8 (�3973 [1]). Âû÷èñëèòü äâîéíîé èíòåãðàë
x

D : |x|61 , 06y62

√
|y − x2| dxdy .

Ð å ø å í è å:

Â ïîäûíòåãðàëüíîé ôóíêöèè f(x, y) =
√
|y − x2| êîìáèíàöèÿ y−x2 èìå-

åò îòðèöàòåëüíûå ÷èñëîâûå çíà÷åíèÿ â îáëàñòè D1 : |x| 6 1 , 0 6 y < x2 è
ïîëîæèòåëüíûå çíà÷åíèÿ â îáëàñòè D2 : |x| 6 1 , x2 < y 6 2 . Îáëàñòü
èíòåãðèðîâàíèÿ D = D1 ∪D2 . Òîãäà,

x

D : |x|61 , 06y62

√
|y − x2| dxdy =

x

D1

√
x2 − y dxdy +

x

D2

√
y − x2 dxdy =

= {Îáëàñòè D1 è D2 ñèììåòðè÷íû îòíîñèòåëüíî îñè y è
ïîäûíòåãðàëüíûå ôóíêöèè â äâîéíûõ èíòåãðàëàõ ÷¼òíûå ïî

ïåðåìåííîé x.} = 2

1∫
0

dx

x2∫
0

√
x2 − y dy + 2

1∫
0

dx

2∫
x2

√
y − x2 dy =

= 2

1∫
0

(
−2

3

(
x2 − y

)3/2
∣∣∣∣y=x2

y=0

)
dx+ 2

1∫
0

2

3

(
y − x2

)3/2
∣∣∣∣y=2

y=x2
dx =

=
4

3

1∫
0

x3 dx+
4

3

1∫
0

(
2− x2

)3/2
dx =

1

3
+

4

3

1∫
0

(
2− x2

)3/2
dx =

=
{
Çàìåíà ïåðåìåííîé : x =

√
2 cos t , dx = −

√
2 sin t dt

}
=
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=
1

3
− 16

3

π/4∫
π/2

sin4 t dt =
1

3
+

4

3

π/2∫
π/4

(1− cos(2t))2 dt =
1

3
+

+
4

3

π/2∫
π/4

(
1− 2 cos(2t) +

1 + cos(4t)

2

)
dt =

1

3
+

4

3

π/2∫
π/4

(
3

2
− 2 cos(2t)+

+
1

2
cos(4t)

)
dt =

1

3
+

4

3

(
3

2
t− sin(2t) +

1

8
sin(4t)

)∣∣∣∣t=π/2
t=π/4

=
5

3
+
π

2
.

Î ò â å ò: x

D : |x|61 , 06y62

√
|y − x2| dxdy =

5

3
+
π

2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.1.4 Çàíÿòèå 18

Ïëîùàäü ïëîñêîé îáëàñòè. Èç îïðåäåëåíèÿ äâîéíîãî èíòåãðàëà ñëåäóåò,
÷òî ïëîùàäü ïëîñêîé îáëàñòè D(x, y) ìîæåò áûòü âû÷èñëåíà ïî ôîðìóëå

SD =
x

D

dxdy .

Îáîáù¼ííûå ïîëÿðíûå êîîðäèíàòû. Îáîáù¼ííûå ïîëÿðíûå êîîðäèíàòû r
è ϕ ñâÿçàíû ñ äåêàðòîâûìè ïåðåìåííûìè x è y ôîðìóëàìè x = ar cosα ϕ
è y = br sinα ϕ (0 6 r < +∞ , 0 6 ϕ < 2π , ïàðàìåòðû a , b , α > 0 ). Ìîäóëü
ÿêîáèàíà ðàâåí |J | = αabrcosα−1ϕ sinα−1 ϕ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 18.1 (�3991 [1]). Íàéòè ïëîùàäü îáëàñòè, îãðàíè÷åííîé êðèâîé

x2

a2
+
y2

b2
=
x

h
+
y

k
(a , b , h , k − ïîëîæèòåëüíûå ïàðàìåòðû) .

Ð å ø å í è å:

SD =
x

D

dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = ar cosϕ ;

y = br sinϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = abr} = ab
x

D̃

r drdϕ =

=

{
Ãðàíèöà îáëàñòèD :

x2

a2
+
y2

b2
=
x

h
+
y

k
←→

Ãðàíèöà îáëàñòè D̃ : r =
a

h
cosϕ+

b

k
sinϕ →

→ r =

√
a2

h2
+
b2

k2
sin(ϕ+ ψ) > 0, ãäå tgψ =

ak

bh
→

→ −ψ 6 ϕ 6 π − ψ →

→ D̃ :

ϕ1 = −ψ 6 ϕ 6 π − ψ = ϕ2 ;

r1(ϕ) = 0 6 r 6

√
a2

h2
+
b2

k2
sin(ϕ+ ψ) = r2(ϕ)

 =

= ab

ϕ2∫
ϕ1

dϕ

r2(ϕ)∫
r1(ϕ)

r dr = ab

π−ψ∫
−ψ

dϕ

√
a2/h2+b2/k2 sin(ϕ+ψ)∫

0

r dr =
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=
ab

2

(
a2

h2
+
b2

k2

) π−ψ∫
−ψ

sin2(ϕ+ψ) dϕ =
ab

4

(
a2

h2
+
b2

k2

) π∫
0

(1−cos(2ϕ)) dϕ =

=
πab

4

(
a2

h2
+
b2

k2

)
.

Î ò â å ò:

SD =
πab

4

(
a2

h2
+
b2

k2

)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 18.2 (�3999(à) [1]). Ïðîèçâîäÿ íàäëåæàùóþ çàìåíó ïåðåìåííûõ,
íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè

D :

√
x

a
+

√
y

b
= 1 ,

√
x

a
+

√
y

b
= 2 ,

x

a
=
y

b
, 4

x

a
=
y

b

(a , b > 0− ïàðàìåòðû) .

Ð å ø å í è å:

Òàê êàê a , b > 0 , òî è x , y > 0 .

1. Èñïîëüçóåì îáîáù¼ííûå ïîëÿðíûå êîîðäèíàòû.

SD =
x

D

dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = ar cos4 ϕ ;

y = br sin4 ϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = 4abr cos3 ϕ sin3 ϕ
}

=

= 4ab
x

D̃

r cos3 ϕ sin3 ϕdrdϕ =

=


Ãðàíèöà îáëàñòèD :



√
x

a
+

√
y

b
= 1 ;√

x

a
+

√
y

b
= 2 ;

x

a
=
y

b
;

4
x

a
=
y

b

←→

←→ Ãðàíèöà îáëàñòè D̃ :


r1/2 = 1 ;

r1/2 = 2 ;

cos4 ϕ = sin4 ϕ ;

4 cos4 ϕ = sin4 ϕ

→


r = 1 ;

r = 4 ;

tgϕ = 1 ;

tgϕ =
√

2

→

→ D̃ :

{
ϕ1 = π/4 6 ϕ 6 arctg

√
2 = ϕ2 ;

r1(ϕ) = 1 6 r 6 4 = r2(ϕ)

}
=
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= 4ab

arctg
√

2∫
π/4

cos3 ϕ sin3 ϕdϕ ·
4∫

1

r dr =

= 30ab

arctg
√

2∫
π/4

(
1− sin2 ϕ

)
sin3 ϕd(sinϕ) =

= 30ab ·
(

1

4
sin4 ϕ− 1

6
sin6 ϕ

)∣∣∣∣ϕ=arctg
√

2

ϕ=π/4

=

{
sin2 ϕ =

tg2 ϕ

1 + tg2 ϕ

}
=

= 30ab ·
(

1

4

(
sin2 ϕ

)2 − 1

6

(
sin2 ϕ

)3
)∣∣∣∣sin2=2/3

sin2=1/2

=

= 30ab

(
1

9
− 4

81
− 1

16
+

1

48

)
=

65

108
ab .

2. Ãðàíèöà îáëàñòè D ñîñòîèò èç ëèíèé, êîòîðûå ïðèíàäëåæàò äâóì ñå-

ìåéñòâàì êðèâûõ

√
x

a
+

√
y

b
= const è

y a

x b
= const . Åñëè â êà÷åñòâå íîâûõ

ïåðåìåííûõ âûáðàòü êîìáèíàöèè, îïðåäåëÿþùèå ýòè ñåìåéñòâà, òî îáðàçîì
îáëàñòè D â ïëîñêîñòè íîâûõ ïåðåìåííûõ áóäåò ïðÿìîóãîëüíèê.

Ïóñòü íîâûå ïåðåìåííûå u è v ñâÿçàíû ñ ïåðåìåííûìè x è y ñîîòíî-

øåíèÿìè u =

√
x

a
+

√
y

b
è v =

y a

x b
.

SD =
x

D

dxdy =

Çàìåíà ïåðåìåííûõ:
u =

√
x

a
+

√
y

b
;

v =
y a

x b

,

|J | = 1

|
∣∣∣∣ux vx
uy vy

∣∣∣∣ | =
2abu3

(1 +
√
v)

4

 = 2ab
x

D̃

u3

(1 +
√
v)

4 dudv =

=


Ãðàíèöà îáëàñòèD :



√
x

a
+

√
y

b
= 1 ;√

x

a
+

√
y

b
= 2 ;

x

a
=
y

b
;

4
x

a
=
y

b

←→
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←→ Ãðàíèöà îáëàñòè D̃ :


u = 1 ;

u = 2 ;

v = 1 ;

v = 4

→

→ D̃ :

{
u1 = 1 6 u 6 2 = u2 ;

v1(u) = 1 6 v 6 4 = v2(u)

}
=

= 2ab

2∫
1

u3 du ·
4∫

1

dv

(1 +
√
v)

4 =
15ab

2

4∫
1

dv

(1 +
√
v)

4 =

=
{
Çàìåíà ïåðåìåííîé : v = t2

}
= 15ab

2∫
1

t

(1 + t)4dt =

= 15ab

 2∫
1

dt

(1 + t)3 −
2∫

1

dt

(1 + t)4

 =

= 15ab

(
− 1

2 (1 + t)2 +
1

3 (1 + t)3

)∣∣∣∣t=2

t=1

=
65

108
ab .

Î ò â å ò:

SD =
65

108
ab .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 18.3 (�3987 [1]). Âû÷èñëèòü ïëîùàäü îáëàñòè, îãðàíè÷åííîé êðè-
âûìè (

x2 + y2
)2

= 2a2
(
x2 − y2

)
, x2 + y2 > a2 (ïàðàìåòð a > 0) .

Ð å ø å í è å:

SD =
x

D

dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ ;

y = r sinϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = r} =
x

D̃

r drdϕ =

=

{
Ãðàíèöà îáëàñòèD :

{(
x2 + y2

)2
= 2a2

(
x2 − y2

)
;

x2 + y2 > a2
←→

←→ Ãðàíèöà îáëàñòè D̃ :

{
r2 = 2a2 cos(2ϕ) > 0 ;

r > a
→
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→

{
cos(2ϕ) > 0 ;

2 cos(2ϕ) > 1
→ cos(2ϕ) >

1

2
→ −π

6
+ πn 6 ϕ 6

π

6
+ πn ,

ãäå n = 0, 1 → D̃ :

−
π

6
6 ϕ 6

π

6
èëè

5π

6
6 ϕ 6

7π

6
;

a 6 r 6 a
√

2 cos 2ϕ

 =

=

π

6∫
−
π

6

dϕ

a
√

2 cos 2ϕ∫
a

r dr +

7π

6∫
5π

6

dϕ

a
√

2 cos 2ϕ∫
a

r dr = 2

π

6∫
−
π

6

dϕ

a
√

2 cos 2ϕ∫
a

r dr =

=

π

6∫
−
π

6

r2
∣∣r=a√2 cos 2ϕ

r=a
dϕ = a2

π

6∫
−
π

6

(2 cos 2ϕ− 1) dϕ =

= a2 (sin 2ϕ− ϕ)|ϕ=π/6
ϕ=−π/6 =

3
√

3− π
3

a2 .

Î ò â å ò:

SD =
3
√

3− π
3

a2 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 18.4 (�3995 [1]). Íàéòè ïëîùàäü îáëàñòè, îãðàíè÷åííîé ñëåäóþ-
ùèìè êðèâûìè

D : 4

√
x

a
+ 4

√
y

b
= 1 , x = 0 , y = 0

(a , b > 0− ïàðàìåòðû) .

Ð å ø å í è å:

Òàê êàê a , b > 0 , òî è x , y > 0 .

Èñïîëüçóåì îáîáù¼ííûå ïîëÿðíûå êîîðäèíàòû.

SD =
x

D

dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = ar cos8 ϕ ;

y = br sin8 ϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = 8abr cos7 ϕ sin7 ϕ
}

=

= 8ab
x

D̃

r cos7 ϕ sin7 ϕdrdϕ =
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=

Ãðàíèöà îáëàñòèD :


4

√
x

a
+ 4

√
y

b
= 1 ;

x = 0 ;

y = 0

←→

←→ Ãðàíèöà îáëàñòè D̃ :


r1/4 = 1 ;

cosϕ = 0 ;

sinϕ = 0

→


r = 1 ;

ϕ = π/2 ;

ϕ = 0

→

→ D̃ :

{
ϕ1 = 0 6 ϕ 6 π/2 = ϕ2;

r1(ϕ) = 0 6 r 6 1 = r2(ϕ)

}
=

= 8ab

π/2∫
0

cos7 ϕ sin7 ϕdϕ

1∫
0

r dr = 4ab

π/2∫
0

(
1− sin2 ϕ

)3
sin7 ϕd(sinϕ) =

= 4ab

π/2∫
0

(
1− 3 sin2 ϕ+ 3 sin4 ϕ− sin6 ϕ

)
sin7 ϕd(sinϕ) =

= 4ab

(
1

8
sin8 ϕ− 3

10
sin10 ϕ+

1

4
sin12 ϕ− 1

14
sin14 ϕ

)∣∣∣∣ϕ=π/2

ϕ=0

=

= 4ab

(
1

8
− 3

10
+

1

4
− 1

14

)
=
ab

70
.

Î ò â å ò:

SD =
ab

70
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 18.5 (�3999(á) [1]). Ïðîèçâîäÿ íàäëåæàùóþ çàìåíó ïåðåìåííûõ,
íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ñëåäóþùèìè êðèâûìè

D :
(x
a

)2/3

+
(y
b

)2/3

= 1 ,
(x
a

)2/3

+
(y
b

)2/3

= 4 ,
x

a
=
y

b
, 8

x

a
=
y

b

(ïàðàìåòðû a , b > 0 è ïåðåìåííûå x , y > 0 ) .

Ð å ø å í è å:

Èñïîëüçóåì îáîáù¼ííûå ïîëÿðíûå êîîðäèíàòû.

SD =
x

D

dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = ar cos3 ϕ ;

y = br sin3 ϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = 3abr cos2 ϕ sin2 ϕ
}

=

= 3ab
x

D̃

r cos2 ϕ sin2 ϕdrdϕ =

167



=


Ãðàíèöà îáëàñòèD :



(x
a

)2/3

+
(y
b

)2/3

= 1 ;(x
a

)2/3

+
(y
b

)2/3

= 4 ;
x

a
=
y

b
;

8
x

a
=
y

b

←→

←→ Ãðàíèöà îáëàñòè D̃ :


r2/3 = 1 ;

r2/3 = 4 ;

cos3 ϕ = sin3 ϕ ;

8 cos3 ϕ = sin3 ϕ

→


r = 1 ;

r = 8 ;

tgϕ = 1 ;

tgϕ = 2

→

→ D̃ :

{
ϕ1 = π/4 6 ϕ 6 arctg 2 = ϕ2 ;

r1(ϕ) = 1 6 r 6 8 = r2(ϕ)

}
=

= 3ab

arctg 2∫
π/4

cos2 ϕ sin2 ϕdϕ

8∫
1

r dr =

= 3ab
1

2

(
r2
∣∣r=8

r=1

) 1

4

arctg 2∫
π/4

sin2(2ϕ) dϕ =
189 ab

16

arctg 2∫
π/4

(1− cos(4ϕ)) dϕ =

=
189 ab

16

arctg 2− π

4︸ ︷︷ ︸
=arctg(1/3)

−1

4
sin(4ϕ)|ϕ=arctg 2

ϕ=π/4

 =

=
{

sin(4ϕ) = 2 sin(2ϕ) cos(2ϕ) = 4 sinϕ cosϕ
(
cos2 ϕ− sin2 ϕ

)
=

= 4 tgϕ cos4 ϕ
(
1− tg2 ϕ

)
= 4 tgϕ

1− tg2 ϕ

(1 + tg2 ϕ)
2 → sin(4ϕ)|ϕ=arctg 2 =

= 4 tgϕ
1− tg2 ϕ

(1 + tg2 ϕ)
2

∣∣∣∣∣
tgϕ=2

= −24

25

 =
189 ab

16

(
arctg

1

3
+

6

25

)
.

Î ò â å ò:

SD =
189 ab

16

(
arctg

1

3
+

6

25

)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.1.5 Çàíÿòèå 19

Îáú¼ì öèëèíäðîèäà. Îáú¼ì öèëèíäðîèäà, îãðàíè÷åííîãî ñâåðõó íåïðå-
ðûâíîé ïîâåðõíîñòüþ z = f(x, y) , ñíèçó ïëîñêîñòüþ z = 0 è ñ áîêîâ öè-
ëèíäðè÷åñêîé ïîâåðõíîñòüþ F (x, y) = 0 , âûðåçàþùåé èç ïëîñêîñòè z = 0
îáëàñòü D (Ðèñ.19.1) ðàâåí

V =
x

D

f(x, y) dxdy .

�
�
�
�
��

-

6

y

x

z

Ðèñ.19.1

��	

@@I

D

z = f(x, y)

F (x, y) = 0

0
�
�
�
�
��

-

6

y

x

z

Ðèñ.19.2

x2 + y2 = a2@@I

x2 + y2 = a x
��	 a

a

0
D

-

6

x

y

Ðèñ.19.3

x = y2

y = x2

D

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 19.1 (�4007 [1]). Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ñëåäóþùèìè
ïîâåðõíîñòÿìè :

z = 1 + x+ y , z = 0 , x+ y = 1 , x = 0 , y = 0 .

Ð å ø å í è å:

Çàäàííîå òåëî ÿâëÿåòñÿ öèëèíäðîèäîì. Îáú¼ì öèëèíäðîèäà ðàâåí

V =
x

D

f(x, y) dxdy =
x

D

(1 + x+ y) dxdy = {D : x+ y = 1 , x = 0 ,

y = 0 → D :

{
0 6 x 6 1 ;

0 6 y 6 1− x

}
=

=

1∫
0

dx

1−x∫
0

(1 + x+ y) dy =
1

2

1∫
0

(1 + x+ y)2
∣∣y=1−x
y=0

dx =

=
1

2

1∫
0

(
4− (1 + x)2

)
dx =

1

2

(
4x− (1 + x)3

3

)∣∣∣∣x=1

x=0

=
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=
1

2

(
4− 8

3
+

1

3

)
=

5

6
.

Î ò â å ò:

V =
5

6
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 19.2 (�4016 [1]). Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì, íàéòè îáú¼ì
òåëà, îãðàíè÷åííîãî ñëåäóþùèìè ïîâåðõíîñòÿìè :

x2 + y2 + z2 = a2 , x2 + y2 > a |x| ( a > 0− ïàðàìåòð) .

Ð å ø å í è å:

Çàäàííîå òåëî ñèììåòðè÷íî îòíîñèòåëüíî êîîðäèíàòíûõ ïëîñêîñòåé

x = 0 , y = 0 è z = 0 . Îáú¼ì òåëà ðàâåí âîñüìè îáú¼ìàì öèëèíäðîè-
äà ñ íèæíåé ãðàíèöåé z = 0 , âåðõíåé ãðàíèöåé f(x, y) =

√
a2 − x2 − y2 è

îáëàñòüþ D : x2 + y2 6 a2 , x2 + y2 > a x , x, y > 0 (Ðèñ.19.2) .

V = 8
x

D

f(x, y) dxdy = 8
x

D

√
a2 − x2 − y2 dxdy =

=

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ ;

y = r sinϕ

(0 6 r < +∞ , 0 6 ϕ < 2π), |J | = r, f(x, y) =
√
a2 − r2

}
=

= 8
x

D̃

√
a2 − r2 r drdϕ =

D :


x2 + y2 = a2 ;

x2 + y2 = a x ;

x = 0

←→

←→ D̃ :


r = a ;

r = a cosϕ ;

cosϕ = 0

→


r = a ;

r = a cosϕ ;

ϕ = π/2

→ D̃ :

{
0 6 ϕ 6 π/2 ;

a cosϕ 6 r 6 a

}
= 8

π/2∫
0

dϕ

a∫
a cosϕ

√
a2 − r2 r dr =

= −8

3

π/2∫
0

(
a2 − r2

)3/2

∣∣∣∣∣∣∣
r=a

r=a cosϕ

dϕ =
8 a3

3

π/2∫
0

sin3 ϕdϕ =

=
8 a3

3

π/2∫
0

(
−1 + cos2 ϕ

)
d(cosϕ) =

8 a3

3

(
1− 1

3

)
=

16 a3

9
.
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Î ò â å ò:

V =
16 a3

9
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 19.3 (�4023 [1]). Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿ-
ìè:

x2

a2
+
y2

b2
=
z

c
,
x2

a2
+
y2

b2
=
x

a
+
y

b
, z = 0 ( a, b, c > 0− ïàðàìåòðû) .

Ð å ø å í è å:

Çàäàííîå òåëî ÿâëÿåòñÿ öèëèíäðîèäîì ñ íèæíåé ãðàíèöåé z = 0 , âåðõíåé

ãðàíèöåé f(x, y) = c

(
x2

a2
+
y2

b2

)
è îáëàñòüþ D :

x2

a2
+
y2

b2
=
x

a
+
y

b
.

V =
x

D

f(x, y) dxdy = c
x

D

(
x2

a2
+
y2

b2

)
dxdy =

=

{
Çàìåíà ïåðåìåííûõ:

{
x = ar cosϕ ;

y = br sinϕ
, |J | = abr, f(x, y) = r2

}
=

= abc
x

D̃

r3 drdϕ =

{
D :

x2

a2
+
y2

b2
=
x

a
+
y

b
←→

←→ D̃ : r = cosϕ+ sinϕ → r =
√

2 sin(ϕ+ π/4) > 0→

→ −π/4 6 ϕ 6 3π/4 → D̃ :

{
−π/4 6 ϕ 6 3π/4 ;

0 6 r 6
√

2 sin(ϕ+ π/4)

}
=

= abc

3π/4∫
−π/4

dϕ

√
2 sin(ϕ+π/4)∫

0

r3 dr = abc

3π/4∫
−π/4

sin4(ϕ+ π/4) dϕ =

= abc

π∫
0

sin4 ϕdϕ =
abc

4

π∫
0

(1− cos(2ϕ))2 dϕ =
abc

4

π∫
0

(1− 2 cos(2ϕ)+

+ cos2(2ϕ)
)
dϕ =

abc

4

π∫
0

(
1− 2 cos(2ϕ) +

1 + cos(4ϕ)

2

)
dϕ =

=
abc

4

π∫
0

(
3

2
− 2 cos(2ϕ) +

1

2
cos(4ϕ)

)
dϕ =

3abcπ

8
.

Î ò â å ò:

V =
3abcπ

8
.
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 19.4 (�4009 [1]). Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ñëåäóþùèìè
ïîâåðõíîñòÿìè :

z = x2 + y2 , y = x2 , y = 1 , z = 0 .

Ð å ø å í è å:

Çàäàííîå òåëî ñèììåòðè÷íî îòíîñèòåëüíî êîîðäèíàòíîé ïëîñêîñòè x = 0 .
Îáú¼ì òåëà ðàâåí äâóì îáú¼ìàì öèëèíäðîèäà ñ íèæíåé ãðàíèöåé z = 0 ,
âåðõíåé ãðàíèöåé f(x, y) = x2 + y2 è îáëàñòüþ D : y = x2 , y = 1 , x > 0 .

V = 2
x

D

f(x, y) dxdy = 2
x

D

(x2 + y2) dxdy =
{
D : y = x2 , y = 1 ,

x = 0 → D :

{
0 6 x 6 1 ;

x2 6 y 6 1

}
= 2

1∫
0

dx

1∫
x2

(
x2 + y2

)
dy =

= 2

1∫
0

(
x2y +

y3

3

)∣∣∣∣y=1

y=x2
dx = 2

1∫
0

(
x2 +

1

3
− x4 − x6

3

)
dx =

= 2

(
x3

3
+
x

3
− x5

5
− x7

21

)∣∣∣∣x=1

x=0

= 2

(
2

3
− 1

5
− 1

21

)
=

88

105
.

Î ò â å ò:

V =
88

105
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 19.5 (�4015 [1]). Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì, íàéòè îáú¼ì
òåëà, îãðàíè÷åííîãî ñëåäóþùèìè ïîâåðõíîñòÿìè :

z = x2 + y2 , x2 + y2 = x , x2 + y2 = 2x , z = 0 .

Ð å ø å í è å:

Çàäàííîå òåëî ñèììåòðè÷íî îòíîñèòåëüíî êîîðäèíàòíîé ïëîñêîñòè y = 0 .
Îáú¼ì òåëà ðàâåí äâóì îáú¼ìàì öèëèíäðîèäà ñ íèæíåé ãðàíèöåé z = 0 ,
âåðõíåé ãðàíèöåé f(x, y) = x2 + y2 è îáëàñòüþ D : x2 + y2 = x , x2 + y2 =
2x , y > 0 .

V = 2
x

D

f(x, y) dxdy = 2
x

D

(
x2 + y2

)
dxdy =

=

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ ;

y = r sinϕ
, |J | = r, f(x, y) = r2

}
=
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= 2
x

D̃

r3 drdϕ =

D :


x2 + y2 = x ;

x2 + y2 = 2x ;

y = 0

←→ D̃ :


r = cosϕ > 0 ;

r = 2 cosϕ ;

sinϕ = 0

→


r = cosϕ > 0 ;

r = 2 cosϕ ;

ϕ = 0

→ D̃ :

{
0 6 ϕ 6 π/2 ;

cosϕ 6 r 6 2 cosϕ

 =

= 2

π/2∫
0

dϕ

2cosϕ∫
cosϕ

r3 dr =
15

2

π/2∫
0

cos4 ϕdϕ =
15

8

π/2∫
0

(1 + cos(2ϕ))2 dϕ =

=
15

8

π/2∫
0

(
1 + 2 cos(2ϕ) + cos2(2ϕ)

)
dϕ =

15

8

π/2∫
0

(1 + 2 cos(2ϕ)+

+
1 + cos(4ϕ)

2

)
dϕ =

15

8

π/2∫
0

(
3

2
+ 2 cos(2ϕ) +

1

2
cos(4ϕ)

)
dϕ =

=
15

8

(
3

2
ϕ+ sin(2ϕ)

)∣∣∣∣ϕ=π/2

ϕ=0

=
45π

32
.

Î ò â å ò:

V =
45π

32
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 19.6 (�4029 [1]). Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ñëåäóþùèìè
ïîâåðõíîñòÿìè:

z = xy , x2 = y , x2 = 2y , y2 = x , y2 = 2x , z = 0 .

Ð å ø å í è å:

Çàäàííîå òåëî ÿâëÿåòñÿ öèëèíäðîèäîì ñ íèæíåé ãðàíèöåé z = 0 , âåðõíåé
ãðàíèöåé f(x, y) = xy è îáëàñòüþ D : x2 = y , x2 = 2y , y2 = x ,
y2 = 2x (Ðèñ.19.3) .

V =
x

D

f(x, y) dxdy =
x

D

xy dxdy =

Çàìåíà ïåðåìåííûõ:

u =

x2

y
;

v =
y2

x

|J | = 1

|
∣∣∣∣ux vx
uy vy

∣∣∣∣ | = |

∣∣∣∣∣∣∣∣
2x

y
−y

2

x2

−x
2

y2

2y

x

∣∣∣∣∣∣∣∣ |
−1 =

1

3
, f(x, y) = uv

 =
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=
1

3

x

D̃

uv dudv =

D :


x2 = y ;

x2 = 2y ;

y2 = x ;

y2 = 2x

←→ D̃ :


u = 1 ;

u = 2 ;

v = 1 ;

v = 2

→

→ D̃ :

{
1 6 u 6 2 ;

1 6 v 6 2

}
=

1

3

2∫
1

u du

2∫
1

v dv =

=
1

12

(
u2
∣∣u=2

u=1

)(
v2
∣∣v=2

v=1

)
=

3

4
.

Î ò â å ò:

V =
3

4
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.2 Òðîéíûå ñîáñòâåííûå èíòåãðàëû

�����������������������������������������

2.2.1 Çàíÿòèå 20

Ïî àíàëîãèè ñî ñëó÷àåì äâîéíîãî ñîáñòâåííîãî èíòåãðàëà âû÷èñëåíèå è
çàìåíà ïåðåìåííûõ â òðîéíîì ñîáñòâåííîì èíòåãðàëå îñóùåñòâëÿåòñÿ ñ èñ-
ïîëüçîâàíèåì ñëåäóþùèõ òåîðåì.

Òåîðåìà 1 (ñâåäåíèå òðîéíîãî èíòåãðàëà ê ïîâòîðíûì). Ïóñòü ôóíêöèÿ
f(x, y, z) îïðåäåëåíà è íåïðåðûâíà â îãðàíè÷åííîé îáëàñòè D , êîòîðàÿ îïðå-
äåëÿåòñÿ ñëåäóþùèìè íåðàâåíñòâàìè

D :


x1 6 x 6 x2 ;

y1(x) 6 y 6 y2(x) ;

z1(x, y) 6 z 6 z2(x, y) ,

ãäå y1(x) , y2(x) , z1(x, y) , z2(x, y)− íåïðåðûâíûå ôóíêöèè. Òîãäà, òðîéíîé
èíòåãðàë îò ôóíêöèè f(x, y, z) ïî îáëàñòè D ìîæåò áûòü âû÷èñëåí ïî ôîð-
ìóëå

y

D

f(x, y, z) dxdydz =

x2∫
x1

dx

y2(x)∫
y1(x)

dy

z2(x,y)∫
z1(x,y)

f(x, y, z) dz .

Ôîðìóëó ìîæíî òàêæå çàïèñàòü â âèäå

y

D

f(x, y, z) dxdydz =

x2∫
x1

dx
x

S(x)

f(x, y, z) dydz ,

ãäå S(x)− ñå÷åíèå îáëàñòè D ïëîñêîñòüþ x = const .

Òåîðåìà 2 (çàìåíà ïåðåìåííûõ â òðîéíîì èíòåãðàëå). Åñëè îãðàíè÷åííàÿ
çàìêíóòàÿ îáëàñòü D(x, y, z) âçàèìíî îäíîçíà÷íî îòîáðàæàåòñÿ íà îáëàñòü
D̃(u, v, w) ñ ïîìîùüþ íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé

x = x(u, v, w) , y = y(u, v, w) , z = z(u, v, w) , ïðè÷¼ì ÿêîáèàí îòîáðàæå-
íèÿ

J =

∣∣∣∣∣∣
xu yu zu
xv yv zv
xw yw zw

∣∣∣∣∣∣ 6= 0

ïðè u, v, w ∈ D̃ , òî ñïðàâåäëèâà ôîðìóëà
y

D

f(x, y, z) dxdydz =
y

D̃

f (x(u, v, w), y(u, v, w), z(u, v, w)) |J | dudvdw .
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Öèëèíäðè÷åñêèå êîîðäèíàòû.

Ïðè ïåðåõîäå îò êîîðäèíàò x , y , z (−∞ < x < +∞ , −∞ < y < +∞ ,
−∞ < z < +∞) ê öèëèíäðè÷åñêèì êîîðäèíàòàì r , ϕ , z (0 6 r < +∞ ,
0 6 ϕ < 2π , −∞ < z < +∞) ïî ôîðìóëàì x = r cosϕ , y = r sinϕ , z = z
(Ðèñ.20.1) ìîäóëü ÿêîáèàíà ðàâåí

|J | = |

∣∣∣∣∣∣
xr yr zr
xϕ yϕ zϕ
xz yz zz

∣∣∣∣∣∣ | = |
∣∣∣∣∣∣

cosϕ sinϕ 0
−r sinϕ r cosϕ 0

0 0 1

∣∣∣∣∣∣ | = |r cos2 ϕ+ r sin2 ϕ| = r .

Ñôåðè÷åñêèå êîîðäèíàòû.

Ïðè ïåðåõîäå îò êîîðäèíàò x , y , z (−∞ < x < +∞ , −∞ < y < +∞ ,
−∞ < z < +∞) ê ñôåðè÷åñêèì êîîðäèíàòàì r , ϕ , θ (0 6 r < +∞ ,
0 6 ϕ < 2π , 0 6 θ 6 π) ïî ôîðìóëàì x = r sin θ cosϕ , y = r sin θ sinϕ ,
z = r cos θ (Ðèñ.20.2) ìîäóëü ÿêîáèàíà ðàâåí

|J | = |

∣∣∣∣∣∣
xr yr zr
xϕ yϕ zϕ
xθ yθ zθ

∣∣∣∣∣∣ | = |
∣∣∣∣∣∣

cosϕ sin θ sinϕ sin θ cos θ
−r sinϕ sin θ r cosϕ sin θ 0
r cosϕ cos θ r sinϕ cos θ −r sin θ

∣∣∣∣∣∣ | = r2 sin θ .

Åñëè âìåñòî θ èñïîëüçîâàòü ïåðåìåííóþ ψ =
π

2
− θ (−π/2 6 ψ 6 π/2) ,

òî óðàâíåíèÿ ñâÿçè ïåðåìåííûõ è ÿêîáèàí áóäóò èìåòü âèä x = r cosψ cosϕ ,

y = r cosψ sinϕ , z = r sinψ , |J | = r2 cosψ (Ðèñ.20.2).

�
�
�
�
��

-

6

y

x

z

Ðèñ.20.1

r{x, y, z}
r

ϕ

y

x

z

�
�
�
�
��

-

6

y

x

z

Ðèñ.20.2

r{x, y, z}
r

ϕ

y

x

z

θ ψ

�
���

-

6

y

x

z

Ðèñ.20.3

D
1

1

1
x+ y = 1

@@I

z = x+ y
�
���

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 20.1 (�4081 [1]). Ðàçëè÷íûìè ñïîñîáàìè ðàññòàâèòü ïðåäåëû èí-
òåãðèðîâàíèÿ â ñëåäóþùåì òðîéíîì èíòåãðàëå

1∫
0

dx

1−x∫
0

dy

x+y∫
0

f(x, y, z) dz .
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Ð å ø å í è å:

1∫
0

dx

1−x∫
0

dy

x+y∫
0

f(x, y, z) dz =

=

D :


x1 = 0 6 x 6 1 = x2 ;

y1(x) = 0 6 y 6 1− x = y2(x) ;

z1(x, y) = 0 6 z 6 x+ y = z2(x, y)

(ñì. Ðèñ.20.3)

 =

=
y

D

f(x, y, z) dxdydz =

1∫
0

dx
x

S(x)

f(x, y, z) dydz =

= {S(x)− ñå÷åíèå îáëàñòèD ïëîñêîñòüþx = const (ñì. Ðèñ.20.4)} =

-

6

y

z

Ðèñ.20.4

1

x

S(x)

1− x0
�

6

x

z

Ðèñ.20.5

y

1− y

1

0

S(y)

-

?

y0

x

Ðèñ.20.6

z

z

1

1

S(z)

=

D :


y1 = 0 6 y 6 1 = y2 ;

x1(y) = 0 6 x 6 1− y = x2(y) ;

z1(x, y) = 0 6 z 6 x+ y = z2(x, y) (ñì. Ðèñ.20.5)

 =

=

1∫
0

dy

1−y∫
0

dx

x+y∫
0

f(x, y, z) dz =

=

D :


0 6 x 6 1 ;

0 6 z 6 x x 6 z 6 1 ;

0 6 y 6 1− x z − x 6 y 6 1− x (ñì. Ðèñ.20.4)

 =

=

1∫
0

dx

 x∫
0

dz

1−x∫
0

f(x, y, z) dy +

1∫
x

dz

1−x∫
z−x

f(x, y, z) dy

 =
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=

D :


0 6 y 6 1 ;

0 6 z 6 y y 6 z 6 1 ;

0 6 x 6 1− y z − y 6 x 6 1− y (ñì. Ðèñ.20.5)

 =

=

1∫
0

dy

 y∫
0

dz

1−y∫
0

f(x, y, z) dx+

1∫
y

dz

1−y∫
z−y

f(x, y, z) dx

 =

=

D :


0 6 z 6 1 ;

0 6 x 6 z z 6 x 6 1 ;

z − x 6 y 6 1− x 0 6 y 6 1− x (ñì. Ðèñ.20.6)

 =

=

1∫
0

dz

 z∫
0

dx

1−x∫
z−x

f(x, y, z) dy +

1∫
z

dx

1−x∫
0

f(x, y, z) dy

 =

=

D :


0 6 z 6 1 ;

0 6 y 6 z z 6 y 6 1 ;

z − y 6 x 6 1− y 0 6 x 6 1− y (ñì. Ðèñ.20.6)

 =

=

1∫
0

dz

 z∫
0

dy

1−y∫
z−y

f(x, y, z) dx+

1∫
z

dy

1−y∫
0

f(x, y, z) dx


- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 20.2 (�4088 [1]). Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì, âû÷èñ-
ëèòü èíòåãðàë

1∫
0

dx

√
1−x2∫
0

dy

√
2−x2−y2∫
√
x2+y2

z2 dz .

Ð å ø å í è å:

1∫
0

dx

√
1−x2∫
0

dy

√
2−x2−y2∫
√
x2+y2

z2 dz =

=

D :


x1 = 0 6 x 6 1 = x2 ;

y1(x) = 0 6 y 6
√

1− x2 = y2(x) ;

z1(x, y) =
√
x2 + y2 6 z 6

√
2− x2 − y2 = z2(x, y)

→

178



→ Ãðàíèöû îáëàñòè D:


y = 0 ;

x = 0 ;

x2 + y2 + z2 = 2 ;

z2 = x2 + y2

 =

=
y

D

z2 dxdydz =

Çàìåíà ïåðåìåííûõ:

x = r sin θ cosϕ ;

y = r sin θ sinϕ ;

z = r cos θ

,

|J | = r2 sin θ (0 6 r < +∞ , 0 6 ϕ < 2π , 0 6 θ 6 π)
}

=

=
y

D̃

r4 cos2 θ sin θ drdϕdθ =

D :


y = 0 ;

x = 0 ;

x2 + y2 + z2 = 2 ;

z2 = x2 + y2

←→

←→ D̃ :


r sin θ sinϕ = 0 ;

r sin θ cosϕ = 0 ;

r2 = 2 ;

r2 cos2 θ = r2 sin2 θ

→ D̃ :


ϕ = 0 ;

ϕ = π/2 ;

r =
√

2 ;

θ = π/4

→

→ D̃ :


0 6 ϕ 6 π/2 ;

0 6 θ 6 π/4 ;

0 6 r 6
√

2

 =

π/2∫
0

dϕ

π/4∫
0

dθ

√
2∫

0

r4 cos2 θ sin θ dr =

=

π/2∫
0

dϕ ·
π/4∫
0

cos2 θ sin θ dθ ·

√
2∫

0

r4 dr =
(
ϕ|ϕ=π/2

ϕ=0

)
·

(
−cos3 θ

3

∣∣∣∣θ=π/4
θ=0

)
·

·

(
r5

5

∣∣∣∣r=
√

2

r=0

)
=
π

2
· 1

3

(
1− 1

2
√

2

)
· 4
√

2

5
=

π

15

(
2
√

2− 1
)

Î ò â å ò:
1∫

0

dx

√
1−x2∫
0

dy

√
2−x2−y2∫
√
x2+y2

z2 dz =
π

15

(
2
√

2− 1
)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 20.3 (�4091 [1]). Ïåðåõîäÿ ê öèëèíäðè÷åñêèì êîîðäèíàòàì, âû-
÷èñëèòü èíòåãðàë y

V

(
x2 + y2

)
dxdydz ,

ãäå îáëàñòü V îãðàíè÷åíà ïîâåõíîñòÿìè x2 + y2 = 2z , z = 2 .
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Ð å ø å í è å:

y

V

(
x2 + y2

)
dxdydz =

Çàìåíà ïåðåìåííûõ:

x = r cosϕ ;

y = r sinϕ ;

z = h

,

|J | = r (0 6 r < +∞ , 0 6 ϕ < 2π , −∞ < h < +∞)} =

=
y

Ṽ

r3 drdϕdh =

{
V :

{
x2 + y2 = 2z ;

z = 2
←→ Ṽ :

{
r2 = 2h > 0 ;

h = 2

→ Ṽ :

{
r =
√

2h ;

h = 2
→ Ṽ :


0 6 ϕ 6 2π ;

0 6 h 6 2 ;

0 6 r 6
√

2h

 =

2π∫
0

dϕ

2∫
0

dh

√
2h∫

0

r3 dr =

=
(
ϕ|ϕ=2π

ϕ=0

)
·

2∫
0

(
r4

4

∣∣∣∣r=
√

2h

r=0

)
dh = 2π

2∫
0

h2 dh =
2π

3

(
h3
∣∣h=2

h=0

)
=

16π

3

Î ò â å ò: y

V

(
x2 + y2

)
dxdydz =

16π

3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 20.4 (�4082 [1]). Ðàçëè÷íûìè ñïîñîáàìè ðàññòàâèòü ïðåäåëû èí-
òåãðèðîâàíèÿ â òðîéíîì èíòåãðàëå

1∫
−1

dx

√
1−x2∫

−
√

1−x2

dy

1∫
√
x2+y2

f(x, y, z) dz .

Ð å ø å í è å:

1∫
−1

dx

√
1−x2∫

−
√

1−x2

dy

1∫
√
x2+y2

f(x, y, z) dz =

=

D :


x1 = −1 6 x 6 1 = x2 ;

y1(x) = −
√

1− x2 6 y 6
√

1− x2 = y2(x) ;

z1(x, y) =
√
x2 + y2 6 z 6 1 = z2(x, y)

→

→ Ãðàíèöû îáëàñòè D:

{
z2 = x2 + y2 ;

z = 1
(ñì. Ðèñ.20.7)

}
=
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=
y

D

f(x, y, z) dxdydz =

�
�
�
�
��

-

6

y

x

z

Ðèñ.20.7

��	

@@ID

z = 1

1

z2 = x2 + y2

0

-

6

y

z

Ðèñ.20.8

|x|

−
√

1− x2
√

1− x2

1

0

S(x)

�
���

-

6

y

x

z

Ðèñ.20.9

1

2

1

1

z = x+ y
�
���

D

=

D :


y1 = −1 6 y 6 1 = y2 ;

x1(y) = −
√

1− y2 6 x 6
√

1− y2 = x2(y) ;

z1(x, y) =
√
x2 + y2 6 z 6 1 = z2(x, y)

 =

=

1∫
−1

dy

√
1−y2∫

−
√

1−y2

dx

1∫
√
x2+y2

f(x, y, z) dz =

=

D :


−1 6 x 6 1 ;

|x| 6 z 6 1 ;

−
√
z2 − x2 6 y 6

√
z2 − x2 (ñì. Ðèñ.20.8)

 =

=

1∫
−1

dx

1∫
|x|

dz

√
z2−x2∫

−
√
z2−x2

f(x, y, z) dy =

=

D :


−1 6 y 6 1 ;

|y| 6 z 6 1 ;

−
√
z2 − y2 6 x 6

√
z2 − y2

 =

=

1∫
−1

dy

1∫
|y|

dz

√
z2−y2∫

−
√
z2−y2

f(x, y, z) dx =

=

D :


0 6 z 6 1 ;

−z 6 x 6 z ;

−
√
z2 − x2 6 y 6

√
z2 − x2

 =

181



=

1∫
0

dz

z∫
−z

dx

√
z2−x2∫

−
√
z2−x2

f(x, y, z) dy =

=

D :


0 6 z 6 1 ;

−z 6 y 6 z ;

−
√
z2 − y2 6 x 6

√
z2 − y2

 =

=

1∫
0

dz

z∫
−z

dy

√
z2−y2∫

−
√
z2−y2

f(x, y, z) dx

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 20.5 (�4085 [1]). Çàìåíèòü òðîéíîé èíòåãðàë îäíîêðàòíûì :

1∫
0

dx

1∫
0

dy

x+y∫
0

f(z) dz .

Ð å ø å í è å:

1∫
0

dx

1∫
0

dy

x+y∫
0

f(z) dz =

D :


0 6 x 6 1 ;

0 6 y 6 1 ;

0 6 z 6 x+ y

→

→ Ãðàíèöû îáëàñòè D:


x = 1 ;

y = 1 ;

z = 0 ;

z = x+ y

(ñì. Ðèñ.20.9)

 =

=
y

D

f(z) dxdydz =

2∫
0

f(z) dz
x

Ω(z)

dxdy =

= {Ω(z)− ñå÷åíèå îáëàñòè D ïëîñêîñòüþ z = const. Ïóñòü S(z)−
ïëîùàäü ñå÷åíèÿ Ω(z).

S(z) =
x

Ω(z)

dxdy =

{
1− z2/2 , ïðè 0 6 z 6 1 ;

(2− z)2 /2 , ïðè 1 6 z 6 2

 =

=

2∫
0

S(z)f(z) dz =

1∫
0

(
1− z2

2

)
f(z) dz +

1

2

2∫
1

(2− z)2 f(z) dz
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Î ò â å ò:

1∫
0

dx

1∫
0

dy

x+y∫
0

f(z) dz =

1∫
0

(
1− z2

2

)
f(z) dz +

1

2

2∫
1

(2− z)2 f(z) dz

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 20.6 (�4087 [1]). Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì, âû÷èñ-
ëèòü èíòåãðàë y

V

√
x2 + y2 + z2 dxdydz ,

ãäå îáëàñòü V îãðàíè÷åíà ïîâåõíîñòüþ x2 + y2 + z2 = z .

Ð å ø å í è å:

y

V

√
x2 + y2 + z2 dxdydz =

Çàìåíà ïåðåìåííûõ:

x = r sin θ cosϕ ;

y = r sin θ sinϕ ;

z = r cos θ

|J | = r2 sin θ (0 6 r < +∞ , 0 6 ϕ < 2π , 0 6 θ 6 π)
}

=

=
y

Ṽ

r3 sin θ drdϕdθ =
{
V : x2 + y2 + z2 = z ←→

←→ Ṽ : r2 = r cos θ → Ṽ : r = cos θ > 0→ Ṽ :


0 6 ϕ 6 2π ;

0 6 θ 6 π/2 ;

0 6 r 6 cos θ

 =

=

2π∫
0

dϕ

π/2∫
0

dθ

cos θ∫
0

r3 sin θ dr =

= 2π ·
π/2∫
0

sin θ

(
r4

4

∣∣∣∣r=cos θ

r=0

)
dθ =

π

2
·
π/2∫
0

sin θ cos4 θ dθ =

=
π

2
·

(
−cos5 θ

5

∣∣∣∣θ=π/2
θ=0

)
=

π

10

Î ò â å ò: y

V

√
x2 + y2 + z2 dxdydz =

π

10

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 20.7 (�4090 [1]). Ïðîèçâåäÿ ñîîòâåòñòâóþùóþ çàìåíó ïåðåìåí-
íûõ, âû÷èñëèòü òðîéíîé èíòåãðàë

y

D

√
1− x2

a2
− y2

b2
− z2

c2
dxdydz ,

ãäå îáëàñòü D− âíóòðåííîñòü ýëëèïñîèäà
x2

a2
+
y2

b2
+
z2

c2
= 1 (a, b, c > 0) .

Ð å ø å í è å:

Òàê êàê îáëàñòü D îãðàíè÷åíà ýëëèïñîèäîì, òî óäîáíî ïåðåéòè îò äåêàð-
òîâîé ïðÿìîóãîëüíîé ñèñòåìû êîîðäèíàò ê îáîáù¼ííûì ñôåðè÷åñêèì êîîð-
äèíàòàì, ñâÿçàííûì ñ äåêàðòîâûìè êîîðäèíàòàìè ñîîòíîøåíèÿìè

x = ar sin θ cosϕ , y = br sin θ sinϕ , z = cr cos θ .

y

D

√
1− x2

a2
− y2

b2
− z2

c2
dxdydz =

=

Çàìåíà ïåðåìåííûõ:

x = ar sin θ cosϕ ;

y = br sin θ sinϕ ;

z = cr cos θ

, |J | = abcr2 sin θ

 =

= abc
y

D̃

√
1− r2 r2 sin θ drdϕdθ =

{
D :

x2

a2
+
y2

b2
+
z2

c2
= 1←→

←→ D̃ : r2 = 1→ D̃ : r = 1→ D̃ :


0 6 ϕ 6 2π ;

0 6 θ 6 π ;

0 6 r 6 1

 =

= abc

2π∫
0

dϕ

π∫
0

dθ

1∫
0

√
1− r2 r2 sin θ dr = abc ·

2π∫
0

dϕ ·
π∫

0

sin θ dθ·

·
1∫

0

√
1− r2 r2 dr = abc · 2π · 2 ·

1∫
0

√
1− r2 r2 dr =

= {Çàìåíà ïåðåìåííîé: r = sin t} = 4πabc

π/2∫
0

cos2 t sin2 t dt =

= πabc

π/2∫
0

sin2(2t) dt =
πabc

2

π/2∫
0

(1− cos(4t)) dt =
π2abc

4
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Î ò â å ò: y

D

√
1− x2

a2
− y2

b2
− z2

c2
dxdydz =

π2abc

4

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 20.8 (�4093 [1]). Íàéòè èíòåãðàë
y

V

xyz dxdydz ,

ãäå îáëàñòü V ðàñïîëîæåíà â îêòàíòå x > 0 , y > 0 , z > 0 è îãðàíè÷åíà

ïîâåõíîñòÿìè: z =
x2 + y2

m
, z =

x2 + y2

n
, xy = a2 , xy = b2 , y = αx , y = βx

(0 < a < b , 0 < α < β , 0 < m < n) .

Ð å ø å í è å:

Ïîâåðõíîñòè, îãðàíè÷èâàþùèå îáëàñòü V , ïðèíàäëåæàò òð¼ì ñåìåéñòâàì

ïîâåðõíîñòåé:
x2 + y2

z
= const , xy = const ,

y

x
= const . Åñëè óðàâíåíèÿ

ñåìåéñòâ èñïîëüçîâàòü â êà÷åñòâå íîâûõ íåçàâèñèìûõ ïåðåìåííûõ, òî îáðàçîì
îáëàñòè V áóäåò ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä.

y

V

xyz dxdydz =

Çàìåíà ïåðåìåííûõ:

u = (x2 + y2)/z ;

v = xy ;

w = y/x

←→

←→


x =

√
v/w ;

y =
√
v w ;

z = v(1 + w2)/(uw)

, |J | = v(1 + w2)

2u2w2

 =

=
1

2

y

Ṽ

v3(1 + w2)2

u3w3
dudvdw =

=


V :



(x2 + y2)/z = m ;

(x2 + y2)/z = n ;

xy = a2 ;

xy = b2 ;

y/x = α ;

y/x = β

←→ Ṽ :



u = m ;

u = n ;

v = a2 ;

v = b2 ;

w = α ;

w = β


=

=
1

2
·

n∫
m

u−3 du ·
b2∫

a2

v3 dv ·
β∫

α

(
w−3 + 2w−1 + w

)
dw =
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=
1

2
· 1

2

(
1

m2
− 1

n2

)
· b

8 − a8

4
·
(

1

2

(
1

α2
− 1

β2

)
+ 2 ln

(
β

α

)
+
β2 − α2

2

)
=

=
1

32

(
1

m2
− 1

n2

)(
b8 − a8

)((
β2 − α2

)(
1 +

1

α2β2

)
+ 4 ln

(
β

α

))
Î ò â å ò:

y

V

xyz dxdydz =

=
1

32

(
1

m2
− 1

n2

)(
b8 − a8

)((
β2 − α2

)(
1 +

1

α2β2

)
+ 4 ln

(
β

α

))
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.2.2 Çàíÿòèå 21

Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ òðîéíîãî èíòåãðàëà ñëåäóåò, ÷òî

VD− îáú¼ì îãðàíè÷åííîé îáëàñòè D ìîæåò áûòü âû÷èñëåí ïî ôîðìóëå

VD =
y

D

dxdydz .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 21.1 (�4104 [1]). Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè

az = x2 + y2 , z =
√
x2 + y2 (a > 0) .

Ð å ø å í è å:

1. Ñå÷åíèå ïëîñêîñòüþ x = 0 òåëà, îáú¼ì êîòîðîãî èùåòñÿ, èçîáðàæåíî
íà Ðèñ.21.1.

VD =
y

D

dxdydz =

Çàìåíà ïåðåìåííûõ:

x = r cosϕ;

y = r sinϕ;

z = z

, |J | = r

 =

=
y

D̃

r drdϕdz =

{
D :

{
az = x2 + y2 ;

z =
√
x2 + y2

←→ D̃ :

{
az = r2 ;

z = r
→

→ D̃ :


0 6 ϕ 6 2π ;

0 6 z 6 a ;

z 6 r 6
√
az

 =

2π∫
0

dϕ

a∫
0

dz

√
az∫

z

r dr = π

a∫
0

(
az − z2

)
dz =

= π

(
az2

2
− z3

3

)∣∣∣∣z=a
z=0

= π

(
a3

2
− a3

3

)
=
πa3

6

-

6

y

z

Ðèñ.21.1

@@R

@@I
z =

√
x2 + y2

az = x2 + y2

a

a
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2. Ïîâåðõíîñòü z =
√
x2 + y2 , ÷àñòè÷íî îãðàíè÷èâàþùàÿ çàäàííîå òåëî,

ÿâëÿåòñÿ îäíîé èç êîîðäèíàòíûõ ïîâåðõíîñòåé ñôåðè÷åñêîé ñèñòåìû êîîðäè-
íàò. Èñïîëüçóåì ñôåðè÷åñêèå êîîðäèíàòû äëÿ âû÷èñëåíèÿ îáú¼ìà òåëà.

VD =
y

D

dxdydz =

=

Çàìåíà ïåðåìåííûõ:

x = r sin θ cosϕ ;

y = r sin θ sinϕ ;

z = r cos θ

, |J | = r2 sin θ

 =

=
y

D̃

r2 sin θ drdϕdθ =

{
D :

{
az = x2 + y2 ;

z =
√
x2 + y2

←→

←→ D̃ :

{
a cos θ = r sin2 θ ;

cos θ = sin θ
→ D̃ :

{
a cos θ = r sin2 θ > 0 ;

θ = π/4
→

→ D̃ :


0 6 ϕ 6 2π ;

π/4 6 θ 6 π/2 ;

0 6 r 6 a cos θ/ sin2 θ

 =

2π∫
0

dϕ

π/2∫
π/4

dθ

a cos θ/ sin2 θ∫
0

r2 sin θ dr =

=

2π∫
0

dϕ ·
π/2∫
π/4

sin θ dθ

a cos θ/ sin2 θ∫
0

r2 dr = 2π

π/2∫
π/4

sin θ

(
r3

3

∣∣∣∣r=a cos θ/ sin2 θ

r=0

)
dθ =

=
2πa3

3

π/2∫
π/4

cos3 θ

sin5 θ
dθ =

2πa3

3

π/2∫
π/4

1− sin2 θ

sin5 θ
d (sin θ) =

=
2πa3

3

π/2∫
π/4

(
sin−5 θ − sin−3 θ

)
d (sin θ) =

2πa3

3

(
−sin−4 θ

4
+

+
sin−2 θ

2

)∣∣∣∣sin θ=1

sin θ=1/
√

2

=
2πa3

3

(
−1

4
+

1

2
+ 1− 1

)
=
πa3

6

Î ò â å ò:

VD =
πa3

6
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 21.2 (�4111 [1]). Âû÷èñëèòü îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõ-
íîñòüþ (

x2

a2
+
y2

b2
+
z2

c2

)2

=
x

h
(a, b, c, h > 0 ïàðàìåòðû) .
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Ð å ø å í è å:

VD =
y

D

dxdydz =

=

Çàìåíà ïåðåìåííûõ:

x = ar sin θ cosϕ ;

y = br sin θ sinϕ ;

z = cr cos θ

, |J | = abcr2 sin θ

 =

= abc
y

D̃

r2 sin θ drdϕdθ =

{
D :

(
x2

a2
+
y2

b2
+
z2

c2

)2

=
x

h
←→

←→ D̃ : r3 =
a

h
sin θ cosϕ→ D̃ : r = 3

√
a

h
sin θ cosϕ→ cosϕ > 0→

→ D̃ :


−π/2 6 ϕ 6 π/2 ;

0 6 θ 6 π ;

0 6 r 6 3

√
a

h
sin θ cosϕ

 =

= abc

π/2∫
−π/2

dϕ

π∫
0

sin θ dθ

3
√

(a/h) sin θ cosϕ∫
0

r2 dr =

=
abc

3

π/2∫
−π/2

dϕ

π∫
0

sin θ
(
r3
∣∣r= 3
√

(a/h) sin θ cosϕ

r=0

)
dθ =

a2bc

3h
·

π/2∫
−π/2

cosϕdϕ·

·
π∫

0

sin2 θ dθ =
a2bc

6h
·
(

sinϕ|ϕ=π/2
ϕ=−π/2

)
·

π∫
0

(1− cos (2θ)) dθ =
πa2bc

3h

Î ò â å ò:

VD =
πa2bc

3h
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 21.3 (�4118(à) [1]). Âû÷èñëèòü îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõ-
íîñòÿìè √

x

a
+

√
y

b
+

√
z

c
= 1 , x > 0 , y > 0 , z > 0 (a, b, c > 0) .

Ð å ø å í è å:

Èñïîëüçóåì îáîáù¼ííûå ñôåðè÷åñêèå êîîðäèíàòû, ñâÿçàííûå ñ äåêàðòî-
âûìè ïðÿìîóãîëüíûìè êîîðäèíàòàìè ñîîòíîøåíèÿìè x = ar sinβ θ cosα ϕ ,
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y = br sinβ θ sinα ϕ , z = cr cosβ θ . Åñëè âûáðàòü ïàðàìåòðû α = 4 è β = 4 ,

òî óðàâíåíèå ïîâåðõíîñòè

√
x

a
+

√
y

b
+

√
z

c
= 1 ïðèìåò íàèáîëåå ïðîñòîé âèä

√
r = 1 .

VD =
y

D

dxdydz =

Çàìåíà ïåðåìåííûõ:

x = ar sin4 θ cos4 ϕ;

y = br sin4 θ sin4 ϕ;

z = cr cos4 θ

,

|J | = 16abcr2 cos3 ϕ sin3 ϕ sin7 θ cos3 θ
}

=

= 16abc
y

D̃

r2 cos3 ϕ sin3 ϕ sin7 θ cos3 θ drdϕdθ =

=


D :



√
x

a
+

√
y

b
+

√
z

c
= 1 ;

x = 0 ;

y = 0 ;

z = 0

←→ D̃ :


r = 1 ;

cos4 ϕ = 0 ;

sin4 ϕ = 0 ;

cos4 θ = 0

→

→ D̃ :


r = 1 ;

ϕ = π/2 ;

ϕ = 0 ;

θ = π/2

→ D̃ :


0 6 ϕ 6 π/2 ;

0 6 θ 6 π/2 ;

0 6 r 6 1

 =

= 16abc ·
π/2∫
0

cos3 ϕ sin3 ϕdϕ ·
π/2∫
0

sin7 θ cos3 θ dθ ·
1∫

0

r2 dr =

=
16abc

3
·
π/2∫
0

cos2 ϕ sin3 ϕd (sinϕ) ·
π/2∫
0

sin7 θ cos2 θ d (sin θ) =

= {Çàìåíà ïåðåìåííûõ: u = sinϕ , v = sin θ} =

=
16abc

3
·

1∫
0

(
1− u2

)
u3 du ·

1∫
0

v7
(
1− v2

)
dv =

=
16abc

3
·
(
u4

4
− u6

6

)∣∣∣∣u=1

u=0

·
(
v8

8
− v10

10

)∣∣∣∣v=1

v=0

=

=
16abc

3
·
(

1

4
− 1

6

)
·
(

1

8
− 1

10

)
=
abc

90
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Î ò â å ò:

VD =
abc

90
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 21.4 (�4119 [1]). Ïîëüçóÿñü ïîäõîäÿùåé çàìåíîé ïåðåìåííûõ, âû-
÷èñëèòü îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè:

z = x2 + y2 , z = 2
(
x2 + y2

)
, xy = a2 , xy = 2a2 , x = 2y , 2x = y

(x, y > 0 , a > 0− ïàðàìåòð) .

Ð å ø å í è å:

Ïîâåðõíîñòè, îãðàíè÷èâàþùèå òåëî D , ïðèíàäëåæàò òð¼ì ñåìåéñòâàì ïî-

âåðõíîñòåé:
x2 + y2

z
= const , xy = const ,

y

x
= const . Åñëè ñåìåéñòâà ïîâåðõ-

íîñòåé èñïîëüçîâàòü â êà÷åñòâå íîâûõ íåçàâèñèìûõ ïåðåìåííûõ, òî îáðàçîì
îáëàñòè D áóäåò ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä.

VD =
y

D

dxdydz =

=

Çàìåíà ïåðåìåííûõ:

u = (x2 + y2)/z ;

v = xy ;

w = y/x

, |J | = v(1 + w2)

2u2w2

 =

=
1

2

y

D̃

v(1 + w2)

u2w2
dudvdw =

=


D :



(x2 + y2)/z = 1 ;

(x2 + y2)/z = 1/2 ;

xy = a2 ;

xy = 2a2 ;

y/x = 1/2 ;

y/x = 2

←→ D̃ :



u = 1 ;

u = 1/2 ;

v = a2 ;

v = 2a2 ;

w = 1/2 ;

w = 2


=

=
1

2
·

1∫
1/2

u−2 du ·
2a2∫
a2

v dv ·
2∫

1/2

(
1 + w−2

)
dw =

=
1

2
·
(
−u−1

)∣∣u=1

u=1/2
·
(
v2

2

)∣∣∣∣v=2a2

v=a2
·
((
w − w−1

)∣∣w=2

w=1/2

)
=

=
1

2
· (−1 + 2) ·

(
4a4

2
− a4

2

)
·
(

2− 1

2
− 1

2
+ 2

)
=

9a4

4
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Î ò â å ò:

VD =
9a4

4
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 21.5 (�4128 [1]). Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòüþ

(a1x+ b1y + c1z)2 + (a2x+ b2y + c2z)2 + (a3x+ b3y + c3z)2 = h2 ,

åñëè ∆ =

∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ 6= 0 (h > 0 , ai , bi , ci (i = 1, 3)− ïàðàìåòðû) .

Ð å ø å í è å:

VD =
y

D

dxdydz =

=

Çàìåíà ïåðåìåííûõ:

u = a1x+ b1y + c1z ;

v = a2x+ b2y + c2z ;

w = a3x+ b3y + c3z

, |J | = 1

|∆|

 =

=
1

|∆|

y

D̃

dudvdw =

=
{
D : (a1x+ b1y + c1z)2 + (a2x+ b2y + c2z)2 + (a3x+ b3y + c3z)2 = h2

←→ D̃ : u2 + v2 + w2 = h2
}

=

=

Çàìåíà ïåðåìåííûõ:

u = r sin θ cosϕ;

v = r sin θ sinϕ;

w = r cos θ

, |J | = r2 sin θ

 =

=
1

|∆|

y

D̂

r2 sin θ drdϕdθ =

=

D̃ : u2 + v2 + w2 = h2 ←→ D̂ : r2 = h2 → D̂ :


0 6 ϕ 6 2π ;

0 6 θ 6 π ;

0 6 r 6 h

 =

=
1

|∆|
·

2π∫
0

dϕ ·
π∫

0

sin θ dθ ·
h∫

0

r2 dr =

=
1

|∆|
·
(
ϕ|ϕ=2π

ϕ=0

)
·
(
− cos θ|θ=πθ=0

)
·

(
r3

3

∣∣∣∣r=h
r=0

)
=

1

|∆|
· 4πh3

3
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Î ò â å ò:

VD =
1

|∆|
· 4πh

3

3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 21.6 (�4107 [1]). Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì, âû÷èñ-
ëèòü îáú¼ì, îãðàíè÷åííûé ïîâåðõíîñòÿìè:

x2 + y2 + z2 = 2az , x2 + y2 6 z2 (a > 0− ïàðàìåòð) .

Ð å ø å í è å:

VD =
y

D

dxdydz =

=

Çàìåíà ïåðåìåííûõ:

x = r sin θ cosϕ ;

y = r sin θ sinϕ ;

z = r cos θ

, |J | = r2 sin θ

 =

=
y

D̃

r2 sin θ drdϕdθ =

{
D :

{
x2 + y2 + z2 = 2az ;

x2 + y2 = z2
←→

←→ D̃ :

{
r = 2a cos θ ;

sin2 θ = cos2 θ
→ D̃ :

{
r = 2a cos θ > 0 ;

θ = π/4
→

→ D̃ :


0 6 ϕ 6 2π ;

0 6 θ 6 π/4 ;

0 6 r 6 2a cos θ

 =

2π∫
0

dϕ

π/4∫
0

sin θ dθ

2a cos θ∫
0

r2 dr =

= 2π ·
π/4∫
0

sin θ

(
r3

3

∣∣∣∣r=2a cos θ

r=0

)
dθ =

16πa3

3
·
π/4∫
0

sin θ cos3 θ dθ =

= −16πa3

3
·
π/4∫
0

cos3 θ d (cos θ) = −4πa3

3

(
cos4 θ

∣∣θ=π/4
θ=0

)
= πa3

Î ò â å ò:
VD = πa3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 21.7 (�4113 [1]). Âû÷èñëèòü îáú¼ì òåëà, îãðàíè÷åííîãî ñëåäóþ-
ùèìè ïîâåðõíîñòÿìè:

x2

a2
+
y2

b2
+
z2

c2
= 1 ,

x2

a2
+
y2

b2
6
z

c
(a, b, c > 0− ïàðàìåòðû) .
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Ð å ø å í è å:

VD =
y

D

dxdydz =

=

Çàìåíà ïåðåìåííûõ:

x = ar cosϕ ;

y = br sinϕ ;

z = ch

, |J | = abcr

 =

= abc
y

D̃

r drdϕdh =

D :


x2

a2
+
y2

b2
+
z2

c2
= 1 ;

x2

a2
+
y2

b2
=
z

c

←→

←→ D̃ :

{
r2 + h2 = 1 ; (→ h 6 1)

r2 = h (→ h > 0)
→ h∗ : h∗ + h2

∗ = 1→

→ h∗ =

√
5− 1

2
→ D̃ :


0 6 ϕ 6 2π ;

0 6 h 6 h∗ h∗ 6 h 6 1 ;

0 6 r 6
√
h 0 6 r 6

√
1− h2

 =

= abc

2π∫
0

dϕ

 h∗∫
0

dh

√
h∫

0

r dr +

1∫
h∗

dh

√
1−h2∫
0

r dr

 =

= πabc ·

 h∗∫
0

(
r2
∣∣r=√h
r=0

)
dh+

1∫
h∗

(
r2
∣∣r=√1−h2
r=0

)
dh

 =

= πabc ·

 h∗∫
0

h dh+

1∫
h∗

(
1− h2

)
dh

 = πabc ·

((
h2

2

∣∣∣∣h=h∗

h=0

)
+

+

(
h− h3

3

)∣∣∣∣h=1

h=h∗

)
= πabc ·

(
h2
∗

2
+ 1− 1

3
− h∗ +

h3
∗

3

)
=

= πabc ·

((√
5− 1

)2

8
+

2

3
−
√

5− 1

2
+

(√
5− 1

)3

24

)
= πabc ·

5
(
3−
√

5
)

12

Î ò â å ò:

VD = πabc ·
5
(
3−
√

5
)

12
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 21.8 (�4127 [1]). Íàéòè îáú¼ì ïàðàëëåëåïèïåäà, îãðàíè÷åííîãî
ïëîñêîñòÿìè

aix+ biy + ciz = ±hi , (i = 1, 2, 3) , (hi > 0) ,

åñëè ∆ =

∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ 6= 0 .

Ð å ø å í è å:

VD =
y

D

dxdydz =

=

Çàìåíà ïåðåìåííûõ:

u = a1x+ b1y + c1z ;

v = a2x+ b2y + c2z ;

w = a3x+ b3y + c3z

, |J | = 1

|∆|

 =

=
1

|∆|

y

D̃

dudvdw =

=

D :


a1x+ b1y + c1z = ±h1 ;

a2x+ b2y + c2z = ±h2 ;

a3x+ b3y + c3z = ±h3

←→ D̃ :


u = ±h1 ;

v = ±h2 ;

w = ±h3

→

→ D̂ :


−h1 6 u 6 h1 ;

−h2 6 v 6 h2 ;

−h3 6 w 6 h3

 =
1

|∆|
·

h1∫
−h1

du ·
h2∫

−h2

dv ·
h3∫

−h3

dw =

=
1

|∆|
·
(
u|u=h1
u=−h1

)
·
(
v|v=h2
v=−h2

)
·
(
w|w=h3

w=−h3

)
=

8h1h2h3

|∆|

Î ò â å ò:

VD =
8h1h2h3

|∆|
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.3 Êðàòíûå ñîáñòâåííûå èíòåãðàëû

�����������������������������������������

2.3.1 Çàíÿòèå 22

Òåîðåìà 1. Åñëè ôóíêöèÿ f(x1, x2, . . . , xn) íåïðåðûâíà â îãðàíè÷åííîé
îáëàñòè Ω , îïðåäåëÿåìîé íåðàâåíñòâàìè

x̄1 6 x1 6 ¯̄x1 ;

x̄2(x1) 6 x2 6 ¯̄x2(x1) ;
...

x̄n(x1, x2, . . . , xn−1) 6 xn 6 ¯̄xn(x1, x2, . . . , xn−1) ,

ãäå x̄1 , ¯̄x1− ïîñòîÿííûå ÷èñëà, x̄2(x1) , ¯̄x2(x1) , . . . , x̄n(x1, x2, . . . , xn−1) ,

¯̄xn(x1, x2, . . . , xn−1)− íåïðåðûâíûå ôóíêöèè, òî êðàòíûé ñîáñòâåííûé èí-
òåãðàë îò ôóíêöèè f(x1, x2, . . . , xn) ïî îáëàñòè Ω ìîæåò áûòü âû÷èñëåí ïî
ôîðìóëå∫

· · ·
∫

Ω

f(x1, x2, . . . , xn) dx1dx2 . . . dxn =

=

¯̄x1∫
x̄1

dx1

¯̄x2(x1)∫
x̄2(x1)

dx2 · · ·

¯̄xn(x1,x2,...,xn−1)∫
x̄n(x1,x2,...,xn−1)

f(x1, x2, . . . , xn) dxn .

Òåîðåìà 2. Ïóñòü:

1. Ôóíêöèÿ f(x1, x2, . . . , xn) ðàâíîìåðíî íåïðåðûâíà â îãðàíè÷åííîé îá-
ëàñòè Ω ;

2. Íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè

xi = ϕi(ξ1, ξ2, . . . , ξn) (i = 1, 2, . . . , n)

îñóùåñòâëÿþò âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå îáëàñòè Ω â ïðîñòðàíñòâå
ïåðåìåííûõ x1, x2, . . . , xn íà îãðàíè÷åííóþ îáëàñòü Ω̃ â ïðîñòðàíñòâå ïåðå-
ìåííûõ ξ1, ξ2, . . . , ξn ;

3. ßêîáèàí îòîáðàæåíèÿ J =
D(x1, x2, . . . , xn)

D(ξ1, ξ2, . . . , ξn)
6= 0 â îáëàñòè Ω̃ .

Òîãäà ñïðàâåäëèâà ôîðìóëà

196



∫
· · ·
∫

Ω

f(x1, x2, . . . , xn) dx1dx2 . . . dxn =

=

∫
· · ·
∫

Ω̃

f(ϕ1, ϕ2, . . . , ϕn) |J | dξ1dξ2 . . . dξn .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 22.1 (�4205 [1]). Âû÷èñëèòü ìíîãîêðàòíûé èíòåãðàë

In =

∫
· · ·
∫

Ω

dx1dx2 . . . dxn ,

åñëè îáëàñòü

Ω : x1 > 0 , x2 > 0 , . . . , xn > 0 , x1 + x2 + . . . + xn 6 a (a > 0− ïàðàìåòð) .

Ð å ø å í è å:

1. Ïóñòü n = 1 .→

→ Ω : 0 6 x1 6 a→ I1 =

a∫
0

dx1 = a

2. Ïóñòü n = 2 .→

→ Ω :

{
0 6 x1 6 a ;

0 6 x2 6 a− x1

→ I2 =

a∫
0

dx1

a−x1∫
0

dx2 =

a∫
0

(a− x1) dx1 =

=

(
−(a− x1)

2

2

)∣∣∣∣∣
x1=a

x1=0

=
a2

2

3. Ïóñòü n = 3 .→

→ Ω :


0 6 x1 6 a ;

0 6 x2 6 a− x1 ;

0 6 x3 6 a− x1 − x2

→ I3 =

a∫
0

dx1

a−x1∫
0

dx2

a−x1−x2∫
0

dx3 =

=

a∫
0

dx1

a−x1∫
0

(a− x1 − x2) dx2 =

a∫
0

(
−(a− x1 − x2)

2

2

)∣∣∣∣∣
x2=a−x1

x2=0

dx1 =

=
1

2

a∫
0

(a− x1)
2 dx1 =

1

2

(
−(a− x1)

3

3

)∣∣∣∣∣
x1=a

x1=0

=
a3

3!
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4. n > 4 →

→ Ω :


0 6 x1 6 a ;

0 6 x2 6 a− x1 ;
...

0 6 xn 6 a− x1 − x2 − · · · − xn−1

→ In =

a∫
0

dx1

a−x1∫
0

dx2 . . .

· · ·
a−x1−···−xn−3∫

0

dxn−2

a−x1−···−xn−2∫
0

dxn−1

a−x1−···−xn−1∫
0

dxn =

=

a∫
0

dx1

a−x1∫
0

dx2 . . .

· · ·
a−x1−···−xn−3∫

0

dxn−2

a−x1−···−xn−2∫
0

(a− x1 − · · · − xn−2 − xn−1) dxn−1 =

=

a∫
0

dx1

a−x1∫
0

dx2 . . .

· · ·
a−x1−···−xn−3∫

0

(
−(a− x1 · · · − xn−2 − xn−1)

2

2

)∣∣∣∣∣
xn−1=a−x1···−xn−2

xn−1=0

dxn−2 =

=
1

2

a∫
0

dx1

a−x1∫
0

dx2 · · ·
a−x1−···−xn−3∫

0

(a− x1 − · · · − xn−2)
2 dxn−2 = . . .

· · · = 1

(n− 1)!

a∫
0

(a− x1)
n−1 dx1 =

1

(n− 1)!

(
−(a− x1)

n

n

)∣∣∣∣x1=a

x1=0

=
an

n!

Î ò â å ò:

In =
an

n!
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 22.2 (�4207 [1]). Âû÷èñëèòü ìíîãîêðàòíûé èíòåãðàë∫
· · ·
∫

Ω

√
x1 + x2 + . . . + xn dx1dx2 . . . dxn ,

åñëè îáëàñòü

Ω : x1 > 0 , x2 > 0 , . . . , xn > 0 , x1 + x2 + . . . + xn 6 1 .
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Ð å ø å í è å:∫
· · ·
∫

Ω

√
x1 + x2 + . . . + xn dx1dx2 . . . dxn =

=

Çàìåíà ïåðåìåííûõ:

ξ1 = x1 + x2 + . . . + xn ;

ξ2 = x2 ;
...

ξn = xn

,

J−1 =

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1
0 1 0 . . . 0
0 0 1 0 . . . 0

. . .
0 . . . 0 1 0
0 . . . 0 1

∣∣∣∣∣∣∣∣∣∣∣∣
= 1


=

∫
· · ·
∫

Ω̃

√
ξ1 dξ1dξ2 . . . dξn =

=


Ω̃ :



0 6 ξ1 6 1 ;

0 6 ξ2 6 ξ1 ;

0 6 ξ3 6 ξ1 − ξ2 ;
...

0 6 ξn 6 ξ1 − ξ2 − · · · − ξn−1


=

=

1∫
0

√
ξ1 dξ1

ξ1∫
0

dξ2

ξ1−ξ2∫
0

dξ3 · · ·
ξ1−ξ2−···−ξn−1∫

0

dξn︸ ︷︷ ︸
= ξn−11 /(n−1)! (ñì. Çàäà÷à 22.1.)

=

=
1

(n− 1)!

1∫
0

ξ
n−1/2
1 dξ1 =

2

(n− 1)! (2n+ 1)
·
(
ξ
n+1/2
1

∣∣∣ξ1=1

ξ1=0

)
=

=
2

(n− 1)! (2n+ 1)

Î ò â å ò:∫
· · ·
∫

Ω

√
x1 + x2 + . . . + xn dx1dx2 . . . dxn =

2

(n− 1)! (2n+ 1)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 22.3 (�4201 [1]). Ïóñòü K(x, y)− íåïðåðûâíàÿ ôóíêöèÿ â îáëàñòè
a 6 x 6 b , a 6 y 6 b è

Nn(x, y) =

∫
· · ·
∫

Ωn

K(x, t1)K(t1, t2) . . . K(tn, y) dt1dt2 . . . dtn ,
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ãäå îáëàñòü Ωn : a 6 t1 6 b , a 6 t2 6 b , . . . , a 6 tn 6 b . Äîêàçàòü, ÷òî

Nn+m+1(x, y) =

b∫
a

Nn(x, t)Nm(t, y) dt .

Ð å ø å í è å:

Nn+m+1(x, y) =

=

∫
· · ·
∫

Ωn+m+1

K(x, u1)K(u1, u2) . . . K(un, t)K(t, w1)K(w1, w2) . . .

. . . K(wm, y) du1du2 . . . dundtdw1dw2 . . . dwm =

=

b∫
a

K(x, u1) du1

b∫
a

K(u1, u2) du2 . . .

· · ·
b∫

a

K(un, t) dt

b∫
a

K(t, w1) dw1

b∫
a

K(w1, w2) dw2 . . .

b∫
a

K(wm, y) dwm︸ ︷︷ ︸
= Nm(t,y)

=

=

∫
· · ·
∫

Ωn+1

K(x, u1)K(u1, u2) . . . K(un, t)Nm(t, y) dtdu1du2 . . . dun =

=

b∫
a

Nm(t, y) dt

b∫
a

K(x, u1) du1

b∫
a

K(u1, u2) du2 . . .

b∫
a

K(un, t) dun︸ ︷︷ ︸
= Nn(x,t)

=

=

b∫
a

Nm(t, y)Nn(x, t) dt

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 22.4 (�4209 [1]). Íàéòè îáú¼ì n−ìåðíîé ïèðàìèäû

Ω :
x1

a1
+
x2

a2
+ · · ·+ xn

an
6 1 , xi > 0 (i = 1, 2, . . . , n) , (ai > 0 , i = 1, 2, . . . , n).

Ð å ø å í è å:

VΩ =

∫
· · ·
∫

Ω

dx1dx2 . . . dxn =
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=


Çàìåíà ïåðåìåííûõ:



ξ1 =
x1

a1
;

ξ2 =
x2

a2
;

...

ξn =
xn
an

,

J−1 =

∣∣∣∣∣∣∣∣∣∣∣∣

1/a1 0 0 . . . 0
0 1/a2 0 . . . 0
0 0 1/a3 0 . . . 0

. . .
0 . . . 0 1/an−1 0
0 . . . 0 1/an

∣∣∣∣∣∣∣∣∣∣∣∣
=

1

a1 a1 . . . an


=

= a1 a1 . . . an

∫
· · ·
∫

Ω̃

dξ1dξ2 . . . dξn =

=
{

Ω̃ : ξi > 0 (i = 1, 2, . . . , n) , ξ1 + ξ2 + · · ·+ ξn 6 1→

→ (ñì. Çàäà÷à 22.1.)→ VΩ̃ =
1

n!

}
=
a1 a1 . . . an

n!

Î ò â å ò:
VΩ =

a1 a1 . . . an
n!

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.4 Êðàòíûå íåñîáñòâåííûå èíòåãðàëû

�����������������������������������������

2.4.1 Çàíÿòèå 23

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü {Dn} îòêðûòûõ
ìíîæåñòâ ìîíîòîííî èñ÷åðïûâàåò ìíîæåñòâî D , åñëè :

1. Äëÿ ëþáîãî n ìíîæåñòâî D̄n ñîäåðæèòñÿ â Dn+1 ;

2. Îáúåäèíåíèå âñåõ ìíîæåñòâ Dn ñîâïàäàåò ñ ìíîæåñòâîì D .

Îïðåäåëåíèå. Åñëè äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {Dn} ñóùåñòâóåò ïðå-

äåë ÷èñëîâîé ïîñëåäîâàòåëüíîñòè

{∫
·· ·
∫

D̄n

f(x1, x2, . . . , xk) dx1dx2 . . . dxk

}
,

êîòîðûé íå çàâèñèò îò âûáîðà ïîñëåäîâàòåëüíîñòè {Dn} , òî ýòîò ïðåäåë
íàçûâàåòñÿ íåñîáñòâåííûì èíòåãðàëîì îò ôóíêöèè f ïî ìíîæåñòâó D è
îáîçíà÷àåòñÿ ñèìâîëîì

∫
·· ·
∫

D

f(x1, x2, . . . , xk) dx1dx2 . . . dxk . Ïðè ýòîì íåñîá-

ñòâåííûé èíòåãðàë íàçûâàåòñÿ ñõîäÿùèìñÿ.

Îòíîñèòåëüíî ìíîæåñòâà D è ôóíêöèè f ïðåäïîëàãàåòñÿ, ÷òî ëèáî ìíî-
æåñòâî D íåîãðàíè÷åíî, ëèáî ôóíêöèÿ f íåîãðàíè÷åíà íà êàêîì-ëèáî ïîä-
ìíîæåñòâå ìíîæåñòâà D .

Ïóñòü ôóíêöèÿ f(x1, x2, . . . , xk) > 0 â îáëàñòè D . Òîãäà äëÿ êðàòíûõ
íåñîáñòâåííûõ èíòåãðàëîâ îò çíàêîîïðåäåë¼ííûõ ôóíêöèé f ñïðàâåäëèâû
ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Äëÿ ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà îò íåîòðèöàòåëüíîé
â îáëàñòè D ôóíêöèè f íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû õîòÿ áû äëÿ îäíîé
ïîñëåäîâàòåëüíîñòè îáëàñòåé {Dn} , ìîíîòîííî èñ÷åðïûâàþùèõ îáëàñòü D ,
áûëà áû îãðàíè÷åííîé ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü

an =

∫
· · ·
∫

D̄n

f(x1, x2, . . . , xk) dx1dx2 . . . dxk .

Òåîðåìà 2. Ïóñòü íåîòðèöàòåëüíûå ôóíêöèè f(x1, x2, . . . , xk) è

g(x1, x2, . . . , xk) âñþäó â îòêðûòîì ìíîæåñòâå D óäîâëåòâîðÿþò óñëîâèþ
f 6 g . Òîãäà èç ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà∫

·· ·
∫

D

g(x1, x2, . . . , xk) dx1dx2 . . . dxk ñëåäóåò ñõîäèìîñòü íåñîáñòâåííîãî

èíòåãðàëà
∫
·· ·
∫

D

f(x1, x2, . . . , xk) dx1dx2 . . . dxk è èç ðàñõîäèìîñòè íåñîáñòâåí-
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íîãî èíòåãðàëà
∫
·· ·
∫

D

f(x1, x2, . . . , xk) dx1dx2 . . . dxk ñëåäóåò ðàñõîäèìîñòü

íåñîáñòâåííîãî èíòåãðàëà
∫
·· ·
∫

D

g(x1, x2, . . . , xk) dx1dx2 . . . dxk .

Ïóñòü f(x1, x2, . . . , xk)− çíàêîïåðåìåííàÿ ôóíêöèÿ â îáëàñòè D .

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî íåñîáñòâåííûé êðàòíûé èíòåãðàë∫
·· ·
∫

D

f(x1, x2, . . . , xk) dx1dx2 . . . dxk ñõîäèòñÿ àáñîëþòíî, åñëè ñõîäèòñÿ

íåñîáñòâåííûé êðàòíûé èíòåãðàë
∫
·· ·
∫

D

|f(x1, x2, . . . , xk)| dx1dx2 . . . dxk .

Äëÿ íåñîáñòâåííûõ êðàòíûõ èíòåãðàëîâ îò çíàêîïåðåìåííûõ ôóíêöèé
âåðíû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 3. Èç àáñîëþòíîé ñõîäèìîñòè êðàòíîãî íåñîáñòâåííîãî èíòåãðàëà∫
·· ·
∫

D

f(x1, x2, . . . , xk) dx1dx2 . . . dxk ñëåäóåò åãî ñõîäèìîñòü.

Òåîðåìà 4. Åñëè êðàòíûé íåñîáñòâåííûé èíòåãðàë∫
·· ·
∫

D

f(x1, x2, . . . , xk) dx1dx2 . . . dxk ñõîäèòñÿ, òî îí ñõîäèòñÿ àáñîëþòíî.

Äëÿ êðàòíûõ íåñîáñòâåííûõ èíòåãðàëîâ ïîíÿòèÿ ñõîäèìîñòè è àáñîëþò-
íîé ñõîäèìîñòè ýêâèâàëåíòíû.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.1 (�4167 [1]). Ïîêàçàòü, ÷òî

lim
n→∞

x

|x|6n , |y|6n

sin
(
x2 + y2

)
dxdy = π ,

òîãäà êàê
lim
n→∞

x

x2+y262πn

sin
(
x2 + y2

)
dxdy = 0 ,

ãäå n− íàòóðàëüíîå ÷èñëî .

Ð å ø å í è å:

Ðàññìîòðèì èíòåãðàë I1n =
s
D′n

sin
(
x2 + y2

)
dxdy , ãäå

D
′

n = {|x| 6 n , |y| 6 n} .
Âåðíû ñëåäóþùèå ïðåîáðàçîâàíèÿ:

I1n =

n∫
−n

dx

n∫
−n

sin
(
x2 + y2

)
dy =

n∫
−n

dx

n∫
−n

(
sinx2 cos y2+

+ cosx2 sin y2
)
dy =

n∫
−n

sinx2 dx

n∫
−n

cos y2 dy +

n∫
−n

cosx2 dx

n∫
−n

sin y2 dy =
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= 2

n∫
−n

sinx2 dx

n∫
−n

cosx2 dx = 8

n∫
0

sinx2 dx

n∫
0

cosx2 dx .

Âûïîëíèâ ïðåäåëüíûé ïåðåõîä ïðè n→∞ , ïîëó÷èì

lim
n→∞

I1n = 8

∞∫
0

sinx2 dx

∞∫
0

cosx2 dx .

Èíòåãðàëû
∞∫
0

sinx2 dx è
∞∫
0

cosx2 dx íàçûâàþòñÿ èíòåãðàëàìè Ôðåíåëÿ è

êàæäûé èç íèõ ðàâåí
1

2

√
π

2
.

Òîãäà

lim
n→∞

I1n = 8 · 1
2

√
π

2
· 1

2

√
π

2
= π .

Ðàññìîòðèì òåïåðü èíòåãðàë I2n =
s
D′′n

sin
(
x2 + y2

)
dxdy , ãäå

D
′′

n =
{

0 6 x2 + y2 6 2πn
}
. Ñäåëàåì çàìåíó ïåðåìåííûõ â ýòîì èíòåãðà-

ëå: x = r cosϕ , y = r sinϕ . Òîãäà

I2n =
x

D′′n

sin
(
x2 + y2

)
dxdy =

x

D̃′′n

sin r2 |J | drdϕ =

=

2π∫
0

dϕ

√
2πn∫

0

sin r2 r dr = π

√
2πn∫

0

sin r2 dr2 = π
(
− cos r2

∣∣r=√2πn

r=0

)
= 0 .

Èòàê ïîëó÷èëè, ÷òî äëÿ íåñîáñòâåííîãî äâîéíîãî èíòåãðàëàs
|x|<∞ , |y|<∞

sin
(
x2 + y2

)
dxdy ñóùåñòâóþò äâå ðàçëè÷íûå ìîíîòîííî èñ-

÷åðïûâàþùèå ïëîñêîñòü {|x| <∞ , |y| <∞} ïîñëåäîâàòåëüíîñòè îáëàñòåé
D
′

n è D
′′

n , äëÿ êîòîðûõ ñîîòâåòñòâóþùèå ÷èñëîâûå ïîñëåäîâàòåëüíîñòè çíà-
÷åíèé äâîéíûõ èíòåãðàëîâ I1n è I2n ñõîäÿòñÿ ê ðàçëè÷íûì ïðåäåëàì.

Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì ñõîäèìîñòè êðàòíîãî íåñîáñòâåííîãî èíòå-
ãðàëà ýòî îçíà÷àåò, ÷òî äâîéíîé íåñîáñòâåííûé èíòåãðàës

|x|<∞ , |y|<∞
sin
(
x2 + y2

)
dxdy ÿâëÿåòñÿ ðàñõîäÿùèìñÿ.

Î ò â å ò:

Äâîéíîé íåñîáñòâåííûé èíòåãðàë
x

|x|<∞ , |y|<∞

sin
(
x2 + y2

)
dxdy ðàñõîäèòñÿ .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.2 (�4161 [1]). Èññëåäîâàòü íà ñõîäèìîñòü íåñîáñòâåííûé äâîé-
íîé èíòåãðàë

I =
x

x2+y2>1

ϕ(x, y)

(x2 + y2)p
dxdy ,

åñëè
m 6 |ϕ(x, y)| 6M , (p− ïàðàìåòð) .

Ð å ø å í è å:

Ñõîäèìîñòü èíòåãðàëà I ýêâèâàëåíòíà ñõîäèìîñòè íåñîáñòâåííîãî èíòå-
ãðàëà I1 îò ìîäóëÿ ïîäûíòåãðàëüíîé ôóíêöèè

I1 =
x

x2+y2>1

|ϕ(x, y)|
(x2 + y2)p

dxdy .

Òàê êàê m 6 |ϕ(x, y)| 6 M , òî ïî ïðèçíàêó ñðàâíåíèÿ èç ñõîäèìîñòè íåñîá-

ñòâåííîãî äâîéíîãî èíòåãðàëà I2 = M
s

x2+y2>1

dxdy

(x2 + y2)p
ñëåäóåò ñõîäèìîñòü

èíòåãðàëîâ I1 , I , à èç ðàñõîäèìîñòè èíòåãðàëà I3 = m
s

x2+y2>1

dxdy

(x2 + y2)p
ñëå-

äóåò ðàñõîäèìîñòü èíòåãðàëîâ I1 è I .

Äëÿ èññëåäîâàíèÿ íà ñõîäèìîñòü íåñîáñòâåííûõ èíòåãðàëîâ I2 è I3 , ðàñ-

ñìîòðèì ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü αn =
s
D̄n

dxdy

(x2 + y2)p
, ãäå

Dn : 1 6 x2 + y2 < n2 , n = 2, 3, . . . . Ýëåìåíòû ýòîé ïîñëåäîâàòåëüíîñòè
ðàâíû

αn =
x

D̄n

dxdy

(x2 + y2)p
=

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ;

y = r sinϕ

}
=

=
x

D̃

r drdϕ

r2p
=

{
D̄n :

{
x2 + y2 = 1 ;

x2 + y2 = n2
←→ D̃ :

{
r = 1 ;

r = n
→

→ D̃ :

{
0 6 ϕ 6 2π ;

1 6 r 6 n

}
=

2π∫
0

dϕ

n∫
1

r1−2p dr =

= 2π


1

2− 2p

(
r2−2p

∣∣r=n
r=1

)
, ïðè p 6= 1 ;

ln r|r=nr=1 , ïðè p = 1
=
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= 2π


1

2− 2p

(
n2−2p − 1

)
, ïðè p < 1 ;

1

2p− 2

(
1− 1

n2p−2

)
, ïðè p > 1 ;

lnn , ïðè p = 1

.

Êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè {αn} ñóùåñòâóåò òîëüêî ïðè p > 1
è ðàâåí

lim
n→∞

αn = lim
n→∞

π

p− 1

(
1− 1

n2p−2

)
=

π

p− 1
.

Òàê êàê I3 6 I1 6 I2 , òî íåñîáñòâåííûé èíòåãðàë I1 , à ñëåäîâàòåëüíî è
I , ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè p 6 1 .

Î ò â å ò:

Íåñîáñòâåííûé èíòåãðàë I =
x

x2+y2>1

ϕ(x, y)

(x2 + y2)p
dxdy

ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè p 6 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.3 (�4162 [1]). Èññëåäîâàòü íà ñõîäèìîñòü íåñîáñòâåííûé èíòå-
ãðàë x

|x|<+∞ , |y|<+∞

dxdy

(1 + |x|p) (1 + |y|q)
(p, q − ïàðàìåòðû) .

Ð å ø å í è å:

αn =
x

D̄n: |x|6n , |y|6n

dxdy

(1 + |x|p) (1 + |y|q)
= 4

x

06x6n , 06y6n

dxdy

(1 + xp) (1 + yq)
=

= 4

n∫
0

dx

1 + xp

n∫
0

dy

1 + yq

lim
n→∞

αn = 4 ·
∞∫

0

dx

1 + xp︸ ︷︷ ︸
Ñõîäèòñÿ ïðè p>1 .

·
∞∫

0

dy

1 + yq︸ ︷︷ ︸
Ñõîäèòñÿ ïðè q>1 .

Ñëåäîâàòåëüíî, êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè {αn} ñóùåñòâóåò
òîëüêî ïðè p > 1 è q > 1 .

Î ò â å ò:
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Íåñîáñòâåííûé èíòåãðàë
x

|x|<+∞ , |y|<+∞

dxdy

(1 + |x|p) (1 + |y|q)

ñõîäèòñÿ ïðè p > 1 è q > 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.4 (�4182 [1]). Èññëåäîâàòü íà ñõîäèìîñòü íåñîáñòâåííûé äâîé-
íîé èíòåãðàë îò ðàçðûâíîé ôóíêöèè

I =
x

x2+y261

ϕ(x, y)

(x2 + xy + y2)p
dxdy (0 < m 6 |ϕ(x, y)| 6M) , (p− ïàðàìåòð) .

Ð å ø å í è å:

Ñõîäèìîñòü èíòåãðàëà I ýêâèâàëåíòíà ñõîäèìîñòè íåñîáñòâåííîãî èíòå-
ãðàëà I1 îò ìîäóëÿ ïîäûíòåãðàëüíîé ôóíêöèè

I1 =
x

x2+y261

|ϕ(x, y)|
|x2 + xy + y2|p

dxdy .

Òàê êàê m 6 |ϕ(x, y)| 6 M , òî ïî ïðèçíàêó ñðàâíåíèÿ èç ñõîäèìîñòè íåñîá-

ñòâåííîãî äâîéíîãî èíòåãðàëà I2 = M
s

x2+y261

dxdy

|x2 + xy + y2|p
ñëåäóåò ñõîäè-

ìîñòü èíòåãðàëîâ I1 , I , à èç ðàñõîäèìîñòè èíòåãðàëà

I3 = m
s

x2+y261

dxdy

|x2 + xy + y2|p
ñëåäóåò ðàñõîäèìîñòü èíòåãðàëîâ I1 è I .

Äëÿ èññëåäîâàíèÿ íà ñõîäèìîñòü íåñîáñòâåííûõ èíòåãðàëîâ I2 è I3 , ðàñ-

ñìîòðèì ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü αn =
s
D̄n

dxdy

|x2 + xy + y2|p
, ãäå

Dn : 1/n2 6 x2 + y2 6 1 , n = 2, 3, . . . . Ýëåìåíòû ýòîé ïîñëåäîâàòåëüíî-
ñòè ðàâíû

αn =
x

D̄n

dxdy

|x2 + xy + y2|p
=

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ;

y = r sinϕ

}
=

=
x

D̃

r1−2p drdϕ

|1 + cosϕ sinϕ|p
=

{
D̄n :

{
x2 + y2 = 1/n2 ;

x2 + y2 = 1
←→

←→ D̃ :

{
r = 1/n ;

r = 1
→ D̃ :

{
0 6 ϕ 6 2π ;

1/n 6 r 6 1

}
=

2π∫
0

dϕ

|1 + cosϕ sinϕ|p︸ ︷︷ ︸
= A

·
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·
1∫

1/n

r1−2p dr = A ·


1

2− 2p

(
r2−2p

∣∣r=1

r=1/n

)
, ïðè p 6= 1 ;

ln r|r=1
r=1/n , ïðè p = 1

=

= A ·


1

2− 2p

(
1− 1

n2−2p

)
, ïðè p < 1 ;

1

2− 2p

(
1− n2p−2

)
, ïðè p > 1 ;

lnn , ïðè p = 1

.

Êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè {αn} ñóùåñòâóåò òîëüêî ïðè p < 1
è ðàâåí

lim
n→∞

αn = lim
n→∞

A

2− 2p

(
1− 1

n2−2p

)
=

A

2− 2p
.

Òàê êàê I3 6 I1 6 I2 , òî íåñîáñòâåííûé èíòåãðàë I1 , à ñëåäîâàòåëüíî è
I , ñõîäèòñÿ ïðè p < 1 è ðàñõîäèòñÿ ïðè p > 1 .

Î ò â å ò:

Íåñîáñòâåííûé äâîéíîé èíòåãðàë I =
x

x2+y261

ϕ(x, y)

(x2 + xy + y2)p
dxdy

ñõîäèòñÿ ïðè p < 1 è ðàñõîäèòñÿ ïðè p > 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.5 (�4187 [1]). Âû÷èñëèòü äâîéíîé íåñîáñòâåííûé èíòåãðàë
x

D: x2+y261

ln
1√

x2 + y2
dxdy .

Ð å ø å í è å:

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ ln
1√

x2 + y2
èìååò ðàçðûâ â òî÷êå x = 0 ,

y = 0 . Èñïîëüçóåì ïîñëåäîâàòåëüíîñòü ìîíîòîííî èñ÷åðïûâàþùóþ çàäàííóþ
îáëàñòü D âèäà Dn : 1/n2 6 x2 + y2 6 1 , n = 2, 3, . . . . Òîãäà, çàäàííûé
èíòåãðàë ðàâåí

x

D

ln
1√

x2 + y2
dxdy = lim

n→∞

x

Dn

ln
1√

x2 + y2
dxdy =

=

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ;

y = r sinϕ

}
= lim

n→∞

x

D̃

ln
1

r
r drdϕ =

=

{
Dn :

{
x2 + y2 = 1/n2 ;

x2 + y2 = 1
←→ D̃ :

{
r = 1/n ;

r = 1
→
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→ D̃ :

{
0 6 ϕ 6 2π ;

1/n 6 r 6 1

}
= lim

n→∞

2π∫
0

dϕ

1∫
1/n

r ln
1

r
dr =

= 2π lim
n→∞

 r2

2
ln

1

r

∣∣∣∣r=1

r=1/n

+
1

2

1∫
1/n

r dr

 = π lim
n→∞

(
− lnn

n2
+
r2

2

∣∣∣∣r=1

r=1/n

)
=

= π lim
n→∞

(
− lnn

n2
+

1

2
− 1

2n2

)
=
π

2
.

Î ò â å ò: x

D: x2+y261

ln
1√

x2 + y2
dxdy =

π

2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.6 (�4163 [1]). Èññëåäîâàòü íà ñõîäèìîñòü íåñîáñòâåííûé èíòå-
ãðàë ñ áåñêîíå÷íîé îáëàñòüþ èíòåãðèðîâàíèÿ

I =
x

D: 06y61 , |x|<+∞

ϕ(x, y)

(1 + x2 + y2)p
dxdy (0 < m 6 |ϕ(x, y)| 6M) ,

(p− ïàðàìåòð) .

Ð å ø å í è å:

Ñõîäèìîñòü èíòåãðàëà I ýêâèâàëåíòíà ñõîäèìîñòè íåñîáñòâåííîãî èíòå-
ãðàëà I1 îò ìîäóëÿ ïîäûíòåãðàëüíîé ôóíêöèè

I1 =
x

D

|ϕ(x, y)|
(1 + x2 + y2)p

dxdy .

Òàê êàê m 6 |ϕ(x, y)| 6 M , òî ïî ïðèçíàêó ñðàâíåíèÿ èç ñõîäèìîñòè íåñîá-

ñòâåííîãî äâîéíîãî èíòåãðàëà I2 = M
s
D

dxdy

(1 + x2 + y2)p
ñëåäóåò ñõîäèìîñòü

èíòåãðàëîâ I1 , I , à èç ðàñõîäèìîñòè èíòåãðàëà

I3 = m
s
D

dxdy

(1 + x2 + y2)p
ñëåäóåò ðàñõîäèìîñòü èíòåãðàëîâ I1 è I .

Äëÿ èññëåäîâàíèÿ íà ñõîäèìîñòü íåñîáñòâåííûõ èíòåãðàëîâ I2 è I3 , ðàñ-

ñìîòðèì ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü αn =
s
D̄n

dxdy

(1 + x2 + y2)p
, ãäå

D̄n : 0 6 y 6 1 , −n 6 x 6 n , n = 1, 2, . . . . Ýëåìåíòû ýòîé
ïîñëåäîâàòåëüíîñòè ðàâíû

αn =
x

D̄n

dxdy

(1 + x2 + y2)p
=

1∫
0

dy

n∫
−n

dx

(1 + x2 + y2)p
.
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lim
n→∞

αn = lim
n→∞

1∫
0

dy

n∫
−n

dx

(1 + x2 + y2)p
=

1∫
0

dy

+∞∫
−∞

dx

(1 + x2 + y2)p︸ ︷︷ ︸
Ñõîäèòñÿ ïðè 2p>1 .

Êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè {αn} ñóùåñòâóåò ïðè p >
1

2
.

Òàê êàê I3 6 I1 6 I2 , òî íåñîáñòâåííûé èíòåãðàë I1 , à ñëåäîâàòåëüíî è

I , ñõîäèòñÿ ïðè p >
1

2
è ðàñõîäèòñÿ ïðè p 6

1

2
.

Î ò â å ò:

Íåñîáñòâåííûé äâîéíîé èíòåãðàë I =
x

06y61 , |x|<+∞

ϕ(x, y)

(1 + x2 + y2)p
dxdy

ñõîäèòñÿ ïðè p >
1

2
è ðàñõîäèòñÿ ïðè p 6

1

2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.7 (�4169 [1]). Âû÷èñëèòü èíòåãðàë

x

D: xy>1 , x>1

dxdy

xpyq
(p, q > 0− ïàðàìåòðû) .

Ð å ø å í è å:

x

D

dxdy

xpyq
=

{
Çàìåíà ïåðåìåííûõ:

{
u = x ;

v = xy
, J−1 =

D (u , v)

D (x , y)
=

=

∣∣∣∣1 y
0 x

∣∣∣∣ = x = u

}
=

x

D̃: u>1 , v>1

dudv

up−q+1vq
=

= lim
n→∞

x

Dn: 16u6n , 16v6n

dudv

up−q+1vq
= lim

n→∞

n∫
1

uq−p−1du ·
n∫

1

v−qdv =

= lim
n→∞

1

q − p
(
uq−p

∣∣u=n

u=1

)
· 1

1− q
(
v1−q∣∣v=n

v=1

)
=

= lim
n→∞

1

q − p
(
nq−p − 1

)
· 1

1− q
(
n1−q − 1

)
= {Êîíå÷íûé ïðåäåë

ñóùåñòâóåò ïðè

{
q − p < 0 ;

1− q < 0
, òî åñòü ïðè 1 < q < p

}
=

=
1

(q − 1) (p− q)
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Î ò â å ò:

Íåñîáñòâåííûé èíòåãðàë
x

D: xy>1 , x>1

dxdy

xpyq
=

1

(q − 1) (p− q)

ïðè 1 < q < p .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.8 (�4177 [1]). Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì, âû÷èñëèòü
èíòåãðàë x

D: |x|<∞ , |y|<∞

e−(x2+y2) sin
(
x2 + y2

)
dxdy .

Ð å ø å í è å:

x

D

e−(x2+y2) sin
(
x2 + y2

)
dxdy =

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ;

y = r sinϕ

|J | = r} =
x

D̃

e−r
2

sin r2 rdrdϕ = lim
n→∞

x

Dn: 06ϕ<2π , 06r6n

e−r
2

sin r2rdrdϕ =

= lim
n→∞

2π∫
0

dϕ ·
n∫

0

e−r
2

sin r2 r dr =
{
Çàìåíà ïåðåìåííîé: t = r2

}
=

= lim
n→∞

π

n2∫
0

e−t sin t dt

︸ ︷︷ ︸
= I(n)

= π lim
n→∞

I(n)

Âû÷èñëèì èíòåãðàë I(n) :

I(n) =

n2∫
0

e−t sin t dt = − e−t cos t
∣∣t=n2
t=0
−

n2∫
0

e−t cos t dt = 1− e−n2 cosn2−

−
n2∫

0

e−t d (sin t) = 1− e−n2 cosn2 − e−t sin t
∣∣t=n2
t=0
−

n2∫
0

e−t sin t dt

︸ ︷︷ ︸
= I(n)

=

= 1 − e−n2 cosn2 − e−n2 sinn2 − I(n) .

Îòñþäà ñëåäóåò, ÷òî

I(n) =
1

2

(
1− e−n2 cosn2 − e−n2 sinn2

)
.
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Òîãäà,
x

D

e−(x2+y2) sin
(
x2 + y2

)
dxdy = π lim

n→∞
I(n) =

= π lim
n→∞

1

2

(
1− e−n2 cosn2 − e−n2 sinn2

)
=
π

2
.

Î ò â å ò: x

D

e−(x2+y2) sin
(
x2 + y2

)
dxdy =

π

2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 23.9 (�4181 [1]). Èññëåäîâàòü íà ñõîäèìîñòü íåñîáñòâåííûé äâîé-
íîé èíòåãðàë x

D

dxdy

x2 + y2
,

ãäå îáëàñòü D îïðåäåëÿåòñÿ óñëîâèÿìè : |y| 6 x2 , x2 + y2 6 1 .

Ð å ø å í è å:

Îáëàñòü èíòåãðèðîâàíèÿ D èçîáðàæåíà íà Ðèñ.23.1.

-

6

x

y

Ðèñ.23.1

��	

��	
-

y = −x2

x2 + y2 = 1
y = x2

DD

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f(x , y) =
1

x2 + y2
èìååò îñîáåííîñòü â òî÷-

êå x = 0 , y = 0 . Èñïîëüçóåì â êà÷åñòâå ïîñëåäîâàòåëüíîñòè ìîíîòîííî èñ-
÷åðïûâàþùåé çàäàííóþ îáëàñòü D ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü îáëàñòåé
Dn : |y| 6 x2 , 1/n2 < x2 + y2 6 1 .

Ñîîòâåòñòâóþùàÿ ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü çíà÷åíèé äâîéíîãî èíòå-
ãðàëà ïî îáëàñòè Dn èìååò ýëåìåíòû ðàâíûå

αn =
x

D̄n

dxdy

x2 + y2
=

{
Çàìåíà ïåðåìåííûõ:

{
x = r cosϕ;

y = r sinϕ

}
=

=
x

D̃

r drdϕ

r2
=

{
D̃ :

1

n
6 r 6 1 , − arcsin

(√
1 + 4r2 − 1

2r

)
+ πk 6
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6 ϕ 6 arcsin

(√
1 + 4r2 − 1

2r

)
+ πk , k = 1, 2

}
=

= 4

1∫
1/n

dr

r

arcsin


√

1 + 4r2 − 1

2r

∫
0

dϕ = 4

1∫
1/n

1

r
arcsin

(√
1 + 4r2 − 1

2r

)
dr .

Ïðåäåë ïîñëåäîâàòåëüíîñòè {αn} ðàâåí

lim
n→∞

αn = 4

1∫
0

1

r
arcsin

(√
1 + 4r2 − 1

2r

)
dr .

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ
1

r
arcsin

(√
1 + 4r2 − 1

2r

)
èìååò ïðåäåëüíîå

çíà÷åíèå â òî÷êå r = 0 , ðàâíîå

lim
r→0

1

r
arcsin

(√
1 + 4r2 − 1

2r

)
= lim

r→0

1

r
arcsin

(
1 + 2r2 +O

(
r4
)
− 1

2r

)
=

= lim
r→0

arcsin
(
r +O

(
r3
))

r
= 1 .

Òîãäà, èíòåãðàë
1∫

0

1

r
arcsin

(√
1 + 4r2 − 1

2r

)
dr

ÿâëÿåòñÿ îïðåäåë¼ííûì èíòåãðàëîì, ðàâíûì êîíå÷íîìó ÷èñëó.

Ñëåäîâàòåëüíî, çàäàííûé äâîéíîé íåñîáñòâåííûé èíòåãðàë
s
D

dxdy

x2 + y2

ñõîäèòñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.5 Ïîâåðõíîñòíûå èíòåãðàëû

�����������������������������������������

2.5.1 Çàíÿòèå 24

Âû÷èñëåíèå ïëîùàäè ïîâåðõíîñòè â 3-õ ìåðíîì ïðîñòðàíñòâå.

1. ßâíîå çàäàíèå ïîâåðõíîñòè.

Åñëè óðàâíåíèå ïîâåðõíîñòè çàäàíî ÿâíî, òî åñòü z = z(x, y) , ãäå

(x, y) ∈ D− îãðàíè÷åííàÿ çàìêíóòàÿ îáëàñòü, ÿâëÿþùàÿñÿ ïðîåêöèåé
ïîâåðõíîñòè íà ïëîñêîñòü ïåðåìåííûõ x è y , òî ïëîùàäü ïîâåðõíîñòè ðàâíà

S =
x

D

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy .

2. Ïàðàìåòðè÷åñêîå çàäàíèå ïîâåðõíîñòè.

Åñëè ïîâåðõíîñòü çàäàíà ïàðàìåòðè÷åñêè, òî åñòü x = x(u, v) ,

y = y(u, v) , z = z(u, v) , ãäå (u, v) ∈ D− îãðàíè÷åííàÿ çàìêíóòàÿ îáëàñòü
è ôóíêöèè x = x(u, v) , y = y(u, v) , z = z(u, v) íåïðåðûâíî äèôôåðåíöèðó-
åìû â îáëàñòè D , òî ïëîùàäü ïîâåðõíîñòè ðàâíà

S =
x

D

√
EG− F 2 dudv ,

ãäå

E =

(
∂x

∂u

)2

+

(
∂y

∂u

)2

+

(
∂z

∂u

)2

, G =

(
∂x

∂v

)2

+

(
∂y

∂v

)2

+

(
∂z

∂v

)2

,

F =
∂x

∂u
· ∂x
∂v

+
∂y

∂u
· ∂y
∂v

+
∂z

∂u
· ∂z
∂v

.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.1 (�4036 [1]). Íàéòè ïëîùàäü ÷àñòè ïîâåðõíîñòè az = xy ,
çàêëþ÷¼ííîé âíóòðè öèëèíäðà x2 + y2 = a2 (a > 0) .

Ð å ø å í è å:

z =
xy

a
, D : x2 + y2 6 a2− ñëó÷àé ÿâíîãî çàäàíèÿ ïîâåðõíîñòè.

S =
x

D

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy =

{(
∂z

∂x

)2

=
y2

a2
,
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(
∂z

∂y

)2

=
x2

a2

}
=
x

D

√
1 +

y2

a2
+
x2

a2
dxdy =

=

{
Çàìåíà ïåðåìåííûõ:

{
x = ar cosϕ;

y = ar sinϕ
, |J | = a2r

}
=

= a2
x

D̃

√
1 + r2 r drdϕ =

{
D : x2 + y2 = a2 ←→ D̃ : r = 1 →

→ D̃ :

{
0 6 ϕ 6 2π ;

0 6 r 6 1

}
= a2

2π∫
0

dϕ

1∫
0

√
1 + r2 r dr =

= πa2

1∫
0

√
1 + r2 d

(
r2
)

=
2πa2

3

((
1 + r2

)3/2
∣∣∣r=1

r=0

)
=

2πa2

3

(
2
√

2− 1
)
.

Î ò â å ò:

S =
2πa2

3

(
2
√

2− 1
)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.2 (�4040 [1]). Íàéòè ïëîùàäü ÷àñòè ïîâåðõíîñòè

x2 + y2 + z2 = a2 , ðàñïîëîæåííîé âíå öèëèíäðîâ x2 + y2 = ±ax (a > 0) .

Ð å ø å í è å:

z = ±
√
a2 − x2 − y2 , D :

x
2 + y2 6 a2 ;(
x± a

2

)2

+ y2 >
a2

4

− ñëó÷àé ÿâíîãî çà-

äàíèÿ ïîâåðõíîñòè.

S =
x

D

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy =

=

D1 :


x2 + y2 6 a2 ;(

x− a

2

)2

+ y2 >
a2

4
;

x > 0 , y > 0

 =

= 8
x

D1

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy =

{(
∂z

∂x

)2

=
x2

a2 − x2 − y2
,

(
∂z

∂y

)2

=
y2

a2 − x2 − y2

}
= 8a

x

D1

dxdy√
a2 − x2 − y2

=

=

{
Çàìåíà ïåðåìåííûõ:

{
x = ar cosϕ;

y = ar sinϕ
, |J | = a2r

}
=
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= 8a2
x

D̃

r drdϕ√
1− r2

=

D1 :


x2 + y2 6 a2 ;(

x− a

2

)2

+ y2 >
a2

4
;

x > 0 , y > 0

←→

←→ D̃ :


r = 1 ;

r = cosϕ ;

ϕ = π/2 , ϕ = 0

→ D̃ :

{
0 6 ϕ 6 π/2 ;

cosϕ 6 r 6 1

 =

= 8a2

π/2∫
0

dϕ

1∫
cosϕ

r dr√
1− r2

= 4a2

π/2∫
0

(
−2
(
1− r2

)1/2
∣∣∣r=1

r=cosϕ

)
dϕ =

= 8a2

π/2∫
0

sinϕdϕ = 8a2
(
− cosϕ|ϕ=π/2

ϕ=0

)
= 8a2 .

Î ò â å ò:
S = 8a2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.3 (�4048 [1]). Íàéòè ïëîùàäü ÷àñòè ãåëèêîèäà x = r cosϕ ,
y = r sinϕ , z = hϕ , ãäå 0 < r < a , 0 < ϕ < 2π .

Ð å ø å í è å:

Ïîâåðõíîñòü çàäàíà ïàðàìåòðè÷åñêè.

S =
x

D

√
EG− F 2 drdϕ =

{
E =

(
∂x

∂r

)2

+

(
∂y

∂r

)2

+

(
∂z

∂r

)2

= 1 ,

G =

(
∂x

∂ϕ

)2

+

(
∂y

∂ϕ

)2

+

(
∂z

∂ϕ

)2

= r2 + h2 , F =
∂x

∂r
· ∂x
∂ϕ

+
∂y

∂r
· ∂y
∂ϕ

+

+
∂z

∂r
· ∂z
∂ϕ

= 0

}
=
x

D

√
r2 + h2 drdϕ =

{
D :

{
0 < r < a ;

0 < ϕ < 2π

}
=

=

2π∫
0

dϕ ·
a∫

0

√
r2 + h2 dr = 2π

((
r

2

√
r2 + h2 +

h2

2
ln (r+

+
√
r2 + h2

))∣∣∣r=a
r=0

)
= π

(
a
√
a2 + h2 + h2 ln

a+
√
a2 + h2

h

)
.

Î ò â å ò:

S = π

(
a
√
a2 + h2 + h2 ln

a+
√
a2 + h2

h

)
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Ïîâåðõíîñòíûå èíòåãðàëû.

1. Ïîâåðõíîñòíûé èíòåãðàë 1-îãî ðîäà.

Ïóñòü Φ− ãëàäêàÿ äâóñòîðîííÿÿ îãðàíè÷åííàÿ ïîâåðõíîñòü. Â êàæäîé
òî÷êå ïîâåðõíîñòè çàäàíà ôóíêöèÿ f(x, y, z) .

Ðàçîáú¼ì ïîâåðõíîñòü Φ êóñî÷íî-ãëàäêèìè êðèâûìè íà ÷àñòè Φi . ×åðåç
Si îáîçíà÷èì ïëîùàäü ÷àñòè Φi . Â êàæäîé ÷àñòè Φi âûáåðåì ïðîèçâîëü-
íóþ òî÷êó {xi, yi, zi} è âû÷èñëèì çíà÷åíèå ôóíêöèè f(xi, yi, zi) . Ñîñòàâèì
êîíå÷íóþ ñóììó

σ =
∑
i

f(xi, yi, zi)Si.

Îïðåäåëåíèå. Åñëè ïîñëåäîâàòåëüíîñòü {σ} , âîçíèêàþùàÿ ïðè áåñêîíå÷-
íîì èçìåëü÷åíèè ðàçáèåíèÿ Φ íà ÷àñòè Φi , èìååò ïðåäåë, êîòîðûé íå çàâèñèò
îò ñïîñîáà ðàçáèåíèÿ íà ÷àñòè Φi è âûáîðà òî÷åê {xi, yi, zi} , òî ýòîò ïðå-
äåë íàçûâàþò ïîâåðõíîñòíûì èíòåãðàëîì 1-îãî ðîäà îò ôóíêöèè f(x, y, z)
ïî ïîâåðõíîñòè Φ è îáîçíà÷àþò ñèìâîëîì

x

Φ

f(x, y, z) dS .

Òåîðåìà 1. Ïóñòü ïîâåðõíîñòü Φ çàäàíà ïàðàìåòðè÷åñêè, òî åñòü

x = x(u, v) , y = y(u, v) , z = z(u, v) , ãäå (u, v) ∈ Ω− îãðàíè÷åííàÿ çà-
ìêíóòàÿ îáëàñòü è ôóíêöèè x = x(u, v) , y = y(u, v) , z = z(u, v) íåïðåðûâíî
äèôôåðåíöèðóåìû â òî÷êàõ îáëàñòè Ω . Åñëè ôóíêöèÿ f(x, y, z) íåïðåðûâíà
â òî÷êàõ ïîâåðõíîñòè Φ , òî ïîâåðõíîñòíûé èíòåãðàë 1-îãî ðîäà îò ôóíêöèè
f(x, y, z) ïî ïîâåðõíîñòè Φ ñóùåñòâóåò è ìîæåò áûòü âû÷èñëåí ïî ôîðìóëå

x

Φ

f(x, y, z) dS =
x

Ω

f (x (u, v) , y (u, v) , z (u, v))
√
EG− F 2 dudv ,

ãäå

E =

(
∂x

∂u

)2

+

(
∂y

∂u

)2

+

(
∂z

∂u

)2

, G =

(
∂x

∂v

)2

+

(
∂y

∂v

)2

+

(
∂z

∂v

)2

,

F =
∂x

∂u
· ∂x
∂v

+
∂y

∂u
· ∂y
∂v

+
∂z

∂u
· ∂z
∂v

.

2. Ïîâåðõíîñòíûé èíòåãðàë 2-îãî ðîäà.

Ïóñòü â êàæäîé òî÷êå ïîâåðõíîñòè Φ çàäàí ïåðåìåííûé âåêòîð
~A(x, y, z) = {P (x, y, z), Q(x, y, z), R(x, y, z)} è åäèíè÷íûé âåêòîð íîðìà-

ëè ê ïîâåðõíîñòè Φ , êîòîðûé îáîçíà÷èì ~n(x, y, z) = {cosα(x, y, z),
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cos β(x, y, z), cos γ(x, y, z)} . Çäåñü P,Q,R− êîìïîíåíòû âåêòîðà ~A â äåêàð-
òîâîé êîîðäèíàòíîé ñèñòåìå è α(x, y, z), β(x, y, z), γ(x, y, z)− óãëû ìåæäó âåê-
òîðîì ~n è êîîðäèíàòíûìè îñÿìè x, y, z , ñîîòâåòñòâåííî (ñì. Ðèñ.24.1 ) .

�
�
�
�
��

-

6

y

x

z

Ðèñ.24.1

r
~A(x, y, z)

~n(x, y, z)

Φ

Çàäàäèì íà ïîâåðõíîñòè Φ ôóíêöèþ f(x, y, z) , ðàâíóþ ñêàëÿðíîìó ïðî-
èçâåäåíèþ âåêòîðîâ ~A è ~n :

f(x, y, z) =
(
~A(x, y, z) , ~n(x, y, z)

)
= P (x, y, z) cosα(x, y, z)+

+ Q(x, y, z) cos β(x, y, z) + R(x, y, z) cos γ(x, y, z) .

Îïðåäåëåíèå. Èíòåãðàë x

Φ

(
~A , ~n

)
dS

íàçûâàåòñÿ ïîâåðõíîñòíûì èíòåãðàëîì 2-îãî ðîäà îò ôóíêöèè f =
(
~A , ~n

)
ïî ïîâåðõíîñòè Φ .

Èñïîëüçóþòñÿ ñëåäóþùèå ôîðìû çàïèñè ïîâåðõíîñòíîãî èíòåãðàëà 2-îãî
ðîäà :

x

Φ

(
~A , ~n

)
dS =

x

Φ

(P cosα +Q cos β +R cos γ) dS =

= {cosα dS = dydz − ïðîåêöèÿ ýëåìåíòà ïëîùàäè dS íà êîîðäèíàòíóþ
ïëîñêîñòü (y, z) , cos β dS = dzdx , cos γ dS = dxdy} =

=
x

Φ

Pdydz + Qdzdx + Rdxdy .

Òåîðåìà 2. Ïóñòü ïîâåðõíîñòü Φ çàäàíà ïàðàìåòðè÷åñêè, òî åñòü

x = x(u, v) , y = y(u, v) , z = z(u, v) , ãäå (u, v) ∈ Ω è ôóíêöèè

x = x(u, v) , y = y(u, v) , z = z(u, v) íåïðåðûâíî äèôôåðåíöèðóåìû â
òî÷êàõ îáëàñòè Ω . Åñëè âåêòîðû ~A(x, y, z) è ~n(x, y, z) íåïðåðûâíû â òî÷êàõ
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ïîâåðõíîñòè Φ , òî ïîâåðõíîñòíûé èíòåãðàë 2-îãî ðîäà îò ôóíêöèè
(
~A , ~n

)
ïî ïîâåðõíîñòè Φ ñóùåñòâóåò è ìîæåò áûòü âû÷èñëåí ïî ôîðìóëå

x

Φ

(
~A , ~n

)
dS =

x

Ω

(P (x (u, v) , y (u, v) , z (u, v)) cosα+

+Q (x (u, v) , y (u, v) , z (u, v)) cos β +R (x (u, v) , y (u, v) , z (u, v)) cos γ) ·

·
√
EG− F 2 dudv =

{
ãäå cosα =

A

±
√
A2 +B2 + C2

,

cos β =
B

±
√
A2 +B2 + C2

, cos γ =
C

±
√
A2 +B2 + C2

, A =
D(y, z)

D(u, v)
,

B =
D(z, x)

D(u, v)
, C =

D(x, y)

D(u, v)
è
√
EG− F 2 =

√
A2 +B2 + C2

}
=

= ±
x

Ω

(P · A+Q ·B +R · C) dudv .

Âûáîð çíàêà ïåðåä äâîéíûì èíòåãðàëîì ñîãëàñóåòñÿ ñ âûáîðîì ñòîðîíû
äâóñòîðîííåé ïîâåðõíîñòè Φ , ïî êîòîðîé ïðîâîäèòñÿ èíòåãðèðîâàíèå.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

�
�
�
�
��

-

6

y

x

z

Ðèñ.24.2

��	

���

1

Sáîê

Sîñí
r
ϕ

v

u

�
�
�
�
��

-

6

y

x

z

Ðèñ.24.3

@@R���

h

S ~n (x, y, z)

�
���

-

6

y

x

z

a

a

a

�
���

S1

Ðèñ.24.4

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.4 (�4344 [1]). Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë 1-îãî ðîäà
x

S

(
x2 + y2

)
dS ,

ãäå S− ãðàíèöà òåëà
√
x2 + y2 6 z 6 1 .

Ð å ø å í è å:

Çàäàííîå òåëî ÿâëÿåòñÿ êîíóñîì. Ïîâåðõíîñòü S ñîñòîèò èç áîêîâîé ïî-
âåðõíîñòè êîíóñà (Sáîê) è ïîâåðõíîñòè îñíîâàíèÿ êîíóñà (Sîñí) (ñì. Ðèñ.24.2).

219



Âîçìîæíà îòäåëüíàÿ ïàðàìåòðèçàöèÿ áîêîâîé ïîâåðõíîñòè è ïîâåðõíîñòè îñ-
íîâàíèÿ êîíóñà.

x

S

(
x2 + y2

)
dS =

x

Sîñí

(
x2 + y2

)
dS +

x

Sáîê

(
x2 + y2

)
dS =

=

Sîñí :


x = r cosϕ ;

y = r sinϕ ;

z = 1

→ Dîñí :

{
0 6 ϕ < 2π ;

0 6 r 6 1
, E = 1 , G = r2,

F = 0 ; Sáîê :


x = u cos v ;

y = u sin v ;

z = u

→ Dáîê :

{
0 6 v < 2π ;

0 6 u 6 1
, E = 2 ,

G = u2 , F = 0
}

=

2π∫
0

dϕ

1∫
0

r2 r dr +

2π∫
0

dv

1∫
0

u2
√

2u du =

= 2π · 1

4
+ 2π ·

√
2 · 1

4
=
π

2

(
1 +
√

2
)
.

Î ò â å ò: x

S

(
x2 + y2

)
dS =

π

2

(
1 +
√

2
)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.5 (�4364 [1]). Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë 2-îãî ðîäà
x

S

(y − z) dydz + (z − x) dzdx+ (x− y) dxdy ,

ãäå S− âíåøíÿÿ ñòîðîíà êîíè÷åñêîé ïîâåðõíîñòè x2 + y2 = z2 (0 6 z 6 h) .

Ð å ø å í è å:

Åäèíè÷íàÿ íîðìàëü ê âíåøíåé ñòîðîíå êîíè÷åñêîé ïîâåðõíîñòè S èìååò
êîìïîíåíòû ~n(x, y, z) = {cosα, cos β, cos γ} , ãäå cos γ = const < 0 (ñì.
Ðèñ.24.3).

x

S

(y − z) dydz + (z − x) dzdx+ (x− y) dxdy =

=
x

S

((y − z) cosα + (z − x) cos β + (x− y) cos γ) dS =

=

S :


x = u cos v ;

y = u sin v ;

z = u

→ Ω :

{
0 6 v < 2π ;

0 6 u 6 h
, E = 2 , G = u2 ,

220



F = 0 , A =
D(y, z)

D(u, v)
=

∣∣∣∣∣∣∣∣∣
∂y

∂u

∂z

∂u

∂y

∂v

∂z

∂v

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣ sin v 1
u cos v 0

∣∣∣∣ = −u cos v ,

B =
D(z, x)

D(u, v)
= · · · = −u sin v , C =

D(x, y)

D(u, v)
= · · · = u ,

√
EG− F 2 =

=
√
A2 +B2 + C2 = u

√
2 , cos γ =

C

±
√
A2 +B2 + C2

= ± 1√
2
.

Òàê êàê èíòåãðàë âû÷èñëÿåòñÿ ïî âíåøíåé ñòîðîíå êîíè÷åñêîé
ïîâåðõíîñòè, òî cos γ = const < 0 . Ïîòîìó, â ôîðìóëàõ äëÿ êîìïî-
íåíò åäèíè÷íîé íîðìàëè âûáèðàåòñÿ íèæíèé çíàê (−).→

→ cosα =
A

−
√
A2 +B2 + C2

=
1√
2

cos v , cos β =
B

−
√
A2 +B2 + C2

=

=
1√
2

sin v , cos γ =
C

−
√
A2 +B2 + C2

= − 1√
2

}
=

=
x

Ω

(
(u sin v − u)

1√
2

cos v + (u− u cos v)
1√
2

sin v − (u cos v−

−u sin v)
1√
2

)
u
√

2 dudv = 2
x

Ω

u2 (sin v − cos v) dudv =

= 2 ·
2π∫

0

(sin v − cos v) dv

︸ ︷︷ ︸
= 0

·
h∫

0

u2 du = 0 .

Î ò â å ò: x

S

(y − z) dydz + (z − x) dzdx+ (x− y) dxdy = 0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.6 (�4037 [1]). Íàéòè ïëîùàäü ïîâåðõíîñòè òåëà, îãðàíè÷åííîãî
ïîâåðõíîñòÿìè x2 + z2 = a2 , y2 + z2 = a2 .

Ð å ø å í è å:

Ïîâåðõíîñòü òåëà ñèììåòðè÷íà îòíîñèòåëüíî âñåõ òð¼õ êîîðäèíàòíûõ
ïëîñêîñòåé äåêàðòîâîé ïðÿìîóãîëüíîé ñèñòåìû êîîðäèíàò. Êðîìå òîãî, â îá-
ëàñòè x > 0 , y > 0 , z > 0 ïîâåðõíîñòü ñèììåòðè÷íà îòíîñèòåëüíî ïëîñêîñòè
x = y . Ïîýòîìó, èñêîìàÿ ïëîùàäü ðàâíà S = 16 · S1 , ãäå S1− ïëîùàäü ïî-
âåðõíîñòè, èçîáðàæ¼ííîé íà Ðèñ.24.4.
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S = 16 · S1 = 16
x

D

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy =

=

{
z =

√
a2 − x2 →

(
∂z

∂x

)2

=
x2

a2 − x2
,

(
∂z

∂y

)2

= 0

}
=

= 16a
x

D

dxdy√
a2 − x2

=

{
D :

{
0 6 x 6 a;

0 6 y 6 x

}
= 16a

a∫
0

dx

x∫
0

dy√
a2 − x2

=

= 16a

a∫
0

x dx√
a2 − x2

= 16a
(
−
(
a2 − x2

)1/2
∣∣∣x=a

x=0

)
= 16a2 .

Î ò â å ò:
S = 16a2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.7 (�4041 [1]). Íàéòè ïëîùàäü ÷àñòè ïîâåðõíîñòè z =
√
x2 + y2,

çàêëþ÷¼ííîé âíóòðè öèëèíäðà x2 + y2 = 2x .

Ð å ø å í è å:

z =
√
x2 + y2− ïîâåðõíîñòü çàäàíà ÿâíî. Îáëàñòü èçìåíåíèÿ ïåðåìåííûõ

D : x2 + y2 6 2x− êðóã åäèíè÷íîãî ðàäèóñà.

S =
x

D

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy =

=

{
z =

√
x2 + y2 →

(
∂z

∂x

)2

=
x2

x2 + y2
,

(
∂z

∂y

)2

=
y2

x2 + y2
→

→

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=
√

2

 =
√

2 ·
x

D

dxdy =
√

2 · SD︸︷︷︸
=π

= π
√

2 .

Î ò â å ò:
S = π

√
2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.8 (�4049 [1]). Íàéòè ïëîùàäü ÷àñòè ïîâåðõíîñòè

x = (b+ a cosψ) cosϕ , y = (b+ a cosψ) sinϕ , z = a sinψ (0 < a 6 b ,
0 6 ϕ < 2π , 0 6 ψ < 2π , ñì. Ðèñ.24.5) , îãðàíè÷åííîé äâóìÿ ìåðèäèàíàìè
ϕ = ϕ1 , ϕ = ϕ2 è äâóìÿ ïàðàëëåëÿìè ψ = ψ1 , ψ = ψ2 . ×åìó ðàâíà ïëîùàäü
ïîâåðõíîñòè âñåãî òîðà?

Ð å ø å í è å:
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Ïîâåðõíîñòü çàäàíà ïàðàìåòðè÷åñêè.

S =
x

D

√
EG− F 2 dϕdψ =

{
E =

(
∂x

∂ϕ

)2

+

(
∂y

∂ϕ

)2

+

(
∂z

∂ϕ

)2

= . . .

· · · = (b+ a cosψ)2 , G =

(
∂x

∂ψ

)2

+

(
∂y

∂ψ

)2

+

(
∂z

∂ψ

)2

= · · · = a2 ,

F =
∂x

∂ϕ
· ∂x
∂ψ

+
∂y

∂ϕ
· ∂y
∂ψ

+
∂z

∂ϕ
· ∂z
∂ψ

= · · · = 0

}
=

=
x

D

a (b+ a cosψ) dϕdψ =

{
D :

{
ϕ1 6 ϕ 6 ϕ2 ;

ψ1 6 ψ 6 ψ2

}
=

= a

ϕ2∫
ϕ1

dϕ

ψ2∫
ψ1

(b+ a cosψ) dψ =

= a · (ϕ2 − ϕ1) · (b · (ψ2 − ψ1) + a · (sinψ2 − sinψ1)) .

Ïëîùàäü ïîâåðõíîñòè âñåãî òîðà ðàâíà

Sòîðà = a · (ϕ2 − ϕ1) · (b · (ψ2 − ψ1) + a · (sinψ2 − sinψ1)) = {ϕ1 = 0 ,

ϕ2 = 2π , ψ1 = 0 , ψ2 = 2π} = a · 2π · (b · 2π + a · 0) = 4π2ab .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

�
�
�
�
��

-

6

y

x

z

Ðèñ.24.5

ϕ

ψ
ab

�
�
�
�
��

-

6

y

x

z

Ðèñ.24.6

S4
@@I

S3
-

S2

S1

1

1
1 �

�
���

-

6

y

x

z

�
��
���
~n

~r
r

Ðèñ.24.7
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 24.9 (�4341 [1]). Íà ñêîëüêî îòëè÷àþòñÿ äðóã îò äðóãà ïîâåðõ-
íîñòíûå èíòåãðàëû

I1 =
x

S

(
x2 + y2 + z2

)
dS , I2 =

x

P

(
x2 + y2 + z2

)
dP ,

ãäå S− ïîâåðõíîñòü ñôåðû x2 + y2 + z2 = a2 è P − ïîâåðõíîñòü îêòàýäðà
|x|+ |y|+ |z| = a (a > 0) , âïèñàííîãî â ýòó ñôåðó?
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Ð å ø å í è å:

I1 =
x

S

(
x2 + y2 + z2

)
dS =

S :


x = a sin θ cosϕ;

y = a sin θ sinϕ;

z = a cos θ

→ E = a2 sin2 θ,

G = a2 , F = 0 ,
√
EG− F 2 = a2 sin θ

}
=
x

D

a2 · a2 sin θ dϕdθ =

=

{
D :

{
0 6 ϕ < 2π ;

0 6 θ 6 π

}
= a4

2π∫
0

dϕ

π∫
0

sin θ dθ = a4·2π·(− cos θ|θ=πθ=0

)
=

= 4πa4

I2 =
x

P

(
x2 + y2 + z2

)
dP =

{
P1 :

{
x > 0 , y > 0 , z > 0 ;

x+ y + z = a

}
=

= 8
x

P1

(
x2 + y2 + z2

)
dP =

{
D :

{
0 6 x 6 a ;

0 6 y 6 a− x
, z = a− x− y ,√

1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=
√

3

 =

= 8
√

3
x

D

(
x2 + y2 + (a− x− y)2

)
dxdy =

= 8
√

3

a∫
0

dx

a−x∫
0

(
x2 + y2 + (a− x− y)2

)
dy = 8

√
3

a∫
0

(
x2
(
y|y=a−x
y=0

)
+

+
1

3

(
y3
∣∣y=a−x
y=0

)
− 1

3

(
(a− x− y)3

∣∣∣y=a−x

y=0

))
dx = 8

√
3

a∫
0

(
x2 (a− x) +

+
2

3
(a− x)3

)
dx = 8

√
3

(
a

3

(
x3
∣∣x=a

x=0

)
− 1

4

(
x4
∣∣x=a

x=0

)
−

−1

6

(
(a− x)4

∣∣∣x=a

x=0

))
= 8
√

3

(
a4

3
− a4

4
+
a4

6

)
= 2
√

3 a4

Î ò â å ò:
I1 − I2 = 2

(
2π −

√
3
)
a4

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 24.10 (�4345 [1]). Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë 1-îãî ðîäà
x

S

dS

(1 + x+ y)2 ,

ãäå S− ãðàíèöà òåòðàýäðà x+ y + z 6 1 , x > 0 , y > 0 , z > 0 .

Ð å ø å í è å:
x

S

dS

(1 + x+ y)2 = {Ïîâåðõíîñòü S ñîñòîèò èç òðåóãîëüíèêîâ S1 ,

S2 , S3 , S4 (ñì. Ðèñ.24.6)} =
x

S1

dS

(1 + x+ y)2︸ ︷︷ ︸
= I1

+
x

S2

dS

(1 + x+ y)2︸ ︷︷ ︸
= I2

+

+
x

S3

dS

(1 + x+ y)2︸ ︷︷ ︸
= I3

+
x

S4

dS

(1 + x+ y)2︸ ︷︷ ︸
= I4

I1 =
x

S1

dS

(1 + x+ y)2 =

S1 :


x = u ;

y = v ;

z = 0

→ D1 :

{
0 6 u 6 1 ;

0 6 v 6 1− u
,

E = G = 1 , F = 0 ,
√
EG− F 2 = 1

}
=
x

D1

dudv

(1 + u+ v)2 =

=

1∫
0

du

1−u∫
0

dv

(1 + u+ v)2 =

1∫
0

(
− 1

1 + u+ v

∣∣∣∣v=1−u

v=0

)
du =

=

1∫
0

(
−1

2
+

1

1 + u

)
du = −1

2
· u|u=1

u=0 + ln (1 + u)|u=1
u=0 = −1

2
+ ln 2

I2 =
x

S2

dS

(1 + x+ y)2 =

S2 :


x = 0 ;

y = u ;

z = v

→ D2 :

{
0 6 u 6 1 ;

0 6 v 6 1− u
,

E = G = 1 , F = 0 ,
√
EG− F 2 = 1

}
=
x

D2

dudv

(1 + u)2 =

=

1∫
0

du

(1 + u)2

1−u∫
0

dv =

1∫
0

1− u
(1 + u)2 du =

1∫
0

(
2

(1 + u)2 −
1

1 + u

)
du =
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= 2

(
− 1

1 + u

∣∣∣∣u=1

u=0

)
−
(

ln (1 + u)|u=1
u=0

)
= 1 − ln 2

I3 =
x

S3

dS

(1 + x+ y)2 =

S3 :


x = u ;

y = 0 ;

z = v

→ D3 :

{
0 6 u 6 1 ;

0 6 v 6 1− u
,

E = G = 1 , F = 0 ,
√
EG− F 2 = 1

}
=
x

D3

dudv

(1 + u)2 =

=

1∫
0

du

(1 + u)2

1−u∫
0

dv =

1∫
0

1− u
(1 + u)2 du =

1∫
0

(
2

(1 + u)2 −
1

1 + u

)
du =

= 2

(
− 1

1 + u

∣∣∣∣u=1

u=0

)
−
(

ln (1 + u)|u=1
u=0

)
= 1 − ln 2

I4 =
x

S4

dS

(1 + x+ y)2 =

S4 :


x = u ;

y = v ;

z = 1− u− v
→ D4 :

{
0 6 u 6 1 ;

0 6 v 6 1− u

E = G = 2 , F = 1 ,
√
EG− F 2 =

√
3
}

=
√

3
x

D4

dudv

(1 + u+ v)2 =

=
√

3

1∫
0

du

1−u∫
0

dv

(1 + u+ v)2 =
√

3

1∫
0

(
− 1

1 + u+ v

∣∣∣∣v=1−u

v=0

)
du =

=
√

3

1∫
0

(
−1

2
+

1

1 + u

)
du =

√
3

(
−1

2
· u|u=1

u=0 + ln (1 + u)|u=1
u=0

)
=

=
√

3

(
−1

2
+ ln 2

)
x

S

dS

(1 + x+ y)2 = I1 + I2 + I3 + I4 =
3−
√

3

2
+
(√

3− 1
)

ln 2

Î ò â å ò: x

S

dS

(1 + x+ y)2 =
3−
√

3

2
+
(√

3− 1
)

ln 2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 24.11 (�4362 [1]). Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë 2-îãî ðîäà
x

S

x dydz + y dzdx+ z dxdy ,

ãäå S− âíåøíÿÿ ñòîðîíà ñôåðû x2 + y2 + z2 = a2 (a > 0) .

Ð å ø å í è å:

1)
x

S

xdydz+ydzdx+zdxdy =
{
~A(x, y, z) = {P,Q,R} = {x, y, z} = ~r−

−ðàäèóñ-âåêòîð òî÷êè {x, y, z}} =
x

S

(
~A , ~n

)
dS =

=

{
S : x2 + y2 + z2 = a2 − ñôåðà ðàäèóñà a (ñì. Ðèñ.24.7) → ~n =

~r

r
,

r =
√
x2 + y2 + z2

}
=
x

S

(
~r ,

~r

r

)
dS =

x

S

r︸︷︷︸
= a íà ñôåðå S

dS =

= a ·
x

S

dS︸ ︷︷ ︸
= 4πa2−ïëîùàäü
ñôåðû ðàäèóñà a

= 4πa3 .

2)
x

S

xdydz + ydzdx+ zdxdy =
x

S

(x cosα + y cos β + z cos γ) dS =

=

S :


x = a sin θ cosϕ;

y = a sin θ sinϕ;

z = a cos θ

, D :

{
0 6 ϕ < 2π ;

0 6 θ 6 π
, A =

D(y, z)

D(ϕ, θ)
=

=

∣∣∣∣a sin θ cosϕ a cos θ sinϕ
0 −a sin θ

∣∣∣∣ = −a2 sin2 θ cosϕ , B =
D(z, x)

D(ϕ, θ)
= · · · =

= −a2 sin2 θ sinϕ , C =
D(x, y)

D(ϕ, θ)
= · · · = −a2 sin θ cos θ ,√

A2 +B2 + C2 = a2 sin θ , cosα =
A

±
√
A2 +B2 + C2

=

=
−a2 sin2 θ cosϕ

±a2 sin θ
= ∓ sin θ cosϕ . Ïðè 0 < ϕ < π/2 è 0 < θ < π/2

äîëæíî âûïîëíÿòüñÿ íåðàâåíñòâî cosα > 0. Ïîòîìó, â ôîðìóëàõ äëÿ

êîìïîíåíò åäèíè÷íîé íîðìàëè âûáèðàåòñÿ íèæíèé çíàê (−).
}

=

= −
x

D

(P · A+Q ·B +R · C) dϕdθ = −
x

D

(
−a3 sin3 θ cos2 ϕ−
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−a3 sin3 θ sin2 ϕ− a3 cos2 θ sin θ
)
dϕdθ =

x

D

a3 sin θ dϕdθ =

= a3

2π∫
0

dϕ

π∫
0

sin θ dθ = a3 2π
(
− cos θ|θ=πθ=0

)
= 4πa3 .

Î ò â å ò: x

S

x dydz + y dzdx+ z dxdy = 4πa3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.6 Êðèâîëèíåéíûå èíòåãðàëû

�����������������������������������������

2.6.1 Çàíÿòèå 25

1. Êðèâîëèíåéíûé èíòåãðàë 1-îãî ðîäà.

Ïóñòü L− ãëàäêàÿ êîíå÷íàÿ êðèâàÿ â 3-õ ìåðíîì ïðîñòðàíñòâå. Â êàæäîé
òî÷êå êðèâîé L çàäàíà ôóíêöèÿ f(x, y, z) .

Ðàçîáú¼ì êðèâóþ L íà ÷àñòè li (êîíå÷íîå ÷èñëî). ×åðåç ∆li îáîçíà÷èì
äëèíó ÷àñòè li . Â êàæäîé ÷àñòè li âûáåðåì ïðîèçâîëüíóþ òî÷êó {xi, yi, zi}
è âû÷èñëèì çíà÷åíèå ôóíêöèè f(xi, yi, zi) . Ñîñòàâèì êîíå÷íóþ ñóììó

σ =
∑
i

f(xi, yi, zi) ∆li.

Îïðåäåëåíèå. Åñëè ïîñëåäîâàòåëüíîñòü {σ} , âîçíèêàþùàÿ ïðè áåñêîíå÷-
íîì èçìåëü÷åíèè ðàçáèåíèÿ L íà ÷àñòè li , èìååò ïðåäåë, êîòîðûé íå çàâèñèò
îò ñïîñîáà ðàçáèåíèÿ íà ÷àñòè li è âûáîðà òî÷åê {xi, yi, zi} , òî ýòîò ïðåäåë
íàçûâàåòñÿ êðèâîëèíåéíûì èíòåãðàëîì 1-îãî ðîäà îò ôóíêöèè f(x, y, z) ïî
êðèâîé L è îáîçíà÷àþò ñèìâîëîì∫

L

f(x, y, z) dl .

Òåîðåìà 1. Ïóñòü êðèâàÿ L çàäàíà ïàðàìåòðè÷åñêè, òî åñòü x = x(t) ,
y = y(t) , z = z(t) , ãäå t1 6 t 6 t2 è ôóíêöèè x = x(t) , y = y(t) ,

z = z(t) íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè ïåðåìåííîé t . Åñëè
ôóíêöèÿ f(x, y, z) íåïðåðûâíà â òî÷êàõ êðèâîé L , òî êðèâîëèíåéíûé èíòå-
ãðàë 1-îãî ðîäà îò ôóíêöèè f(x, y, z) ïî êðèâîé L ñóùåñòâóåò è ìîæåò áûòü
âû÷èñëåí ïî ôîðìóëå

∫
L

f(x, y, z) dl =

t2∫
t1

f (x (t) , y (t) , z (t))
√
x2
t + y2

t + z2
t dt .

2. Êðèâîëèíåéíûé èíòåãðàë 2-îãî ðîäà.

Ïóñòü â êàæäîé òî÷êå ãëàäêîé êðèâîé L çàäàí ïåðåìåííûé âåêòîð
~A(x, y, z) = {P (x, y, z), Q(x, y, z), R(x, y, z)} è åäèíè÷íûé âåêòîð êàñà-

òåëüíûé ê êðèâîé L , êîòîðûé îáîçíà÷èì ~τ(x, y, z) = {cosα(x, y, z),
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cos β(x, y, z), cos γ(x, y, z)} . Çäåñü P,Q,R− êîìïîíåíòû âåêòîðà ~A â äåêàð-
òîâîé êîîðäèíàòíîé ñèñòåìå è α(x, y, z), β(x, y, z), γ(x, y, z)− óãëû ìåæäó âåê-
òîðîì ~τ è êîîðäèíàòíûìè îñÿìè x, y, z , ñîîòâåòñòâåííî (ñì. Ðèñ.25.1 ) .

�
�
�
�
��

-

6

y

x

z

Ðèñ.25.1

r
~A(x, y, z)

~τ(x, y, z)

L

Çàäàäèì íà êðèâîé L ôóíêöèþ f(x, y, z) , ðàâíóþ ñêàëÿðíîìó ïðîèçâå-
äåíèþ âåêòîðîâ ~A è ~τ :

f(x, y, z) =
(
~A(x, y, z) , ~τ(x, y, z)

)
= P (x, y, z) cosα(x, y, z)+

+ Q(x, y, z) cos β(x, y, z) + R(x, y, z) cos γ(x, y, z) .

Îïðåäåëåíèå. Èíòåãðàë ∫
L

(
~A , ~τ

)
dl

íàçûâàåòñÿ êðèâîëèíåéíûì èíòåãðàëîì 2-îãî ðîäà îò ôóíêöèè f =
(
~A , ~τ

)
ïî êðèâîé L .

Èñïîëüçóþòñÿ ñëåäóþùèå ôîðìû çàïèñè êðèâîëèíåéíîãî èíòåãðàëà 2-îãî
ðîäà :∫

L

(
~A , ~τ

)
dl =

∫
L

(P cosα +Q cos β +R cos γ) dl =

= {cosα dl = dx − ïðîåêöèÿ ýëåìåíòà äëèíû dl íà êîîðäèíàòíóþ

îñü x , cos β dl = dy , cos γ dl = dz} =

∫
L

Pdx + Qdy + Rdz .

Òåîðåìà 2. Ïóñòü êðèâàÿ L çàäàíà ïàðàìåòðè÷åñêè, òî åñòü x = x(t) ,
y = y(t) , z = z(t) , ãäå t1 6 t 6 t2 ( t1− ñîîòâåòñòâóåò íà÷àëó êðèâîé L ,
t2− ñîîòâåòñòâóåò êîíöó êðèâîé L ) è ôóíêöèè x = x(t) , y = y(t) ,
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z = z(t) íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè ïåðåìåííîé t . Åñëè
âåêòîðû ~A(x, y, z) è ~τ(x, y, z) íåïðåðûâíû â òî÷êàõ êðèâîé L , òî êðèâîëè-

íåéíûé èíòåãðàë 2-îãî ðîäà îò ôóíêöèè
(
~A , ~τ

)
ïî êðèâîé L ñóùåñòâóåò è

ìîæåò áûòü âû÷èñëåí ïî ôîðìóëå

∫
L

(
~A , ~τ

)
dl =

∫
L

Pdx+Qdy +Rdz =

t2∫
t1

(P (x (t) , y (t) , z (t))x′ (t) +

+Q (x (t) , y (t) , z (t)) y′ (t) +R (x (t) , y (t) , z (t)) z′ (t)) dt .

Ñëó÷àé ïîëíîãî äèôôåðåíöèàëà.

Åñëè â êðèâîëèíåéíîì èíòåãðàëå 2-îãî ðîäà
∫
L

Pdx+Qdy+Rdz èíòåãðè-

ðóåòñÿ ïîëíûé äèôôåðåíöèàë, òî åñòü Pdx + Qdy + Rdz = du(x, y, z) , ãäå
u(x, y, z) ÿâëÿåòñÿ îäíîçíà÷íîé ôóíêöèåé â 3-õ ìåðíîé îáëàñòè V , ñîäåðæà-
ùåé êðèâóþ L , òî íåçàâèñèìî îò âèäà êðèâîé L , èìååò ìåñòî ðàâåíñòâî∫

L

Pdx+Qdy +Rdz = u(x2, y2, z2)− u(x1, y1, z1) ,

ãäå {x1, y1, z1} − íà÷àëüíàÿ è {x2, y2, z2} − êîíå÷íàÿ òî÷êà êðèâîé L .

Òåîðåìà 3. Åñëè ôóíêöèè P (x, y, z) , Q(x, y, z) , R(x, y, z) èìåþò íåïðå-
ðûâíûå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà ïî âñåì ïåðåìåííûì â îáëàñòè
V , òî äëÿ òîãî, ÷òîáû âûðàæåíèå Pdx+Qdy+Rdz áûëî ïîëíûì äèôôåðåí-

öèàëîì íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå ðàâåíñòâ
∂P

∂y
=
∂Q

∂x
,
∂Q

∂z
=
∂R

∂y

è
∂R

∂x
=
∂P

∂z
.

Òîãäà, ôóíêöèþ u(x, y, z) ìîæíî íàéòè ïî ôîðìóëå

u(x, y, z) =

x∫
x0

P (x, y, z) dx+

y∫
y0

Q(x0, y, z) dy +

z∫
z0

R(x0, y0, z) dz ,

ãäå {x0, y0, z0} − ïðîèçâîëüíàÿ ôèêñèðîâàííàÿ òî÷êà îáëàñòè V .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.1 (�4226 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 1-îãî ðîäà∫
C

e
√
x2+y2 dS ,

ãäå C − âûïóêëûé êîíòóð, ñîñòàâëåííûé ëèíèÿìè r = a , ϕ = 0 , ϕ = π/4
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( r è ϕ− ïîëÿðíûå êîîðäèíàòû ) .

Ð å ø å í è å:

Çàìêíóòûé êîíòóð C ñîñòîèò èç ÷àñòåé C1 , C2 è C3 , äîïóñêàþùèõ ïà-
ðàìåòðèçàöèþ (ñì. Ðèñ.25.2).∫

C

e
√
x2+y2 dS =

∫
C1

e
√
x2+y2 dS +

∫
C2

e
√
x2+y2 dS +

∫
C3

e
√
x2+y2 dS =

=

C1 :


x = x ;

y = 0 ;

z = 0

, 0 6 x 6 a ,
√
x2
x + y2

x + z2
x = 1 ;

C2 :


x = a cosϕ ;

y = a sinϕ ;

z = 0

, 0 6 ϕ 6 π/4 ,
√
x2
ϕ + y2

ϕ + z2
ϕ = a ;

C3 :


x = r cos(π/4) ;

y = r sin(π/4) ;

z = 0

, 0 6 r 6 a ,
√
x2
r + y2

r + z2
r = 1

 =

=

a∫
0

ex dx+aea·
π/4∫
0

dϕ+

a∫
0

er dr = ea−1+aea
π

4
+ea−1 = 2 (ea − 1)+aea

π

4
.

Î ò â å ò: ∫
C

e
√
x2+y2 dS = 2 (ea − 1) + aea

π

4

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

�
�
�
�
��

-

6

x

z

y

Ðèñ.25.2

aC1

C2
C3

π/4

�
�
�
�
��

-

6

y

x

z

Ðèñ.25.3

@
@I

1

1

1ϕ2

ϕ1

ϕ3 C2
C3

C1
x2 + y2 + z2 = 1

�
�
���

-

6

y

x

z

r

Ðèñ.25.4

a

a

a

C

α
�
�
�� ϕH

HHY

{x, y, z}
�

��	

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.2 (�4232 [1]). Íàéòè äëèíó ïðîñòðàíñòâåííîé êðèâîé
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x = e−t cos t , y = e−t sin t , z = e−t , ïðè 0 < t < +∞ .

Ð å ø å í è å:

dL =

∫
L

dl =

L :


x = e−t cos t ;

y = e−t sin t ;

z = e−t
, 0 < t < +∞ ,

√
x2
t + y2

t + z2
t =

=

√
(−e−t cos t− e−t sin t)2 + (−e−t sin t+ e−t cos t)2 + (−e−t)2 =

=
√

3e−t
}

=
√

3

∞∫
0

e−t dt =
√

3 .

Î ò â å ò: ∫
L

dl =
√

3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.3 (�4248 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 2-îãî ðîäà∫
OA

x dy − y dx ,

ãäå O− íà÷àëî êîîðäèíàò è òî÷êà A èìååò êîîðäèíàòû {1, 2} , åñëè:
à) OA− îòðåçîê ïðÿìîé ëèíèè ;

á) OA− ïàðàáîëà, îñü êîòîðîé åñòü Oy ;

â) OA− ëîìàíàÿ ëèíèÿ, ñîñòîÿùàÿ èç îòðåçêà OB îñè Ox è îòðåçêà
BA , ïàðàëëåëüíîãî îñè Oy .

Ð å ø å í è å:

à)
∫
L

x dy − y dx =

L : y = 2x→


x = t ;

y = 2t ;

z = 0

, 0 6 t 6 1

 =

=

1∫
0

(t · 2− 2t) dt = 0 ;

á)
∫
L

x dy − y dx =

L : y = 2x2 →


x = t ;

y = 2t2 ;

z = 0

, 0 6 t 6 1

 =
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=

1∫
0

(
t · 4t− 2t2

)
dt = 2

1∫
0

t2 dt =
2

3
;

â)
∫
L

x dy − y dx =

∫
L1

x dy − y dx+

∫
L2

x dy − y dx =

L1 :


x = t ;

y = 0 ;

z = 0

,

0 6 t 6 1 , L2 :


x = 1 ;

y = t ;

z = 0

, 0 6 t 6 2

 =

=

1∫
0

(t · 0− 0 · 1) dt +

2∫
0

(1− t · 0) dt = 2 .

Î ò â å ò:

à)
∫
OA

x dy − y dx = 0 ;

á)
∫
OA

x dy − y dx =
2

3
;

â)
∫
OA

x dy − y dx = 2 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.4 (�4283 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 2-îãî ðîäà∫
C

(
y2 − z2

)
dx+

(
z2 − x2

)
dy +

(
x2 − y2

)
dz ,

ãäå C − êîíòóð, îãðàíè÷èâàþùèé ÷àñòü ñôåðû x2+y2+z2 = 1 , x > 0 , y > 0 ,
z > 0 , ïðîáåãàåìûé òàê, ÷òî âíåøíÿÿ ñòîðîíà ýòîé ïîâåðõíîñòè îñòà¼òñÿ
ñëåâà.

Ð å ø å í è å:

Êîíòóð èíòåãðèðîâàíèÿ C ñîñòîèò èç ÷àñòåé C1 , C2 è C3 (ñì. Ðèñ.25.3).∫
C

(
y2 − z2

)
dx+

(
z2 − x2

)
dy +

(
x2 − y2

)
dz =

∫
C1

(
y2 − z2

)
dx+

+
(
z2 − x2

)
dy+

(
x2 − y2

)
dz+

∫
C2

(
y2 − z2

)
dx+

(
z2 − x2

)
dy+

(
x2 − y2

)
dz+
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+

∫
C3

(
y2 − z2

)
dx+

(
z2 − x2

)
dy+

(
x2 − y2

)
dz =

C1 :


x = cosϕ1 ;

y = sinϕ1 ;

z = 0

,

0 6 ϕ1 6
π

2
; C2 :


x = 0 ;

y = cosϕ2 ;

z = sinϕ2

, 0 6 ϕ2 6
π

2
;

C3 :


x = sinϕ3 ;

y = 0 ;

z = cosϕ3

, 0 6 ϕ3 6
π

2

 = −
π/2∫
0

(
sin3 ϕ1 + cos3 ϕ1

)
dϕ1−

−
π/2∫
0

(
sin3 ϕ2 + cos3 ϕ2

)
dϕ2 −

π/2∫
0

(
cos3 ϕ3 + sin3 ϕ3

)
dϕ3 =

= −3

π/2∫
0

sin3 ϕdϕ− 3

π/2∫
0

cos3 ϕdϕ = 3

π/2∫
0

(
1− cos2 ϕ

)
d (cosϕ)−

− 3

π/2∫
0

(
1− sin2 ϕ

)
d (sinϕ) = 3

((
cosϕ|ϕ=π/2

ϕ=0

)
− 1

3

(
cos3 ϕ

∣∣ϕ=π/2

ϕ=0

))
−

− 3

((
sinϕ|ϕ=π/2

ϕ=0

)
− 1

3

(
sin3 ϕ

∣∣ϕ=π/2

ϕ=0

))
= −4 .

Î ò â å ò: ∫
C

(
y2 − z2

)
dx+

(
z2 − x2

)
dy +

(
x2 − y2

)
dz = −4

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.5 (�4252 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 2-îãî ðîäà∮
C

(x+ y) dx+ (x− y) dy , ãäå C − ýëëèïñ
x2

a2
+
y2

b2
= 1 ,

ïðîáåãàåìûé ïðîòèâ õîäà ÷àñîâîé ñòðåëêè.

Ð å ø å í è å:

Íà çàìêíóòîì êîíòóðå C çàäàí âåêòîð

~A(x, y, z) =

x+ y︸ ︷︷ ︸
=P

, x− y︸ ︷︷ ︸
=Q

, 0︸︷︷︸
=R

 .
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Â äâóìåðíîé îáëàñòè, ñîäåðæàùåé âåñü êîíòóð C , êîìïîíåíòû âåêòîðà ~A
è èõ ÷àñòíûå ïðîèçâîäíûå ïî âñåì ïåðåìåííûì íåïðåðûâíû. Ïîêàæåì, ÷òî
(x+ y) dx+ (x− y) dy ÿâëÿåòñÿ ïîëíûì äèôôåðåíöèàëîì.

∂P

∂y
= 1 ,

∂P

∂z
= 0 ,

∂Q

∂x
= 1 ,

∂Q

∂z
= 0 ,

∂R

∂x
= 0 ,

∂R

∂y
= 0→

→ ∂P

∂y
=
∂Q

∂x
,
∂Q

∂z
=
∂R

∂y
,
∂R

∂x
=
∂P

∂z
→

→ (x+ y) dx+ (x− y) dy = du (x, y)→

→
∮
C

(x+ y) dx+(x− y) dy = u (x2, y2)−u (x1, y1) = { Òî÷êè {x2, y2} è

{x1, y1} ñîâïàäàþò, òàê êàê êîíòóð èíòåãðèðîâàíèÿ çàìêíóò.} = 0 .

Î ò â å ò: ∮
C

(x+ y) dx+ (x− y) dy = 0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.6 (�4286 [1]). Íàéòè êðèâîëèíåéíûé èíòåãðàë îò ïîëíîãî äèô-
ôåðåíöèàëà

{x2,y2,z2}∫
{x1,y1,z1}

xdx+ ydy + zdz√
x2 + y2 + z2

,

ãäå òî÷êà {x1, y1, z1} ðàñïîëîæåíà íà ñôåðå x2 + y2 + z2 = a2 , à òî÷êà
{x2, y2, z2} ðàñïîëîæåíà íà ñôåðå x2 + y2 + z2 = b2 (a > 0 , b > 0) .

Ð å ø å í è å:

Ïîäûíòåãðàëüíîå âûðàæåíèå
xdx+ ydy + zdz√

x2 + y2 + z2
= Pdx + Qdy + Rdz , ãäå

P =
x√

x2 + y2 + z2
, Q =

y√
x2 + y2 + z2

è R =
z√

x2 + y2 + z2
ÿâëÿåòñÿ

ïîëíûì äèôôåðåíöèàëîì, òàê êàê :

∂

∂y

(
x√

x2 + y2 + z2

)
= − xy

(x2 + y2 + z2)3/2
=
∂P

∂y
=

=
∂Q

∂x
=

∂

∂x

(
y√

x2 + y2 + z2

)
= − xy

(x2 + y2 + z2)3/2
;

∂

∂z

(
y√

x2 + y2 + z2

)
= − yz

(x2 + y2 + z2)3/2
=
∂Q

∂z
=

236



=
∂R

∂y
=

∂

∂y

(
z√

x2 + y2 + z2

)
= − yz

(x2 + y2 + z2)3/2
;

∂

∂x

(
z√

x2 + y2 + z2

)
= − xz

(x2 + y2 + z2)3/2
=
∂R

∂x
=

=
∂P

∂z
=

∂

∂z

(
x√

x2 + y2 + z2

)
= − xz

(x2 + y2 + z2)3/2
.

Ñëåäîâàòåëüíî,

{x2,y2,z2}∫
{x1,y1,z1}

xdx+ ydy + zdz√
x2 + y2 + z2

= u (x2, y2, z2)− u (x1, y1, z1) ,

ãäå

u (x, y, z) =

x∫
x0

x dx√
x2 + y2 + z2

+

y∫
y0

y dy√
x2

0 + y2 + z2
+

z∫
z0

z dz√
x2

0 + y2
0 + z2

=

=

(√
x2 + y2 + z2

∣∣∣x=x

x=x0

)
+

(√
x2

0 + y2 + z2

∣∣∣∣y=y

y=y0

)
+

+

(√
x2

0 + y2
0 + z2

∣∣∣∣z=z
z=z0

)
=
√
x2 + y2 + z2 −

√
x2

0 + y2
0 + z2

0 .

Òîãäà,

{x2,y2,z2}∫
{x1,y1,z1}

xdx+ ydy + zdz√
x2 + y2 + z2

= u (x2, y2, z2)− u (x1, y1, z1) =

=
√
x2

2 + y2
2 + z2

2︸ ︷︷ ︸
= b2

−
√
x2

1 + y2
1 + z2

1︸ ︷︷ ︸
= a2

= b − a .

Î ò â å ò:
{x2,y2,z2}∫
{x1,y1,z1}

xdx+ ydy + zdz√
x2 + y2 + z2

= b− a

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 25.7 (�4290 [1]). Íàéòè ïåðâîîáðàçíóþ ôóíêöèè u , åñëè

du =
(
x2 − 2yz

)
dx+

(
y2 − 2xz

)
dy +

(
z2 − 2xy

)
dz .

Ð å ø å í è å:

u (x, y, z) =

x∫
x0

(
x2 − 2yz

)
dx+

y∫
y0

(
y2 − 2x0z

)
dy +

z∫
z0

(
z2 − 2x0y0

)
dz =

= {Ïóñòü x0 = y0 = z0 = 0} =

x∫
0

(
x2 − 2yz

)
dx+

y∫
0

y2 dy +

z∫
0

z2 dz =

=
1

3

(
x3 + y3 + z3

)
− 2xyz + const

Î ò â å ò:

u (x, y, z) =
1

3

(
x3 + y3 + z3

)
− 2xyz + const

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.8 (�4222 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 1-îãî ðîäà∫
C

y2 dS ,

ãäå C − àðêà öèêëîèäû x = a (t− sin t) , y = a (1− cos t) (0 6 t 6 2π) .

Ð å ø å í è å:

∫
C

y2 dS =

2π∫
0

y2(t)
√
x2
t + y2

t dt =

2π∫
0

a2 (1− cos t)2 a
√

2
√

1− cos t dt =

= a3
√

2

2π∫
0

(1− cos t)5/2 dt = a3
√

2

2π∫
0

(
2 sin2 t

2

)5/2

dt = 8a3

2π∫
0

sin5 t

2
dt =

= −16a3

2π∫
0

(
1− cos2 t

2

)2

d

(
cos

t

2

)
= −16a3

2π∫
0

(
1− 2 cos2 t

2
+

+ cos4 t

2

)
d

(
cos

t

2

)
= −16a3

((
cos

t

2

∣∣∣∣t=2π

t=0

)
− 2

3

(
cos3 t

2

∣∣∣∣t=2π

t=0

)
+

+
1

5

(
cos5 t

2

∣∣∣∣t=2π

t=0

))
= −16a3

(
−2− 2

3
· (−2) +

1

5
· (−2)

)
=

256

15
a3
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Î ò â å ò: ∫
C

y2 dS =
256

15
a3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.9 (�4237 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 1-îãî ðîäà∫
C

(
x2 + y2 + z2

)
dS ,

ãäå C − ÷àñòü âèíòîâîé ëèíèè x = a cos t , y = a sin t , z = bt (0 6 t 6 2π) .

Ð å ø å í è å:∫
C

(
x2 + y2 + z2

)
dS =

2π∫
0

(
x2(t) + y2(t) + z2(t)

)√
x2
t + y2

t dt =

=

2π∫
0

(
a2 + b2t2

)√
a2 + b2 dt =

√
a2 + b2

(
a2t
∣∣t=2π

t=0
+
b2

3
t3
∣∣t=2π

t=0

)
=

=
2π

3

(
3a2 + 4π2b2

)√
a2 + b2

Î ò â å ò: ∫
C

(
x2 + y2 + z2

)
dS =

2π

3

(
3a2 + 4π2b2

)√
a2 + b2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.10 (�4254 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 2-îãî ðîäà∮
C

(x+ y) dx− (x− y) dy

x2 + y2
,

ãäå C − îêðóæíîñòü x2 +y2 = a2 , ïðîáåãàåìàÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè.

Ð å ø å í è å:

Íà çàìêíóòîì êîíòóðå C çàäàí âåêòîð

~A(x, y, z) =


x+ y

x2 + y2︸ ︷︷ ︸
=P

,
y − x
x2 + y2︸ ︷︷ ︸

=Q

, 0︸︷︷︸
=R

 .

Òî÷êà x = 0 , y = 0 , íàõîäÿùàÿñÿ âíóòðè êîíòóðà C , ÿâëÿåòñÿ òî÷êîé ðàç-
ðûâà äëÿ êîìïîíåíò âåêòîðà ~A .
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∮
C

(x+ y) dx− (x− y) dy

x2 + y2
=

=

{
Ïàðàìåòðèçàöèÿ êîíòóðà C :

{
x = a cosϕ ;

y = a sinϕ
, 0 6 ϕ 6 2π

}
=

=

2π∫
0

−a2 (cosϕ+ sinϕ) sinϕ− a2 (cosϕ− sinϕ) cosϕ

a2
dϕ =

= −
2π∫

0

(
sin2 ϕ+ cos2 ϕ

)
dϕ = −2π

Î ò â å ò: ∮
C

(x+ y) dx− (x− y) dy

x2 + y2
= −2π

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.11 (�4281 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë∮
C

(y − z) dx+ (z − x) dy + (x− y) dz ,

ãäå C − îêðóæíîñòü x2 + y2 + z2 = a2 , y = x tgα (0 < α < π) , ïðîáåãàåìàÿ
ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü ñî ñòîðîíû ïîëîæèòåëüíûõ x
(ñì. Ðèñ.25.4).

Ð å ø å í è å:∮
C

(y − z) dx+ (z − x) dy + (x− y) dz =

=

Ïàðàìåòðèçàöèÿ C :


x = a cosϕ cosα ;

y = a cosϕ sinα ;

z = a sinϕ

, 0 6 ϕ 6 2π

 =

=

2π∫
0

(− (a cosϕ sinα− a sinϕ) a cosα sinϕ− (a sinϕ− a cosϕ cosα) ·

·a sinϕ sinα + (a cosϕ cosα− a cosϕ sinα) a cosϕ) dϕ =

= a2 (cosα− sinα)

2π∫
0

dϕ = 2πa2 (cosα− sinα)
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Î ò â å ò:∮
C

(y − z) dx+ (z − x) dy + (x− y) dz = 2πa2 (cosα− sinα)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.12 (�4265 [1]). Óáåäèâøèñü, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå
ÿâëÿåòñÿ ïîëíûì äèôôåðåíöèàëîì, âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

{x2,y2}∫
{x1,y1}

ϕ (x) dx+ ψ (y) dy , ãäå ϕ è ψ − íåïðåðûâíûå ôóíêöèè.

Ð å ø å í è å:

Çàäàí âåêòîð

~A(x, y, z) =

ϕ (x)︸ ︷︷ ︸
=P

, ψ (y)︸ ︷︷ ︸
=Q

, 0︸︷︷︸
=R

 .

Êîìïîíåíòû âåêòîðà ~A è èõ ÷àñòíûå ïðîèçâîäíûå ïî âñåì ïåðåìåííûì íåïðå-
ðûâíû. Ïîêàæåì, ÷òî ϕ (x) dx+ψ (y) dy ÿâëÿåòñÿ ïîëíûì äèôôåðåíöèàëîì.

∂ϕ (x)

∂y
= 0 =

∂P

∂y
=
∂Q

∂x
=
∂ψ (y)

∂x
= 0

∂ψ (y)

∂z
= 0 =

∂Q

∂z
=
∂R

∂y
=
∂0

∂y
= 0

∂0

∂x
= 0 =

∂R

∂x
=
∂P

∂z
=
∂ϕ (x)

∂z
= 0

Ñëåäîâàòåëüíî,
ϕ (x) dx+ ψ (y) dy = du (x, y) ,

ãäå

u (x, y) =

x∫
x0

ϕ (x) dx+

y∫
y0

ψ (y) dy .

Òîãäà,

{x2,y2}∫
{x1,y1}

ϕ (x) dx+ ψ (y) dy = u (x2, y2)− u (x1, y1) =
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=

x2∫
x0

ϕ (x) dx+

y2∫
y0

ψ (y) dy −
x1∫
x0

ϕ (x) dx−
y1∫
y0

ψ (y) dy =

=

x2∫
x1

ϕ (x) dx +

y2∫
y1

ψ (y) dy .

Î ò â å ò:

{x2,y2}∫
{x1,y1}

ϕ (x) dx+ ψ (y) dy =

x2∫
x1

ϕ (x) dx+

y2∫
y1

ψ (y) dy

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.13 (�4289 [1]). Íàéòè ñëåäóþùèé êðèâîëèíåéíûé èíòåãðàë îò
ïîëíîãî äèôôåðåíöèàëà

{x2,y2,z2}∫
{x1,y1,z1}

f
(√

x2 + y2 + z2
)

(x dx+ y dy + z dz) ,

ãäå f − íåïðåðûâíàÿ ôóíêöèÿ.

Ð å ø å í è å:

Çàäàí âåêòîð ~A(x, y, z) =

 xf︸︷︷︸
=P

, yf︸︷︷︸
=Q

, zf︸︷︷︸
=R

 . Êîìïîíåíòû âåêòîðà ~A

è èõ ÷àñòíûå ïðîèçâîäíûå ïî âñåì ïåðåìåííûì íåïðåðûâíû. Ïîêàæåì, ÷òî

f
(√

x2 + y2 + z2
)

(x dx+ y dy + z dz) ÿâëÿåòñÿ ïîëíûì äèôôåðåíöèàëîì.

∂xf

∂y
=

xyf ′√
x2 + y2 + z2

=
∂P

∂y
=
∂Q

∂x
=
∂yf

∂x
=

xyf ′√
x2 + y2 + z2

∂yf

∂z
=

yzf ′√
x2 + y2 + z2

=
∂Q

∂z
=
∂R

∂y
=
∂zf

∂y
=

yzf ′√
x2 + y2 + z2

∂zf

∂x
=

xzf ′√
x2 + y2 + z2

=
∂R

∂x
=
∂P

∂z
=
∂xf

∂z
=

xzf ′√
x2 + y2 + z2

Ñëåäîâàòåëüíî,

f
(√

x2 + y2 + z2
)

(x dx+ y dy + z dz) = du (x, y, z) ,

ãäå
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u (x, y, z) =

x∫
x0

f
(√

x2 + y2 + z2
)
x dx+

y∫
y0

f

(√
x2

0 + y2 + z2

)
y dy+

+

z∫
z0

f

(√
x2

0 + y2
0 + z2

)
z dz =

{
Çàìåíà ïåðåìåííûõ: x2 = t2 − y2 − z2 ,

x dx = t dx ; y2 = v2 − x2
0 − z2 , y dy = v dv ; z2 = w2 − x2

0 − y2
0 ,

z dz = w dw} =

√
x2+y2+z2∫

√
x20+y2+z2

f (t) t dt+

√
x20+y2+z2∫

√
x20+y20+z2

f (v) v dv+

+

√
x20+y20+z2∫

√
x20+y20+z20

f (w)w dw =

√
x2+y2+z2∫

√
x20+y20+z20

f (t) t dt .

Òîãäà,

{x2,y2,z2}∫
{x1,y1,z1}

f
(√

x2 + y2 + z2
)

(x dx+ y dy + z dz) =

= u (x2, y2, z2)− u (x1, y1, z1) =

=

√
x22+y22+z22∫

√
x20+y20+z20

f (t) t dt−

√
x21+y21+z21∫

√
x20+y20+z20

f (t) t dt =

√
x22+y22+z22∫

√
x21+y21+z21

f (t) t dt .

Î ò â å ò:

{x2,y2,z2}∫
{x1,y1,z1}

f
(√

x2 + y2 + z2
)

(x dx+ y dy + z dz) =

√
x22+y22+z22∫

√
x21+y21+z21

f (t) t dt

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 25.14 (�4291 [1]). Íàéòè ïåðâîîáðàçíóþ ôóíêöèè u , åñëè

du =

(
1− 1

y
+
y

z

)
dx+

(
x

z
+
x

y2

)
dy − xy

z2
dz .

Ð å ø å í è å:
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u (x, y, z) =

x∫
x0

(
1− 1

y
+
y

z

)
dx+

y∫
y0

(
x0

z
+
x0

y2

)
dy −

z∫
z0

x0y0

z2
dz =

= {Ïóñòü x0 = 0} =

x∫
0

(
1− 1

y
+
y

z

)
dx = x− x

y
+
xy

z
+ const

Î ò â å ò:
u (x, y, z) = x− x

y
+
xy

z
+ const

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.7 Ôîðìóëû Ãðèíà, Ñòîêñà, Îñòðîãðàäñêîãî

�����������������������������������������

2.7.1 Çàíÿòèå 26

Ôîðìóëà Ãðèíà.

Ïóñòü L− çàìêíóòûé êóñî÷íî-ãëàäêèé êîíòóð, îãðàíè÷èâàþùèé êîíå÷-
íóþ îäíîñâÿçíóþ îáëàñòü D . Íàïðàâëåíèå îáõîäà êîíòóðà L âûáðàíî òàê,
÷òî îáëàñòü D îñòà¼òñÿ ñëåâà. Ïóñòü ôóíêöèè P (x, y) è Q(x, y) íåïðåðûâíû
âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà â îáëàñòè D è íà
å¼ ãðàíèöå.

Òîãäà èìååò ìåñòî ôîðìóëà Ãðèíà
x

D

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮
L

P (x, y) dx+Q (x, y) dy .

Ñëåäñòâèå ôîðìóëû Ãðèíà.

Ïëîùàäü ïëîñêîé îáëàñòè D , îãðàíè÷åííîé êóñî÷íî-ãëàäêèì êîíòóðîì
L ðàâíà

SD =
1

2

∮
L

x dy − y dx .

Êîíòóð èíòåãðèðîâàíèÿ L ïðîáåãàåòñÿ òàê, ÷òî îãðàíè÷åííàÿ èì îáëàñòü D
îñòà¼òñÿ ñëåâà.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 26.1 (�4302 [1]). Íà ñêîëüêî îòëè÷àþòñÿ äðóã îò äðóãà êðèâîëè-
íåéíûå èíòåãðàëû

I1 =

∫
AmB

(x+ y)2 dx− (x− y)2 dy è I2 =

∫
AnB

(x+ y)2 dx− (x− y)2 dy ,

ãäå AmB− ïðÿìàÿ, ñîåäèíÿþùàÿ òî÷êè A {1, 1} è B {2, 6} , è AnB− ïà-
ðàáîëà ñ âåðòèêàëüíîé îñüþ, ïðîõîäÿùàÿ ÷åðåç òå æå òî÷êè A è B è íà÷àëî
êîîðäèíàò?

Ð å ø å í è å:

I1− I2 =

∫
AmB

(x+ y)2 dx− (x− y)2 dy−
∫

AnB

(x+ y)2 dx− (x− y)2 dy =

= −
∫

BmA

(x+ y)2 dx− (x− y)2 dy −
∫

AnB

(x+ y)2 dx− (x− y)2 dy =
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= {Çàìêíóòûé êîíòóð L = AnB ∪BmA} =

= −
∮
L

(x+ y)2︸ ︷︷ ︸
=P

dx− (x− y)2︸ ︷︷ ︸
=Q

dy = {Èñïîëüçóåì ôîðìóëó Ãðèíà} =

= −
x

D

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

{
∂Q

∂x
− ∂P

∂y
= −2 (x− y)− 2 (x+ y) =

= −4x} = 4
x

D

x dxdy =

{
D :

{
1 6 x 6 2 ;

2x2 − x 6 y 6 5x− 4

}
=

= 4

2∫
1

dx

5x−4∫
2x2−x

x dy = 4

2∫
1

(
6x2 − 4x− 2x3

)
dx =

= 4

(
2
(
23 − 1

)
− 2

(
22 − 1

)
− 1

2

(
24 − 1

))
= 2

Î ò â å ò:
I1 − I2 = 2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 26.2 (�4308 [1]). Ñ ïîìîùüþ êðèâîëèíåéíûõ èíòåãðàëîâ âû÷èñ-
ëèòü ïëîùàäü, îãðàíè÷åííóþ êðèâîé x = a cos t , y = b sin t (0 6 t 6 2π)
(ýëëèïñ) .

Ð å ø å í è å:

S =
1

2

∮
L

x dy − y dx =
1

2

2π∫
0

(a cos t · b cos t+ b sin t · a sin t) dt =

=
ab

2

2π∫
0

dt = πab

Î ò â å ò:
S = πab

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 26.3 (�4303 [1]). Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

I =

∫
AnO

(ex sin y −my) dx+ (ex cos y −m) dy ,

ãäå AnO− âåðõíÿÿ ïîëóîêðóæíîñòü x2 + y2 = ax , ïðîáåãàåìàÿ îò òî÷êè
A {a, 0} äî òî÷êè O {0, 0} .
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Ó ê à ç à í è å . Äîïîëíèòü ïóòü AnO äî çàìêíóòîãî ïðÿìîëèíåéíûì
îòðåçêîì OA îñè x .

Ð å ø å í è å:

I +

∫
OA

(ex sin y −my) dx+ (ex cos y −m) dy = {Çàìêíóòûé êîíòóð

L = OA ∪ AnO ; P = ex sin y −my , Q = ex cos y −m} =

=

∮
L

P dx+Qdy = {Èñïîëüçóåì ôîðìóëó Ãðèíà} =

=
x

D

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

{
∂Q

∂x
− ∂P

∂y
= m

}
=

= m ·
x

D

dxdy︸ ︷︷ ︸
ïëîùàäü

ïîëóêðóãà ðàäèóñà a/2

= m · 1

2
· π · a

2

4
=
πma2

8

Èíòåãðàë∫
OA

(ex sin y −my) dx+ (ex cos y −m) dy =

=

{
Ïàðàìåòðèçàöèÿ êîíòóðà OA :

{
x = t ;

y = 0
, 0 6 t 6 a

}
=

=

a∫
0

0 dt = 0 .

Ñëåäîâàòåëüíî,

I =
πma2

8
.

Î ò â å ò:

I =
πma2

8
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 26.4 (�4307 [1]). Âû÷èñëèòü

I =

∮
C

x dy − y dx
x2 + y2

,

ãäå C − ïðîñòîé çàìêíóòûé êîíòóð, íå ïðîõîäÿùèé ÷åðåç íà÷àëî êîîðäèíàò,
ïðîáåãàåìûé â ïîëîæèòåëüíîì íàïðàâëåíèè.
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Ó ê à ç à í è å . Ðàññìîòðåòü äâà ñëó÷àÿ:

1) Íà÷àëî êîîðäèíàò íàõîäèòñÿ âíå êîíòóðà C ;

2) Êîíòóð C îêðóæàåò íà÷àëî êîîðäèíàò.

Ð å ø å í è å:

1) Íà÷àëî êîîðäèíàò íàõîäèòñÿ âíå êîíòóðà C .

I =

∮
C

x

x2 + y2︸ ︷︷ ︸
=Q(x,y)

dy− y

x2 + y2︸ ︷︷ ︸
=P (x,y)

dx =

{
P (x, y) , Q(x, y) ,

∂P

∂y
= · · · =

=
y2 − x2

(x2 + y2)2 ,
∂Q

∂x
= · · · = y2 − x2

(x2 + y2)2 − íåïðåðûâíû â îáëàñòè D̄,

îãðàíè÷åííîé êîíòóðîì C. Ñëåäîâàòåëüíî, ïðèìåíèìà

ôîðìóëà Ãðèíà. } =
x

D

∂Q∂x − ∂P

∂y︸ ︷︷ ︸
= 0

 dxdy = 0

2) Êîíòóð C îêðóæàåò íà÷àëî êîîðäèíàò.

Òî÷êà O {0, 0} , ëåæàùàÿ âíóòðè êîíòóðà C , ÿâëÿåòñÿ òî÷êîé ðàçðûâà

ôóíêöèé P (x, y) , Q(x, y) ,
∂P

∂y
è
∂Q

∂x
. Ñëåäîâàòåëüíî, íàðóøåíû óñëîâèÿ

ïðèìåíèìîñòè ôîðìóëû Ãðèíà.

Êîíòóð C îïðåäåëÿåòñÿ çàäàíèåì ôóíêöèè r (ϕ) . Òîãäà,

I =

∮
C

x dy − y dx
x2 + y2

=

{
Ïàðàìåòðèçàöèÿ êîíòóðàC :

{
x = r (ϕ) cosϕ;

y = r (ϕ) sinϕ
,

0 6 ϕ < 2π} =

=

2π∫
0

(r (ϕ) cosϕ · (r′ (ϕ) sinϕ+ r (ϕ) cosϕ)− r (ϕ) sinϕ · (r′ (ϕ) cosϕ−

−r (ϕ) sinϕ)) /r2 (ϕ) dϕ =

2π∫
0

dϕ = 2π .

Î ò â å ò:

1)
∮
C

x dy − y dx
x2 + y2

= 0

2)
∮
C

x dy − y dx
x2 + y2

= 2π
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 26.5 (�4311 [1]). Ñ ïîìîùüþ êðèâîëèíåéíûõ èíòåãðàëîâ âû÷èñ-
ëèòü ïëîùàäü, îãðàíè÷åííóþ êðèâîé x3+y3 = 3axy (a > 0) (ïåòëÿ äåêàðòîâà
ëèñòà) .

Ó ê à ç à í è å . Ïîëîæèòü y = tx (t− ïàðàìåòð) .

Ð å ø å í è å:

Ïðîâåä¼ì ïàðàìåòðèçàöèþ ëèíèè x3 + y3 = 3axy . Ïóñòü y = tx . Òîãäà,
óðàâíåíèå ëèíèè x3 + y3 = 3axy ïðèíèìàåò âèä x3 + t3x3 = 3atx2 . Ñëåäîâà-

òåëüíî, x =
3at

1 + t3
è y =

3at2

1 + t3
, ãäå ïàðàìåòð −∞ < t < +∞ . Íà Ðèñ.26.1

äëÿ èíòåðâàëîâ −∞ < t < −1 , −1 < t < 0 è 0 < t < +∞ ïðåäñòàâëåíà
ëèíèÿ x3 + y3 = 3axy .

-

6

x

y

Ðèñ.26.1

D
t→ 0 + 0�

t→ +∞
?

Ëèíèÿ x3 + y3 = 3axy îãðàíè÷èâàåò êîíå÷íóþ îáëàñòü D ïðè èçìåíåíèè
ïàðàìåòðà ïàðàìåòðèçàöèè â äèàïàçîíå 0 < t < +∞ .

SD =
1

2

∮
L

x dy−y dx =

Ïàðàìåòðèçàöèÿ êîíòóðàC :


x =

3at

1 + t3
;

y =
3at2

1 + t3

,

0 6 t < +∞ ; dx = · · · = 3a
1− 2t3

(1 + t3)2 dt , dy = · · · = 3a
t
(
2− t3

)
(1 + t3)2 dt

}
=

=
1

2

+∞∫
0

(
9a2 t

2
(
2− t3

)
(1 + t3)3 − 9a2 t

2
(
1− 2t3

)
(1 + t3)3

)
dt =

9a2

2

+∞∫
0

t2 dt

(1 + t3)2 =

=
3a2

2

+∞∫
0

d
(
1 + t3

)
(1 + t3)2 =

3a2

2

((
− 1

1 + t3

)∣∣∣∣t=+∞

t=0

)
=

3a2

2
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Î ò â å ò:

SD =
3a2

2
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Ôîðìóëà Ñòîêñà.

Ïóñòü çàäàí ïðîñòîé çàìêíóòûé êóñî÷íî-ãëàäêèé êîíòóð C . Ïóñòü

S− ëþáàÿ êóñî÷íî-ãëàäêàÿ äâóñòîðîííÿÿ ïîâåðõíîñòü, îïèðàþùàÿñÿ íà
çàäàííûé êîíòóð C . Â êàæäîé òî÷êå ïîâåõíîñòè S çàäàí ïåðåìåííûé âåê-
òîð ~A(x, y, z) = {P (x, y, z), Q(x, y, z), R(x, y, z)} è åäèíè÷íûé âåêòîð íîð-
ìàëè ~n(x, y, z) = {cosα(x, y, z), cos β(x, y, z), cos γ(x, y, z)} ê ïîâåõíîñòè S .
Ïóñòü â íåêîòîðîé îêðåñòíîñòè ïîâåðõíîñòè S ôóíêöèè P (x, y, z) , Q(x, y, z)
è R(x, y, z) íåïðåðûâíû âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî
ïîðÿäêà.

Òîãäà âåðíî ñîîòíîøåíèå

x

S

(
∂R

∂y
− ∂Q

∂z

)
dydz +

(
∂P

∂z
− ∂R

∂x

)
dzdx+

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

=

∮
C

Pdx + Qdy + Rdz ,

êîòîðîå íàçûâàåòñÿ ôîðìóëîé Ñòîêñà. Íà êîíòóðå C âûáðàíî òàêîå íàïðàâ-
ëåíèå îáõîäà, ïðè êîòîðîì, ñ ó÷¼òîì âûáîðà ñòîðîíû ïîâåðõíîñòè S (íàïðàâ-
ëåíèÿ âåêòîðà íîðìàëè ~n ), ïîâåðõíîñòü S îñòà¼òñÿ ñëåâà.

Ôîðìû çàïèñè ôîðìóëû Ñòîêñà.

Ïîñòðîåííûé ïî çàäàííîìó âåêòîðó ~A = {P,Q,R} âåêòîð ñ êîìïîíåíòàìè{
∂R

∂y
− ∂Q

∂z
,
∂P

∂z
− ∂R

∂x
,
∂Q

∂x
− ∂P

∂y

}
ïðèíÿòî îáîçíà÷àòü

rot ~A =

{
∂R

∂y
− ∂Q

∂z
,
∂P

∂z
− ∂R

∂x
,
∂Q

∂x
− ∂P

∂y

}
=

∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
P Q R

∣∣∣∣∣∣∣∣
(îïðåäåëèòåëü ðàñêðûâàåòñÿ ïî ïåðâîé ñòðîêå) .

Òîãäà

x

S

(
∂R

∂y
− ∂Q

∂z

)
dydz +

(
∂P

∂z
− ∂R

∂x

)
dzdx+

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

=
x

S

((
∂R

∂y
− ∂Q

∂z

)
cosα +

(
∂P

∂z
− ∂R

∂x

)
cos β+
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+

(
∂Q

∂x
− ∂P

∂y

)
cos γ

)
dS =

x

S

∣∣∣∣∣∣∣∣
cosα cos β cos γ
∂

∂x

∂

∂y

∂

∂z
P Q R

∣∣∣∣∣∣∣∣ dS =

=
x

S

(
rot ~A , ~n

)
dS .

Òàê êàê êðèâîëèíåéíûé èíòåãðàë∮
C

Pdx+Qdy +Rdz =

∮
C

(
~A , ~τ

)
dl ,

ãäå ~τ(x, y, z)− åäèíè÷íûé âåêòîð êàñàòåëüíûé ê êîíòóðó C , òî ôîðìóëó
Ñòîêñà ìîæíî çàïèñàòü â âèäå

x

S

(
rot ~A , ~n

)
dS =

∮
C

(
~A , ~τ

)
dl .

Ôîðìóëà Ãðèíà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ôîðìóëû Ñòîêñà.

Ïóñòü S− êîíå÷íàÿ ÷àñòü êîîðäèíàòíîé ïëîñêîñòè (x, y) , îãðàíè÷åííàÿ
êîíòóðîì C . Òîãäà ~n = {0, 0, 1} . Ïóñòü ~A = {P,Q, 0} . Â ýòîì ñëó÷àå ôîð-
ìóëû Ãðèíà è Ñòîêñà ñîâïàäàþò.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.7.2 Çàíÿòèå 27

Ôîðìóëà Îñòðîãðàäñêîãî.

Ïóñòü S− çàìêíóòàÿ êóñî÷íî-ãëàäêàÿ äâóñòîðîííÿÿ ïîâåðõíîñòü,

~n(x, y, z) = {cosα(x, y, z), cos β(x, y, z), cos γ(x, y, z)} − åäèíè÷íûé âåê-
òîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè S è V − êîíå÷íàÿ ÷àñòü 3-õ ìåðíîãî ïðî-
ñòðàíñòâà, îãðàíè÷åííàÿ ïîâåðõíîñòüþ S . Ïóñòü íà ïîâåðõíîñòè S è â îáëà-
ñòè V çàäàí ïåðåìåííûé âåêòîð ~A(x, y, z) = {P (x, y, z), Q(x, y, z), R(x, y, z)}
òàêîé, ÷òî ôóíêöèè P (x, y, z) , Q(x, y, z) è R(x, y, z) íåïðåðûâíû âìåñòå ñî
ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà.

Òîãäà âåðíî ñîîòíîøåíèå

{

S

P dydz +Qdzdx+ Rdxdy =
y

V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dxdydz ,

êîòîðîå íàçûâàåòñÿ ôîðìóëîé Îñòðîãðàäñêîãî.

Ôîðìû çàïèñè ôîðìóëû Îñòðîãðàäñêîãî.

{

S

P dydz +Qdzdx+Rdxdy =
{

S

(P cosα +Q cos β +R cos γ) dS =

=
{

S

(
~A , ~n

)
dS

Ïîñòðîåííóþ ïî çàäàííîìó âåêòîðó ~A = {P,Q,R} ñêàëÿðíóþ

ôóíêöèþ
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
ïðèíÿòî îáîçíà÷àòü

div ~A =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
.

Òîãäà ôîðìóëó Îñòðîãðàäñêîãî ìîæíî çàïèñàòü â âèäå
{

S

(
~A , ~n

)
dS =

y

V

div ~Adxdydz .

Ñëåäñòâèå ôîðìóëû Îñòðîãðàäñêîãî.

Ïóñòü âåêòîð ~A(x, y, z) = {x, y, z} = ~r− ðàäèóñ-âåêòîð òî÷êè ñ êîîðäèíà-
òàìè x, y, z . Òîãäà div ~A = div ~r = 3 è ôîðìóëà Îñòðîãðàäñêîãî ïðèíèìàåò
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âèä {

S

x dydz + y dzdx+ z dxdy = 3 ·
y

V

dxdydz︸ ︷︷ ︸
= îáú¼ì îáëàñòè V

.

Ñëåäîâàòåëüíî, îáú¼ì îáëàñòè, îãðàíè÷åííîé çàìêíóòîé ïîâåðõíîñòüþ S , ðà-
âåí

1

3

{

S

x dydz + y dzdx+ z dxdy .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 27.1 (�4367 [1]). Ïðèìåíÿÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü êðèâî-
ëèíåéíûé èíòåãðàë ∮

C

y dx+ z dy + x dz ,

ãäå C − îêðóæíîñòü x2 + y2 + z2 = a2 , x + y + z = 0 , ïðîáåãàåìàÿ ïðîòèâ
õîäà ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü ñ ïîëîæèòåëüíîé ñòîðîíû îñè Ox .

Ð å ø å í è å:

Ïëîñêîñòü x + y + z = 0 ïðîõîäèò ÷åðåç öåíòð ñôåðû x2 + y2 + z2 =
a2 . Ñëåäîâàòåëüíî, êîíòóð C ÿâëÿåòñÿ îêðóæíîñòüþ ðàäèóñà a , ëåæàùåé â
ïëîñêîñòè x+ y + z = 0 .

Ôóíêöèè P = y , Q = z , R = x è èõ ÷àñòíûå ïðîèçâîäíûå ïåðâîãî
ïîðÿäêà íåïðåðûâíû âî âñ¼ì 3-õ ìåðíîì ïðîñòðàíñòâå. Èñïîëüçóåì ôîðìóëó
Ñòîêñà ∮

C

y dx+ z dy + x dz =
x

S

(
rot ~A , ~n

)
dS ,

ãäå S− ëþáàÿ ïîâåðõíîñòü, îïèðàþùàÿñÿ íà êîíòóð C . Ïóñòü S− êðóã â
ïëîñêîñòè x + y + z = 0 , îãðàíè÷åííûé êîíòóðîì C . Â ëþáîé òî÷êå ýòîé

ïîâåðõíîñòè S åäèíè÷íûé âåêòîð íîðìàëè ~n =

{
1√
3
,

1√
3
,

1√
3

}
.

Âåêòîð

rot ~A =

∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
y z x

∣∣∣∣∣∣∣∣ = {−1,−1,−1} .

Ñêàëÿðíîå ïðîèçâåäåíèå
(

rot ~A , ~n
)

= −
√

3 íà ïîâåðõíîñòè S .

Òîãäà,
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∮
C

y dx+z dy+x dz =
x

S

(
rot ~A , ~n

)
dS = −

√
3·
x

S

dS︸ ︷︷ ︸
ïëîùàäü

êðóãà ðàäèóñà a

= −
√

3πa2 .

Î ò â å ò: ∮
C

y dx+ z dy + x dz = −π
√

3 a2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 27.2 (�4373 [1]). Ïðèìåíÿÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü èíòåãðàë∮
C

(
y2 − z2

)
dx+

(
z2 − x2

)
dy +

(
x2 − y2

)
dz ,

ãäå C − ñå÷åíèå ïîâåðõíîñòè êóáà 0 6 x 6 a , 0 6 y 6 a , 0 6 z 6 a

ïëîñêîñòüþ x + y + z =
3a

2
, ïðîáåãàåìîå ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, åñëè

ñìîòðåòü ñ ïîëîæèòåëüíîé ñòîðîíû îñè Ox .

Ð å ø å í è å:

Ñå÷åíèå êóáà 0 6 x 6 a , 0 6 y 6 a , 0 6 z 6 a ïëîñêîñòüþ x+y+z =
3a

2
ÿâëÿåòñÿ ïðàâèëüíûì øåñòèóãîëüíèêîì ñî ñòîðîíîé

a√
2
(ñì. Ðèñ.27.1) .

Ôóíêöèè P = y2−z2 , Q = z2−x2 , R = x2−y2 è èõ ÷àñòíûå ïðîèçâîäíûå
ïåðâîãî ïîðÿäêà íåïðåðûâíû âî âñ¼ì 3-õ ìåðíîì ïðîñòðàíñòâå. Èñïîëüçóåì
ôîðìóëó Ñòîêñà∮

C

(
y2 − z2

)
dx+

(
z2 − x2

)
dy +

(
x2 − y2

)
dz =

x

S

(
rot ~A , ~n

)
dS ,

ãäå S− ëþáàÿ ïîâåðõíîñòü, îïèðàþùàÿñÿ íà êîíòóð C . Ïóñòü S− ïðàâèëü-

íûé øåñòèóãîëüíèê ñî ñòîðîíîé
a√
2
â ïëîñêîñòè x + y + z =

3a

2
, îãðàíè-

÷åííûé êîíòóðîì C . Â ëþáîé òî÷êå ýòîé ïîâåðõíîñòè S åäèíè÷íûé âåêòîð

íîðìàëè ~n =

{
1√
3
,

1√
3
,

1√
3

}
.

Âåêòîð

rot ~A =

∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
y2 − z2 z2 − x2 x2 − y2

∣∣∣∣∣∣∣∣ = −2 {y + z, z + x, x+ y} .

Ñêàëÿðíîå ïðîèçâåäåíèå
(

rot ~A , ~n
)
íà ïîâåðõíîñòè S ðàâíî
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(
rot ~A , ~n

)
= − 4√

3
(x+ y + z) =

=

{
Ïîâåðõíîñòü S : x+ y + z =

3a

2

}
= −2

√
3 a .

Òîãäà,∮
C

(
y2 − z2

)
dx+

(
z2 − x2

)
dy +

(
x2 − y2

)
dz =

=
x

S

(
rot ~A , ~n

)
dS = −2

√
3 a ·

x

S

dS︸ ︷︷ ︸
=S6− ïëîùàäü
øåñòèóãîëüíèêà

=

=

{
S6 = 6 · 1

2
·
(
a√
2

)2

· sin(π/3) =
3
√

3 a2

4

}
= −9a3

2
.

Î ò â å ò: ∮
C

(
y2 − z2

)
dx+

(
z2 − x2

)
dy +

(
x2 − y2

)
dz = −9a3

2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

�
�
�
�
��

-

6

y

x

z

Ðèñ.27.1

3a/2

3a/2

3a/2

a
C

C �
�
�
�
��

-

6

v

u

w

Ðèñ.27.2

@
@I

1

−1

1

1−1

√
2

�
�
�
�
��

-

6

y

x

z

Ðèñ.27.3

~r ~r
~n~n

π/2

Sîñíîâàíèÿ
��	

Sáîêîâàÿ
6�

���
@@I-

��
�
��
�*
CCO

@@R

Ax+By + Cz +D = 0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 27.3 (�4388 [1]). Ñ ïîìîùüþ ôîðìóëû Îñòðîãðàäñêîãî âû÷èñëèòü
ïîâåðõíîñòíûé èíòåãðàë 2-îãî ðîäà

{

S

x3 dydz + y3 dzdx+ z3 dxdy ,

ãäå S− âíåøíÿÿ ñòîðîíà ñôåðû x2 + y2 + z2 = a2 .
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Ð å ø å í è å:

Ïîâåðõíîñòü S çàìêíóòàÿ (ñôåðà). Ôóíêöèè P = x3 , Q = y3 , R = z3

è èõ ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà íåïðåðûâíû âî âñåõ òî÷êàõ 3-õ
ìåðíîãî ïðîñòðàíñòâà. Èñïîëüçóåì ôîðìóëó Îñòðîãðàäñêîãî :

{

S

x3 dydz + y3 dzdx+ z3 dxdy =
y

V

(
∂x3

∂x
+
∂y3

∂y
+
∂z3

∂z

)
dxdydz =

= 3
y

V

(
x2 + y2 + z2

)
dxdydz = {V −øàð ðàäèóñà a ;

Çàìåíà ïåðåìåííûõ


x = r sin θ cosϕ ;

y = r sin θ sinϕ ;

z = r cos θ

, |J | = r2 sin θ

 =

= 3
y

Ṽ

r4 sin θ drdϕdθ =

Ṽ :


0 6 ϕ < 2π ;

0 6 θ 6 π ;

0 6 r 6 a

 =

= 3

2π∫
0

dϕ

π∫
0

sin θ dθ

a∫
0

r4 dr = 3 · 2π ·
(
− cos θ|θ=πθ=0

)
· a

5

5
=

12πa5

5
.

Î ò â å ò: {

S

x3 dydz + y3 dzdx+ z3 dxdy =
12πa5

5

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 27.4 (�4389 [1]). Ñ ïîìîùüþ ôîðìóëû Îñòðîãðàäñêîãî âû÷èñëèòü
ïîâåðõíîñòíûé èíòåãðàë 2-îãî ðîäà

{

S

(x− y + z) dydz + (y − z + x) dzdx+ (z − x+ y) dxdy ,

ãäå S− âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè |x− y + z|+|y − z + x|+|z − x+ y| = 1.

Ð å ø å í è å:

Ôóíêöèè P = x − y + z , Q = y − z + x , R = z − x + y è èõ ÷àñò-
íûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà íåïðåðûâíû âî âñåõ òî÷êàõ 3-õ ìåðíîãî
ïðîñòðàíñòâà. Èñïîëüçóåì ôîðìóëó Îñòðîãðàäñêîãî :

{

S

(x− y + z) dydz + (y − z + x) dzdx+ (z − x+ y) dxdy =

= {S − âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè |x− y + z|+ |y − z + x|+
+ |z − x+ y| = 1 ; D − 3-õ ìåðíàÿ îáëàñòü, îãðàíè÷åííàÿ
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ïîâåðõíîñòüþ S} =
y

D

(
∂ (x− y + z)

∂x
+
∂ (y − z + x)

∂y
+

+
∂ (z − x+ y)

∂z

)
dxdydz = 3

y

D

dxdydz =

=

Çàìåíà ïåðåìåííûõ

u = x− y + z ;

v = y − z + x ;

w = z − x+ y

, J−1 =
D(u, v, w)

D(x, y, z)
=

=

∣∣∣∣∣∣
1 1 −1
−1 1 1
1 −1 1

∣∣∣∣∣∣ = 4

 =
3

4
·
y

D̃

dudvdw︸ ︷︷ ︸
=VD̃− îáú¼ì

îáëàñòè D̃

=

=
{
Ãðàíèöà îáëàñòè D̃ : |u|+ |v|+ |w| = 1 (ñì. Ðèñ.27.2)→

→ VD̃ = 2 ·

1

3
· Sîñíîâàíèÿ︸ ︷︷ ︸

=
√

2·
√

2

· H︸︷︷︸
= 1

 =
4

3

 =
3

4
· 4

3
= 1 .

Î ò â å ò:
{

S

(x− y + z) dydz + (y − z + x) dzdx+ (z − x+ y) dxdy = 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 27.5 (�4368 [1]). Âû÷èñëèòü èíòåãðàë

I =

∫
AmB

(
x2 − yz

)
dx+

(
y2 − xz

)
dy +

(
z2 − xy

)
dz ,

âçÿòûé ïî êóñêó âèíòîâîé ëèíèè x = a cosϕ , y = a sinϕ , z =
h

2π
· ϕ

(0 6 ϕ < 2π) îò òî÷êè A {a, 0, 0} äî òî÷êè B {0, 0, h} .
Ó ê à ç à í è å . Äîïîëíèòü êðèâóþ AmB ïðÿìîëèíåéíûì îòðåçêîì BnA

è ïðèìåíèòü ôîðìóëó Ñòîêñà .

Ð å ø å í è å:

Êîíòóð C = AmB ∪BnA ÿâëÿåòñÿ çàìêíóòûì êîíòóðîì.

Ôóíêöèè P = x2− yz , Q = y2− xz , R = z2− xy è èõ ÷àñòíûå ïðîèçâîä-
íûå ïåðâîãî ïîðÿäêà íåïðåðûâíû âî âñåõ òî÷êàõ 3-õ ìåðíîãî ïðîñòðàíñòâà.
Èñïîëüçóåì ôîðìóëó Ñòîêñà :
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I +

∫
BnA

(
x2 − yz

)
dx+

(
y2 − xz

)
dy +

(
z2 − xy

)
dz =

=

∮
C

(
x2 − yz

)
dx+

(
y2 − xz

)
dy +

(
z2 − xy

)
dz =

=
x

S

∂R∂y − ∂Q

∂z︸ ︷︷ ︸
= 0

 dydz+

∂P
∂z
− ∂R

∂x︸ ︷︷ ︸
= 0

 dzdx+

∂Q∂x − ∂P

∂y︸ ︷︷ ︸
= 0

 dxdy = 0.

Òîãäà, èñêîìûé èíòåãðàë I ðàâåí

I = −
∫

BnA

(
x2 − yz

)
dx+

(
y2 − xz

)
dy +

(
z2 − xy

)
dz =

=

Ïàðàìåòðèçàöèÿ êîíòóðà BnA :


x = a ;

y = 0 ;

z = t ;

, 0 6 t 6 h

 =

= −
0∫

h

t2 dt =

(
t3

3

∣∣∣∣t=h
t=0

)
=
h3

3
.

Î ò â å ò:

I =
h3

3
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 27.6 (�4383 [1]). Äîêàçàòü, ÷òî îáú¼ì êîíóñà, îãðàíè÷åííîãî

ãëàäêîé êîíè÷åñêîé ïîâåðõíîñòüþ F (x, y, z) = 0 è ïëîñêîñòüþ

Ax+By+Cz +D = 0 , ðàâåí V =
1

3
· S ·H , ãäå S− ïëîùàäü îñíîâàíèÿ

êîíóñà, ðàñïîëîæåííîãî â äàííîé ïëîñêîñòè, è H − âûñîòà êîíóñà .

Ð å ø å í è å:

Ïóñòü âåðøèíà êîíóñà ðàñïîëîæåíà â íà÷àëå êîîðäèíàòíîé ñèñòåìû,
Sáîêîâàÿ− áîêîâàÿ ïîâåðõíîñòü êîíóñà, çàäàâàåìàÿ óðàâíåíèåì F (x, y, z) = 0 ,
è Sîñíîâàíèÿ− ïîâåðõíîñòü îñíîâàíèÿ êîíóñà, ëåæàùàÿ â

ïëîñêîñòè Ax+By + Cz +D = 0 (ñì. Ðèñ.27.3).

Ïîâåðõíîñòü Sêîíóñà = Sáîêîâàÿ ∪ Sîñíîâàíèÿ ÿâëÿåòñÿ çàìêíóòîé ïîâåðõíî-
ñòüþ, îãðàíè÷èâàþùåé êîíóñ.

Èñïîëüçóåì ôîðìóëó äëÿ âû÷èñëåíèÿ îáú¼ìà îáëàñòè, îãðàíè÷åííîé çà-
ìêíóòîé ïîâåðõíîñòüþ Sêîíóñà .

258



V =
1

3

{

Sêîíóñà

x dydz + y dzdx+ z dxdy = {~r = {x, y, z} − ðàäèóñ-âåêòîð

òî÷êè íà ïîâåðõíîñòè Sêîíóñà ; ~n(x, y, z) = {cosα(x, y, z), cos β(x, y, z),

cos γ(x, y, z)} − åäèíè÷íàÿ âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè Sêîíóñà} =

=
1

3

{

Sêîíóñà

(x cosα + y cos β + z cos γ) dS =
1

3

{

Sêîíóñà

(~r , ~n) dS =

= {Sêîíóñà = Sáîêîâàÿ ∪ Sîñíîâàíèÿ} =

=
1

3

x

Sáîêîâàÿ

(~r , ~n)︸ ︷︷ ︸
= 0

dS +
1

3

x

Sîñíîâàíèÿ

(~r , ~n) dS = {Íà ïîâåðõíîñòè Sáîêîâàÿ

âåêòîðû ~r è ~n îðòîãîíàëüíû} =
1

3

x

Sîñíîâàíèÿ

(~r , ~n) dS = {Ïîâåðõíîñòü

Sîñíîâàíèÿ ëåæèò â ïëîñêîñòè, çàäàííîé óðàâíåíèåì
Ax+By + Cz +D = 0 , êîòîðîìó ñîîòâåòñòâóåò íîðìàëüíàÿ ôîðìà
çàïèñè óðàâíåíèÿ ïëîñêîñòè âèäà x cosα + y cos β + z cos γ − p = 0 ,

ãäå cosα =
A√

A2 +B2 + C2
, cos β =

B√
A2 +B2 + C2

,

cos γ =
C√

A2 +B2 + C2
− íàïðàâëÿþùèå êîñèíóñû åäèíè÷íîé

íîðìàëè ê ïëîñêîñòè, à p =
−D√

A2 +B2 + C2
− ðàññòîÿíèå îò íà÷àëà

êîîðäèíàò äî ïëîñêîñòè. Òî åñòü, p = H, ãäå H − âûñîòà êîíóñà.
Èòàê, íà ïîâåðõíîñòè Sîñíîâàíèÿ íîðìàëüíàÿ ôîðìà çàïèñè óðàâíåíèÿ

ïëîñêîñòè èìååò âèä (~r , ~n) = H} =
1

3
·H ·

x

Sîñíîâàíèÿ

dS︸ ︷︷ ︸
=S− ïëîùàäü
îñíîâàíèÿ êîíóñà

=
1

3
· S ·H

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 27.7 (�4385.2 [1]). Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî òîðîì

x = (b+ a cosψ) cosϕ , y = (b+ a cosψ) sinϕ , z = a sinψ , 0 6 ϕ < 2π,
0 6 ψ < 2π (0 < a < b) .

Ð å ø å í è å:

V =
1

3

{

S

xdydz+ydzdx+zdxdy =
1

3

{

S

(x cosα + y cos β + z cos γ) dS =

=

{
D :

{
0 6 ϕ < 2π ;

0 6 ψ < 2π

}
=

1

3

x

D

(x (ϕ , ψ) cosα (ϕ , ψ) + y (ϕ , ψ) ·
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· cos β (ϕ , ψ) + z (ϕ , ψ) cos γ (ϕ , ψ))
√
EG− F 2 dϕdψ =

=

{
cosα =

A

±
√
A2 +B2 + C2

, cos β =
B

±
√
A2 +B2 + C2

, cos γ =

=
C

±
√
A2 +B2 + C2

, A =
D(y, z)

D(ϕ, ψ)
= · · · = a (b+ a cosψ) cosψ cosϕ ,

B =
D(z, x)

D(ϕ, ψ)
= · · · = a (b+ a cosψ) cosψ sinϕ , C =

D(x, y)

D(ϕ, ψ)
= · · · =

= a (b+ a cosψ) sinψ} =
1

3

∣∣∣∣∣x
D

(x (ϕ , ψ) · A+ y (ϕ , ψ) ·B+

+z (ϕ , ψ) · C) dϕdψ| = 1

3

∣∣∣∣∣x
D

(
a (b+ a cosψ)2 cosψ cos2 ϕ+

+a (b+ a cosψ)2 cosψ sin2 ϕ+ a2 (b+ a cosψ) sin2 ψ
)
dϕdψ

∣∣∣ =

=
a

3

∣∣∣∣∣∣
2π∫

0

dϕ ·
2π∫

0

(
(b+ a cosψ)2 cosψ + a (b+ a cosψ) sin2 ψ

)
dψ

∣∣∣∣∣∣ =

=
2πa

3

∣∣∣∣∣∣∣∣∣∣

b2

2π∫
0

cosψ dψ

︸ ︷︷ ︸
= 0

+ab

2π∫
0

dψ

︸ ︷︷ ︸
= 2π

+ab

2π∫
0

cos(2ψ) dψ

︸ ︷︷ ︸
= 0

+a2

2π∫
0

cos3 ψ dψ

︸ ︷︷ ︸
= 0

+

+
ab

2

2π∫
0

dψ

︸ ︷︷ ︸
= 2π

−ab
2

2π∫
0

cos(2ψ) dψ

︸ ︷︷ ︸
= 0

+a2

2π∫
0

cosψ sin2 ψ dψ

︸ ︷︷ ︸
= 0


∣∣∣∣∣∣∣∣∣∣

=

=
2πa

3
(2πab+ πab) = 2π2a2b

Î ò â å ò:
V = 2π2a2b

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 27.8 (�4393 [1]). Äîêàçàòü, ÷òî åñëè

∆u ≡ ∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
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è S− ãëàäêàÿ ïîâåðõíîñòü, îãðàíè÷èâàþùàÿ êîíå÷íîå òåëî V , òî ñïðàâåä-
ëèâû ñëåäóþùèå ôîðìóëû :

à)
{

S

∂u

∂n
dS =

y

V

∆u dxdydz ;

á)
{

S

u
∂u

∂n
dS =

y

V

((
∂u

∂x

)2

+

(
∂u

∂y

)2

+

(
∂u

∂z

)2
)
dxdydz+

+
y

V

u∆u dxdydz .

Çäåñü u(x, y, z)− ôóíêöèÿ, íåïðåðûâíàÿ âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèç-
âîäíûìè äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî â îáëàñòè V + S , à

∂u

∂n
= (gradu , ~n) − ïðîèçâîäíàÿ ïî íàïðàâëåíèþ âíåøíåé íîðìàëè ~n ê

ïîâåðõíîñòè S , ðàâíàÿ ñêàëÿðíîìó ïðîèçâåäåíèþ âåêòîðîâ

gradu =

{
∂u

∂x
,
∂u

∂y
,
∂u

∂z

}
è ~n = {cosα , cos β , cos γ} .

Ð å ø å í è å:

à)
{

S

∂u

∂n
dS =

{

S

(gradu , ~n) dS =
{

S

(
∂u

∂x
cosα +

∂u

∂y
cos β+

+
∂u

∂z
cos γ

)
dS =

{

S

∂u

∂x︸︷︷︸
=P

dydz +
∂u

∂y︸︷︷︸
=Q

dzdx+
∂u

∂z︸︷︷︸
=R

dxdy = {Èñïîëüçóåì

ôîðìóëó Îñòðîãðàäñêîãî.} =
y

V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dxdydz =

=
y

V

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
dxdydz =

y

V

∆u dxdydz ;

á)
{

S

u
∂u

∂n
dS =

{

S

u (gradu , ~n) dS =
{

S

u

(
∂u

∂x
cosα +

∂u

∂y
cos β+

+
∂u

∂z
cos γ

)
dS =

{

S

u
∂u

∂x︸︷︷︸
=P

dydz + u
∂u

∂y︸︷︷︸
=Q

dzdx+ u
∂u

∂z︸︷︷︸
=R

dxdy = {Èñïîëüçóåì

ôîðìóëó Îñòðîãðàäñêîãî.} =
y

V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dxdydz =

261



=
y

V

(
∂u

∂x

∂u

∂x
+ u

∂2u

∂x2
+
∂u

∂y

∂u

∂y
+ u

∂2u

∂y2
+
∂u

∂z

∂u

∂z
+ u

∂2u

∂z2

)
dxdydz =

=
y

V

((
∂u

∂x

)2

+

(
∂u

∂y

)2

+

(
∂u

∂z

)2
)
dxdydz +

y

V

u∆u dxdydz .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.8 Ýëåìåíòû òåîðèè ïîëÿ

�����������������������������������������

2.8.1 Çàíÿòèå 28

Ãðàäèåíò ñêàëÿðíîãî ïîëÿ.

Ïóñòü u (x, y, z) − çàäàííîå íåïðåðûâíî äèôôåðåíöèðóåìîå ñêàëÿðíîå ïî-
ëå (ôóíêöèÿ). Ãðàäèåíòîì ýòîãî ïîëÿ íàçûâàåòñÿ âåêòîð, èìåþùèé â äåêàð-
òîâûõ ïðÿìîóãîëüíûõ êîîðäèíàòàõ âèä

gradu (x, y, z) =~i
∂u

∂x
+~j

∂u

∂y
+ ~k

∂u

∂z
=

{
∂u

∂x
,
∂u

∂y
,
∂u

∂z

}
.

Ââåä¼ì îáîçíà÷åíèå äëÿ ïñåâäî-âåêòîðà ¾íàáëà¿

∇ =

{
∂

∂x
,
∂

∂y
,
∂

∂z

}
=~i

∂

∂x
+~j

∂

∂y
+ ~k

∂

∂z
.

Òîãäà, gradu = ∇u .

Ïðîèçâîäíàÿ
∂u

∂l
ñêàëÿðíîãî ïîëÿ u (x, y, z) â íàïðàâëåíèè âåêòîðà

~l =~i cosα +~j cos β + ~k cos γ = {cosα , cos β , cos γ}

îïðåäåëÿåòñÿ ðàâåíñòâîì

∂u

∂l
=
(

gradu , ~l
)

=
∂u

∂x
cosα +

∂u

∂y
cos β +

∂u

∂z
cos γ .

Äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ.

Ïóñòü ïåðåìåííîå âåêòîðíîå ïîëå

~A(x, y, z) = {P (x, y, z), Q(x, y, z), R(x, y, z)}

èìååò íåïðåðûâíî äèôôåðåíöèðóåìûå êîìïîíåíòû P (x, y, z) , Q(x, y, z), è
R(x, y, z) . Òîãäà, ñêàëÿðíàÿ ôóíêöèÿ

div ~A =
(
∇ , ~A

)
=
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

íàçûâàåòñÿ äèâåðãåíöèåé âåêòîðíîãî ïîëÿ ~A .

Ðîòîð (ðîòàöèÿ) âåêòîðíîãî ïîëÿ.
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Ïóñòü ~A(x, y, z) = {P (x, y, z), Q(x, y, z), R(x, y, z)} , ãäå P , Q , R− íåïðå-
ðûâíî äèôôåðåíöèðóåìûå ôóíêöèè. Òîãäà, âåêòîð

rot ~A =

{
∂R

∂y
− ∂Q

∂z
,
∂P

∂z
− ∂R

∂x
,
∂Q

∂x
− ∂P

∂y

}
=

∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂y
P Q R

∣∣∣∣∣∣∣∣ =
[
∇ , ~A

]

íàçûâàåòñÿ ðîòîðîì (ðîòàöèåé) âåêòîðíîãî ïîëÿ ~A .

Ïîòîê âåêòîðà ÷åðåç ïîâåðõíîñòü.

Ïóñòü S− çàäàííàÿ â 3-õ ìåðíîì ïðîñòðàíñòâå ïîâåðõíîñòü,
~A(x, y, z) = {P (x, y, z), Q(x, y, z), R(x, y, z)} çàäàííûé íà ïîâåðõíîñòè S

ïåðåìåííûé âåêòîð, ~n(x, y, z) = {cosα(x, y, z), cos β(x, y, z), cos γ(x, y, z)} −
åäèíè÷íûé âåêòîð íîðìàëè ê ïîâåðõíîñòè S . Òîãäà, ïîâåðõíîñòíûé èíòåãðàë
2-îãî ðîäà

x

S

(
~A , ~n

)
dS =

x

S

(P cosα +Q cos β +R cos γ) dS

íàçûâàåòñÿ ïîòîêîì âåêòîðà ~A ÷åðåç ïîâåðõíîñòü S .

Ðàáîòà âåêòîðà.

Ïóñòü C − êóñî÷íî-ãëàäêàÿ êðèâàÿ â 3-õ ìåðíîì ïðîñòðàíñòâå,
~A = {P,Q,R} − çàäàííûé íà êðèâîé C âåêòîð, ~τ = {cosα, cos β, cos γ} �

åäèíè÷íûé êàñàòåëüíûé âåêòîð ê êðèâîé C . Òîãäà, êðèâîëèíåéíûé èíòåãðàë
2-îãî ðîäà∫

C

(
~A , ~τ

)
dl =

∫
C

(P cosα +Q cos β +R cos γ) dl =

∫
C

Pdx+Qdy +Rdz

íàçûâàåòñÿ ðàáîòîé âåêòîðà ~A âäîëü êðèâîé C .

Åñëè êîíòóð C ÿâëÿåòñÿ çàìêíóòîé êðèâîé, òî ðàññìàòðèâàåìûé êðè-
âîëèíåéíûé èíòåãðàë 2-îãî ðîäà íàçûâàåòñÿ öèðêóëÿöèåé âåêòîðà ~A âäîëü
êîíòóðà C .

Ïñåâäî-âåêòîð ¾íàáëà¿.

Åñëè ¾íàáëà¿ äåéñòâóåò íà ïðîèçâåäåíèå íåñêîëüêèõ ñîìíîæèòåëåé, òî
ðåçóëüòàòîì ýòîãî äåéñòâèÿ áóäåò ñóììà, ÷èñëî ñëàãàåìûõ â êîòîðîé ðàâ-
íî ÷èñëó ñîìíîæèòåëåé â èñõîäíîì âûðàæåíèè. Êàæäîå ñëàãàåìîå ïîâòîðÿåò
ñòðóêòóðó èñõîäíîãî âûðàæåíèÿ, íî ¾íàáëà¿ â êàæäîì ñëàãàåìîì äåéñòâóåò
òîëüêî íà îäèí èç ñîìíîæèòåëåé, à âñå äðóãèå ñëåäóåò ñ÷èòàòü ïîñòîÿííûìè
âåëè÷èíàìè.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 28.1 (�4408 [1]). Äîêàçàòü ôîðìóëû :

à) grad (u+ C) = gradu (C − ïîñòîÿííî) ;

á) gradCu = C gradu (C − ïîñòîÿííî) ;

â) grad (u+ v) = gradu+ grad v ;

ã) grad (uv) = v gradu+ u grad v ;

ä) grad
(
u2
)

= 2u gradu ;

å) grad f (u) = f ′ (u) gradu .

Ð å ø å í è å:

à) grad (u+ C) =

{
∂ (u+ C)

∂x
,
∂ (u+ C)

∂y
,
∂ (u+ C)

∂z

}
=

=

{
∂u

∂x
,
∂u

∂y
,
∂u

∂z

}
= gradu ;

á) gradCu =

{
∂Cu

∂x
,
∂Cu

∂y
,
∂Cu

∂z

}
= C

{
∂u

∂x
,
∂u

∂y
,
∂u

∂z

}
= C gradu ;

â) grad (u+ v) = ∇ (u+ v) = ∇u+∇v = gradu+ grad v ;

ã) grad (uv) = ∇uv = ∇uuv +∇vuv = v∇uu+ u∇vv =

= v gradu + u grad v ;

ä) grad
(
u2
)

= grad (uu) = 2u gradu ;

å) grad f (u) =

{
∂f (u)

∂x
,
∂f (u)

∂y
,
∂f (u)

∂z

}
=

=

{
f ′ (u)

∂u

∂x
, f ′ (u)

∂u

∂y
, f ′ (u)

∂u

∂z

}
= f ′ (u)

{
∂u

∂x
,
∂u

∂y
,
∂u

∂z

}
=

= f ′ (u) gradu .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.2 (�4409 [1]). Âû÷èñëèòü :

à) grad r ;

á) grad r2 ;

â) grad
1

r
,
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ãäå r =
√
x2 + y2 + z2 .

Ð å ø å í è å:

à) grad r =

{
∂
√
x2 + y2 + z2

∂x
,
∂
√
x2 + y2 + z2

∂y
,
∂
√
x2 + y2 + z2

∂z

}
=

=

{
x√

x2 + y2 + z2
,

y√
x2 + y2 + z2

,
z√

x2 + y2 + z2

}
=

=
1

r
{x , y , z} =

~r

r
;

á) grad r2 = 2r grad r = 2~r ;

â) grad
1

r
= − 1

r2
grad r = − ~r

r3
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.3 (�4435 [1]). Äîêàçàòü, ÷òî :

à) rot
(
~a+~b

)
= rot~a+ rot~b ;

á) rot (u~a) = u rot~a+ [gradu , ~a] .

Ð å ø å í è å:

à) 1-ûé âàðèàíò âû÷èñëåíèé

rot
(
~a+~b

)
=

∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
ax + bx ay + by az + bz

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
ax ay az

∣∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
bx by bz

∣∣∣∣∣∣∣∣ = rot~a+ rot~b

2-îé âàðèàíò âû÷èñëåíèé

rot
(
~a+~b

)
=
[
∇ , ~a+~b

]
= [∇ , ~a] +

[
∇ , ~b

]
= rot~a + rot~b ;

á) rot (u~a) = [∇ , u~a] = [∇u , u~a] + [∇~a , u~a] = [∇uu , ~a] + u [∇~a , ~a] =

= [gradu , ~a] + u rot~a .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.4 (�4442.1 [1]). Íàéòè ïîòîê âåêòîðà ~r :

à) ÷åðåç áîêîâóþ ïîâåðõíîñòü êîíóñà x2 + y2 6 z2 (0 6 z 6 h) ;
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á) ÷åðåç îñíîâàíèå ýòîãî êîíóñà .

Ð å ø å í è å:

Ïóñòü Sáîê− áîêîâàÿ ïîâåðõíîñòü êîíóñà è Sîñí− ïîâåðõíîñòü â îñíîâà-
íèè êîíóñà (ñì. Ðèñ.28.1).

à)
x

Sáîê

(~r , ~náîê)︸ ︷︷ ︸
= 0

dS = 0 ;

á)
x

Sáîê

(~r , ~náîê) dS︸ ︷︷ ︸
= 0

+
x

Sîñí

(~r , ~nîñí) dS =
{

S=Sîñí∪Sáîê

(~r , ~n) dS =

= {Ôîðìóëà Îñòðîãðàäñêîãî} =
y

V

div ~r︸︷︷︸
= 3

dxdydz = 3
y

V

dxdydz︸ ︷︷ ︸
Îáú¼ì êîíóñà

=

= 3 ·

1

3
· Sîñíîâàíèÿ︸ ︷︷ ︸

=πh2

·h

 = πh3 .

Ñëåäîâàòåëüíî,
x

Sîñí

(~r , ~nîñí) dS = πh3 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

�
�
�
�
��

-

6

y

x

z

Ðèñ.28.1

��	

@@R
�
���

6

~náîê

~nîñí

~r���

h

Sáîê

Sîñí

�
�
�
�
��

-

6

y

x

z

Ðèñ.28.2

@@R

6

?

-

h

a
a

Sáîê

S1îñí
��	

S2îñí
6

~náîê

~n1îñí

~n2îñí �
�
���

-

6

y

x

z

Ðèñ.28.3

1

1

1

Sáîê
��	

Sîñí
6

@@I

?

~n

~n

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.5 (�4452.3 [1]). Íàéòè ðàáîòó ïîëÿ ~a = ey−z~i+ ez−x~j + ex−y ~k
âäîëü ïðÿìîëèíåéíîãî îòðåçêà ìåæäó òî÷êàìè O {0, 0, 0} è M {1, 3, 5} .

Ð å ø å í è å:∫
C

(~a , ~τ) dl =

∫
C

Pdx+Qdy +Rdz =

∫
C

ey−z dx+ ez−x dy + ex−y dz =
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=

Ïàðàìåòðèçàöèÿ êîíòóðà C :


x = t ;

y = 3t ;

z = 5t

, 0 6 t 6 1

 =

=

1∫
0

(
e−2t + e4t · 3 + e−2t · 5

)
dt = 6

1∫
0

e−2t dt + 3

1∫
0

e4t dt =

= −3
(
e−2t

∣∣t=1

t=0

)
+

3

4

(
e4t
∣∣t=1

t=0

)
=

3

4

(
e4 − 4e−2 + 3

)
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.6 (�4411 [1]). Íàéòè grad
(
~C , ~r

)
, ãäå ~C − ïîñòîÿííûé âåêòîð

è ~r = {x, y, z} − ðàäèóñ-âåêòîð èç íà÷àëà êîîðäèíàò .

Ð å ø å í è å:

grad
(
~C , ~r

)
= grad (Cx x+ Cy y + Cz z) =

{
∂

∂x
(Cx x+ Cy y + Cz z) ,

∂

∂y
(Cx x+ Cy y + Cz z) ,

∂

∂z
(Cx x+ Cy y + Cz z)

}
= {Cx , Cy , Cz} = ~C

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.7 (�4412 [1]). Íàéòè grad
∣∣∣[~C,~r]∣∣∣2 (~C − ïîñòîÿííûé âåêòîð

)
.

Ð å ø å í è å:

[
~C,~r
]

=

∣∣∣∣∣∣
~i ~j ~k
Cx Cy Cz
x y z

∣∣∣∣∣∣ = {Cy z − Cz y , Cz x− Cx z , Cx y − Cy x}

∣∣∣[~C,~r]∣∣∣2 = (Cy z − Cz y)2 + (Cz x− Cx z)2 + (Cx y − Cy x)2︸ ︷︷ ︸
= f(x,y,z)

grad
∣∣∣[~C,~r]∣∣∣2 =

{
∂f

∂x
,
∂f

∂y
,
∂f

∂z

}
=

{
∂f

∂x
= 2 (Cz x− Cx z)Cz−

−2 (Cx y − Cy x)Cy = 2
(
C2
y x+ C2

z x− Cx (Cy y + Cz z)
)

=

= 2


C2

x + C2
y + C2

z︸ ︷︷ ︸
= (~C, ~C)

 · x− Cx ·
Cx x+ Cy y + Cz z︸ ︷︷ ︸

= (~C,~r)


 =

= 2
(
~C, ~C

)
· x− 2

(
~C,~r
)
· Cx ;
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∂f

∂y
= · · · = 2

(
~C, ~C

)
· y − 2

(
~C,~r
)
· Cy ;

∂f

∂z
= · · · = 2

(
~C, ~C

)
· z − 2

(
~C,~r
)
· Cz

}
= 2

(
~C, ~C

)
· {x, y, z}︸ ︷︷ ︸

=~r

−

− 2
(
~C,~r
)
· {Cx, Cy, Cz}︸ ︷︷ ︸

= ~C

= 2
(
~C, ~C

)
~r − 2

(
~C,~r
)
~C

Î ò â å ò:

grad
∣∣∣[~C,~r]∣∣∣2 = 2

(
~C, ~C

)
~r − 2

(
~C,~r
)
~C

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.8 (�4430 [1]). Íàéòè :

à) div (u gradu) ;

á) div (u grad v) .

Ð å ø å í è å:

à) div (u gradu) = (∇, u∇u) = (∇u, u∇u)+(∇∇u, u∇u) = (∇uu,∇u) +

+ u (∇∇u,∇u) = |∇u|2 + u

(
∂

∂x

(
∂u

∂x

)
+

∂

∂y

(
∂u

∂y

)
+

∂

∂z

(
∂u

∂z

))
=

= |gradu|2 + u∆u ;

á) div (u grad v) = (∇, u∇v) = (∇u, u∇v) + (∇∇v, u∇v) = (∇uu,∇v) +

+ u (∇∇v,∇v) = (gradu, grad v) + u∆v .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.9 (�4436.1 [1]). Íàéòè :

à) rot~r ;

á) rot (f (r)~r) .

Ð å ø å í è å:

à) rot~r =

∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
x y z

∣∣∣∣∣∣∣∣ = [∇, ~r] = {0 , 0 , 0} ;

á) rot (f (r)~r) = [∇, f (r)~r] = [∇~r, f (r)~r] +
[
∇f(r), f (r)~r

]
=
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= f (r) [∇~r, ~r]︸ ︷︷ ︸
= 0

+
[
∇f(r)f (r) , ~r

]
= [f ′ (r) grad r, ~r] = f ′ (r)

[
~r

r
, ~r

]
︸ ︷︷ ︸

= 0

= 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.10 (�4436.2 [1]). Íàéòè ìîäóëü è íàïðàâëåíèå rot~a

â òî÷êå M {1, 2,−2} , åñëè ~a =
y

z
~i+

z

x
~j +

x

y
~k .

Ð å ø å í è å:

rot~a =

∣∣∣∣∣∣∣∣∣∣∣∣∣

~i ~j ~k

∂

∂x

∂

∂y

∂

∂z

y

z

z

x

x

y

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

{
− x
y2
− 1

x
, − y

z2
− 1

y
, − z

x2
− 1

z

}

rot~a|M =

{
−5

4
, −1 ,

5

2

}
, |rot~a|M | =

√
25

16
+ 1 +

25

4
=

√
141

4

~l = {cosα , cos β , cos γ} =
rot~a|M
|rot~a|M |

=

{
− 5√

141
, − 4√

141
,

10√
141

}
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.11 (�4442.2 [1]). Íàéòè ïîòîê âåêòîðà ~a = yz~i+ zx~j + xy ~k :

à) ÷åðåç áîêîâóþ ïîâåðõíîñòü öèëèíäðà x2 + y2 6 a2 (0 6 z 6 h) ;

á) ÷åðåç ïîëíóþ ïîâåðõíîñòü ýòîãî öèëèíäðà .

Ð å ø å í è å:

Ïóñòü Sáîê− áîêîâàÿ ïîâåðõíîñòü öèëèíäðà, S1îñí− âåðõíÿÿ ãðàíèöà öè-
ëèíäðà è S2îñí− íèæíÿÿ ãðàíèöà öèëèíäðà (ñì. Ðèñ.28.2).

á)
{

S=Sáîê∪S1îñí∪S2îñí

(~a , ~n) dS = {Ôîðìóëà Îñòðîãðàäñêîãî} =

=
y

V

div~a dxdydz =

{
div~a =

∂ yz

∂x
+
∂ zx

∂y
+
∂ xy

∂z
= 0

}
= 0 ;

Òîãäà,

à)
x

Sáîê

(~a , ~náîê) dS = −
x

S1îñí

(~a , ~n1îñí) dS −
x

S2îñí

(~a , ~n2îñí) dS =

=
{
~n1îñí = {0, 0, 1} , ~n2îñí = {0, 0,−1} , (~a , ~n1îñí)|S1îñí

= xy ,

(~a , ~n2îñí)|S2îñí
= −xy ; Ïàðàìåòðèçàöèÿ ïîâåðõíîñòè S1îñí :
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x = r cosϕ ;

y = r sinϕ ;

z = h

, → D :

{
0 6 ϕ < 2π ;

0 6 r 6 a
,
√
EG− F 2 = r ;

Ïàðàìåòðèçàöèÿ ïîâåðõíîñòè S2îñí :


x = r cosϕ ;

y = r sinϕ ;

z = 0

, →

→ D :

{
0 6 ϕ < 2π ;

0 6 r 6 a
,
√
EG− F 2 = r

}
=

= −
x

D

r cosϕ r sinϕ r dϕdr +
x

D

r cosϕ r sinϕ r dϕdr = 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 28.12 (�4443 [1]). Íàéòè ïîòîê ðàäèóñ-âåêòîðà ~r ÷åðåç ïîâåðõ-
íîñòü z = 1−

√
x2 + y2 (0 6 z 6 1) .

Ð å ø å í è å:

Ïóñòü Sáîê− áîêîâàÿ ïîâåðõíîñòü êîíóñà è Sîñí− ïîâåðõíîñòü â îñíîâà-
íèè êîíóñà (ñì. Ðèñ.28.3).

{

S=Sîñí∪Sáîê

(~r, ~n) dS = {Ôîðìóëà Îñòðîãðàäñêîãî} =
y

V

div ~r︸︷︷︸
= 3

dxdydz =

= 3
y

V

dxdydz︸ ︷︷ ︸
Îáú¼ì êîíóñà

= 3 ·

(
1

3
· Sîñíîâàíèÿ︸ ︷︷ ︸

=π

·1

)
= π .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.9 Ñîáñòâåííûå èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà

�����������������������������������������

2.9.1 Çàíÿòèå 29

Ïóñòü ôóíêöèÿ f (x, y) îïðåäåëåíà è íåïðåðûâíà â îáëàñòè D

(ñì. Ðèñ.29.1). Òîãäà íà îòðåçêå y ∈ [c , d] îïðåäåëåíà ôóíêöèÿ

I (y) =
b∫
a

f (x, y) dx− ñîáñòâåííûé èíòåãðàë çàâèñÿùèé îò ïàðàìåòðà.

Òåîðåìà 1. Åñëè ôóíêöèÿ f (x, y) îïðåäåëåíà è íåïðåðûâíà â îáëàñòè D ,

òî ôóíêöèÿ I (y) =
b∫
a

f (x, y) dx ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé íà ñåãìåíòå

c 6 y 6 d .

Òåîðåìà 2. Åñëè ôóíêöèÿ f (x, y) îïðåäåëåíà è íåïðåðûâíà â îáëàñòè D ,
òî ñóùåñòâóþò è ðàâíû ïîâòîðíûå èíòåãðàëû

d∫
c

dy

b∫
a

f (x, y) dx =

b∫
a

dx

d∫
c

f (x, y) dy .

Òåîðåìà 3.Ïóñòü â îáëàñòè D îïðåäåëåíû è íåïðåðûâíû ôóíêöèè f (x, y)

è
∂f (x, y)

∂y
. Òîãäà, íà èíòåðâàëå c < y < d âåðíà ôîðìóëà Ëåéáíèöà

d

dy

b∫
a

f (x, y) dx =

b∫
a

∂f (x, y)

∂y
dx .

Ïóñòü ôóíêöèÿ f (x, y) îïðåäåëåíà è íåïðåðûâíà â îáëàñòè D′

(ñì. Ðèñ.29.2). Òîãäà íà îòðåçêå y ∈ [c , d] îïðåäåëåíà ôóíêöèÿ

I (y) =
ψ(y)∫
ϕ(y)

f (x, y) dx− ñîáñòâåííûé èíòåãðàë ñ ïåðåìåííûìè ïðåäåëàìè

èíòåãðèðîâàíèÿ.

Òåîðåìà 3′. Ïóñòü â îáëàñòè D′ îïðåäåëåíû è íåïðåðûâíû ôóíêöèè

f (x, y) è
∂f (x, y)

∂y
. Ïóñòü ôóíêöèè ϕ (y) è ψ (y) ÿâëÿþòñÿ äèôôåðåíöè-

ðóåìûìè ôóíêöèÿìè ïåðåìåííîé y è a < ϕ (y) < b , a < ψ (y) < b ïðè
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c < y < d . Òîãäà, íà èíòåðâàëå c < y < d âåðíà ôîðìóëà

d

dy

ψ(y)∫
ϕ(y)

f (x, y) dx =

ψ(y)∫
ϕ(y)

∂f (x, y)

∂y
dx+ f (ψ (y) , y) · ψ′ (y)− f (ϕ (y) , y) · ϕ′ (y) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.29.1
a b

c

d

D

-

6

x

y

Ðèñ.29.2

D′

a b

c

d
x = ϕ (y)
@@R

x = ψ (y)@@I

-

6

y

F (y)

Ðèñ.29.3

1

−1

1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 29.1 (�3713(à) [1]). Íàéòè

lim
α→0

1+α∫
α

dx

1 + x2 + α2
.

Ð å ø å í è å:

Ôóíêöèè f (x , α) =
1

1 + x2 + α2
, ϕ (α) = α , ψ (α) = 1 +α îïðåäåëåíû è

íåïðåðûâíû ïðè ëþáûõ x è α . Ñëåäîâàòåëüíî (Òåîðåìà 1), ôóíêöèÿ

I (α) =
1+α∫
α

dx

1 + x2 + α2
− íåïðåðûâíàÿ ôóíêöèÿ ïðè ëþáûõ α . Òîãäà,

lim
α→0

1+α∫
α

dx

1 + x2 + α2
= lim

α→0
I (α) = I (0) =

1∫
0

dx

1 + x2
= arctg x|x=1

x=0 =
π

4
.

Î ò â å ò:

lim
α→0

1+α∫
α

dx

1 + x2 + α2
=
π

4

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 29.2 (�3717 [1]). Âû÷èñëèòü F ′ (x) , åñëè

F (x) =

x2∫
x

e−xy
2

dy .

Ð å ø å í è å:

Ôóíêöèè f (x, y) = e−xy
2

è
∂f (x, y)

∂x
= −y2 e−xy

2

îïðåäåëåíû è íåïðå-

ðûâíû ïðè ëþáûõ x è y . Ïðîèçâîäíûå ôóíêöèé ϕ (x) = x è ψ (x) = x2

ñóùåñòâóþò ïðè ëþáûõ x . Ñëåäîâàòåëüíî (Òåîðåìà 3′), ïðèìåíèìà ôîðìóëà
Ëåéáíèöà. Òîãäà,

dF (x)

dx
= −

x2∫
x

y2 e−xy
2

dy + e−x
5 · 2x− e−x3 · 1 .

Î ò â å ò:

F ′ (x) = −
x2∫
x

y2 e−xy
2

dy + 2x e−x
5 − e−x3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 29.3 (�3718(à) [1]). Íàéòè F ′ (α) , åñëè

F (α) =

cosα∫
sinα

eα
√

1−x2 dx .

Ð å ø å í è å:

Ôóíêöèè f (x, α) = eα
√

1−x2 è
∂f (x, α)

∂α
=
√

1− x2 eα
√

1−x2 îïðåäåëåíû è

íåïðåðûâíû ïðè −1 6 x 6 1 è ëþáûõ α . Ïðîèçâîäíûå ôóíêöèé

ϕ (α) = sinα è ψ (α) = cosα ñóùåñòâóþò ïðè ëþáûõ α .

Ñëåäîâàòåëüíî (Òåîðåìà 3′), ïðèìåíèìà ôîðìóëà Ëåéáíèöà. Òîãäà,

F ′ (α) =

cosα∫
sinα

√
1− x2 eα

√
1−x2 dx− eα|sinα| · sinα− eα|cosα| · cosα .

Î ò â å ò:

F ′ (α) =

cosα∫
sinα

√
1− x2 eα

√
1−x2 dx− sinα · eα|sinα| − cosα · eα|cosα|
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 29.4 (�3728 [1]). Ïîêàçàòü, ÷òî ôóíêöèÿ

u (x) =

1∫
0

K (x, y) v (y) dy , ãäå K (x, y) =

{
x (1− y) , åñëè x 6 y ;

y (1− x) , åñëè x > y

è v (y) íåïðåðûâíà, óäîâëåòâîðÿåò óðàâíåíèþ u′′ (x) = −v (x) (0 6 x 6 1) .

Ð å ø å í è å:

Ïóñòü ôóíêöèÿ f (x, y) = K (x, y) v (y) . Òîãäà, ôóíêöèÿ

∂f (x, y)

∂x
= v (y) ·

{
1− y , åñëè x 6 y;

−y , åñëè x > y
èìååò ðàçðûâ ïðè x = y . Ñëåäî-

âàòåëüíî, íå âñå óñëîâèÿ ¾Òåîðåìû 3¿ äëÿ ôóíêöèè u (x) =
1∫

0

K (x, y) v (y) dy

âûïîëíåíû.

Çàïèøåì çàäàííóþ ôóíêöèþ u (x) â ñëåäóþùåì âèäå

u (x) =

x∫
0

y (1− x) v (y) dy +

1∫
x

x (1− y) v (y) dy .

Òîãäà, ôóíêöèè f1 (x, y) = y (1− x) v (y) ,
∂f1 (x, y)

∂x
= −y v (y) ,

f2 (x, y) = x (1− y) v (y) ,
∂f2 (x, y)

∂x
= (1− y) v (y) îïðåäåëåíû è íåïðå-

ðûâíû. Ïðîèçâîäíûå ôóíêöèé ϕ1 (x) = 0, ψ1 (x) = x, ϕ2 (x) = x, ψ2 (x) = 1
ñóùåñòâóþò.

Ñëåäîâàòåëüíî (Òåîðåìà 3′), ïðèìåíèìà ôîðìóëà Ëåéáíèöà. Òîãäà,

u′ (x) = −
x∫

0

y v (y) dy + x (1− x) v (x) +

1∫
x

(1− y) v (y) dy−

− x (1− x) v (x) = −
x∫

0

y v (y) dy +

1∫
x

(1− y) v (y) dy .

Âû÷èñëèì âòîðóþ ïðîèçâîäíóþ ôóíêöèè u (x) .

Ôóíêöèè f3 (x, y) = −y v (y) ,
∂f3 (x, y)

∂x
= 0 , f4 (x, y) = (1− y) v (y) ,

∂f4 (x, y)

∂x
= 0 îïðåäåëåíû è íåïðåðûâíû. Ïðîèçâîäíûå ôóíêöèé ϕ3 (x) = 0,

ψ3 (x) = x, ϕ4 (x) = x, ψ4 (x) = 1 ñóùåñòâóþò.
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Ñëåäîâàòåëüíî (Òåîðåìà 3′), ïðèìåíèìà ôîðìóëà Ëåéáíèöà. Òîãäà,

u′′ (x) =

x∫
0

0 dy − x v (x) +

1∫
x

0 dy − (1− x) v (x) = −v (x) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 29.5 (�3711 [1]). Ïîêàçàòü, ÷òî èíòåãðàë

F (y) =

1∫
0

f (x, y) dx

îò ðàçðûâíîé ôóíêöèè f (x, y) = sgn (x− y) ÿâëÿåòñÿ ôóíêöèåé íåïðåðûâ-
íîé. Ïîñòðîèòü ãðàôèê ôóíêöèè F (y) .

Ð å ø å í è å:

F (y) =

1∫
0

sgn (x− y) dx = {t = x− y , dt = dx} =

1−y∫
−y

sgn t dt ,

ãäå sgn t =


−1 , åñëè t < 0 ;

0 , åñëè t = 0 ;

1 , åñëè t > 0

.

Òîãäà, åñëè 1− y < 0 (y > 1) , òî

F (y) =

1−y∫
−y

(−1) dt = −1 .

Åñëè −y > 0 (y < 0) , òî

F (y) =

1−y∫
−y

(+1) dt = 1 .

Åñëè

{
−y < 0

1− y > 0
(0 < y < 1) , òî

F (y) =

0∫
−y

(−1) dt+

1−y∫
0

(+1) dt = 1− 2y .
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Òàê êàê, F (0) =
1∫

0

sgnx dx = 1 è F (1) =
1∫

0

sgn (x− 1) dx = −1 , òî

ôóíêöèÿ F (y) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé è èìååò ñëåäóþùèé âèä

F (y) =


1 , åñëè y < 0 ;

1− 2y , åñëè 0 6 y 6 1 ;

−1 , åñëè y > 1

(ñì. Ðèñ.29.3) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 29.6 (�3713(â) [1]). Íàéòè

lim
α→0

2∫
0

x2 cos (αx) dx .

Ð å ø å í è å:

Ôóíêöèÿ f (x , α) = x2 cos (αx) îïðåäåëåíà è íåïðåðûâíà ïðè ëþáûõ x

è α . Ñëåäîâàòåëüíî (Òåîðåìà 1), ôóíêöèÿ I (α) =
2∫

0

x2 cos (αx) dx ÿâëÿåòñÿ

íåïðåðûâíîé ôóíêöèåé ïðè ëþáûõ α . Òîãäà,

lim
α→0

2∫
0

x2 cos (αx) dx = lim
α→0

I (α) = I (0) =

2∫
0

x2 dx =
x3

3

∣∣∣∣x=2

x=0

=
8

3
.

Î ò â å ò:

lim
α→0

2∫
0

x2 cos (αx) dx =
8

3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 29.7 (�3718(á) [1]). Íàéòè F ′ (α) , åñëè

F (α) =

b+α∫
a+α

sin (αx)

x
dx .

Ð å ø å í è å:

Ôóíêöèè f (x, α) =
sin (αx)

x
è
∂f (x, α)

∂α
= cos (αx) îïðåäåëåíû è íåïðå-

ðûâíû ïðè ëþáûõ x è α . Ïðîèçâîäíûå ôóíêöèé ϕ (α) = a+ α è

ψ (α) = b+ α ñóùåñòâóþò ïðè ëþáûõ α .

Ñëåäîâàòåëüíî (Òåîðåìà 3′), ïðèìåíèìà ôîðìóëà Ëåéáíèöà. Òîãäà,
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F ′ (α) =

b+α∫
a+α

cos (αx) dx+
sin (α (b+ α))

b+ α
− sin (α (a+ α))

a+ α
=

=
1

α
sin (αx)|x=b+α

x=a+α +
sin (α (b+ α))

b+ α
− sin (α (a+ α))

a+ α
=

=

(
1

α
+

1

b+ α

)
sin (α (b+ α))−

(
1

α
+

1

a+ α

)
sin (α (a+ α)) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 29.8 (�3719 [1]). Íàéòè F ′′ (x) , åñëè

F (x) =

x∫
0

(x+ y) f (y) dy ,

ãäå f (y) − äèôôåðåíöèðóåìàÿ ôóíêöèÿ.

Ð å ø å í è å:

Ôóíêöèè f1 (x, y) = (x+ y) f (y) ,
∂f1 (x, y)

∂x
= f (y) îïðåäåëåíû è íåïðå-

ðûâíû ïðè ëþáûõ x è y . Ïðîèçâîäíûå ôóíêöèé ϕ1 (x) = 0 , ψ1 (x) = x
ñóùåñòâóþò.

Ñëåäîâàòåëüíî (Òåîðåìà 3′), ïðèìåíèìà ôîðìóëà Ëåéáíèöà. Òîãäà,

F ′ (x) =

x∫
0

f (y) dy + 2x f (x) .

Âû÷èñëèì âòîðóþ ïðîèçâîäíóþ ôóíêöèè F (x) .

Ôóíêöèè f2 (x, y) = f (y) ,
∂f2 (x, y)

∂x
= 0 îïðåäåëåíû è íåïðåðûâíû ïðè

ëþáûõ x è y . Ïðîèçâîäíûå ôóíêöèé ϕ2 (x) = 0 , ψ2 (x) = x ñóùåñòâóþò.

Ñëåäîâàòåëüíî (Òåîðåìà 3′), ïðèìåíèìà ôîðìóëà Ëåéáíèöà. Òîãäà,

F ′′ (x) =

x∫
0

0 dy + f (x) + 2f (x) + 2x f ′ (x) = 3f (x) + 2x f ′ (x) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.9.2 Çàíÿòèå 30

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 30.1 (�3732 [1]). Ïðèìåíÿÿ äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó,
âû÷èñëèòü èíòåãðàë

π/2∫
0

ln
(
a2 sin2 x+ b2 cos2 x

)
dx .

Ð å ø å í è å:

Èíòåãðàë I (a , b) =
π/2∫
0

ln
(
a2 sin2 x+ b2 cos2 x

)
dx ïðè a 6= 0 , b 6= 0 ÿâëÿ-

åòñÿ ñîáñòâåííûì èíòåãðàëîì, çàâèñÿùèì îò ïàðàìåòðîâ a è b .

Ôóíêöèè f (x , a , b) = ln
(
a2 sin2 x+ b2 cos2 x

)
,
∂f

∂a
=

2a sin2 x

a2 sin2 x+ b2 cos2 x
,

∂f

∂b
=

2b cos2 x

a2 sin2 x+ b2 cos2 x
îïðåäåëåíû è íåïðåðûâíû ïðè ëþáûõ x è

a , b 6= 0 . Ñëåäîâàòåëüíî (Òåîðåìà 1 , Òåîðåìà 3), èíòåãðàë I (a , b) ÿâëÿ-
åòñÿ íåïðåðûâíîé ôóíêöèåé è ïðèìåíèìà ôîðìóëà Ëåéáíèöà.

Âû÷èñëèì ïðîèçâîäíóþ
∂I (a , b)

∂a
.

∂I (a , b)

∂a
= 2a

π/2∫
0

sin2 x dx

a2 sin2 x+ b2 cos2 x
=

{
tg x = t→ dx =

dt

1 + t2

}
=

= 2a

∞∫
0

t2 dt

(a2t2 + b2) (1 + t2)
=

{
t2

(a2t2 + b2) (1 + t2)
=

b2

b2 − a2
· 1

a2t2 + b2
−

− 1

b2 − a2
· 1

1 + t2
, a2 6= b2

}
=

2a

b2 − a2
·

b2

∞∫
0

dt

b2 + a2t2
−
∞∫

0

dt

1 + t2

 =

=
2a

b2 − a2
·

(
b

a

(
arctg

at

b

∣∣∣∣t=∞
t=0

)
−
(
arctg t|t=∞t=0

))
=

=
2a

b2 − a2
·
(
b

a
· sgn

(a
b

)
· π

2
− π

2

)
=

πa

b2 − a2
·
(
|b|
|a|
− 1

)
=

=
πa

b2 − a2
· |b| − |a|
|a|

=
π sgn a

|b|+ |a|
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Èòàê,
∂I (a , b)

∂a
=

π sgn a

|b|+ |a|
ïðè a2 6= b2 . Åñëè a2 = b2 , òî

∂I (a , b)

∂a
=

2

a

π/2∫
0

sin2 x dx =
1

a

π/2∫
0

(1− cos 2x) dx =
π

2a

è ôîðìóëà äëÿ
∂I (a , b)

∂a
âåðíà è ïðè a2 = b2 .

Òîãäà,

I (a , b) =

∫
π sgn a da

|b|+ |a|
= π ln (|b|+ |a|) + C1 (b) (∗) .

Âû÷èñëèì ïðîèçâîäíóþ
∂I (a , b)

∂b
.

∂I (a , b)

∂b
= 2b

π/2∫
0

cos2 x dx

a2 sin2 x+ b2 cos2 x
=

{
tg x = t→ dx =

dt

1 + t2

}
=

= 2b

∞∫
0

dt

(a2t2 + b2) (1 + t2)
=

{
1

(a2t2 + b2) (1 + t2)
=
−a2

b2 − a2
· 1

a2t2 + b2
+

+
1

b2 − a2
· 1

1 + t2
, a2 6= b2

}
=

2b

b2 − a2
·

−a2

∞∫
0

dt

b2 + a2t2
+

∞∫
0

dt

1 + t2

 =

=
2b

b2 − a2
·

(
−a
b

(
arctg

at

b

∣∣∣∣t=∞
t=0

)
+
(
arctg t|t=∞t=0

))
=

=
2b

b2 − a2
·
(
−a
b
· sgn

(a
b

)
· π

2
+
π

2

)
=

πb

b2 − a2
·
(

1− |a|
|b|

)
=

=
πb

b2 − a2
· |b| − |a|
|b|

=
π sgn b

|b|+ |a|

Èòàê,
∂I (a , b)

∂b
=

π sgn b

|b|+ |a|
ïðè a2 6= b2 . Åñëè a2 = b2 , òî

∂I (a , b)

∂b
=

2

b

π/2∫
0

cos2 x dx =
1

b

π/2∫
0

(1 + cos 2x) dx =
π

2b

è ôîðìóëà äëÿ
∂I (a , b)

∂b
âåðíà è ïðè a2 = b2 .
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Òîãäà,

I (a , b) =

∫
π sgn b db

|b|+ |a|
= π ln (|b|+ |a|) + C2 (a) (∗∗) .

Âûðàæåíèÿ (∗) è (∗∗) ðàâíû äðóã äðóãó. Òî åñòü,

π ln (|b|+ |a|) + C1 (b) = π ln (|b|+ |a|) + C2 (a) →

→ C1 (b) = C2 (a) = C = const .

Òîãäà,
I (a , b) = π ln (|b|+ |a|) + C .

Âû÷èñëèì ÷àñòíîå çíà÷åíèå èíòåãðàëà

I (1 , 1) =

π/2∫
0

ln
(
sin2 x+ cos2 x

)
dx =

π/2∫
0

ln 1︸︷︷︸
= 0

dx = 0 .

Èíòåãðàë I (a , b) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé ïàðàìåòðîâ. Ïîýòîìó

lim
a→1
b→1

I (a , b) = I (1 , 1) .

Òî åñòü,
lim
a→1
b→1

(π ln (|b|+ |a|) + C) = π ln 2 + C = 0 .

Îòñþäà ñëåäóåò, ÷òî C = −π ln 2 .

Èòàê, èíòåãðàë I (a , b) ðàâåí

I (a , b) = π ln (|b|+ |a|)− π ln 2 = π ln
|a|+ |b|

2
.

Î ò â å ò:
π/2∫
0

ln
(
a2 sin2 x+ b2 cos2 x

)
dx = π ln

|a|+ |b|
2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 30.2 (�3737 [1]). Ïðèìåíÿÿ èíòåãðèðîâàíèå ïîä çíàêîì èíòåãðàëà,
âû÷èñëèòü èíòåãðàë

1∫
0

xb − xa

lnx
dx (a > 0 , b > 0) .
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Ð å ø å í è å:

1∫
0

xb − xa

lnx
dx =


b∫

a

xtdt =
1

lnx
·
(
xt
∣∣t=b
t=a

)
=
xb − xa

lnx

 =

1∫
0

dx

b∫
a

xtdt =

=
{
f (x , t) = xt − íåïðåðûâíàÿ ôóíêöèÿ ïåðåìåííûõ x , t. Òîãäà,

ïðèìåíèìà Òåîðåìà 2.} =

b∫
a

dt

1∫
0

xt dx =

b∫
a

(
xt+1

1 + t

∣∣∣∣x=1

x=0

)
dt =

=

b∫
a

dt

1 + t
= ln (1 + t)|t=bt=a = ln (b+ 1)− ln (a+ 1) = ln

b+ 1

a+ 1

Î ò â å ò:
1∫

0

xb − xa

lnx
dx = ln

b+ 1

a+ 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 30.3 (�3738(à) [1]). Âû÷èñëèòü èíòåãðàë

1∫
0

sin

(
ln

1

x

)
· x

b − xa

lnx
dx (a > 0 , b > 0) .

Ð å ø å í è å:

1∫
0

sin

(
ln

1

x

)
· x

b − xa

lnx
dx =

xb − xalnx
=

b∫
a

xtdt

 =

=

1∫
0

sin

(
ln

1

x

)
dx

b∫
a

xtdt =

1∫
0

dx

b∫
a

sin

(
ln

1

x

)
· xtdt =

=

{
f (x , t) = sin

(
ln

1

x

)
· xt − íåïðåðûâíàÿ ôóíêöèÿ ïðè 0 < x < 1 ,

a < t < b . Ïðèìåíèìà Òåîðåìà 2.} =

b∫
a

dt

1∫
0

sin

(
ln

1

x

)
· xt dx

︸ ︷︷ ︸
= J

=

=

J =

1∫
0

sin

(
ln

1

x

)
· xt dx =

{
Çàìåíà ïåðåìåííîé : ln

1

x
= y →
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→ x = e−y , dx = −e−ydy
}

=

∞∫
0

sin y · e−(1+t)y dy =

= −
∞∫

0

e−(1+t)y d (cos y) = −
(

cos y e−(1+t)y
∣∣∣y=∞

y=0

)
︸ ︷︷ ︸

= 1

−

− (1 + t)

∞∫
0

cos y · e−(1+t)y dy = 1− (1 + t)

∞∫
0

e−(1+t)y d (sin y) =

= 1− (1 + t)


(

sin y e−(1+t)y
∣∣∣y=∞

y=0

)
︸ ︷︷ ︸

= 0

+ (1 + t)

∞∫
0

sin y · e−(1+t)y dy

︸ ︷︷ ︸
= J

 =

= 1− (1 + t)2 · J → J = 1− (1 + t)2 · J → J =
1

1 + (1 + t)2

}
=

=

b∫
a

dt

1 + (1 + t)2 = arctg (1 + t)|t=bt=a = arctg (1 + b)− arctg (1 + a) =

=

{
arctgα− arctg β = arctg

α− β
1 + αβ

}
= arctg

b− a
1 + (1 + a) (1 + b)

.

Î ò â å ò:
1∫

0

sin

(
ln

1

x

)
· x

b − xa

lnx
dx = arctg

b− a
1 + (1 + a) (1 + b)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Íåñîáñòâåííûå èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà.

Ïóñòü â ïîëóïîëîñåD (Ðèñ.30.1) îïðåäåëåíà íåïðåðûâíàÿ ôóíêöèÿ f (x, y)

òàêàÿ, ÷òî ïðè ëþáîì c < y < d ñóùåñòâóåò (ñõîäèòñÿ) èíòåãðàë
∞∫
a

f (x, y) dx ,

ÿâëÿþùèéñÿ íåñîáñòâåííûì èíòåãðàëîì, çàâèñÿùèì îò ïàðàìåòðà.

Ïî îïðåäåëåíèþ, ñõîäèìîñòü èíòåãðàëà
∞∫
a

f (x, y) dx îçíà÷àåò, ÷òî äëÿ ëþ-

áîãî ε > 0 è çàäàííîãî c < y < d ñóùåñòâóåò ÷èñëî B (ε, y) òàêîå, ÷òî ïðè

âñÿêîì b > B (ε, y) âûïîëíÿåòñÿ íåðàâåíñòâî

∣∣∣∣∞∫
b

f (x, y) dx

∣∣∣∣ < ε .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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-

6

x

y

Ðèñ.30.1

D

a

c

d

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 30.4 (�3741 [1]). Îïðåäåëèòü îáëàñòü ñõîäèìîñòè èíòåãðàëà

I (a) =

∞∫
0

e−ax

1 + x2
dx .

Ð å ø å í è å:

Ôóíêöèè f (x , a) =
e−ax

1 + x2
ïðè a > 0 óäîâëåòâîðÿåò íåðàâåíñòâó

f (x , a) =
e−ax

1 + x2
6

1

1 + x2
= F (x) .

Òàê êàê, èíòåãðàë
∞∫
0

F (x) dx =
∞∫
0

dx

1 + x2
=
π

2
ñõîäèòñÿ, òî è èíòåãðàë

I (a) =
∞∫
0

e−ax

1 + x2
dx ñõîäèòñÿ (ïî ïðèçíàêó ñðàâíåíèÿ).

Ïðè a < 0 ôóíêöèè f (x , a) =
e−ax

1 + x2
ñ ðîñòîì x íåîãðàíè÷åíî âîçðàñ-

òàåò. Ñëåäîâàòåëüíî, èíòåãðàë
∞∫
0

e−ax

1 + x2
dx ïðè a < 0 ðàñõîäèòñÿ.

Î ò â å ò:

Èíòåãðàë I (a) =

∞∫
0

e−ax

1 + x2
dx ñóùåñòâóåò (ñõîäèòñÿ) ïðè a > 0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 30.5 (�3734 [1]). Ïðèìåíÿÿ äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó,
âû÷èñëèòü èíòåãðàë

π/2∫
0

arctg (a tg x)

tg x
dx .
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Ð å ø å í è å:

Ôóíêöèè f (x , a) =
arctg (a tg x)

tg x
,
∂f

∂a
=

1

1 + a2 tg2 x
îïðåäåëåíû è íåïðå-

ðûâíû ïðè 0 < x < π/2 è ëþáûõ a . Ñëåäîâàòåëüíî (Òåîðåìà1 , Òåîðåìà3),

èíòåãðàë I (a) =
π/2∫
0

arctg (a tg x)

tg x
dx ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé è ïðè-

ìåíèìà ôîðìóëà Ëåéáíèöà.

Âû÷èñëèì ïðîèçâîäíóþ
dI (a)

da
.

dI (a)

da
=

π/2∫
0

dx

1 + a2 tg2 x
=

{
tg x = t→ dx =

dt

1 + t2

}
=

=

∞∫
0

dt

(1 + a2t2) (1 + t2)
=

{
1

(1 + a2t2) (1 + t2)
= − a2

1− a2
· 1

1 + a2t2
+

+
1

1− a2
· 1

1 + t2
, a 6= ±1

}
=
−1

1− a2
·

a2

∞∫
0

dt

1 + a2t2
−
∞∫

0

dt

1 + t2

 =

=
1

1− a2
·
(
−a
(
arctg (at)|t=∞t=0

)
+
(
arctg t|t=∞t=0

))
=

=
1

1− a2
·
(
−a · sgn a · π

2
+
π

2

)
=
π

2
· 1− |a|

1− a2
=
π

2
· 1

1 + |a|

Èòàê,
dI (a)

da
=
π

2
· 1

1 + |a|
ïðè a 6= ±1 (∗) . Åñëè a = ±1 , òî

dI (a)

da
=

π/2∫
0

dx

1 + tg2 x
=

π/2∫
0

cos2 x dx =
1

2

π/2∫
0

(1 + cos2x) dx =
π

4

è ôîðìóëà (∗) âåðíà è ïðè a = ±1 .

Òîãäà,

I (a) =
π

2

∫
da

1 + |a|
=
π

2
· sgn a · ln (1 + |a|) + C .

×àñòíîå çíà÷åíèå èíòåãðàëà I (0) =
π/2∫
0

arctg (0)

tg x
dx = 0 .

Èíòåãðàë I (a) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé. Ïîýòîìó,

lim
a→0

I (a) = lim
a→0

(π
2
· sgn a · ln (1 + |a|) + C

)
= C = 0 .
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Èòàê, èíòåãðàë I (a) ðàâåí

I (a) = sgn a · π
2
· ln (1 + |a|) .

Î ò â å ò:
π/2∫
0

arctg (a tg x)

tg x
dx = sgn a · π

2
· ln (1 + |a|)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 30.6 (�3738(á) [1]). Âû÷èñëèòü èíòåãðàë

1∫
0

cos

(
ln

1

x

)
· x

b − xa

lnx
dx (a > 0 , b > 0) .

Ð å ø å í è å:

1∫
0

cos

(
ln

1

x

)
· x

b − xa

lnx
dx =

xb − xalnx
=

b∫
a

xtdt

 =

=

1∫
0

cos

(
ln

1

x

)
dx

b∫
a

xtdt =

1∫
0

dx

b∫
a

cos

(
ln

1

x

)
· xtdt =

=

{
f (x , t) = cos

(
ln

1

x

)
· xt − íåïðåðûâíàÿ ôóíêöèÿ ïðè 0 < x < 1,

a < t < b . Ïðèìåíèìà Òåîðåìà 2.} =

b∫
a

dt

1∫
0

cos

(
ln

1

x

)
· xt dx

︸ ︷︷ ︸
= J

=

=

J =

1∫
0

cos

(
ln

1

x

)
· xt dx =

{
Çàìåíà ïåðåìåííîé : ln

1

x
= y →

→ x = e−y , dx = −e−ydy
}

=

∞∫
0

cos y · e−(1+t)y dy =

=

∞∫
0

e−(1+t)y d (sin y) =

(
sin y e−(1+t)y

∣∣∣y=∞

y=0

)
︸ ︷︷ ︸

= 0

+

+ (1 + t)

∞∫
0

sin y · e−(1+t)y dy = − (1 + t)

∞∫
0

e−(1+t)y d (cos y) =
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= − (1 + t)


(

cos y e−(1+t)y
∣∣∣y=∞

y=0

)
︸ ︷︷ ︸

= −1

+ (1 + t)

∞∫
0

cos y · e−(1+t)y dy

︸ ︷︷ ︸
= J

 =

= (1 + t)− (1 + t)2 · J → J = (1 + t)− (1 + t)2 · J →

→ J =
1 + t

1 + (1 + t)2

}
=

1

2

b∫
a

d (1 + t)2

1 + (1 + t)2 =
1

2
ln
(

1 + (1 + t)2
)∣∣∣t=b

t=a
=

=
1

2
ln
(

1 + (1 + b)2
)
− 1

2
ln
(

1 + (1 + a)2
)

=
1

2
ln
b2 + 2b+ 2

a2 + 2a+ 2

Î ò â å ò:
1∫

0

cos

(
ln

1

x

)
· x

b − xa

lnx
dx =

1

2
ln
b2 + 2b+ 2

a2 + 2a+ 2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 30.7 (�3742 [1]). Îïðåäåëèòü îáëàñòü ñõîäèìîñòè èíòåãðàëà

I (p, q) =

∞∫
π

x cosx

xp + xq
dx .

Ð å ø å í è å:

Èíòåãðàë

I (p, q) =

∞∫
π

x cosx

xp + xq
dx =

∞∫
π

cosx︸︷︷︸
= f(x)

· 1

xp−1 + xq−1︸ ︷︷ ︸
= g(x,p,q)

dx

ÿâëÿåòñÿ íåñîáñòâåííûì èíòåãðàëîì, çàâèñÿùèì îò ïàðàìåòðîâ.

Ôóíêöèÿ f (x) = cosx , âõîäÿùàÿ â ïîäûíòåãðàëüíîå âûðàæåíèå, èìååò
îãðàíè÷åííóþ ïåðâîîáðàçíóþ ïðè π < x <∞ .

Åñëè p > q , òî ïðè p − 1 > 0 (p > 1) ôóíêöèÿ g (x, p, q) =
1

xp−1 + xq−1
ìîíîòîííî ñòðåìèòñÿ ê íóëþ ñ ðîñòîì x .

Åñëè q > p , òî ïðè q − 1 > 0 (q > 1) ôóíêöèÿ g (x, p, q) =
1

xp−1 + xq−1
ìîíîòîííî ñòðåìèòñÿ ê íóëþ ñ ðîñòîì x .

Ñëåäîâàòåëüíî (ïî ïðèçíàêó ñõîäèìîñòè), èíòåãðàë I (p, q) ñõîäèòñÿ ïðè
max (p, q) > 1 .
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Î ò â å ò:

Èíòåãðàë I (p, q) =

∞∫
π

x cosx

xp + xq
dx ñõîäèòñÿ ïðè max (p, q) > 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.10 Íåñîáñòâåííûå èíòåãðàëû, çàâèñÿùèå îò
ïàðàìåòðà

�����������������������������������������

2.10.1 Çàíÿòèå 31

Ðàâíîìåðíàÿ ñõîäèìîñòü íåñîáñòâåííûõ èíòåãðàëîâ, çàâèñÿùèõ îò ïàðà-
ìåòðà.

Ïóñòü ôóíêöèÿ f (x, y) íåïðåðûâíà â îáëàñòè a 6 x < +∞ , c < y < d .

Îïðåäåëåíèå. Íåñîáñòâåííûé èíòåãðàë
∞∫
a

f (x, y) dx íàçûâàåòñÿ ðàâíî-

ìåðíî ñõîäÿùèìñÿ â èíòåðâàëå (c, d) , åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâó-
åò ÷èñëî B (ε) òàêîå, ÷òî äëÿ ëþáîãî b > B (ε) âûïîëíåíî íåðàâåíñòâî∣∣∣∣∞∫
b

f (x, y) dx

∣∣∣∣ < ε ïðè ëþáîì c < y < d .

Òåîðåìà 1 (êðèòåðèé Êîøè ðàâíîìåðíîé ñõîäèìîñòè íåñîáñòâåííûõ èí-
òåãðàëîâ, çàâèñÿùèõ îò ïàðàìåòðà). Äëÿ ðàâíîìåðíîé ñõîäèìîñòè èíòåãðàëà
∞∫
a

f (x, y) dx â èíòåðâàëå (c, d) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî

ε > 0 ñóùåñòâîâàëî ÷èñëî B (ε) òàêîå, ÷òî åñëè b1 > B (ε) è b2 > B (ε) òî

âûïîëíåíî íåðàâåíñòâî

∣∣∣∣∣ b2∫b1 f (x, y) dx

∣∣∣∣∣ < ε ïðè ëþáîì c < y < d .

Òåîðåìà 2 (äîñòàòî÷íûé ïðèçíàê Âåéåðøòðàññà ðàâíîìåðíîé ñõîäèìîñ-
ìè àáñîëþòíî ñõîäÿùèõñÿ íåñîáñòâåííûõ èíòåãðàëîâ, çàâèñÿùèõ îò ïàðàìåò-

ðà). Äëÿ ðàâíîìåðíîé ñõîäèìîñòè èíòåãðàëà
∞∫
a

f (x, y) dx äîñòàòî÷íî, ÷òî-

áû ñóùåñòâîâàëà íå çàâèñÿùàÿ îò ïàðàìåòðà y ôóíêöèÿ F (x) òàêàÿ, ÷òî

|f (x, y)| 6 F (x) ïðè a 6 x < +∞ , c < y < d è èíòåãðàë
∞∫
a

F (x) dx

ñõîäèëñÿ.

Òåîðåìà 3 (äîñòàòî÷íûé ïðèçíàê Äèðèõëå-Àáåëÿ ðàâíîìåðíîé ñõîäèìîñ-
ìè óñëîâíî ñõîäÿùèõñÿ íåñîáñòâåííûõ èíòåãðàëîâ, çàâèñÿùèõ îò ïàðàìåòðà).

Èíòåãðàë
∞∫
a

f (x, y) g (x, y) dx ñõîäèòñÿ ðàâíîìåðíî íà èíòåðâàëå c < y < d

åñëè:

1. Äëÿ ôóíêöèè f (x, y) âåðíà ðàâíîìåðíàÿ îöåíêà

∣∣∣∣ x∫
a

f (x, y) dx

∣∣∣∣ < M ;

2. Ôóíêöèÿ g (x, y) ìîíîòîííî ïî x è ðàâíîìåðíî ïî c < y < d ñòðåìèòñÿ
ê íóëþ ïðè x→ +∞ .
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Òåîðåìà 4 (äîñòàòî÷íîå óñëîâèå íåïðåðûâíîñòè ôóíêöèè, çàäàííîé â
âèäå íåñîáñòâåííîãî èíòåãðàëà, çàâèñÿùåãî îò ïàðàìåòðà). Åñëè èíòåãðàë
∞∫
a

f (x, y) dx ñõîäèòñÿ ðàâíîìåðíî â èíòåðâàëå c < y < d , òî ôóíêöèÿ

I (y) =
∞∫
a

f (x, y) dx íåïðåðûâíà â èíòåðâàëå c < y < d .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 31.1 (�3754 [1]). Ïîêàçàòü, ÷òî èíòåãðàë

I =

∞∫
0

α e−αx dx

ñõîäèòñÿ :

1. Ðàâíîìåðíî â ëþáîì ïðîìåæóòêå 0 < a 6 α 6 b ;

2. Íåðàâíîìåðíî â ïðîìåæóòêå 0 6 α 6 b .

Ð å ø å í è å:

1. Èñïîëüçóåì îïðåäåëåíèå ðàâíîìåðíîé ñõîäèìîñòè íåñîáñòâåííîãî èíòå-
ãðàëà, çàâèñÿùåãî îò ïàðàìåòðà:∣∣∣∣∣∣

∞∫
b1

α e−αx dx

∣∣∣∣∣∣ =

∞∫
b1

e−αx d (αx) = − e−αx
∣∣x=∞
x=b1

= e−α b1 6 e−a b1 < ε

ïðè b1 >
1

a
ln

1

ε
= B (ε) .

Ñëåäîâàòåëüíî, èíòåãðàë I =
∞∫
0

α e−αx dx ñõîäèòñÿ ðàâíîìåðíî íà ïðîìå-

æóòêå 0 < a 6 α 6 b .

2. Äëÿ äîêàçàòåëüñòâà íåðàâíîìåðíîé ñõîäèìîñòè èíòåãðàëà I íà ïðîìå-
æóòêå 0 6 α 6 b ïîêàæåì, ÷òî äëÿ èíòåãðàëà I âûïîëíåíî ôîðìàëüíîå
îòðèöàíèå êðèòåðèÿ Êîøè ðàâíîìåðíîé ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðà-
ëîâ, çàâèñÿùèõ îò ïàðàìåòðà :∣∣∣∣∣∣

b2∫
b1

α e−αx dx

∣∣∣∣∣∣ =

b2∫
b1

e−αx d (αx) = {Âûáåðåì b2 =∞ .} = − e−αx
∣∣x=∞
x=b1

=

= e−α b1 =

{
Ïðè ëþáîì b1 âûáåðåì α =

1

b1
.

}
= e−1 > ε =

1

2
e−1 .

Ñëåäîâàòåëüíî, èíòåãðàë I =
∞∫
0

α e−αx dx ñõîäèòñÿ íåðàâíîìåðíî íà ïðî-

ìåæóòêå 0 6 α 6 b .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 31.2 (�3758 [1]). Èññëåäîâàòü íà ðàâíîìåðíóþ ñõîäèìîñòü â çà-
äàííîì ïðîìåæóòêå ñëåäóþùèé èíòåãðàë

I =

+∞∫
−∞

cos (αx)

1 + x2
dx (−∞ < α < +∞) .

Ð å ø å í è å:

Èñïîëüçóåì äîñòàòî÷íûé ïðèçíàê Âåéåðøòðàññà (Òåîðåìà 2). Äëÿ ôóíê-

öèè f (x, α) =
cos (αx)

1 + x2
ïðè −∞ < x < +∞ , −∞ < α < +∞ âåðíî íåðà-

âåíñòâî

|f (x, α)| = |cos (αx)|
1 + x2

6
1

1 + x2
= F (x) .

Èíòåãðàë
+∞∫
−∞

F (x) dx =
+∞∫
−∞

dx

1 + x2
= π− ñõîäèòñÿ.

Ñëåäîâàòåëüíî (Òåîðåìà 2), èíòåãðàë I =
+∞∫
−∞

cos (αx)

1 + x2
dx íà ïðîìåæóòêå

−∞ < α < +∞ ñõîäèòñÿ ðàâíîìåðíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 31.3 (�3760(à) [1]). Èññëåäîâàòü íà ðàâíîìåðíóþ ñõîäèìîñòü â
çàäàííîì ïðîìåæóòêå ñëåäóþùèé èíòåãðàë

I =

+∞∫
0

sinx

x
e−αx dx (0 6 α < +∞) .

Ð å ø å í è å:

Çàäàííûé èíòåãðàë çàïèøåì â âèäå

+∞∫
0

sinx

x
e−αx dx =

+∞∫
0

f (x, α) g (x, α) dx ,

ãäå f (x, α) = sinx , g (x, α) =
e−αx

x
.

Èñïîëüçóåì äîñòàòî÷íûé ïðèçíàê Äèðèõëå-Àáåëÿ (Òåîðåìà 3). Äëÿ ôóíê-
öèè f (x, α) = sinx âåðíà ðàâíîìåðíàÿ îöåíêà∣∣∣∣∣∣

x∫
0

f (x, α) dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
x∫

0

sinx dx

∣∣∣∣∣∣ = |− cosx+ 1| 6 2 = M .
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Äëÿ ôóíêöèè g (x, α) =
e−αx

x
âåðíî íåðàâåíñòâî g (x, α) =

e−αx

x
6

1

x
äëÿ ëþáîãî 0 6 α < +∞ . Òî åñòü, ôóíêöèÿ g (x, α) ìîíîòîííî ïî x è
ðàâíîìåðíî ïî 0 6 α < +∞ ñòðåìèòñÿ ê íóëþ ïðè x→ +∞ .

Ñëåäîâàòåëüíî (Òåîðåìà 3), èíòåãðàë I =
+∞∫
0

sinx

x
e−αx dx íà ïðîìåæóòêå

0 6 α < +∞ ñõîäèòñÿ ðàâíîìåðíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 31.4 (�3762 [1]). Èññëåäîâàòü íà ðàâíîìåðíóþ ñõîäèìîñòü â çà-
äàííîì ïðîìåæóòêå èíòåãðàë

I =

+∞∫
0

√
α e−αx

2

dx (0 6 α < +∞) .

Ð å ø å í è å:

Ïîêàæåì, ÷òî çàäàííûé èíòåãðàë I =
+∞∫
0

√
α e−αx

2

dx íà ïðîìåæóòêå

0 6 α < +∞ ñõîäèòñÿ íåðàâíîìåðíî. Äëÿ ýòîãî, ïðîâåðèì âûïîëíåíèå
îòðèöàíèÿ êðèòåðèÿ Êîøè:∣∣∣∣∣∣

b2∫
b1

√
α e−αx

2

dx

∣∣∣∣∣∣ = {Âûáåðåì b2 =∞ .} =

∞∫
b1

√
α e−αx

2

dx =

=
{
Çàìåíà ïåðåìåííîé: t =

√
αx .

}
=

∞∫
√
α b1

e−t
2

dt =

=

Èñïîëüçóåì òàáëè÷íóþ ôóíêöèþ Φ (x) =
2√
π

x∫
0

e−t
2

dt ; Φ (0) = 0,

Φ (∞) = 1 , Φ (x) = Φ (−x) (Ðèñ.31.1)} =

=

√
π

2

 2√
π

 ∞∫
0

e−t
2

dt−

√
α b1∫

0

e−t
2

dt


 =

√
π

2

 2√
π

∞∫
0

e−t
2

dt

︸ ︷︷ ︸
= 1

−

− 2√
π

√
α b1∫

0

e−t
2

dt

︸ ︷︷ ︸
= Φ(

√
α b1)

 =

√
π

2

(
1− Φ

(√
α b1

))
= {Ïðè ëþáîì b1 âûáåðåì
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α =
1

b2
1

.

}
=

√
π

2
(1− Φ (1))︸ ︷︷ ︸

= A

> ε =
1

2
· A .

Ñëåäîâàòåëüíî, èíòåãðàë I =
+∞∫
0

√
α e−αx

2

dx ñõîäèòñÿ íåðàâíîìåðíî íà

ïðîìåæóòêå 0 6 α < +∞ .

-

6

x

Φ (x)

Ðèñ.31.1

−1

1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 31.5 (�3777.2 [1]). Äîêàçàòü, ÷òî èíòåãðàë

F (a) =

+∞∫
0

e−(x−a)
2

dx

åñòü íåïðåðûâíàÿ ôóíêöèÿ ïàðàìåòðà a .

Ð å ø å í è å:

Ôèêñèðóåì ïðîèçâîëüíîå çíà÷åíèå a∗ ∈ (−∞,+∞) . Ïîêàæåì, ÷òî ôóíê-
öèÿ F (a) íåïðåðûâíà â òî÷êå a∗ .

Âûáåðåì ïðîìåæóòîê çíà÷åíèé a ∈ [a∗ − δ, a∗ + δ] , δ > 0 . Äîêàæåì, ÷òî

èíòåãðàë F (a) =
+∞∫
0

e−(x−a)
2

dx ñõîäèòñÿ ðàâíîìåðíî íà ïðîìåæóòêå

a ∈ [a∗ − δ, a∗ + δ] . Èñïîëüçóåì îïðåäåëåíèå ðàâíîìåðíîé ñõîäèìîñòè:∣∣∣∣∣∣
∞∫
b

e−(x−a)
2

dx

∣∣∣∣∣∣ = {t = x− a} =

∞∫
b−a

e−t
2

dt =

√
π

2

 2√
π

∞∫
0

e−t
2

dt−

− 2√
π

b−a∫
0

e−t
2

dt

 =

√
π

2
(1− Φ (b− a)) < ε .
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Ðåøèì íåðàâåíñòâî

√
π

2
(1− Φ (b− a)) < ε îòíîñèòåëüíî ïàðàìåòðà b :

1− 2ε√
π
< Φ (b− a)→

{
Îáîçíà÷èì ÷åðåç Φ−1 îáðàòíóþ ê Φ

ôóíêöèþ.} → Φ−1

(
1− 2ε√

π

)
< b− a→ b > a+ Φ−1

(
1− 2ε√

π

)
.

Òàê êàê a 6 a∗ + δ , òî íåðàâåíñòâî

√
π

2
(1− Φ (b− a)) < ε áóäåò âûïîë-

íåíî äëÿ ëþáîãî b > B (ε) = a∗ + δ + Φ−1

(
1− 2ε√

π

)
.

Èòàê, èíòåãðàë F (a) íà ïðîìåæóòêå a ∈ [a∗ − δ, a∗ + δ] ñõîäèòñÿ ðàâ-
íîìåðíî. Ñëåäîâàòåëüíî (Òåîðåìà 4), ôóíêöèÿ F (a) ÿâëÿåòñÿ íåïðåðûâíîé
ôóíêöèåé íà ïðîìåæóòêå a ∈ [a∗ − δ, a∗ + δ] è â òî÷êå a∗ . Â ñèëó ïðîèçâîëü-
íîñòè âûáîðà òî÷êè a∗ ,ôóíêöèÿ F (a) íåïðåðûâíà ïðè âñåõ −∞ < a < +∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 31.6 (�3759 [1]). Èññëåäîâàòü íà ðàâíîìåðíóþ ñõîäèìîñòü â çà-
äàííîì ïðîìåæóòêå èíòåãðàë

I =

+∞∫
0

dx

(x− α)2 + 1
(0 6 α < +∞) .

Ð å ø å í è å:

Ïîêàæåì, ÷òî çàäàííûé èíòåãðàë I =
+∞∫
0

dx

(x− α)2 + 1
íà ïðîìåæóòêå

0 6 α < +∞ ñõîäèòñÿ íåðàâíîìåðíî. Äëÿ ýòîãî, ïðîâåðèì âûïîëíåíèå
îòðèöàíèÿ êðèòåðèÿ Êîøè:∣∣∣∣∣∣

b2∫
b1

dx

(x− α)2 + 1

∣∣∣∣∣∣ = {Âûáåðåì b2 =∞ .} =

∞∫
b1

dx

(x− α)2 + 1
=

= arctg (x− α)|x=∞
x=b1

=
π

2
− arctg (b1 − α) = {Ïðè ëþáîì b1 âûáåðåì

α = b1 .} =
π

2
− 0 >

1

2
· π

2
= ε .

Ñëåäîâàòåëüíî, èíòåãðàë I =
+∞∫
0

dx

(x− α)2 + 1
ñõîäèòñÿ íåðàâíîìåðíî íà

ïðîìåæóòêå 0 6 α < +∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 31.7 (�3767 [1]). Èññëåäîâàòü íà ðàâíîìåðíóþ ñõîäèìîñòü â óêà-
çàííîì ïðîìåæóòêå èíòåãðàë

I =

1∫
0

xn√
1− x2

dx (0 6 n < +∞) .

Ð å ø å í è å:

Èñïîëüçóåì äîñòàòî÷íûé ïðèçíàê Âåéåðøòðàññà (Òåîðåìà 2). Äëÿ ôóíê-

öèè f (x, n) =
xn√

1− x2
ïðè 0 < x < 1 , 0 6 n < +∞ âåðíî íåðàâåíñòâî

|f (x, n)| = xn√
1− x2

<
1√

1− x2
= F (x) .

Íåñîáñòâåííûé èíòåãðàë
1∫

0

F (x) dx =
1∫

0

dx√
1− x2

ñõîäèòñÿ (ïðèçíàê ñðàâ-

íåíèÿ), òàê êàê

F (x) =
1√

(1− x) (1 + x)
=

x→1−0
O∗

(
1

(1− x)1/2

)
.

Ñëåäîâàòåëüíî (Òåîðåìà 2), èíòåãðàë I =
1∫

0

xn√
1− x2

dx íà ïðîìåæóòêå

0 6 n < +∞ ñõîäèòñÿ ðàâíîìåðíî.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 31.8 (�3780 [1]). Èññëåäîâàòü íà íåïðåðûâíîñòü â óêàçàííîì ïðî-
ìåæóòêå ôóíêöèþ

F (α) =

∞∫
1

cosx

xα
dx ïðè α > 0 .

Ð å ø å í è å:

Ôèêñèðóåì ïðîèçâîëüíîå çíà÷åíèå α∗ > 0 . Ïîêàæåì, ÷òî ôóíêöèÿ F (α)
íåïðåðûâíà â òî÷êå α∗ .

Âûáåðåì α0 òàê, ÷òîáû α∗ > α0 > 0 . Äîêàæåì, ÷òî èíòåãðàë

F (α) =
∞∫
1

cosx

xα
dx ñõîäèòñÿ ðàâíîìåðíî íà ïðîìåæóòêå α0 6 α < +∞ .

Çàäàííûé èíòåãðàë çàïèøåì â âèäå

+∞∫
1

cosx

xα
dx =

+∞∫
1

f (x, α) · g (x, α) dx ,
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ãäå f (x, α) = cos x , g (x, α) =
1

xα
.

Èñïîëüçóåì äîñòàòî÷íûé ïðèçíàê Äèðèõëå-Àáåëÿ (Òåîðåìà 3). Äëÿ ôóíê-
öèè f (x, α) = cos x âåðíà ðàâíîìåðíàÿ îöåíêà∣∣∣∣∣∣

x∫
1

f (x, α) dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
x∫

1

cosx dx

∣∣∣∣∣∣ = |sinx− sin 1| < 2 = M .

Ôóíêöèÿ g (x, α) =
1

xα
óäîâëåòâîðÿåò íåðàâåíñòâó g (x, α) =

1

xα
6

1

xα0

äëÿ ëþáîãî α0 6 α < +∞ . Òî åñòü, ôóíêöèÿ g (x, α) ìîíîòîííî ïî x è
ðàâíîìåðíî ïî α0 6 α < +∞ ñòðåìèòñÿ ê íóëþ ïðè x→ +∞ .

Òîãäà (Òåîðåìà 3), èíòåãðàë F (α) =
∞∫
1

cosx

xα
dx íà ïðîìåæóòêå

α0 6 α < +∞ ñõîäèòñÿ ðàâíîìåðíî.

Ñëåäîâàòåëüíî (Òåîðåìà 4), ôóíêöèÿ F (α) ÿâëÿåòñÿ íåïðåðûâíîé ôóíê-
öèåé íà ïðîìåæóòêå α0 6 α < +∞ è â òî÷êå α∗ . Â ñèëó ïðîèçâîëüíîñòè
âûáîðà òî÷êè α∗ , ôóíêöèÿ F (α) íåïðåðûâíà ïðè âñåõ 0 < α < +∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.10.2 Çàíÿòèå 32

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå ïî ïàðàìåòðó íåñîáñòâåííûõ èí-
òåãðàëîâ, çàâèñÿùèõ îò ïàðàìåòðà.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f (x, y) è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ
∂f (x, y)

∂y
íåïðåðûâíû â ïîëóïîëîñå a 6 x < +∞ , c < y < d . Ïóñòü äëÿ íåêîòîðîãî

y ∈ (c, d) ñõîäèòñÿ èíòåãðàë I (y) =
∞∫
a

f (x, y) dx , à èíòåãðàë
∞∫
a

∂f (x, y)

∂y
dx

ñõîäèòñÿ ðàâíîìåðíî ïî y íà èíòåðâàëå (c, d) . Òîãäà, ôóíêöèÿ I (y) äèô-
ôåðåíöèðóåìà íà èíòåðâàëå (c, d) è å¼ ïðîèçâîäíàÿ ðàâíà

I ′ (y) =

∞∫
a

∂f (x, y)

∂y
dx (ôîðìóëà Ëåéáíèöà) .

Òåîðåìà 2. Ïóñòü ôóíêöèÿ f (x, y) íåïðåðûâíà â ïîëóïîëîñå

a 6 x < +∞ , c 6 y 6 d . Ïóñòü èíòåãðàë I (y) =
∞∫
a

f (x, y) dx ñõîäèòñÿ

ðàâíîìåðíî ïî y íà ñåãìåíòå [c, d] . Òîãäà, ôóíêöèÿ I (y) èíòåãðèðóåìà íà
ñåãìåíòå [c, d] è ðàâíû ïîâòîðíûå èíòåãðàëû

d∫
c

dy

∞∫
a

f (x, y) dx =

∞∫
a

dx

d∫
c

f (x, y) dy (1) .

Çàìå÷àíèå. Åñëè ôóíêöèÿ f (x, y) > 0 , òî ôîðìóëà (1) âåðíà è â ñëó÷àå
áåñêîíå÷íîãî ïðîìåæóòêà c 6 y < +∞ ïðè óñëîâèè, ÷òî â ïîâòîðíûõ èí-
òåãðàëàõ (1) âíóòðåííèå íåñîáñòâåííûå èíòåãðàëû ÿâëÿþòñÿ íåïðåðûâíûìè
ôóíêöèÿìè è õîòÿ áû îäèí èç ïîâòîðíûõ èíòåãðàëîâ ñóùåñòâóåò.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 32.1 (�3786 [1]). Äîêàçàòü, ÷òî èíòåãðàë Äèðèõëå

D (α) =

+∞∫
0

sin (αx)

x
dx

èìååò ïðè α 6= 0 ïðîèçâîäíóþ, îäíàêî å¼ íåëüçÿ íàéòè ñ ïîìîùüþ ôîðìóëû
Ëåéáíèöà.

Ó ê à ç à í è å. Ïîëîæèòü αx = y .

297



Ð å ø å í è å:

Åñëè α = 0 , òî D (0) = 0 .

Åñëè α > 0 , òî

D (α) =

+∞∫
0

sin (αx)

x
dx = {αx = y} =

+∞∫
0

sin y

y
dy = C − const ,

òàê êàê èíòåãðàë ñõîäèòñÿ (ïðèçíàê Äèðèõëå-Àáåëÿ).

Åñëè α < 0 , òî

D (α) =

+∞∫
0

sin (αx)

x
dx = {αx = −y} = −

+∞∫
0

sin y

y
dy = −C .

Ñëåäîâàòåëüíî, èíòåãðàë D (α) = C · sgnα . Ïðè α 6= 0 èíòåãðàë D (α)
ðàâåí êîíñòàíòå. Ïðîèçâîäíàÿ êîíñòàíòû ñóùåñòâóåò è ðàâíà íóëþ.

Äëÿ èíòåãðàëà Äèðèõëå D (α) =
+∞∫
0

sin (αx)

x
dx ïðîâåðèì âûïîëíåíèå

óñëîâèé ¾Òåîðåìû 1¿. Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, α) =
sin (αx)

x
è å¼

÷àñòíàÿ ïðîèçâîäíàÿ
∂f (x, α)

∂α
= cos (αx) íåïðåðûâíû, íî èíòåãðàë

+∞∫
0

∂f (x, α)

∂α
dx =

+∞∫
0

cos (αx) dx− ðàñõîäèòñÿ. Íå âñå óñëîâèÿ ¾Òåîðåìû

1¿ âûïîëíåíû è ôîðìóëó Ëåéáíèöà äëÿ èíòåãðàëà D (α) èñïîëüçîâàòü íåëü-
çÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 32.2 (�3812.1 [1]). Èñõîäÿ èç èíòåãðàëà

I (α, β) =

+∞∫
0

e−βx
sin (αx)

x
dx (β > 0) ,

âû÷èñëèòü èíòåãðàë Äèðèõëå

D (α) =

+∞∫
0

sin (αx)

x
dx .

Ð å ø å í è å:
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Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, α, β) = e−βx
sin (αx)

x
è å¼ ÷àñòíàÿ ïðî-

èçâîäíàÿ
∂f (x, α, β)

∂β
= −e−βx sin (αx) íåïðåðûâíûå ôóíêöèè. Èíòåãðàë

+∞∫
0

∂f (x, α, β)

∂β
dx =

+∞∫
0

e−βx sin (αx) dx ñõîäèòñÿ ðàâíîìåðíî (ïðèçíàê

Äèðèõëå-Àáåëÿ) íà ïðîìåæóòêå 0 < β0 6 β < +∞ . Ìîæíî èñïîëüçîâàòü
ôîðìóëó Ëåéáíèöà äëÿ íåñîáñòâåííîãî èíòåãðàëà I (α, β) :

Iβ =
∂I (α, β)

∂β
= −

+∞∫
0

e−βx sin (αx) dx = {α 6= 0} =

=
1

α

+∞∫
0

e−βx d (cos (αx)) =
1

α

((
e−βx cos (αx)

∣∣x=+∞
x=0

)
+

+β

+∞∫
0

e−βx cos (αx) dx

 =
1

α

−1 +
β

α

+∞∫
0

e−βx d (sin (αx))

 =

=
1

α

−1 +
β

α


(
e−βx sin (αx)

∣∣x=+∞
x=0

)
︸ ︷︷ ︸

= 0

+β

+∞∫
0

e−βx sin (αx) dx

︸ ︷︷ ︸
= −Iβ



 =

= − 1

α
− β2

α2
Iβ .

Ïîëó÷èëè ðàâåíñòâî Iβ = − 1

α
− β2

α2
Iβ , èç êîòîðîãî ñëåäóåò, ÷òî

Iβ = − α

α2 + β2
.

Ôîðìóëà âåðíà è ïðè α = 0 , òàê êàê Iβ (0, β) = −
+∞∫
0

e−βx sin (0) dx = 0 .

Èíòåãðèðóÿ Iβ , ïîëó÷èì

I (α, β) =

∫
Iβ dβ = −α

∫
dβ

α2 + β2
= − arctg

β

α
+ C (α) ,

ãäå C (α) − ïðîèçâîëüíàÿ ôóíêöèÿ ïàðàìåòðà α .

Äëÿ îïðåäåëåíèÿ ôóíêöèè C (α) èñïîëüçóåì ñëåäóþùåå íåðàâåíñòâî
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|I (α, β)| =

∣∣∣∣∣∣
+∞∫
0

e−βx
sin (αx)

x
dx

∣∣∣∣∣∣ 6
+∞∫
0

e−βx
∣∣∣∣sin (αx)

x

∣∣∣∣ dx 6
6 |α|

+∞∫
0

e−βx dx = −|α|
β

(
e−βx

∣∣x=+∞
x=0

)
=
|α|
β
,

èç êîòîðîãî ñëåäóåò, ÷òî
lim
β→∞

I (α, β) = 0 .

Âû÷èñëèì ïðåäåë

lim
β→∞

I (α, β) = lim
β→∞

(
− arctg

β

α
+ C (α)

)
= −π

2
· sgnα + C (α) = 0 .

Ñëåäîâàòåëüíî, C (α) =
π

2
· sgnα è èíòåãðàë

I (α, β) =

+∞∫
0

e−βx
sin (αx)

x
dx =

π

2
· sgnα− arctg

β

α
.

Ïðè β = 0 èíòåãðàë I (α, β) =
+∞∫
0

e−βx
sin (αx)

x
dx ðàâåí èíòåãðàëó

Äèðèõëå D (α) =
+∞∫
0

sin (αx)

x
dx . Òîãäà, èíòåãðàë Äèðèõëå

D (α) =

+∞∫
0

sin (αx)

x
dx = I (α, 0) =

π

2
· sgnα .

Î ò â å ò:

Èíòåãðàë I (α, β) =

+∞∫
0

e−βx
sin (αx)

x
dx =

π

2
· sgnα− arctg

β

α
.

Èíòåãðàë Äèðèõëå D (α) =

+∞∫
0

sin (αx)

x
dx =

π

2
· sgnα .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 32.3 (�3789 [1]). Äîêàçàòü ôîðìóëó Ôðóëëàíè

+∞∫
0

f (a x)− f (b x)

x
dx = f (0) · ln b

a
(a > 0 , b > 0) ,
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ãäå f (x) − íåïðåðûâíàÿ ôóíêöèÿ, èíòåãðàë
∞∫
A

f (x)

x
dx èìååò ñìûñë ïðè ëþ-

áîì A > 0 è ñóùåñòâóåò ïðîèçâîäíàÿ f ′ (0) .

Ð å ø å í è å:

Ðàññìîòðèì äâà îïðåäåë¼ííûõ èíòåãðàëà

aR∫
0

f (t)− f (0)

t
dt = {Çàìåíà ïåðåìåííîé: t = a x} =

R∫
0

f (a x)− f (0)

x
dx ,

bR∫
0

f (t)− f (0)

t
dt = {Çàìåíà ïåðåìåííîé: t = b x} =

R∫
0

f (b x)− f (0)

x
dx .

Ðàçíîñòü ëåâûõ ÷àñòåé ïðåäûäóùèõ ðàâåíñòâ ðàâíà

aR∫
0

f (t)− f (0)

t
dt−

bR∫
0

f (t)− f (0)

t
dt =

aR∫
bR

f (t)− f (0)

t
dt =

=

aR∫
bR

f (t)

t
dt − f (0)

aR∫
bR

dt

t
=

aR∫
bR

f (t)

t
dt − f (0) · ln a

b
.

Ðàçíîñòü ïðàâûõ ÷àñòåé òåõ æå ðàâåíñòâ ðàâíà

R∫
0

f (a x)− f (0)

x
dx−

R∫
0

f (b x)− f (0)

x
dx =

R∫
0

f (a x)− f (b x)

x
dx .

Ðàçíîñòè ïðàâûõ è ëåâûõ ÷àñòåé ðàâíû ìåæäó ñîáîé

aR∫
bR

f (t)

t
dt+ f (0) · ln b

a
=

R∫
0

f (a x)− f (b x)

x
dx .

Â ïîëó÷åííîì ðàâåíñòâå âûïîëíèì ïðåäåëüíûé ïåðåõîä ïðè R→ +∞ :

lim
R→+∞

aR∫
bR

f (t)

t
dt

︸ ︷︷ ︸
= 0

+f (0) · ln b
a

=

+∞∫
0

f (a x)− f (b x)

x
dx .

Èòàê, âåðíà ôîðìóëà Ôðóëëàíè
+∞∫
0

f (a x)− f (b x)

x
dx = f (0) · ln b

a
.
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 32.4 (�3790 [1]). Ïðèìåíÿÿ ôîðìóëó Ôðóëëàíè, âû÷èñëèòü èíòå-
ãðàë

∞∫
0

cos (a x)− cos (b x)

x
dx (a > 0 , b > 0) .

Ð å ø å í è å:

Çàäàííàÿ â ïîäûíòåãðàëüíîì âûðàæåíèè ôóíêöèÿ f (x) = cos x ÿâëÿåò-

ñÿ íåïðåðûâíîé ôóíêöèåé. Íåñîáñòâåííûé èíòåãðàë
∞∫
A

cosx

x
dx ñõîäèòñÿ ïðè

ëþáîì A > 0 . Ïðîèçâîäíàÿ f ′ (0) = − sinx|x=0 = 0 ñóùåñòâóåò. Ñëåäîâà-
òåëüíî, äëÿ âû÷èñëåíèÿ çàäàííîãî èíòåãðàëà ìîæíî èñïîëüçîâàòü ôîðìóëó
Ôðóëëàíè

∞∫
0

cos (a x)− cos (b x)

x
dx = cos 0 · ln b

a
= ln

b

a
.

Î ò â å ò: ∞∫
0

cos (a x)− cos (b x)

x
dx = ln

b

a

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 32.5 (�3793 [1]). Âû÷èñëèòü èíòåãðàë

+∞∫
0

e−αx
2 − e−β x2

x
dx (α > 0 , β > 0) .

Ð å ø å í è å:

Çàäàííàÿ â ïîäûíòåãðàëüíîì âûðàæåíèè ôóíêöèÿ f (x) = e−x
2

ÿâëÿåò-

ñÿ íåïðåðûâíîé ôóíêöèåé. Íåñîáñòâåííûé èíòåãðàë
+∞∫
A

e−x
2

x
dx ñõîäèòñÿ ïðè

ëþáîì A > 0 . Ïðîèçâîäíàÿ f ′ (0) = −2x e−x
2
∣∣∣
x=0

= 0 ñóùåñòâóåò. Ñëåäîâà-

òåëüíî, äëÿ âû÷èñëåíèÿ çàäàííîãî èíòåãðàëà ìîæíî èñïîëüçîâàòü ôîðìóëó
Ôðóëëàíè

+∞∫
0

e−αx
2 − e−β x2

x
dx =

+∞∫
0

e−(
√
αx)

2

− e−(
√
β x)

2

x
dx = e0 · ln

√
β√
α

=
1

2
ln
β

α
.

Î ò â å ò:
+∞∫
0

e−αx
2 − e−β x2

x
dx =

1

2
ln
β

α
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 32.6 (�3795 [1]). Âû÷èñëèòü èíòåãðàë

+∞∫
0

e−αx − e−β x

x
sin (mx) dx (α > 0 , β > 0) .

Ð å ø å í è å:

+∞∫
0

e−αx − e−β x

x
sin (mx) dx =

=

+∞∫
0

e−αx
sin (mx)

x
dx

︸ ︷︷ ︸
Èíòåãðàë ñõîäèòñÿ.

−
+∞∫
0

e−β x
sin (mx)

x
dx

︸ ︷︷ ︸
Èíòåãðàë ñõîäèòñÿ.

= {ñì. �3812.1 [1]} =

=
(π

2
· sgn (m)− arctg

α

m

)
−
(
π

2
· sgn (m)− arctg

β

m

)
=

= arctg
β

m
− arctg

α

m
=

{
arctg a− arctg b = arctg

a− b
1 + a b

}
=

= arctg
m · (β − α)

m2 + αβ

Î ò â å ò:
+∞∫
0

e−αx − e−β x

x
sin (mx) dx = arctg

m · (β − α)

m2 + αβ

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 32.7 (�3784 [1]). Ïîëüçóÿñü ôîðìóëîé

1∫
0

xn−1 dx =
1

n
(n > 0) ,

âû÷èñëèòü èíòåãðàë

I (m) =

1∫
0

xn−1 lnm x dx ,

ãäå m− íàòóðàëüíîå ÷èñëî.

Ð å ø å í è å:

Ïîêàæåì ïî èíäóêöèè, ÷òî I (m) =
(−1)mm!

nm+1
. Äàíî I (0) =

1

n
. Âû÷èñëèì

I (1) è I (2) (áàçèñ èíäóêöèè).
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I (1) =

1∫
0

xn−1 lnx dx =
1

n

1∫
0

lnx d (xn) =
1

n

((
xn lnx|x=1

x=0

)
−

−
1∫

0

xn−1 dx

︸ ︷︷ ︸
= I0

 = −1

n
· I (1) = − 1

n2

I (2) =

1∫
0

xn−1 ln2 x dx =
1

n

1∫
0

ln2 x d (xn) =
1

n

((
xn ln2 x

∣∣x=1

x=0

)
−

−2

1∫
0

xn−1 lnx dx

︸ ︷︷ ︸
= I1

 = −2

n
· I (1) =

2

n3

Ïóñòü I (m) =
(−1)mm!

nm+1
(ïðåäïîëîæåíèå èíäóêöèè). Âû÷èñëèì I (m+ 1)

(øàã èíäóêöèè).

I (m+ 1) =

1∫
0

xn−1 lnm+1 x dx =
1

n

1∫
0

lnm+1 x d (xn) =

=
1

n


(
xn lnm+1 x

∣∣x=1

x=0

)
− (m+ 1)

1∫
0

xn−1 lnm x dx

︸ ︷︷ ︸
= Im

 = −m+ 1

n
· I (m) =

= −m+ 1

n
· (−1)mm!

nm+1
=

(−1)m+1 (m+ 1)!

n(m+1)+1

Î ò â å ò:

I (m) =

1∫
0

xn−1 lnm x dx =
(−1)mm!

nm+1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 32.8 (�3787 [1]). Ïîêàçàòü, ÷òî ôóíêöèÿ

F (α) =

+∞∫
0

cosx

1 + (x+ α)2 dx

íåïðåðûâíà è äèôôåðåíöèðóåìà â îáëàñòè −∞ < α < +∞ .

Ð å ø å í è å:

1. Äîêàæåì íåïðåðûâíîñòü ôóíêöèè F (α) â îáëàñòè −∞ < α < +∞ .

Ôèêñèðóåì ïðîèçâîëüíîå çíà÷åíèå α∗ ∈ (−∞,+∞) . Ïîêàæåì, ÷òî ôóíê-
öèÿ F (α) íåïðåðûâíà â òî÷êå α∗ .

Ðàññìîòðèì ñåãìåíò [α∗ − δ , α∗ + δ] , δ > 0 . Äîêàæåì, ÷òî èíòåãðàë

F (α) =
+∞∫
0

cosx

1 + (x+ α)2 dx ñõîäèòñÿ ðàâíîìåðíî íà ñåãìåíòå [α∗ − δ , α∗ + δ] .

Çàäàííûé èíòåãðàë çàïèøåì â âèäå
+∞∫
0

cosx

1 + (x+ α)2 dx =

+∞∫
0

f (x, α) · g (x, α) dx ,

ãäå f (x, α) = cos x , g (x, α) =
1

1 + (x+ α)2 .

Èñïîëüçóåì äîñòàòî÷íûé ïðèçíàê Äèðèõëå-Àáåëÿ ðàâíîìåðíîé ñõîäè-
ìîñòè íåñîáñòâåííûõ èíòåãðàëîâ, çàâèñÿùèõ îò ïàðàìåòðà. Äëÿ ôóíêöèè
f (x, α) = cos x âåðíà ðàâíîìåðíàÿ îöåíêà∣∣∣∣∣∣

x∫
0

f (x, α) dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
x∫

0

cosx dx

∣∣∣∣∣∣ = |sinx− sin 0| < 2 = M .

Ôóíêöèÿ g (x, α) =
1

1 + (x+ α)2 óäîâëåòâîðÿåò íåðàâåíñòâó

g (x, α) =
1

1 + (x+ α)2 6
1

1 + (x+ min (|α∗ − δ| , |α∗ + δ|))2

äëÿ ëþáîãî α èç ñåãìåíòà [α∗ − δ , α∗ + δ] . Òî åñòü, ôóíêöèÿ g (x, α) ìî-
íîòîííî ïî x è ðàâíîìåðíî ïî α ∈ [α∗ − δ , α∗ + δ] ñòðåìèòñÿ ê íóëþ ïðè
x→ +∞ .

Òîãäà (ïðèçíàê Äèðèõëå-Àáåëÿ), èíòåãðàë F (α) =
+∞∫
0

cosx

1 + (x+ α)2 dx

íà ñåãìåíòå [α∗ − δ , α∗ + δ] ñõîäèòñÿ ðàâíîìåðíî è ôóíêöèÿ F (α) ÿâëÿåò-
ñÿ íåïðåðûâíîé ôóíêöèåé íà ñåãìåíòå [α∗ − δ , α∗ + δ] è â òî÷êå α∗ . Â ñè-
ëó ïðîèçâîëüíîñòè âûáîðà òî÷êè α∗ , ôóíêöèÿ F (α) íåïðåðûâíà â îáëàñòè
−∞ < α < +∞ .
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2. Äèôôåðåíöèðóåìîñòü ôóíêöèè F (α) â îáëàñòè −∞ < α < +∞ .

Ôèêñèðóåì ïðîèçâîëüíîå çíà÷åíèå α∗ ∈ (−∞,+∞) . Ïîêàæåì, ÷òî ôóíê-
öèÿ F (α) äèôôåðåíöèðóåìà â òî÷êå α∗ .

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ
cosx

1 + (x+ α)2 è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ

∂

∂α

(
cosx

1 + (x+ α)2

)
= cosx · −2 (x+ α)(

1 + (x+ α)2
)2 íåïðåðûâíû.

Ðàññìîòðèì ñåãìåíò [α∗ − δ , α∗ + δ] , δ > 0 . Äîêàæåì, ÷òî èíòåãðàë îò

÷àñòíîé ïðîèçâîäíîé
+∞∫
0

cosx · x+ α(
1 + (x+ α)2

)2 dx ñõîäèòñÿ ðàâíîìåðíî íà

ñåãìåíòå [α∗ − δ , α∗ + δ] .

Èíòåãðàë îò ïðîèçâîäíîé çàïèøåì â âèäå
+∞∫
0

f (x, α) · g (x, α) dx , ãäå

f (x, α) = cos x , g (x, α) =
x+ α(

1 + (x+ α)2
)2 .

Èñïîëüçóåì äîñòàòî÷íûé ïðèçíàê Äèðèõëå-Àáåëÿ ðàâíîìåðíîé ñõîäè-
ìîñòè íåñîáñòâåííûõ èíòåãðàëîâ, çàâèñÿùèõ îò ïàðàìåòðà. Äëÿ ôóíêöèè
f (x, α) = cos x âåðíà ðàâíîìåðíàÿ îöåíêà∣∣∣∣∣∣

x∫
0

f (x, α) dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
x∫

0

cosx dx

∣∣∣∣∣∣ = |sinx− sin 0| < 2 = M .

Ôóíêöèÿ g (x, α) =
x+ α(

1 + (x+ α)2
)2 óäîâëåòâîðÿåò íåðàâåíñòâó

|g (x, α)| = |x+ α|(
1 + (x+ α)2

)2 6
x+ max (|α∗ − δ| , |α∗ + δ|)(

1 + (x+ min (|α∗ − δ| , |α∗ + δ|))2
)2

äëÿ ëþáîãî α èç ñåãìåíòà [α∗ − δ , α∗ + δ] . Òî åñòü, ôóíêöèÿ g (x, α) ìî-
íîòîííî ïî x è ðàâíîìåðíî ïî α ∈ [α∗ − δ , α∗ + δ] ñòðåìèòñÿ ê íóëþ ïðè
x→ +∞ .

Òîãäà (ïðèçíàê Äèðèõëå-Àáåëÿ), èíòåãðàë îò ÷àñòíîé ïðîèçâîäíîé
+∞∫
0

cosx · x+ α(
1 + (x+ α)2

)2 dx íà ñåãìåíòå [α∗ − δ , α∗ + δ] ñõîäèòñÿ ðàâíî-

ìåðíî è ôóíêöèÿ F (α) äèôôåðåíöèðóåìà (ïðèìåíèìà ôîðìóëà Ëåéáíèöà)
íà ñåãìåíòå [α∗ − δ , α∗ + δ] è â òî÷êå α∗ . Â ñèëó ïðîèçâîëüíîñòè âûáîðà
òî÷êè α∗ , ôóíêöèÿ F (α) äèôôåðåíöèðóåìà â îáëàñòè −∞ < α < +∞ .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 32.9 (�3791 [1]). Ïðèìåíÿÿ ôîðìóëó Ôðóëëàíè, âû÷èñëèòü èíòå-
ãðàë

+∞∫
0

sin (a x)− sin (b x)

x
dx (a > 0 , b > 0) .

Ð å ø å í è å:

Çàäàííàÿ â ïîäûíòåãðàëüíîì âûðàæåíèè ôóíêöèÿ f (x) = sinx ÿâëÿåò-

ñÿ íåïðåðûâíîé ôóíêöèåé. Íåñîáñòâåííûé èíòåãðàë
∞∫
A

sinx

x
dx ñõîäèòñÿ ïðè

ëþáîì A > 0 . Ïðîèçâîäíàÿ f ′ (0) = cosx|x=0 = 1 ñóùåñòâóåò.

Ñëåäîâàòåëüíî, äëÿ âû÷èñëåíèÿ çàäàííîãî èíòåãðàëà ìîæíî èñïîëüçîâàòü
ôîðìóëó Ôðóëëàíè

∞∫
0

sin (a x)− sin (b x)

x
dx = sin 0 · ln b

a
= 0 .

Î ò â å ò: ∞∫
0

sin (a x)− sin (b x)

x
dx = 0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.10.3 Çàíÿòèå 33

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.1 (�3803 [1]). Âû÷èñëèòü èíòåãðàë Ýéëåðà-Ïóàññîíà

I =

+∞∫
0

e−x
2

dx ,

èñõîäÿ èç ôîðìóëû

I2 =

+∞∫
0

e−x
2

dx

+∞∫
0

x e−x
2y2 dy (1) .

Ð å ø å í è å:

Ïîëó÷èì ôîðìóëó (1).

I =

+∞∫
0

e−t
2

dt = {Çàìåíà ïåðåìåííîé: t = x y (x = const), dt = x dy} =

=

+∞∫
0

x e−x
2y2 dy

Óìíîæèì îáå ÷àñòè ðàâåíñòâà íà e−x
2

è ïðîèíòåãðèðóåì ïî x îò x = 0 äî
x = +∞ :

I ·
+∞∫
0

e−x
2

dx

︸ ︷︷ ︸
= I

=

+∞∫
0

e−x
2

dx

+∞∫
0

x e−x
2y2 dy .

Èñïîëüçóåì ôîðìóëó (1) äëÿ âû÷èñëåíèÿ I2 :

I2 =

+∞∫
0

e−x
2

dx

+∞∫
0

xe−x
2y2dy =

+∞∫
0

dx

+∞∫
0

xe−(1+y2)x2dy =

=
x

D: x>0 , y>0

xe−(1+y2)x2 dxdy =

+∞∫
0

dy

+∞∫
0

x e−(1+y2)x2 dx =
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=
1

2

+∞∫
0

dy

+∞∫
0

e−(1+y2)x2 d
(
x2
)

=
1

2

+∞∫
0

(
− 1

1 + y2
· e−(1+y2)x2

∣∣∣x=+∞

x=0

)
dy =

=
1

2

+∞∫
0

dy

1 + y2
=

1

2

(
arctg y|y=+∞

y=0

)
=

1

2
· π

2
.

Òîãäà, I =

√
π

2
.

Î ò â å ò:

I =

+∞∫
0

e−x
2

dx =

√
π

2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.2 (�3807 [1]). Ïîëüçóÿñü èíòåãðàëîì Ýéëåðà-Ïóàññîíà, íàéòè
ñëåäóþùèé èíòåãðàë

I (a) =

∞∫
0

e
−

x2+
a2

x2


dx .

Ð å ø å í è å:

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, a) = e
−

x2+
a2

x2


ïðè ëþáîì a óäî-

âëåòâîðÿåò íåðàâåíñòâó f (x, a) = e
−

x2+
a2

x2


6 e−x

2

= F (x) . Èíòåãðàë
∞∫
0

F (x) dx =
∞∫
0

e−x
2

dx =

√
π

2
− ñõîäèòñÿ. Ñëåäîâàòåëüíî (ïðèçíàê Âåéåð-

øòðàññà), èíòåãðàë I (a) ñõîäèòñÿ ðàâíîìåðíî íà îáëàñòè −∞ < a < +∞ è
ôóíêöèÿ I (a) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé ïðè −∞ < a < +∞ .

1. ×àñòíîå çíà÷åíèå èíòåãðàëà I (0) =
∞∫
0

e−x
2

dx =

√
π

2
.

2. Ïóñòü ïàðàìåòð a > 0 .Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, a) = e
−

x2+
a2

x2



è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ
∂f (x, a)

∂a
= −2a

x2
e
−

x2+
a2

x2


íåïðåðûâíûå ôóíêöèè.

Íåñîáñòâåííûé èíòåãðàë îò ÷àñòíîé ïðîèçâîäíîé

+∞∫
0

∂f (x, a)

∂a
dx = −2a

+∞∫
0

e
−

x2+
a2

x2


dx

x2
=
{
Çàìåíà ïåðåìåííîé:

a

x
= y,
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− a

x2
dx = dy

}
= 2

0∫
+∞

e
−

a2

y2
+y2


dy = −2

+∞∫
0

e
−

y2+
a2

y2


dy = −2 I (a)

ñõîäèòñÿ ðàâíîìåðíî ïðè −∞ < a < +∞ . Òîãäà, ìîæíî èñïîëüçîâàòü ôîð-
ìóëó Ëåéáíèöà äëÿ íåñîáñòâåííîãî èíòåãðàëà I (a) :

dI (a)

da
=

+∞∫
0

∂f (x, a)

∂a
dx = −2 I (a) .

Ðåøàåì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè I (a) :

dI (a)

da
= −2 I (a) → dI

I
= −2da → I (a) = C · e−2a .

Òàê êàê I (a) ôóíêöèÿ íåïðåðûâíàÿ è I (0) =

√
π

2
, òî

lim
a→0+0

I (a) = I (0) → C =

√
π

2
.

Èòàê, èíòåãðàë I (a) =

√
π

2
· e−2a ïðè a > 0 .

3. Ïóñòü ïàðàìåòð a < 0 .Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, a) = e
−

x2+
a2

x2



è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ
∂f (x, a)

∂a
= −2a

x2
e
−

x2+
a2

x2


íåïðåðûâíûå ôóíêöèè.

Íåñîáñòâåííûé èíòåãðàë îò ÷àñòíîé ïðîèçâîäíîé

+∞∫
0

∂f (x, a)

∂a
dx = −2a

+∞∫
0

e
−

x2+
a2

x2


dx

x2
=

{
Çàìåíà ïåðåìåííîé:

−a
x

= y,

a

x2
dx = dy

}
= −2

0∫
+∞

e
−

a2

y2
+y2


dy = 2

+∞∫
0

e
−

y2+
a2

y2


dy = 2 I (a)

ñõîäèòñÿ ðàâíîìåðíî ïðè −∞ < a < +∞ . Òîãäà, ìîæíî èñïîëüçîâàòü ôîð-
ìóëó Ëåéáíèöà äëÿ íåñîáñòâåííîãî èíòåãðàëà I (a) :

dI (a)

da
=

+∞∫
0

∂f (x, a)

∂a
dx = 2 I (a) .
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Ðåøàåì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè I (a) :

dI (a)

da
= 2 I (a) → dI

I
= 2da → I (a) = C · e2a .

Òàê êàê I (a) ôóíêöèÿ íåïðåðûâíàÿ è I (0) =

√
π

2
, òî

lim
a→0−0

I (a) = I (0) → C =

√
π

2
.

Èòàê, èíòåãðàë I (a) =

√
π

2
· e2a ïðè a < 0 .

Òîãäà, ïðè ëþáîì −∞ < a < +∞ èíòåãðàë I (a) =

√
π

2
· e−2|a| .

Î ò â å ò:

I (a) =

∞∫
0

e
−

x2+
a2

x2


dx =

√
π

2
· e−2|a|

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.3 (�3809 [1]). Ïîëüçóÿñü èíòåãðàëîì Ýéëåðà-Ïóàññîíà, âû÷èñ-
ëèòü èíòåãðàë

I (a, b) =

+∞∫
0

e−a x
2 · cos (bx) dx (a > 0) .

Ð å ø å í è å:

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, a, b) = e−a x
2 · cos (bx) ïðè ëþáîì b óäî-

âëåòâîðÿåò íåðàâåíñòâó |f (x, a, b)| =
∣∣∣e−a x2 · cos (bx)

∣∣∣ 6 e−a x
2

= F (x, a) . Èí-

òåãðàë
∞∫
0

F (x, a) dx =
∞∫
0

e−a x
2

dx =
1√
a

∞∫
0

e−(
√
a x)

2

d (
√
ax) =

1

2

√
π

a
− ñõîäèò-

ñÿ. Ñëåäîâàòåëüíî (ïðèçíàê Âåéåðøòðàññà), èíòåãðàë I (a, b) ñõîäèòñÿ ðàâíî-
ìåðíî íà îáëàñòè −∞ < b < +∞ è ôóíêöèÿ I (a, b) ÿâëÿåòñÿ íåïðåðûâíîé
ôóíêöèåé ïðè −∞ < b < +∞ .

×àñòíîå çíà÷åíèå èíòåãðàëà I (a, 0) =
∞∫
0

e−a x
2

dx =
1

2

√
π

a
.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, a, b) è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ
∂f (x, a, b)

∂b
= −x sin (bx) e−a x

2

íåïðåðûâíûå ôóíêöèè. Íåñîáñòâåííûé èí-

òåãðàë îò ÷àñòíîé ïðîèçâîäíîé
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+∞∫
0

∂f (x, a, b)

∂b
dx = −

+∞∫
0

x sin (bx) e−a x
2

dx =

= − 1

2a

+∞∫
0

sin (bx) e−a x
2

d
(
ax2
)

=
1

2a

(sin (bx) e−a x
2
∣∣∣x=+∞

x=0

)
︸ ︷︷ ︸

= 0

−

−b
+∞∫
0

e−a x
2 · cos (bx) dx

︸ ︷︷ ︸
= I(a,b)

 = − b

2a
I (a, b)

ñõîäèòñÿ ðàâíîìåðíî ïðè −∞ < b < +∞ . Òîãäà, ìîæíî èñïîëüçîâàòü ôîð-
ìóëó Ëåéáíèöà äëÿ íåñîáñòâåííîãî èíòåãðàëà I (a, b) :

∂I (a, b)

∂b
=

+∞∫
0

∂f (x, a, b)

∂b
dx = − b

2a
I (a, b) .

Ðåøàåì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè I (a, b) :

∂I (a, b)

∂b
= − b

2a
I (a, b) → I (a, b) = C (a) · e

−
b2

4a .

Òàê êàê I (a, b) ôóíêöèÿ íåïðåðûâíàÿ ïðè −∞ < b < +∞ è

I (a, 0) =
1

2

√
π

a
, òî

lim
b→0

I (a, b) = I (a, 0) → C (a) =
1

2

√
π

a
.

Èòàê, èíòåãðàë I (a, b) =
1

2

√
π

a
· e
−
b2

4a ïðè a > 0 .

Î ò â å ò:

I (a, b) =

+∞∫
0

e−a x
2 · cos (bx) dx =

1

2

√
π

a
· e
−
b2

4a (a > 0)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 33.4 (�3817 [1]). Èñïîëüçóÿ èíòåãðàë Äèðèõëå, âû÷èñëèòü èíòå-
ãðàë

I (α) =

+∞∫
0

sin2 (αx)

x2
dx .

Ð å ø å í è å:

Èíòåãðàë I (α) ðàâåí ñóììå äâóõ èíòåãðàëîâ

I (α) =

+∞∫
0

sin2 (αx)

x2
dx =

A∫
0

sin2 (αx)

x2
dx

︸ ︷︷ ︸
Îïðåäåë¼ííûé èíòåãðàë.

+

+∞∫
A

sin2 (αx)

x2
dx

︸ ︷︷ ︸
Íåñîáñòâåííûé èíòåãðàë.

.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ â íåñîáñòâåííîì èíòåãðàëå f (x, α) =
sin2 (αx)

x2

ïðè ëþáîì α óäîâëåòâîðÿåò íåðàâåíñòâó |f (x, α)| = sin2 (αx)

x2
6

1

x2
= F (x) .

Èíòåãðàë
∞∫
A

F (x) dx =
∞∫
A

dx

x2
− ñõîäèòñÿ. Ñëåäîâàòåëüíî (ïðèçíàê Âåéåð-

øòðàññà), èíòåãðàë I (α) ñõîäèòñÿ ðàâíîìåðíî íà îáëàñòè −∞ < α < +∞ è
ôóíêöèÿ I (α) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé ïðè −∞ < α < +∞ .

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, α) è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ
∂f (x, α)

∂α
=

∂

∂α

(
sin2 (αx)

x2

)
=

sin (2αx)

x
íåïðåðûâíûå ôóíêöèè. Íåñîá-

ñòâåííûé èíòåãðàë îò ÷àñòíîé ïðîèçâîäíîé

+∞∫
0

∂f (x, α)

∂α
dx =

+∞∫
0

sin (2αx)

x
dx

ÿâëÿåòñÿ èíòåãðàëîì Äèðèõëå è ñõîäèòñÿ ðàâíîìåðíî (ïðèçíàê Äèðèõëå-
Àáåëÿ) ïðè 0 < α0 6 |α| . Èñïîëüçóåì ôîðìóëó Ëåéáíèöà äëÿ íåñîáñòâåííîãî
èíòåãðàëà I (α) :

dI (α)

dα
=

+∞∫
0

∂f (x, α)

∂α
dx =

+∞∫
0

sin (2αx)

x
dx =

π

2
sgnα .

Ðåøàåì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè I (α) :

dI (α)

dα
=
π

2
sgnα → I (α) =

π

2
|α|+ C .
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Òàê êàê I (α) ôóíêöèÿ íåïðåðûâíàÿ ïðè −∞ < α < +∞ è I (0) = 0 , òî

lim
α→0

I (α) = I (0) = 0 è, ñëåäîâàòåëüíî, C = 0 .

Èòàê, èíòåãðàë I (α) =
π

2
|α| ïðè −∞ < α < +∞ .

Î ò â å ò:

I (α) =

+∞∫
0

sin2 (αx)

x2
=
π

2
|α|

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.5 (�3788 [1]). Èñõîäÿ èç ðàâåíñòâà

e−a x

x
− e−b x

x
=

b∫
a

e−xy dy ,

âû÷èñëèòü èíòåãðàë

+∞∫
0

e−a x − e−b x

x
dx (a > 0 , b > 0) .

Ð å ø å í è å:

1. Äëÿ âû÷èñëåíèÿ èíòåãðàëà èñïîëüçóåì ôîðìóëó Ôðóëëàíè:

+∞∫
0

e−a x − e−b x

x
dx =

{
f (x) = e−x - íåïðåðûâíàÿ ôóíêöèÿ,

+∞∫
A

f (x)

x
dx− ñõîäèòñÿ, f ′ (0) = − e−x

∣∣
x=0

= −1 ñóùåñòâóåò

 = ln
b

a
.

2. Äëÿ âû÷èñëåíèÿ èíòåãðàëà èñïîëüçóåì èíòåãðèðîâàíèå ïî ïàðàìåòðó
íåñîáñòâåííîãî èíòåãðàëà:

+∞∫
0

e−a x − e−b x

x
dx =

e−a xx − e−b x

x
=

b∫
a

e−xy dy

 =

+∞∫
0

dx

b∫
a

e−xy dy =

=
{
g (x, y) = e−xy - íåïðåðûâíà ïðè 0 6 x < +∞ , a 6 y 6 b ,

+∞∫
0

e−xy dx− ñõîäèòñÿ ðàâíîìåðíî (ïðèçíàê Âåéåðøòðàññà) ïðè
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a 6 y 6 b} =

b∫
a

dy

+∞∫
0

e−xy dx =

b∫
a

(
−1

y
e−xy

∣∣x=+∞
x=0

)
dy =

b∫
a

dy

y
= ln

b

a
.

Î ò â å ò:
+∞∫
0

e−a x − e−b x

x
dx = ln

b

a

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.6 (�3825 [1]). Ïîëüçóÿñü ôîðìóëîé

1

1 + x2
=

+∞∫
0

e−y(1+x2) dy ,

âû÷èñëèòü èíòåãðàë Ëàïëàñà

L (a) =

+∞∫
0

cos (a x)

1 + x2
dx .

Ð å ø å í è å:

L (a) =

+∞∫
0

cos (a x)

1 + x2
dx =

 1

1 + x2
=

+∞∫
0

e−y(1+x2) dy

 =

=

+∞∫
0

dx

+∞∫
0

cos (a x) e−y(1+x2) dy =
x

D: x>0 , y>0

cos (a x) e−y(1+x2) dxdy =

=

+∞∫
0

dy

+∞∫
0

cos (a x) e−y(1+x2) dx =

+∞∫
0

e−y dy

+∞∫
0

cos (a x) · e−yx2 dx

︸ ︷︷ ︸
= I(y,a)

=

=

I (y, a) =
1

2

√
π

y
· e
−
a2

4y ( ñì. �3809 [1])

 =

√
π

2

+∞∫
0

e
−

y+
a2

4y


dy
√
y

=

=

{
Çàìåíà ïåðåìåííîé: x =

√
y , dx =

1

2

dy
√
y

}
=

=
√
π

+∞∫
0

e
−

x2+
a2

4x2


dx

︸ ︷︷ ︸
= I1(a)

=

{
I1 (a) =

√
π

2
e−|a| (ñì. �3807 [1])

}
=
π

2
e−|a|.
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Î ò â å ò:

L (a) =

+∞∫
0

cos (a x)

1 + x2
dx =

π

2
e−|a|

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.7 (�3826 [1]). Âû÷èñëèòü èíòåãðàë

L1 (a) =

+∞∫
0

x sin (a x)

1 + x2
dx .

Ð å ø å í è å:

Èñïîëüçóåì èíòåãðàë Ëàïëàñà

L (a) =

+∞∫
0

cos (a x)

1 + x2
dx =

π

2
e−|a| .

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ â èíòåãðàëå Ëàïëàñà f (x, a) =
cos (a x)

1 + x2
è å¼ ÷àñò-

íàÿ ïðîèçâîäíàÿ
∂f (x, a)

∂a
= −x sin (ax)

1 + x2
ÿâëÿþòñÿ íåïðåðûâíûìè ôóíêöèÿ-

ìè. Íåñîáñòâåííûé èíòåãðàë îò ÷àñòíîé ïðîèçâîäíîé

+∞∫
0

sin (ax) · x

1 + x2
dx

ñõîäèòñÿ ðàâíîìåðíî (ïðèçíàê Äèðèõëå-Àáåëÿ) ïðè |a| > a0 > 0 . Èñïîëüçóåì
ôîðìóëó Ëåéáíèöà äëÿ èíòåãðàëà L (a) :

dL (a)

da
= −

+∞∫
0

x sin (a x)

1 + x2
dx = −L1 (a) .

Ñëåäîâàòåëüíî, çàäàííûé èíòåãðàë L1 (a) ðàâåí

L1 (a) = −dL (a)

da
= − d

da

(π
2
e−|a|

)
=
π

2
· sgn a · e−|a| .

Î ò â å ò:
+∞∫
0

x sin (a x)

1 + x2
dx =

π

2
· sgn a · e−|a|

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 33.8 (�3804 [1]). Ïîëüçóÿñü èíòåãðàëîì Ýéëåðà-Ïóàññîíà, âû÷èñ-
ëèòü èíòåãðàë

+∞∫
−∞

e−(a x2+2b x+c) dx (a > 0 , ac− b2 > 0) .

Ð å ø å í è å:
+∞∫
−∞

e−(a x2+2b x+c) dx =

{
a x2 + 2b x+ c =

(√
a x+

b√
a

)2

− b2

a
+ c

}
=

= e

b2 − ac
a


·

+∞∫
−∞

e
−

√a x+
b√
a

2

dx =

{
Çàìåíà :

√
a x+

b√
a

= y,

dx =
dy√
a

}
=

1√
a
e

b2 − ac
a

 +∞∫
−∞

e−y
2

dy =
1√
a
e

b2 − ac
a


2

+∞∫
0

e−y
2

dy =

=

√
π

a
· e

b2 − ac
a



Î ò â å ò:
+∞∫
−∞

e−(a x2+2b x+c) dx =

√
π

a
· e
−

ac− b2

a



- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.9 (�3810(à) [1]). Âû÷èñëèòü èíòåãðàë
+∞∫
0

x e−a x
2

sin (bx) dx (a > 0) .

Ð å ø å í è å:
+∞∫
0

x e−a x
2

sin (bx) dx = − 1

2a

+∞∫
0

sin (bx) d
(
e−a x

2
)

=

= − 1

2a


(
e−a x

2

sin (bx)|x=+∞
x=0

)
︸ ︷︷ ︸

= 0

−b
+∞∫
0

e−a x
2

cos (bx) dx

︸ ︷︷ ︸
= I(a,b)

 =
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=

I (a, b) =
1

2
·
√
π

a
· e
−
b2

4a (ñì. �3809 [1])

 =

=
b

2a
·

1

2
·
√
π

a
· e
−
b2

4a

 =
b

4a
·
√
π

a
· e
−
b2

4a

Î ò â å ò:
+∞∫
0

x e−a x
2

sin (bx) dx =
b

4a
·
√
π

a
· e
−
b2

4a

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.10 (�3813 [1]). Èñïîëüçóÿ èíòåãðàëû Ýéëåðà-Ïóàññîíà è Äè-
ðèõëå, âû÷èñëèòü èíòåãðàë

+∞∫
0

e−a x
2 − cos (βx)

x2
dx (a > 0) .

Ð å ø å í è å:

Çàäàííûé èíòåãðàë I (a, β) =
+∞∫
0

e−a x
2 − cos (βx)

x2
dx ðàâåí ñóììå äâóõ

èíòåãðàëîâ

+∞∫
0

e−a x
2 − cos (βx)

x2
dx =

A∫
0

e−a x
2 − cos (βx)

x2
dx

︸ ︷︷ ︸
Îïðåäåë¼ííûé èíòåãðàë.

+

+∞∫
A

e−a x
2 − cos (βx)

x2
dx

︸ ︷︷ ︸
Íåñîáñòâåííûé èíòåãðàë.

.

Ïîäûíòåãðàëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ â íåñîáñòâåííîì èíòåãðàëå

f (x, a, β) =
e−a x

2 − cos (βx)

x2
ïðè a > a0 > 0 óäîâëåòâîðÿåò íåðàâåíñòâó

|f (x, a, β)| 6 e−a0 x
2

+ 1

x2
= F (x) . Èíòåãðàë

∞∫
A

F (x) dx− ñõîäèòñÿ. Ñëåäî-

âàòåëüíî (ïðèçíàê Âåéåðøòðàññà), èíòåãðàë
+∞∫
A

e−a x
2 − cos (βx)

x2
dx ñõîäèòñÿ

ðàâíîìåðíî ïðè a > a0 > 0 è ôóíêöèÿ I (a, β) ÿâëÿåòñÿ íåïðåðûâíîé ôóíê-
öèåé ïðè a > a0 > 0 è −∞ < β < +∞ . Òàê êàê a0 ïðîèçâîëüíîå ïîëî-
æèòåëüíîå ÷èñëî, òî I (a, β) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé ïðè a > 0 è
−∞ < β < +∞ .

×àñòíîå çíà÷åíèå ôóíêöèè I (0, 0) = 0 .
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Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, a, β) è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ
∂f (x, a, β)

∂a
= −e−a x2 íåïðåðûâíûå ôóíêöèè. Íåñîáñòâåííûé èíòåãðàë îò

÷àñòíîé ïðîèçâîäíîé
+∞∫
0

∂f (x, a, β)

∂a
dx = −

+∞∫
0

e−a x
2

dx ñõîäèòñÿ ðàâíîìåðíî

(ïðèçíàê Âåéåðøòðàññà) ïðè a > a0 > 0 . Èñïîëüçóåì ôîðìóëó Ëåéáíèöà äëÿ
íåñîáñòâåííîãî èíòåãðàëà I (a, β) :

∂I (a, β)

∂a
= −

+∞∫
0

e−a x
2

dx = − 1√
a

+∞∫
0

e−(
√
a x)

2

d
(√

a x
)

= − 1√
a
·
√
π

2
.

Ðåøàåì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè I (a, β) :

∂I (a, β)

∂a
= − 1√

a
·
√
π

2
→ I (a, β) = −

√
π

2

∫
da√
a

= −
√
πa+ C1 (β) (1) .

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x, a, β) è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ
∂f (x, a, β)

∂β
=

sin (βx)

x
íåïðåðûâíûå ôóíêöèè. Íåñîáñòâåííûé èíòåãðàë

îò ÷àñòíîé ïðîèçâîäíîé
+∞∫
0

∂f (x, a, β)

∂β
dx =

+∞∫
0

sin (βx)

x
dx ñõîäèòñÿ ðàâíî-

ìåðíî (ïðèçíàê Äèðèõëå-Àáåëÿ) ïðè |β| > β0 > 0 . Èñïîëüçóåì ôîðìóëó
Ëåéáíèöà äëÿ íåñîáñòâåííîãî èíòåãðàëà I (a, β) :

∂I (a, β)

∂β
=

+∞∫
0

sin (βx)

x
dx =

π

2
· sgn β .

Ðåøàåì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè I (a, β) :

∂I (a, β)

∂β
=
π

2
· sgn β → I (a, β) =

π

2

∫
sgn β dβ =

π

2
· |β|+ C2 (a) (2) .

Ñîîòíîøåíèÿ (1) è (2) îïðåäåëÿþò ôóíêöèþ I (a, β) . Ïîýòîìó,

I (a, β) = −
√
πa+ C1 (β) =

π

2
· |β|+ C2 (a) →

→ −
√
πa− C2 (a) =

π

2
· |β| − C1 (β) = C − const →

→ C1 (β) =
π

2
· |β| − C .

Òîãäà,
I (a, β) = −

√
πa+

π

2
· |β| − C .
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Òàê êàê I (a, β) ôóíêöèÿ íåïðåðûâíàÿ è I (0, 0) = 0 , òî

lim
a,β→0

I (a, β) = I (0, 0) = 0 è, ñëåäîâàòåëüíî, C = 0 .

Èòàê, èíòåãðàë I (a, β) = −
√
πa+

π

2
· |β| ïðè a > 0 .

Î ò â å ò:
+∞∫
0

e−a x
2 − cos (βx)

x2
dx = −

√
πa+

π

2
· |β| (a > 0)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 33.11 (�3815 [1]). Èñïîëüçóÿ èíòåãðàë Äèðèõëå, âû÷èñëèòü èíòå-
ãðàë

+∞∫
0

sin (αx) · cos (βx)

x
dx .

Ð å ø å í è å:

+∞∫
0

sin (αx) · cos (βx)

x
dx =

{
sin (αx) · cos (βx) =

1

2
(sin ((α + β)x) +

+ sin ((α− β)x))} =
1

2

+∞∫
0

sin ((α + β)x)

x
dx+

1

2

+∞∫
0

sin ((α− β)x)

x
dx =

=
π

4
· sgn (α + β) +

π

4
· sgn (α− β) =



0 , åñëè |α| < |β| ;

π

4
· sgnα , åñëè |α| = |β| ;

π

2
· sgnα , åñëè |α| > |β|

Î ò â å ò:

+∞∫
0

sin (αx) · cos (βx)

x
dx =



0 , åñëè |α| < |β| ;

π

4
· sgnα , åñëè |α| = |β| ;

π

2
· sgnα , åñëè |α| > |β|

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 33.12 (�3829 [1]). Âû÷èñëèòü èíòåãðàë

+∞∫
−∞

cos (αx)

a x2 + 2b x+ c
dx (a > 0 , ac− b2 > 0) .

Ð å ø å í è å:

+∞∫
−∞

cos (αx)

a x2 + 2b x+ c
dx =

{
a x2 + 2b x+ c =

(√
a x+

b√
a

)2

+
ac− b2

a
=

=
ac− b2

a

((
a x+ b√
ac− b2

)2

+ 1

)}
=

a

ac− b2

+∞∫
−∞

cos (αx)(
a x+ b√
ac− b2

)2

+ 1

dx =

=

{
Çàìåíà ïåðåìåííîé:

a x+ b√
ac− b2

= t , x =

√
ac− b2 t− b

a
,

dx =

√
ac− b2

a
dt

}
=

1√
ac− b2

+∞∫
−∞

cos

(
α

a

√
ac− b2 t− αb

a

)
1 + t2

dt =

=

cos

(
αb

a

)
√
ac− b2

·
+∞∫
−∞

cos
(α
a

√
ac− b2 t

)
1 + t2

dt

︸ ︷︷ ︸
= 2·L

(
α

a

√
ac−b2

)
−(èíòåãðàë Ëàïëàñà)

+

sin

(
αb

a

)
√
ac− b2

·

·
+∞∫
−∞

sin
(α
a

√
ac− b2 t

)
1 + t2

dt

︸ ︷︷ ︸
= 0 (ñèììåòðè÷íûå ïðåäåëû èíòåãðèðîâàíèÿ

è íå÷¼òíàÿ ïîäûíòåãðàëüíàÿ ôóíêöèÿ)

= 2

cos

(
αb

a

)
√
ac− b2

· L
(α
a

√
ac− b2

)
=

=

L(αa√ac− b2
)

=
π

2
· e
−
|α|
a

√
ac−b2

(ñì. �3825 [1])

 =

=

π cos

(
αb

a

)
√
ac− b2

· e
−
|α|
√
ac− b2

a
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Î ò â å ò:

+∞∫
−∞

cos (αx)

a x2 + 2b x+ c
dx =

π cos

(
αb

a

)
√
ac− b2

· e
−
|α|
√
ac− b2

a

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.10.4 Çàíÿòèå 34

Ãàììà-ôóíêöèÿ Ýéëåðà.

Îïðåäåëåíèå. Ãàììà-ôóíêöèåé Ýéëåðà ïðèíÿòî íàçûâàòü íåñîáñòâåííûé
èíòåãðàë

Γ (x) =

+∞∫
0

tx−1 e−t dt

ïðè x > 0 .

Îáëàñòü îïðåäåëåíèÿ ãàììà-ôóíêöèè x > 0 ÿâëÿåòñÿ îáëàñòüþ ñõîäèìî-
ñòè íåñîáñòâåííîãî èíòåãðàëà

+∞∫
0

tx−1 e−t dt =

A∫
0

tx−1 e−t dt

︸ ︷︷ ︸
= I1

+

+∞∫
A

tx−1 e−t dt

︸ ︷︷ ︸
= I2

= I1 + I2 .

Íåñîáñòâåííûé èíòåãðàë I1 =
A∫
0

tx−1 e−t dt ñõîäèòñÿ ïðè x > 0 . Íåñîáñòâåí-

íûé èíòåãðàë I2 =
+∞∫
A

tx−1 e−t dt ñõîäèòñÿ ïðè ëþáîì −∞ < x < +∞ .

Ñâîéñòâà ôóíêöèè Γ (x) :

1. Γ (x+ 1) = xΓ (x)− ôîðìóëà ïîíèæåíèÿ àðãóìåíòà. ×èñëîâûå çíà÷å-
íèÿ ôóíêöèè Γ (x) îò äèñêðåòíîãî íàáîðà àðãóìåíòîâ èç îòðåçêà 0 < x < 1
ñîáðàíû â ¾òàáëèöó¿;

2. Γ (1) =
+∞∫
0

e−t dt = 1 ;

3. Γ

(
1

2

)
=

+∞∫
0

t−1/2 e−t dt =
{√

t = y , dt = 2y dy
}

= 2
+∞∫
0

e−y
2

dy =
√
π ;

4. Γ (n) = (n− 1)! (n > 1) ;

5. Γ

(
n+

1

2

)
=

1 · 3 · 5 · . . . · (2n− 1)

2n
·
√
π =

(2n− 1)!!

2n
·
√
π ;

6. Γ (x) ·Γ (1− x) =
π

sin (π x)
ïðè 0 < x < 1 . Ýòà ôîðìóëà èñïîëüçóåòñÿ

äëÿ îïðåäåëåíèÿ Γ (x) îò îòðèöàòåëüíûõ çíà÷åíèé àðãóìåíòà

Γ (x) =
π

sin (π x)
· 1

Γ (1− x)
ïðè x < 0 , x 6= −n .
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Áåòà-ôóíêöèÿ Ýéëåðà.

Îïðåäåëåíèå. Áåòà-ôóíêöèåé Ýéëåðà ïðèíÿòî íàçûâàòü íåñîáñòâåííûé
èíòåãðàë

B (x, y) =

1∫
0

tx−1 (1− t)y−1 dt

ïðè x > 0 è y > 0 .

Îáëàñòü îïðåäåëåíèÿ áåòà-ôóíêöèè x > 0 , y > 0 ÿâëÿåòñÿ îáëàñòüþ
ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà

1∫
0

tx−1 (1− t)y−1 dt =

A∫
0

tx−1 (1− t)y−1 dt

︸ ︷︷ ︸
= I1

+

1∫
A

tx−1 (1− t)y−1 dt

︸ ︷︷ ︸
= I2

= I1 + I2 .

Íåñîáñòâåííûé èíòåãðàë I1 =
A∫
0

tx−1 (1− t)y−1 dt ñõîäèòñÿ ïðè x > 0 è ëþ-

áîì −∞ < y < +∞ . Íåñîáñòâåííûé èíòåãðàë I2 =
1∫
A

tx−1 (1− t)y−1 dt ñõî-

äèòñÿ ïðè y > 0 è ëþáîì −∞ < x < +∞ .

Ñâîéñòâà ôóíêöèè B (x, y) :

1. Èñïîëüçóþòñÿ ðàçëè÷íûå ýêâèâàëåíòíûå ôîðìû çàïèñè áåòà-ôóíêöèè.

B (x, y) =

1∫
0

tx−1 (1− t)y−1 dt =

{
Çàìåíû ïåðåìåííîé: à) t =

1

1 + v
,

dt = − dv

(1 + v)2 , t = 0↔ v = +∞ , t = 1↔ v = 0 ; á) t =
u

1 + u
,

dt =
du

(1 + u)2 , t = 0↔ u = 0, t = 1↔ u = +∞
}

=

+∞∫
0

vy−1

(1 + v)x+ydv =

=

+∞∫
0

ux−1

(1 + u)x+y du ;

2. B (x, y) =
Γ (x) Γ (y)

Γ (x+ y)
→ B (x, y) = B (y, x) ,

B (x, y + 1) =
y

x+ y
B (x, y) , B (x+ 1, y) =

x

x+ y
B (x, y) ,

B (x, 1− x) =
π

sin (πx)
ïðè 0 < x < 1 .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.1 (�3843 [1]). Âû÷èñëèòü èíòåãðàë

1∫
0

√
x− x2 dx .

Ð å ø å í è å:

1∫
0

√
x− x2 dx =

1∫
0

x3/2−1 · (1− x)3/2−1 dx = B

(
3

2
,
3

2

)
=

= B

(
3

2
,
1

2
+ 1

)
=

1/2

3/2 + 1/2
B

(
1

2
+ 1,

1

2

)
=

1

4
· 1/2

1/2 + 1/2
B

(
1

2
,
1

2

)
=

=
1

8
· π

sin (πx)|x=1/2

=
π

8

Î ò â å ò:
1∫

0

√
x− x2 dx =

π

8

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.2 (�3847 [1]). Âû÷èñëèòü èíòåãðàë

+∞∫
0

x2

1 + x4
dx .

Ð å ø å í è å:

+∞∫
0

x2

1 + x4
dx =

{
Çàìåíà ïåðåìåííîé: t = x4 , dx =

1

4
t−3/4 dt

}
=

=
1

4

+∞∫
0

t−1/4

1 + t
dt =

B (x, y) =

+∞∫
0

tx−1

(1 + t)x+y dt→

{
x− 1 = −1/4;

x+ y = 1
→

→ x =
3

4
, y =

1

4

}
=

1

4
· B
(

3

4
,
1

4

)
=

1

4
· π

sin (πx)|x=1/4

=
π

2
√

2

Î ò â å ò:
+∞∫
0

x2

1 + x4
dx =

π

2
√

2
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.3 (�3850 [1]). Âû÷èñëèòü èíòåãðàë

+∞∫
0

x2n e−x
2

dx (n− öåëîå ïîëîæèòåëüíîå) .

Ð å ø å í è å:

+∞∫
0

x2n e−x
2

dx =

{
Çàìåíà ïåðåìåííîé: t = x2 , dx =

1

2
t−1/2 dt

}
=

=
1

2

+∞∫
0

tn−1/2 e−t dt =
1

2

+∞∫
0

t(n+1/2)−1 e−t dt =
1

2
· Γ
(
n+

1

2

)
=

=
(2n− 1)!!

2n+1
·
√
π

Î ò â å ò:
+∞∫
0

x2n e−x
2

dx =
(2n− 1)!!

2n+1
·
√
π

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.4 (�3856 [1]). Îïðåäåëèòü îáëàñòü ñóùåñòâîâàíèÿ è âû÷èñëèòü
èíòåãðàë

π/2∫
0

sinm x cosn x dx .

Ð å ø å í è å:

π/2∫
0

sinm x cosn x dx =
{
Çàìåíà ïåðåìåííîé: t = sin2 x ,

dt = 2 sin x cosx dx} =
1

2

1∫
0

t(m−1)/2 · (1− t)(n−1)/2 dt =

=
1

2

1∫
0

t(m+1)/2−1 · (1− t)(n+1)/2−1 dt =
1

2
· B

m+ 1

2︸ ︷︷ ︸
> 0

,
n+ 1

2︸ ︷︷ ︸
> 0


Èíòåãðàë

π/2∫
0

sinm x cosn x dx ñóùåñòâóåò ïðè m, n > −1 .

326



Î ò â å ò:

π/2∫
0

sinm x cosn x dx =
1

2
·B
(
m+ 1

2
,
n+ 1

2

)
ïðè m, n > −1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.5 (�3861 [1]). Îïðåäåëèòü îáëàñòü ñóùåñòâîâàíèÿ è âû÷èñëèòü
èíòåãðàë

1∫
0

(
ln

1

x

)p
dx .

Ð å ø å í è å:

1∫
0

(
ln

1

x

)p
dx =

{
Çàìåíà ïåðåìåííîé: t = ln

1

x
→ x = e−t ,

dx = −e−t dt
}

=

+∞∫
0

tp e−t dt =

+∞∫
0

t(p+1)−1 e−t dt = Γ

p+ 1︸ ︷︷ ︸
> 0


Èíòåãðàë

1∫
0

(
ln

1

x

)p
dx ñóùåñòâóåò ïðè p > −1 .

Î ò â å ò:
1∫

0

(
ln

1

x

)p
dx = Γ (p+ 1) ïðè p > −1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.6 (�3864(á) [1]). Âû÷èñëèòü èíòåãðàë

+∞∫
0

x lnx

1 + x3
dx .

Ð å ø å í è å:

+∞∫
0

x lnx

1 + x3
dx =

{
Çàìåíà ïåðåìåííîé: t = x3 , dx =

1

3
t−2/3 dt

}
=

=
1

9

+∞∫
0

t−1/3

1 + t
ln t dt =

1

9

+∞∫
0

tx−1

1 + t
ln t dt

∣∣∣∣
x=2/3

=
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=

B (x, 1− x) =

+∞∫
0

tx−1

1 + t
dt → dB (x, 1− x)

dx
=

+∞∫
0

tx−1

1 + t
ln t dt

 =

=
1

9

dB (x, 1− x)

dx

∣∣∣∣
x=2/3

=

{
B (x, 1− x) =

π

sin (πx)
ïðè 0 < x < 1

}
=

=
1

9

d

dx

(
π

sin (πx)

)∣∣∣∣
x=2/3

= − π2 cos (πx)

9 sin2 (πx)

∣∣∣∣
x=2/3

=
2π2

27

Î ò â å ò:
+∞∫
0

x lnx

1 + x3
dx =

2 π2

27

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.7 (�3868 [1]). Âû÷èñëèòü èíòåãðàë

I =

1∫
0

ln Γ (x) dx .

Ð å ø å í è å:

Ðàññìîòðèì èíòåãðàë

1∫
0

ln Γ (1− x) dx = {Çàìåíà ïåðåìåííîé: 1− x = t , dx = −dt} =

=

1∫
0

ln Γ (t) dt = I .

Èñêîìûé èíòåãðàë ðàâåí

I =
1

2

 1∫
0

ln Γ (x) dx+

1∫
0

ln Γ (1− x) dx

 =
1

2

1∫
0

ln Γ (x) Γ (1− x) dx =

=

{
Γ (x) Γ (1− x) =

π

sin (πx)
ïðè 0 < x < 1

}
=

=
1

2

1∫
0

ln
π

sin (πx)
dx =

1

2

1∫
0

(lnπ − ln sin (πx)) dx =
1

2
ln π −
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− 1

2

1∫
0

ln sin (πx) dx

︸ ︷︷ ︸
= I1

=

I1 =

1∫
0

ln sin (πx) dx =

1/2∫
0

ln sin (πx) dx +

+

1∫
1/2

ln sin (πy) dy = {Çàìåíà ïåðåìåííîé: t = y − 1/2 , dy = dt} =

=

1/2∫
0

ln sin (πx) dx +

1/2∫
0

ln sin (π (t+ 1/2)) dt =

1/2∫
0

ln sin (πx) dx +

+

1/2∫
0

ln cos (πt) dt =

1/2∫
0

ln
sin (2πx)

2
dx =

1/2∫
0

ln sin (2πx) dx− 1

2
· ln 2 =

= {Çàìåíà ïåðåìåííîé: 2x = t , 2dx = dt} =
1

2

1∫
0

ln sin (πt) dt

︸ ︷︷ ︸
= I1

−

− 1

2
· ln 2 =

1

2
· I1 −

1

2
· ln 2 → I1 =

1

2
· I1 −

1

2
· ln 2 → I1 = − ln 2

}
=

=
1

2
ln π − 1

2
(− ln 2) =

1

2
ln 2π = ln

√
2π .

Î ò â å ò:

I =

1∫
0

ln Γ (x) dx = ln
√

2π

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.8 (�3848 [1]). Âû÷èñëèòü èíòåãðàë

π/2∫
0

sin6 x cos4 x dx .

Ð å ø å í è å:

π/2∫
0

sin6 x cos4 x dx = {ñì. �3856 [1] } =
1

2
B

(
m+ 1

2
,
n+ 1

2

)∣∣∣∣
m=6 , n=4

=

=
1

2
·B
(

7

2
,
5

2

)
=

1

2
·B
(

5

2
+ 1 ,

5

2

)
=

1

2
· 5/2

5/2 + 5/2
·B
(

3

2
+ 1 ,

5

2

)
=
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=
1

4
· 3/2

3/2 + 5/2
·B
(

1

2
+ 1 ,

5

2

)
=

3

32
· 1/2

1/2 + 5/2
·B
(

1

2
,
5

2

)
=

=
1

64
·B
(

1

2
,
3

2
+ 1

)
=

1

64
· 3/2

1/2 + 3/2
·B
(

1

2
,
1

2
+ 1

)
=

=
3

256
· 1/2

1/2 + 1/2
· B
(

1

2
,
1

2

)
=

3

512
· π

sin (π/2)
=

3π

512

Î ò â å ò:
π/2∫
0

sin6 x cos4 x dx =
3π

512

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.9 (�3851 [1]). Îïðåäåëèòü îáëàñòü ñóùåñòâîâàíèÿ è âû÷èñëèòü
èíòåãðàë

+∞∫
0

xm−1

1 + xn
dx (n > 0) .

Ð å ø å í è å:

+∞∫
0

xm−1

1 + xn
dx =

{
Çàìåíà ïåðåìåííîé: t = xn , dx =

1

n
t(1−n)/n dt

}
=

=
1

n

+∞∫
0

tm/n−1

1 + t
dt =

1

n
· B

 m

n︸︷︷︸
>0

, 1− m

n︸ ︷︷ ︸
>0

 =
1

n
· π

sin (πm/n)

Èíòåãðàë
+∞∫
0

xm−1

1 + xn
dx ñóùåñòâóåò ïðè 0 < m < n .

Î ò â å ò:

+∞∫
0

xm−1

1 + xn
dx =

1

n
· π

sin (πm/n)
ïðè 0 < m < n .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.10 (�3855 [1]). Îïðåäåëèòü îáëàñòü ñóùåñòâîâàíèÿ è âû÷èñ-
ëèòü èíòåãðàë

1∫
0

dx
n
√

1− xm
(m > 0 , n > 0) .
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Ð å ø å í è å:

1∫
0

dx
n
√

1− xm
=

{
Çàìåíà ïåðåìåííîé: t = xm , dx =

1

m
t(1−m)/m dt

}
=

=
1

m

1∫
0

t1/m−1 · (1− t)−1/n dt =
1

m

1∫
0

t1/m−1 · (1− t)(1−1/n)−1 dt =

=
1

m
· B

 1

m︸︷︷︸
>0

, 1− 1

n︸ ︷︷ ︸
>0



Èíòåãðàë
1∫

0

dx
n
√

1− xm
ñóùåñòâóåò ïðè m > 0 , n > 1 .

Î ò â å ò:

1∫
0

dx
n
√

1− xm
=

1

m
·B
(

1

m
, 1− 1

n

)
ïðè m > 0 , n > 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.11 (�3857 [1]). Îïðåäåëèòü îáëàñòü ñóùåñòâîâàíèÿ è âû÷èñ-
ëèòü èíòåãðàë

π/2∫
0

tgn x dx .

Ð å ø å í è å:

π/2∫
0

tgn x dx =

π/2∫
0

sinn x · cos−n x dx = { ñì. �3856 [1] } =

=
1

2
· B
(
m+ 1

2
,
k + 1

2

)∣∣∣∣
m=n , k=−n

=
1

2
·B

n+ 1

2︸ ︷︷ ︸
>0

,
−n+ 1

2︸ ︷︷ ︸
>0

 =

=
1

2
· π

sin (πx)

∣∣∣∣
x=(n+1)/2

=
π

2 cos (πn/2)

Èíòåãðàë
π/2∫
0

tgn x dx ñóùåñòâóåò ïðè −1 < n < 1 .
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Î ò â å ò:

π/2∫
0

tgn x dx =
π

2 cos (πn/2)
ïðè − 1 < n < 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 34.12 (�3875 [1]). Äîêàçàòü ðàâåíñòâî

lim
n→∞

+∞∫
0

e−x
n

dx = 1 .

Ð å ø å í è å:

+∞∫
0

e−x
n

dx =

{
Çàìåíà ïåðåìåííîé: t = xn , dx =

1

n
t1/n−1 dt

}
=

=
1

n

+∞∫
0

t1/n−1 e−t dt =
1

n
·Γ
(

1

n

)
= Γ

(
1 +

1

n

)
− íåïðåðûâíàÿ ôóíêöèÿ.

Òîãäà,

lim
n→∞

+∞∫
0

e−x
n

dx = lim
n→∞

Γ

(
1 +

1

n

)
= Γ (1) = 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.11 Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå

�����������������������������������������

2.11.1 Çàíÿòèå 35

Ïóñòü çàäàíà ôóíêöèÿ f (x) íà ñèììåòðè÷íîì îòðåçêå x ∈ [−l , l] .
Îïðåäåëåíèå. Ôóíêöèîíàëüíûé ðÿä

a0

2
+
∞∑
k=1

(
ak cos

πkx

l
+ bk sin

πkx

l

)
,

êîýôôèöèåíòû êîòîðîãî a0 , ak , bk îïðåäåëÿþòñÿ ïî ôîðìóëàì

a0 =
1

l

l∫
−l

f (x) dx ,

ak =
1

l

l∫
−l

f (x) cos
πkx

l
dx ,

bk =
1

l

l∫
−l

f (x) sin
πkx

l
dx

íàçûâàåòñÿ òðèãîíîìåòðè÷åñêèì ðÿäîì Ôóðüå ôóíêöèè f (x) .

Òåîðåìà. Åñëè ôóíêöèÿ f (x) ÿâëÿåòñÿ êóñî÷íî-ãëàäêîé íà îòðåçêå

−l 6 x 6 l , òî å¼ òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ñõîäèòñÿ â êàæäîé òî÷êå
x ýòîãî îòðåçêà è äëÿ ñóììû ðÿäà

S (x) =
a0

2
+
∞∑
k=1

(
ak cos

πkx

l
+ bk sin

πkx

l

)
âûïîëíÿþòñÿ ðàâåíñòâà

S (x) =
1

2

(
f (x+ 0) + f (x− 0)

)
, x ∈ (−l , l) ,

S (−l) = S (l) =
1

2

(
f (−l + 0) + f (l − 0)

)
.
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Îïðåäåëåíèå. Ôóíêöèÿ f (x) íàçûâàåòñÿ êóñî÷íî-íåïðåðûâíîé íà îòðåçêå
−l 6 x 6 l , åñëè îíà íåïðåðûâíà âñþäó íà ýòîì îòðåçêå, èñêëþ÷àÿ êîíå÷íîå
÷èñëî òî÷åê ðàçðûâà ïåðâîãî ðîäà.

Îïðåäåëåíèå. Êóñî÷íî-íåïðåðûâíóþ íà îòðåçêå −l 6 x 6 l ôóíêöèþ
f (x) íàçûâàþò êóñî÷íî-ãëàäêîé íà îòðåçêå −l 6 x 6 l , åñëè f ′ (x) ñóùå-
ñòâóåò è íåïðåðûâíà âñþäó íà ýòîì îòðåçêå, êðîìå êîíå÷íîãî ÷èñëà òî÷åê, â
êîòîðûõ ñóùåñòâóþò êîíå÷íûå ïðàâûå è ëåâûå ïðåäåëüíûå çíà÷åíèÿ ïðîèç-
âîäíîé.

Åñëè ôóíêöèÿ f (x) = −f (−x) , òî

a0 = ak = 0 , k = 1, 2, . . . ,

bk =
2

l

l∫
0

f (x) sin
πkx

l
dx , k = 1, 2, . . . .

Åñëè ôóíêöèÿ f (x) = f (−x) , òî

a0 =
2

l

l∫
0

f (x) dx ,

ak =
2

l

l∫
0

f (x) cos
πkx

l
dx , k = 1, 2, . . . ,

bk = 0 , k = 1, 2, . . . .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.1 (�2938 [1]). Ðàçëîæèòü â ðÿä Ôóðüå ôóíêöèþ

f (x) = sgnx (−π < x < π) . Ïîëüçóÿñü ðàçëîæåíèåì, íàéòè ñóììó ðÿäà
Ëåéáíèöà

∞∑
n=1

(−1)n−1

2n− 1
.

Ð å ø å í è å:

Çàäàííàÿ ôóíêöèÿ f (x) = sgn x óäîâëåòâîðÿåò óñëîâèþ f (x) = −f (−x) .
Ïîýòîìó, a0 = ak = 0 , k = 1, 2, . . . è

bk =
2

π

π∫
0

f (x) sin (kx) dx =
2

π

π∫
0

sin (kx) dx = − 2

πk
(cos (kx)|x=π

x=0) =

=
2

πk

(
1− (−1)k

)
=

 0 , ïðè k = 2n ;
4

πk
, ïðè k = 2n− 1 , n = 1, 2, . . .

.
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Èòàê, òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f (x) = sgnx ïðè

−π < x < π èìååò âèä

S (x) =
4

π

∞∑
n=1

sin (2n− 1)x

2n− 1
= sgnx .

Òàê êàê

sin (2n− 1)x|x=π/2 = sin (πn− π/2)x = − cos (πn) = (−1)n−1 ,

òî

S
(π

2

)
=

4

π

∞∑
n=1

(−1)n−1

2n− 1
= sgn

(π
2

)
= 1

è ñóììà ÷èñëîâîãî ðÿäà
∞∑
n=1

(−1)n−1

2n− 1
=
π

4
.

Çàìåòèì, ÷òî ïîñòðîåííûé ôóíêöèîíàëüíûé ðÿä
∑∞

n=1

sin (2n− 1)x

2n− 1
ñõî-

äèòñÿ ïðè ëþáîì x ∈ (−∞,+∞) .

Î ò â å ò:

sgnx =
4

π

∞∑
n=1

sin (2n− 1)x

2n− 1
ïðè − π < x < π

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.2 (�2949 [1]). Ðàçëîæèòü â ðÿä Ôóðüå ôóíêöèþ f (x) = x â
èíòåðâàëå (a , a+ 2l) .

Ð å ø å í è å:

Ïðåîáðàçóåì çàäàííóþ ôóíêöèþ f (x) = x ïðè x ∈ (a , a+ 2l) :

f (x) = x = {Çàìåíà ïåðåìåííîé: t = x− (a+ l)} =

= t + (a+ l) = f1 (t) , t ∈ (−l , l) .

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f1 (t) èìååò âèä

S1 (t) =
a0

2
+
∞∑
k=1

(
ak cos

πkt

l
+ bk sin

πkt

l

)
,

ãäå

a0 =
1

l

l∫
−l

f1 (t) dt =
1

l

l∫
−l

(t+ (a+ l)) dt =
2

l

l∫
0

(a+ l) dt = 2 (a+ l) ,
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ak =
1

l

l∫
−l

(t+ (a+ l)) cos
πkt

l
dt =

2

l

l∫
0

(a+ l) cos
πkt

l
dt =

=
2 (a+ l)

πk
sin

πkt

l

∣∣∣∣t=l
t=0

= 0 ,

bk =
1

l

l∫
−l

(t+ (a+ l)) sin
πkt

l
dt =

2

l

l∫
0

t sin
πkt

l
dt =

=
2

l

− l

πk
t cos

πkt

l

∣∣∣∣t=l
t=0

+
l

πk

l∫
0

cos
πkt

l
dt

︸ ︷︷ ︸
= 0

 =
2l

πk
(−1)k+1 .

Èòàê,

S1 (t) = a+ l +
2l

π

∞∑
k=1

(−1)k+1

k
sin

πkt

l
=

= {Îáðàòíàÿ çàìåíà ïåðåìåííîé: t = x− (a+ l)} =

= S (x) = a+ l +
2l

π

∞∑
k=1

(−1)k+1

k
sin

πk (x− (a+ l))

l
= a+ l+

+
2l

π

∞∑
k=1

(−1)k+1

k

(
sin

πkx

l
· cos

πk (a+ l)

l
− cos

πkx

l
· sin πk (a+ l)

l

)
=

= a+ l +
2l

π

∞∑
k=1

(−1)k+1

k

(
sin

πkx

l
· cos

πka

l
· (−1)k−

− cos
πkx

l
· sin πka

l
· (−1)k

)
= a+ l︸︷︷︸

= 2a0

+
∞∑
k=1

 2l

πk
sin

πka

l︸ ︷︷ ︸
= ak

· cos
πkx

l
−

− 2l

πk
cos

πka

l︸ ︷︷ ︸
= bk

· sin πkx
l

 = f (x) = x ïðè x ∈ (a , a+ 2l) .

Î ò â å ò:

f (x) = x = a+ l +
2l

π

∞∑
k=1

1

k
·
(

sin
πka

l
· cos

πkx

l
− cos

πka

l
· sin πkx

l

)
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ïðè x ∈ (a , a+ 2l)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.3 (�2957 [1]). Ðàçëîæèòü â ðÿä Ôóðüå ïåðèîäè÷åñêóþ ôóíê-
öèþ f (x) = |sinx| .

Ð å ø å í è å:

Ðàññìîòðèì çàäàííóþ ôóíêöèþ f (x) = |sinx| íà îòðåçêå x ∈ [−π/2 , π/2] ,
äëèíà êîòîðîãî ðàâíà ïåðèîäó ôóíêöèè f (x) = |sinx| . Òàê êàê ïåðèîäè÷å-
ñêàÿ ôóíêöèÿ f (x) = |sinx| íåïðåðûâíà ïðè ëþáîì x ∈ (−∞ , +∞) , òî
ñóììà òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå áóäåò ðàâíà çíà÷åíèþ ñàìîé ôóíê-
öèè â ëþáîé òî÷êå x ∈ (−∞ , +∞) .

Ôóíêöèÿ f (x) = |sinx| ÿâëÿåòñÿ ÷¼òíîé ôóíêöèåé. Ïîýòîìó,

bk = 0 , k = 1, 2, . . . ,

a0 =
4

π

π/2∫
0

sinx dx =
4

π
,

ak =
4

π

π/2∫
0

sinx cos (2kx) dx =
2

π

 π/2∫
0

sin (1 + 2k)x dx+

+

π/2∫
0

sin (1− 2k)x dx

 =
2

π

(
1

1 + 2k
+

1

1− 2k

)
= −4

π
· 1

4k2 − 1
,

k = 1, 2, . . . .

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f (x) = |sinx| èìååò âèä

S (x) =
2

π
− 4

π

∞∑
k=1

cos (2kx)

4k2 − 1
= |sinx| ïðè x ∈ (−∞ , +∞) .

Î ò â å ò:

|sinx| = 2

π
− 4

π

∞∑
k=1

cos (2kx)

4k2 − 1
ïðè x ∈ (−∞ , +∞)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.4 (�2975 [1]). Êàê ñëåäóåò ïðîäîëæèòü çàäàííóþ â èíòåðâà-
ëå (0 , π/2) èíòåãðèðóåìóþ ôóíêöèþ f (x) â èíòåðâàë (−π , π) , ÷òîáû å¼
ðàçëîæåíèå â ðÿä Ôóðüå èìåëî âèä

f (x) =
∞∑
n=1

an cos (2n− 1)x (−π < x < π) ?

337



Ð å ø å í è å:

Çàäàííóþ â èíòåðâàëå x ∈ (0 , π/2) ôóíêöèþ îáîçíà÷èì ÷åðåç f0 (x) .
Ïîñòðîèì â èíòåðâàëå x ∈ (−π , π) ôóíêöèþ f (x) , êîòîðàÿ:

1. f (x) = f0 (x) ïðè x ∈ (0 , π/2) ;

2. f (x) =
∑∞

n=1 an cos (2n− 1)x â èíòåðâàëå x ∈ (−π , π) .

Òàê êàê â òðèãîíîìåòðè÷åñêîì ðÿäå Ôóðüå ôóíêöèè f (x) âñå êîýô-
ôèöèåíòû bk = 0 , òî ôóíêöèÿ f (x) ÿâëÿåòñÿ ÷¼òíîé ôóíêöèåé. Òîãäà
f (x) = f0 (−x) ïðè x ∈ (−π/2 , 0) .

Â òðèãîíîìåòðè÷åñêîì ðÿäå Ôóðüå ôóíêöèè f (x) ïðèñóòñòâóþò òîëü-
êî ñëàãàåìûå, â êîòîðûõ êîìáèíàöèÿ (2n− 1) , âõîäÿùàÿ â àðãóìåíòû êî-
ñèíóñîâ, ïðèíèìàåò íå÷¼òíûå çíà÷åíèÿ. Òî åñòü, êîýôôèöèåíòû ðÿäà Ôóðüå
â ñëàãàåìûõ ñ ÷¼òíûì çíà÷åíèåì êîìáèíàöèè â àðãóìåíòå êîñèíóñîâ ðàâíû
íóëþ:

2

π

π∫
0

f (x) cos (2nx) dx =
2

π

 π/2∫
0

f0 (x) cos (2nx) dx+

+

π∫
π/2

f (y) cos (2ny) dy

 = {Çàìåíà ïåðåìåííîé: π − y = t} =

=
2

π

 π/2∫
0

f0 (x) cos (2nx) dx+

π/2∫
0

f (π − t) cos (2n (π − t)) dt

 =

=
2

π

 π/2∫
0

f0 (x) cos (2nx) dx+

π/2∫
0

f (π − x) cos (2nx) dx

 =

=
2

π

π/2∫
0

(
f0 (x) + f (π − x)

)
cos (2nx) dx = 0 , n = 1, 2, . . . →

→ f0 (x)+f (π − x) = 0 → f (π − x) = −f0 (x) ïðè x ∈ (0 , π/2) .

Òîãäà,
f (x) = −f0 (π − x) ïðè x ∈ (π/2 , π)

è â ñèëó ÷¼òíîñòè ôóíêöèè f (x)

f (x) = −f0 (π + x) ïðè x ∈ (−π , −π/2) .
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Î ò â å ò:

f (x) =


−f0 (π + x) ïðè x ∈ (−π , −π/2) ;

f0 (−x) ïðè x ∈ (−π/2 , 0) ;

f0 (x) ïðè x ∈ (0 , π/2) ;

−f0 (π − x) ïðè x ∈ (π/2 , π)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.5 (�2978 [1]). Ôóíêöèÿ f (x) àíòèïåðèîäè÷íà ñ ïåðèîäîì π ,
òî åñòü f (x+ π) ≡ −f (x) . Êàêîé îñîáåííîñòüþ îáëàäàåò ðÿä Ôóðüå ýòîé
ôóíêöèè â èíòåðâàëå (−π , π) ?

Ð å ø å í è å:

an =
1

π

π∫
−π

f (x) cos (nx) dx =
1

π

 0∫
−π

f (y)︸︷︷︸
=−f(y+π)

cos (ny) dy+

+

π∫
0

f (x) cos (nx) dx

 =
1

π

− 0∫
−π

f (y + π) cos (ny) dy+

+

π∫
0

f (x) cos (nx) dx

 = {Çàìåíà ïåðåìåííîé: y + π = t} =

=
1

π

− π∫
0

f (t) cos (nt− nπ) dt+

π∫
0

f (x) cos (nx) dx

 =

=
1

π

π∫
0

f (x)

(
1− (−1)n

)
cos (nx) dx =

=


0 ïðè n = 2k , k = 0, 1, . . . ;

2

π

π∫
0

f (x) cos (2k + 1)x dx ïðè n = 2k + 1 , k = 0, 1, . . .

→

→ a2k = 0 , k = 0, 1, . . .

bn =
1

π

π∫
−π

f (x) sin (nx) dx =
1

π

 0∫
−π

f (y)︸︷︷︸
=−f(y+π)

sin (ny) dy+

+

π∫
0

f (x) sin (nx) dx

 =
1

π

− 0∫
−π

f (y + π) sin (ny) dy+
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+

π∫
0

f (x) sin (nx) dx

 = {Çàìåíà ïåðåìåííîé: y + π = t} =

=
1

π

− π∫
0

f (t) sin (nt− nπ) dt+

π∫
0

f (x) sin (nx) dx

 =

=
1

π

π∫
0

f (x)

(
1− (−1)n

)
sin (nx) dx =

=


0 ïðè n = 2k , k = 1, 2, . . . ;

2

π

π∫
0

f (x) sin (2k − 1)x dx ïðè n = 2k − 1 , k = 1, 2, . . .

→

→ b2k = 0 , k = 1, 2, . . .

Î ò â å ò:
a0 = a2k = b2k = 0 , k = 1, 2, . . .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.6 (�2937 [1]). Êàêîâ áóäåò ðÿä Ôóðüå äëÿ òðèãîíîìåòðè÷åñêîãî
ìíîãî÷ëåíà

Pn (x) =
n∑
i=0

(
αi cos (ix) + βi sin (ix)

)
?

Ð å ø å í è å:

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå äëÿ òðèãîíîìåòðè÷åñêîãî ìíîãî÷ëåíà
Pn (x) èìååò âèä

Pn (x) =
a0

2
+
∞∑
k=1

(ak cos kx+ bk sin kx) ,

ãäå

a0 =
1

π

π∫
−π

Pn (x) dx =
1

π

n∑
i=0

(
αi

π∫
−π

cos (ix) dx+ βi

π∫
−π

sin (ix) dx

)
=

=


π∫

−π

cos (ix) dx =

{
0 ïðè i 6= 0 ;

2π ïðè i = 0
,

π∫
−π

sin (ix) dx = 0 ïðè i = 0, 1, . . . , n

 = 2α0 ,
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ak =
1

π

π∫
−π

Pn (x) cos kx dx =

=
1

π

n∑
i=0

(
αi

π∫
−π

cos ix cos kx dx+ βi

π∫
−π

sin ix cos kx dx

)
=

=

cos ix cos kx =


cos (i− k)x+ cos (i+ k)x

2
ïðè i 6= k ;

1 + cos (2kx)

2
ïðè i = k

→

→
π∫

−π

cos ix cos kx dx =

{
0 ïðè i 6= k ;

π ïðè i = k
;

sin ix cos kx =


sin (i− k)x+ sin (i+ k)x

2
ïðè i 6= k ;

sin (2kx)

2
ïðè i = k

→

→
π∫

−π

sin ix cos kx dx = 0 ïðè i = 0, 1, . . . , n

 =

{
αk ïðè k 6 n;

0 ïðè k > n
,

bk =
1

π

π∫
−π

Pn (x) sin kx dx =

=
1

π

n∑
i=0

(
αi

π∫
−π

cos ix sin kx dx+ βi

π∫
−π

sin ix sin kx dx

)
=

=

sin ix sin kx =


cos (i− k)x− cos (i+ k)x

2
ïðè i 6= k ;

1− cos (2kx)

2
ïðè i = k

→

→
π∫

−π

sin ix sin kx dx =

{
0 ïðè i 6= k ;

π ïðè i = k
;

cos ix sin kx =


sin (i+ k)x− sin (i− k)x

2
ïðè i 6= k ;

sin (2kx)

2
ïðè i = k

→

→
π∫

−π

cos ix sin kx dx = 0 ïðè i = 0, 1, . . . , n

 =

{
βk ïðè k 6 n;

0 ïðè k > n
.
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Î ò â å ò:

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå äëÿ Pn (x) ñîâïàäàåò ñ ñàìèì ìíîãî÷ëå-
íîì Pn (x) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.7 (�2958 [1]). Ðàçëîæèòü â ðÿä Ôóðüå ïåðèîäè÷åñêóþ ôóíê-
öèþ f (x) = |cosx| .

Ð å ø å í è å:

Ðàññìîòðèì çàäàííóþ ôóíêöèþ f (x) = |cosx| íà îòðåçêå x ∈ [−π/2 , π/2] ,
äëèíà êîòîðîãî ðàâíà ïåðèîäó ôóíêöèè f (x) = |cosx| . Òàê êàê ïåðèîäè÷å-
ñêàÿ ôóíêöèÿ f (x) = |cosx| íåïðåðûâíà ïðè ëþáîì x ∈ (−∞ , +∞) , òî
ñóììà òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå áóäåò ðàâíà çíà÷åíèþ ñàìîé ôóíê-
öèè â ëþáîé òî÷êå x ∈ (−∞ , +∞) .

Ôóíêöèÿ f (x) = |cosx| ÿâëÿåòñÿ ÷¼òíîé ôóíêöèåé. Ïîýòîìó,

bk = 0 , k = 1, 2, . . . ,

a0 =
4

π

π/2∫
0

cosx dx =
4

π
,

ak =
4

π

π/2∫
0

cosx cos (2kx) dx =
2

π

 π/2∫
0

cos (1− 2k)x dx+

+

π/2∫
0

cos (1 + 2k)x dx

 =
2

π

(
(−1)k

1− 2k
+

(−1)k

1 + 2k

)
=

4

π
· (−1)k−1

4k2 − 1
,

k = 1, 2, . . . .

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f (x) = |cosx| èìååò âèä

S (x) =
2

π
+

4

π

∞∑
k=1

(−1)k−1

4k2 − 1
cos (2kx) = |cosx| ïðè x ∈ (−∞ , +∞) .

Î ò â å ò:

|cosx| = 2

π
+

4

π

∞∑
k=1

(−1)k−1

4k2 − 1
cos (2kx) ïðè x ∈ (−∞ , +∞)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.8 (�2961 [1]). Ôóíêöèþ f (x) = x2 ðàçëîæèòü â ðÿä Ôóðüå :

à) â èíòåðâàëå (−π , π) ïî êîñèíóñàì êðàòíûõ äóã;
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á) â èíòåðâàëå (0 , π) ïî ñèíóñàì êðàòíûõ äóã;

â) â èíòåðâàëå (0 , 2π) .

Ïîëüçóÿñü ýòèìè ðàçëîæåíèÿìè, íàéòè ñóììû ðÿäîâ

∞∑
n=1

1

n2
,
∞∑
n=1

(−1)n−1

n2
è

∞∑
n=1

1

(2n− 1)2 .

Ð å ø å í è å:

à) Ôóíêöèÿ f (x) = x2 â èíòåðâàëå x ∈ (−π , π) ÿâëÿåòñÿ ÷¼òíîé ôóíê-
öèåé. Ïîýòîìó,

bk = 0 , k = 1, 2, . . . ,

a0 =
2

π

π∫
0

x2 dx =
2π2

3
,

ak =
2

π

π∫
0

x2 cos (kx) dx =
2

π

x2

k
sin (kx)

∣∣∣∣x=π

x=0︸ ︷︷ ︸
= 0

− 2

k

π∫
0

x sin (kx) dx

 =

= − 4

πk

− x

k
cos (kx)

∣∣∣x=π

x=0
+

1

k

π∫
0

cos (kx) dx

︸ ︷︷ ︸
= 0

 =
4 (−1)k

k2
.

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f (x) = x2 èìååò âèä

Sà (x) =
π2

3
+ 4

∞∑
k=1

(−1)k

k2
cos (kx) = x2 íà ñåãìåíòå x ∈ [−π , π] .

á) Ôóíêöèÿ f (x) = x2 çàäàíà â èíòåðâàëå (0 , π) . Ðàññìîòðèì ôóíêöèþ

F (x) =

{
x2 â èíòåðâàëå (0 , π) ;

−x2 â èíòåðâàëå (−π , 0)
. Ïîñòðîèì òðèãîíîìåòðè÷åñêèé ðÿä

Ôóðüå ôóíêöèè F (x) â èíòåðâàëå x ∈ (−π , π) .Ôóíêöèÿ F (x) â èíòåðâàëå
x ∈ (−π , π) ÿâëÿåòñÿ íå÷¼òíîé ôóíêöèåé. Ïîýòîìó,

ak = 0 , k = 0, 1, 2, . . . ,

bk =
2

π

π∫
0

x2 sin (kx) dx =
2

π

−x2

k
cos (kx)

∣∣∣∣x=π

x=0

+
2

k

π∫
0

x cos (kx) dx

 =
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=
2

π

π2 (−1)k−1

k
+

2

k

x

k
sin (kx)

∣∣∣x=π

x=0︸ ︷︷ ︸
= 0

−1

k

π∫
0

sin (kx) dx


 =

=
2

π

(
π2 (−1)k−1

k
+

2

k

(
1

k2
cos (kx)

∣∣∣∣x=π

x=0

))
=

=
2

π

(
π2 (−1)k−1

k
+

2

k3

(
(−1)k − 1

))
.

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f (x) = x2 â èíòåðâàëå (0 , π)
èìååò âèä

Sá (x) = 2π
∞∑
k=1

(−1)k−1

k
sin (kx) +

4

π

∞∑
k=1

(−1)k − 1

k3
sin (kx) =

= 2π
∞∑
k=1

(−1)k−1

k
sin (kx)− 8

π

∞∑
m=0

sin (2m+ 1)x

(2m+ 1)3 = x2 .

â) Ôóíêöèÿ f (x) = x2 çàäàíà â èíòåðâàëå (0 , 2π) . Ïðåîáðàçóåì ôóíê-
öèþ f (x) = x2 :

f (x) = x2 = {Çàìåíà ïåðåìåííîé: t = x− π} =

= (t+ π)2 = f1 (t) , t ∈ (−π , π) .

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f1 (t) èìååò âèä

S1 (t) =
a0

2
+
∞∑
k=1

(
ak cos (kt) + bk sin (kt)

)
,

ãäå

a0 =
1

π

π∫
−π

f1 (t) dt =
1

π

π∫
−π

(t+ π)2 dt =
1

3π
(t+ π)3

∣∣∣∣t=π
t=−π

=
8π2

3
,

ak =
1

π

π∫
−π

(t+ π)2 cos (kt) dt =
1

π


π∫

−π

t2 cos (kt) dt+ 2π

π∫
−π

t cos (kt) dt

︸ ︷︷ ︸
= 0

+
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+π2

π∫
−π

cos (kt) dt

︸ ︷︷ ︸
= 0

 =
1

π

 t2

k
sin (kt)

∣∣∣∣t=π
t=−π︸ ︷︷ ︸

= 0

−2

k

π∫
−π

t sin (kt) dt

 =

=
2

πk

 t

k
cos (kt)

∣∣∣∣t=π
t=−π

− 1

k

π∫
−π

cos (kt) dt

︸ ︷︷ ︸
= 0

 =
4

k2
(−1)k ,

bk =
1

π

π∫
−π

(t+ π)2 sin (kt) dt =
1

π


π∫

−π

t2 sin (kt) dt

︸ ︷︷ ︸
= 0

+2π

π∫
−π

t sin (kt) dt+

+π2

π∫
−π

sin (kt) dt

︸ ︷︷ ︸
= 0

 = 2

− t

k
cos (kt)

∣∣∣∣t=π
t=−π

+
1

k

π∫
−π

cos (kt) dt

︸ ︷︷ ︸
= 0

 =

=
4π

k
(−1)k−1 .

Èòàê,

S1 (t) =
4π2

3
+
∞∑
k=1

(
4

k2
(−1)k cos (kt) +

4π

k
(−1)k−1 sin (kt)

)
=

= {Îáðàòíàÿ çàìåíà ïåðåìåííîé: t = x− π} =

= Sâ (x) =
4π2

3
+ 4

∞∑
k=1

cos kx

k2
− 4π

∞∑
k=1

sin kx

k
= x2 ïðè x ∈ (0 , 2π) .

Òàê êàê

Sà (π) =
π2

3
+ 4

∞∑
k=1

1

k2
= π2 ,

òî ÷èñëîâîé ðÿä
∑∞

k=1

1

k2
=
π2

6
.

Òàê êàê

Sà (0) =
π2

3
+ 4

∞∑
k=1

(−1)k

k2
= 0 ,
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òî ÷èñëîâîé ðÿä
∑∞

k=1

(−1)k−1

k2
=
π2

12
.

Òàê êàê ñóììà äâóõ ñõîäÿùèõñÿ ÷èñëîâûõ ðÿäîâ

∞∑
k=1

1

k2
+
∞∑
k=1

(−1)k−1

k2
=

∞∑
k=1

1 + (−1)k−1

k2
= 2

∞∑
k=1

1

(2k − 1)2 ,

òî ÷èñëîâîé ðÿä
∞∑
k=1

1

(2k − 1)2 =
1

2

(
π2

6
+
π2

12

)
=
π2

8
.

Î ò â å ò:

à) Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f (x) = x2 â èíòåðâàëå
(−π , π) èìååò âèä

Sà (x) =
π2

3
+ 4

∞∑
k=1

(−1)k

k2
cos (kx) .

á) Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f (x) = x2 ïî ñèíóñàì â
èíòåðâàëå (0 , π) èìååò âèä

Sá (x) = 2π
∞∑
k=1

(−1)k−1

k
sin (kx)− 8

π

∞∑
k=0

sin (2k + 1)x

(2k + 1)3 .

â) Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f (x) = x2 â èíòåðâàëå
(0 , 2π) èìååò âèä

Sâ (x) =
4π2

3
+ 4

∞∑
k=1

cos kx

k2
− 4π

∞∑
k=1

sin kx

k
.

Ñóììû ÷èñëîâûõ ðÿäîâ ðàâíû

∞∑
n=1

1

n2
=
π2

6
,
∞∑
n=1

(−1)n−1

n2
=
π2

12
,
∞∑
n=1

1

(2n− 1)2 =
π2

8
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.9 (�2962 [1]). Èñõîäÿ èç ðàçëîæåíèÿ

x = 2
∞∑
k=1

(−1)k+1

k
sin (kx) (−π < x < π) ,

ïî÷ëåííûì èíòåãðèðîâàíèåì ïîëó÷èòü ðàçëîæåíèå â ðÿä Ôóðüå íà èíòåðâàëå
(−π , π) ôóíêöèé x2 , x3 è x4 .
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Ð å ø å í è å:

1) f1 (x) = x2 = 2

x∫
0

t dt = 2

x∫
0

(
2
∞∑
k=1

(−1)k+1

k
sin (kt)

)
dt =

= 4
∞∑
k=1

(−1)k+1

k

x∫
0

sin (kt) dt = 4
∞∑
k=1

(−1)k+1

k2

(
− cos (kt)|t=xt=0

)
=

= 4
∞∑
k=1

(−1)k

k2

(
cos (kx)− 1

)
= 4

∞∑
k=1

(−1)k

k2
cos (kx) + 4

∞∑
k=1

(−1)k−1

k2
=

=

{ ∞∑
k=1

(−1)k−1

k2
=
π2

12
(ñì. �2961 [1])

}
=
π2

3
+ 4

∞∑
k=1

(−1)k

k2
cos (kx)

2) f2 (x) = x3 = 3

x∫
0

t2 dt = 3

x∫
0

(
π2

3
+ 4

∞∑
k=1

(−1)k

k2
cos (kt)

)
dt =

= π2 x+ 12
∞∑
k=1

(−1)k

k2

x∫
0

cos (kt) dt = π2

(
2
∞∑
k=1

(−1)k+1

k
sin (kx)

)
+

+ 12
∞∑
k=1

(−1)k

k3

(
sin (kt)|t=xt=0

)
=

= 2π2
∞∑
k=1

(−1)k+1

k
sin (kx) + 12

∞∑
k=1

(−1)k

k3
sin (kx)

3) f3 (x) = x4 = 4

x∫
0

t3 dt = 4

x∫
0

(
2π2

∞∑
k=1

(−1)k+1

k
sin (kt) +

+12
∞∑
k=1

(−1)k

k3
sin (kt)

)
dt = 8π2

∞∑
k=1

(−1)k+1

k

x∫
0

sin (kt) dt+

+ 48
∞∑
k=1

(−1)k

k3

x∫
0

sin (kt) dt =


x∫

0

sin (kt) dt =
1

k
− cos (kx)

k

 =

= 8π2
∞∑
k=1

(−1)k−1

k2
+ 8π2

∞∑
k=1

(−1)k

k2
cos (kx) + 48

∞∑
k=1

(−1)k

k4
+

+ 48
∞∑
k=1

(−1)k−1

k4
cos (kx) =

{ ∞∑
k=1

(−1)k−1

k2
=
π2

12
,

∞∑
k=1

(−1)k

k4
=
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=
∞∑
k=1

1

k4︸ ︷︷ ︸
=π4/90

− 2
∞∑
k=1

1

(2k − 1)4︸ ︷︷ ︸
=π4/96

= − 7π4

48 · 15

 =

=
π4

5
+ 8π2

∞∑
k=1

(−1)k

k2
cos (kx) + 48

∞∑
k=1

(−1)k−1

k4
cos (kx)

Î ò â å ò:

1) Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f1 (x) = x2 â èíòåðâàëå
(−π , π) èìååò âèä

S1 (x) =
π2

3
+ 4

∞∑
k=1

(−1)k

k2
cos (kx) .

2) Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f2 (x) = x3 â èíòåðâàëå
(−π , π) èìååò âèä

S2 (x) = 2π2
∞∑
k=1

(−1)k+1

k
sin (kx) + 12

∞∑
k=1

(−1)k

k3
sin (kx) .

3) Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè f3 (x) = x4 â èíòåðâàëå
(−π , π) èìååò âèä

S3 (x) =
π4

5
+ 8π2

∞∑
k=1

(−1)k

k2
cos (kx) + 48

∞∑
k=1

(−1)k−1

k4
cos (kx) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 35.10 (�2976 [1]). Êàê ñëåäóåò ïðîäîëæèòü çàäàííóþ â èíòåðâà-
ëå (0 , π/2) èíòåãðèðóåìóþ ôóíêöèþ f (x) â èíòåðâàë (−π , π) , ÷òîáû å¼
ðàçëîæåíèå â ðÿä Ôóðüå èìåëî âèä

f (x) =
∞∑
n=1

bn sin (2n− 1)x (−π < x < π) ?

Ð å ø å í è å:

Çàäàííóþ â èíòåðâàëå x ∈ (0 , π/2) ôóíêöèþ îáîçíà÷èì ÷åðåç f0 (x) .
Ïîñòðîèì â èíòåðâàëå x ∈ (−π , π) ôóíêöèþ f (x) , êîòîðàÿ:

1. f (x) = f0 (x) ïðè x ∈ (0 , π/2) ;

2. f (x) =
∑∞

n=1 bn sin (2n− 1)x â èíòåðâàëå x ∈ (−π , π) .
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Òàê êàê â òðèãîíîìåòðè÷åñêîì ðÿäå Ôóðüå ôóíêöèè f (x) âñå êîýôôè-
öèåíòû ak = 0 , òî ôóíêöèÿ f (x) ÿâëÿåòñÿ íå÷¼òíîé ôóíêöèåé. Òîãäà
f (x) = −f0 (−x) ïðè x ∈ (−π/2 , 0) .

Â òðèãîíîìåòðè÷åñêîì ðÿäå Ôóðüå ôóíêöèè f (x) ïðèñóòñòâóþò òîëüêî
ñëàãàåìûå, â êîòîðûõ êîìáèíàöèÿ (2n− 1) , âõîäÿùàÿ â àðãóìåíòû ñèíóñîâ,
ïðèíèìàåò íå÷¼òíûå çíà÷åíèÿ. Òî åñòü, êîýôôèöèåíòû ðÿäà Ôóðüå â ñëàãàå-
ìûõ ñ ÷¼òíûì çíà÷åíèåì êîìáèíàöèè â àðãóìåíòå ñèíóñîâ ðàâíû íóëþ:

2

π

π∫
0

f (x) sin (2nx) dx =
2

π

 π/2∫
0

f0 (x) sin (2nx) dx+

+

π∫
π/2

f (y) sin (2ny) dy

 = {Çàìåíà ïåðåìåííîé: π − y = t} =

=
2

π

 π/2∫
0

f0 (x) sin (2nx) dx+

π/2∫
0

f (π − t) sin (2n (π − t)) dt

 =

=
2

π

 π/2∫
0

f0 (x) sin (2nx) dx−
π/2∫
0

f (π − x) sin (2nx) dx

 =

=
2

π

π/2∫
0

(
f0 (x)− f (π − x)

)
sin (2nx) dx = 0 , n = 1, 2, . . . →

→ f0 (x)− f (π − x) = 0 → f (π − x) = f0 (x) ïðè x ∈ (0 , π/2) .

Òîãäà,
f (x) = f0 (π − x) ïðè x ∈ (π/2 , π)

è â ñèëó íå÷¼òíîñòè ôóíêöèè f (x)

f (x) = −f0 (π + x) ïðè x ∈ (−π , −π/2) .

Î ò â å ò:

f (x) =


−f0 (π + x) ïðè x ∈ (−π , −π/2) ;

−f0 (−x) ïðè x ∈ (−π/2 , 0) ;

f0 (x) ïðè x ∈ (0 , π/2) ;

f0 (π − x) ïðè x ∈ (π/2 , π)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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2.12 Èíòåãðàëüíàÿ ôîðìóëà Ôóðüå

�����������������������������������������

2.12.1 Çàíÿòèå 36

Òåîðåìà. Ïóñòü ôóíêöèÿ f (x) çàäàíà ïðè −∞ < x < +∞ , êóñî÷íî-
íåïðåðûâíà âìåñòå ñî ñâîåé ïðîèçâîäíîé f ′ (x) íà ëþáîì êîíå÷íîì ïîäìíî-

æåñòâå, àáñîëþòíî èíòåãðèðóåìà

(
+∞∫
−∞
|f (x)| dx < M

)
. Òîãäà ïðè ëþáîì

−∞ < x < +∞ âåðíà ôîðìóëà

1

2

(
f (x− 0) + f (x+ 0)

)
=

+∞∫
0

(
a (λ) cosλx+ b (λ) sinλx

)
dλ ,

ãäå

a (λ) =
1

π

+∞∫
−∞

f (x) cosλx dx ,

b (λ) =
1

π

+∞∫
−∞

f (x) sinλx dx .

Åñëè ôóíêöèÿ f (x) = f (−x) , òî

1

2

(
f (x− 0) + f (x+ 0)

)
=

+∞∫
0

a (λ) cosλx dλ ,

ãäå

a (λ) =
2

π

+∞∫
0

f (x) cosλx dx , b (λ) = 0 .

Åñëè ôóíêöèÿ f (x) = −f (−x) , òî

1

2

(
f (x− 0) + f (x+ 0)

)
=

+∞∫
0

b (λ) sinλx dλ ,

ãäå

b (λ) =
2

π

+∞∫
0

f (x) sinλx dx , a (λ) = 0 .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 36.1 (�3881 [1]). Ïðåäñòàâèòü èíòåãðàëîì Ôóðüå ôóíêöèþ

f (x) =

{
1 , åñëè |x| < 1 ;

0 , åñëè |x| > 1
.

Ð å ø å í è å:

Çàäàííàÿ ôóíêöèÿ f (x) ÿâëÿåòñÿ ÷¼òíîé ôóíêöèåé. Ïîýòîìó,

b (λ) = 0 ,

a (λ) =
2

π

+∞∫
0

f (x) cosλx dx =
2

π

1∫
0

cosλx dx =
2

πλ
sinλ .

Èíòåãðàëüíàÿ ôîðìóëà Ôóðüå äëÿ çàäàííîé ôóíêöèè f (x) èìååò âèä

1

2

(
f (x− 0) + f (x+ 0)

)
=

2

π

+∞∫
0

sinλ cosλx

λ
dλ .

Î ò â å ò:

1

2

(
f (x− 0) + f (x+ 0)

)
=


1 , åñëè |x| < 1 ;

0 , åñëè |x| > 1 ;

1/2 , åñëè x = ±1

=
2

π

+∞∫
0

sinλ cosλx

λ
dλ

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 36.2 (�3893 [1]). Ïðåäñòàâèòü èíòåãðàëîì Ôóðüå ôóíêöèþ

f (x) = e−x
2

.

Ð å ø å í è å:

Çàäàííàÿ ôóíêöèÿ f (x) ÿâëÿåòñÿ ÷¼òíîé ôóíêöèåé. Ïîýòîìó,

b (λ) = 0 ,

a (λ) =
2

π

∞∫
0

f (x) cosλx dx =
2

π

∞∫
0

e−x
2

cosλx dx =

=


∞∫

0

e−a x
2

cos (bx) dx =
1

2

√
π

a
· e
−
b2

4a (ñì. �3809 [1])

 =
1√
π
e
−
λ2

4 .
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Èíòåãðàëüíàÿ ôîðìóëà Ôóðüå äëÿ çàäàííîé ôóíêöèè f (x) èìååò âèä

f (x) =
1√
π

+∞∫
0

e−λ
2/4 cosλx dλ .

Î ò â å ò:

f (x) = e−x
2

=
1√
π

+∞∫
0

e−λ
2/4 cosλx dλ

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 36.3 (�3895 [1]). Ôóíêöèþ

f (x) = e−x (0 < x < +∞)

ïðåäñòàâèòü èíòåãðàëîì Ôóðüå, ïðîäîëæàÿ å¼ :

à) ÷¼òíûì îáðàçîì ;

á) íå÷¼òíûì îáðàçîì.

Ð å ø å í è å:

à) Ôóíêöèÿ f (x) = e−x çàäàíà íà ïîëóîñè 0 < x < +∞ . Ðàññìîòðèì

ôóíêöèþ F (x) =


e−x íà ïîëóîñè 0 < x < +∞ ;

ex íà ïîëóîñè −∞ < x < 0 ;

1 ïðè x = 0

. Ôóíêöèÿ F (x)

ïðè x ∈ (−∞ , +∞) ÿâëÿåòñÿ ÷¼òíîé ôóíêöèåé. Ïîýòîìó,

b (λ) = 0 ,

a (λ) =
2

π

∞∫
0

F (x) cosλx dx =
2

π

∞∫
0

e−x cosλx dx =

=


∞∫

0

e−x cosλx dx =
1

λ
sinλx e−x

∣∣x=∞
x=0

+
1

λ

∞∫
0

e−x sinλx dx =

= − 1

λ2
cosλxe−x

∣∣x=∞
x=0
− 1

λ2

∞∫
0

e−x cosλxdx =
1

λ2
− 1

λ2

∞∫
0

e−x cosλx dx→

→
∞∫

0

e−x cosλx dx =
1

1 + λ2

 =
2

π

1

1 + λ2
.
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Èíòåãðàëüíàÿ ôîðìóëà Ôóðüå äëÿ çàäàííîé ôóíêöèè f (x) èìååò âèä

f (x) =
2

π

+∞∫
0

cosλx

1 + λ2
dλ ïðè 0 < x < +∞ .

á) Ðàññìîòðèì ôóíêöèþ F (x) =


e−x íà ïîëóîñè 0 < x < +∞ ;

−ex íà ïîëóîñè −∞ < x < 0 ;

0 ïðè x = 0

.

Ôóíêöèÿ F (x) ïðè x ∈ (−∞ , +∞) ÿâëÿåòñÿ íå÷¼òíîé ôóíêöèåé. Ïîýòîìó,

a (λ) = 0 ,

b (λ) =
2

π

∞∫
0

F (x) sinλx dx =
2

π

∞∫
0

e−x sinλx dx =

=


∞∫

0

e−x sinλx dx = −1

λ
cosλx e−x

∣∣x=∞
x=0
− 1

λ

∞∫
0

e−x cosλx dx =

=
1

λ
− 1

λ2
sinλx e−x

∣∣x=∞
x=0
− 1

λ2

∞∫
0

e−x sinλx dx =
1

λ
−

− 1

λ2

∞∫
0

e−x sinλx dx →
∞∫

0

e−x sinλx dx =
λ

1 + λ2

 =
2

π

λ

1 + λ2
.

Èíòåãðàëüíàÿ ôîðìóëà Ôóðüå äëÿ çàäàííîé ôóíêöèè f (x) èìååò âèä

f (x) =
2

π

+∞∫
0

λ sinλx

1 + λ2
dλ ïðè 0 < x < +∞ .

Î ò â å ò:

à) e−x =
2

π

+∞∫
0

cosλx

1 + λ2
dλ ïðè 0 < x < +∞ ;

á) e−x =
2

π

+∞∫
0

λ sinλx

1 + λ2
dλ ïðè 0 < x < +∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 36.4 (�3900 [1]). Íàéòè ôóíêöèè ϕ (x) è ψ (x) , åñëè :

à)

+∞∫
0

ϕ (y) cosxy dy =
1

1 + x2
;

á)

+∞∫
0

ψ (y) sinxy dy = e−x (x > 0) .

Ð å ø å í è å:

à) Ôóíêöèÿ f (x) =
1

1 + x2
îïðåäåëåíà ïðè ëþáîì −∞ < x < +∞ è óäî-

âëåòâîðÿåò óñëîâèþ f (x) = f (−x) . Ïîýòîìó, èíòåãðàëüíàÿ ôîðìóëà Ôóðüå
äëÿ ôóíêöèè f (x) èìååò âèä

1

1 + x2
=

+∞∫
0

a (λ) cosλx dλ .

Ñëåäîâàòåëüíî, èñêîìàÿ ôóíêöèÿ ϕ (y) ðàâíà

ϕ (y) = a (y) =
2

π

∞∫
0

f (x) cos yx dx =
2

π

∞∫
0

cos yx

1 + x2
dx =

= {ñì. �3825 [1]} = e−y , y > 0 .

á) Ôóíêöèÿ f (x) = e−x çàäàíà íà ïîëóîñè 0 < x < +∞ . Ðàññìîòðèì

ôóíêöèþ F (x) =


e−x íà ïîëóîñè 0 < x < +∞ ;

−ex íà ïîëóîñè −∞ < x < 0 ;

0 ïðè x = 0

. Ôóíêöèÿ F (x)

ïðè x ∈ (−∞ , +∞) ÿâëÿåòñÿ íå÷¼òíîé ôóíêöèåé. Ïîýòîìó, èíòåãðàëüíàÿ
ôîðìóëà Ôóðüå äëÿ ôóíêöèè F (x) èìååò âèä

e−x =

+∞∫
0

b (λ) sinλx dλ ïðè 0 < x < +∞ .

Ñëåäîâàòåëüíî, èñêîìàÿ ôóíêöèÿ ψ (y) ðàâíà

ψ (y) = b (y) =
2

π

∞∫
0

F (x) sin yx dx =
2

π

∞∫
0

e−x sin yx dx =
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=


∞∫

0

e−x sin yx dx = −1

y
cos yx e−x

∣∣x=∞
x=0
− 1

y

∞∫
0

e−x cos yx dx =

=
1

y
− 1

y2
sin yx e−x

∣∣x=∞
x=0
− 1

y2

∞∫
0

e−x sin yx dx =
1

y
−

− 1

y2

∞∫
0

e−x sin yx dx →
∞∫

0

e−x sin yx dx =
y

1 + y2

 =
2

π

y

1 + y2
, y > 0.

Î ò â å ò:
à) ϕ (x) = e−x ïðè x > 0 ;

á) ψ (x) =
2

π

x

1 + x2
ïðè x > 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 36.5 (�3882 [1]). Ïðåäñòàâèòü èíòåãðàëîì Ôóðüå ôóíêöèþ

f (x) =

{
sgnx , åñëè |x| < 1 ;

0 , åñëè |x| > 1
.

Ð å ø å í è å:

Çàäàííàÿ ôóíêöèÿ f (x) ÿâëÿåòñÿ íå÷¼òíîé ôóíêöèåé. Ïîýòîìó,

a (λ) = 0 ,

b (λ) =
2

π

+∞∫
0

f (x) sinλx dx =
2

π

1∫
0

sinλx dx =
2

πλ
(1− cosλ) .

Èíòåãðàëüíàÿ ôîðìóëà Ôóðüå äëÿ çàäàííîé ôóíêöèè f (x) èìååò âèä

1

2

(
f (x− 0) + f (x+ 0)

)
=

2

π

+∞∫
0

1− cosλ

λ
sinλx dλ .

Î ò â å ò:

f (x− 0) + f (x+ 0)

2
=


sgnx , åñëè |x| < 1 ;

0 , åñëè |x| > 1 ;

−1/2 , åñëè x = −1 ;

1/2 , åñëè x = 1

=
2

π

+∞∫
0

1− cosλ

λ
sinλx dλ
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 36.6 (�3885 [1]). Ïðåäñòàâèòü èíòåãðàëîì Ôóðüå ôóíêöèþ

f (x) =
1

α2 + x2
(α > 0) .

Ð å ø å í è å:

Çàäàííàÿ ôóíêöèÿ f (x) ÿâëÿåòñÿ ÷¼òíîé ôóíêöèåé. Ïîýòîìó,

b (λ) = 0 ,

a (λ) =
2

π

∞∫
0

f (x) cosλx dx =
2

π

∞∫
0

cosλx

α2 + x2
dx =

=
{
Çàìåíà ïåðåìåííîé: t =

x

α

}
=

2

πα

∞∫
0

cos (αλt)

1 + t2
dt =

=


∞∫

0

cos ax

1 + x2
dx =

π

2
· e−|a| (ñì. �3825 [1])

 =
1

α
e−αλ .

Èíòåãðàëüíàÿ ôîðìóëà Ôóðüå äëÿ çàäàííîé ôóíêöèè f (x) èìååò âèä

f (x) =
1

α2 + x2
=

1

α

+∞∫
0

e−αλ cosλx dλ .

Î ò â å ò:

1

α2 + x2
=

1

α

+∞∫
0

e−αλ cosλx dλ

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Ãëàâà 3

Ôóíêöèè êîìïëåêñíîãî
ïåðåìåííîãî

3.1 Êîìïëåêñíûå ÷èñëà

�����������������������������������������

3.1.1 Çàíÿòèå 37

Ðàññìîòðèì ìíîæåñòâî, ñîñòîÿùåå èç ïàð âåùåñòâåííûõ ÷èñåë x è y . Â
êàæäîé ïàðå ÷èñëà óïîðÿäî÷åíû, x− ïåðâîå ÷èñëî â ïàðå, y− âòîðîå ÷èñëî
â ïàðå (x, y) . Ââåä¼ì íà ýòîì ìíîæåñòâå îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ :

(x1, y1) + (x2, y2) = (x1 + x2 , y1 + y2) ;

(x1, y1) · (x2, y2) = (x1x2 − y1y2 , x1y2 + x2y1) .

Îïðåäåëåíèå. Ìíîæåñòâî, ñîñòîÿùåå èç ïàð (x, y) ñ çàäàííûìè îïåðàöèÿ-
ìè ñëîæåíèÿ è óìíîæåíèÿ, áóäåì íàçûâàòü ìíîæåñòâîì êîìïëåêñíûõ ÷èñåë.

Îáîçíà÷åíèÿ : (0 , 0) = 0 , (x, 0) = x , (0 , 1) = i− ìíèìàÿ åäèíèöà,
(0 , 1) · (0 , 1) = i · i = −1 , (0 , y) = (0 , 1) · (y, 0) = iy , (x, y) = (x, 0) + (0 , y) =
x+ iy = z− àëãåáðàè÷åñêàÿ ôîðìà çàïèñè êîìïëåêñíîãî ÷èñëà z .

Êîìïëåêñíîìó ÷èñëó z = x + iy ïîñòàâèì â ñîîòâåòñòâèå êîìïëåêñíî
ñîïðÿæ¼ííîå ÷èñëî z̄ = x− iy . Ïðîèçâåäåíèå z · z̄ = x2 + y2 − âåùåñòâåííîå
÷èñëî.

Òî÷êà íà ïëîñêîñòè ñ êîîðäèíàòàìè x è y (Ðèñ.37.1) ÿâëÿåòñÿ ãåîìåòðè-
÷åñêèì îáðàçîì êîìïëåêñíîãî ÷èñëà z = x+ iy .

Ïîëîæåíèå òî÷êè ñ êîîðäèíàòàìè x è y ìîæíî çàäàòü ïàðàìåòðàìè r è
ϕ , ÿâëÿþùèìèñÿ ïîëÿðíûìè êîîðäèíàòàìè òî÷êè (Ðèñ.37.1). Ïåðåìåííûå x ,
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y è r , ϕ ñâÿçàíû ñîîòíîøåíèÿìè :{
x = r cosϕ ;

y = r sinϕ
.

Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ :

|z| − ìîäóëü êîìïëåêñíîãî ÷èñëà z ;

arg z − ãëàâíîå çíà÷åíèå àðãóìåíòà êîìïëåêñíîãî ÷èñëà z ;

Arg z − ïîëíîå çíà÷åíèå àðãóìåíòà êîìïëåêñíîãî ÷èñëà z .

Ìîäóëåì êîìïëåêñíîãî ÷èñëà z íàçûâàåòñÿ âåùåñòâåííîå ÷èñëî, ðàâíîå

|z| =
√
z · z̄ =

√
x2 + y2 = r .

Ãëàâíûì çíà÷åíèåì àðãóìåíòà êîìïëåêñíîãî ÷èñëà z íàçûâàåòñÿ âåùå-
ñòâåííîå ÷èñëî, ðàâíîå arg z = ϕ (−π < arg z 6 π) .

Ïîëíîå çíà÷åíèå àðãóìåíòà êîìïëåêñíîãî ÷èñëà z ðàâíî

Arg z = arg z + 2πn , n = 0,±1, . . . .

Òðèãîíîìåòðè÷åñêàÿ ôîðìà çàïèñè êîìïëåêñíîãî ÷èñëà.

z = x+ iy =

{{
x = r cosϕ = |z| cos (arg z) ;

y = r sinϕ = |z| sin (arg z)

}
= r (cosϕ+ i sinϕ) =

= |z|
(

cos (arg z) + i sin (arg z)

)
Ôîðìóëà Ýéëåðà.

cosϕ+ i sinϕ =

=

{
cosϕ =

∞∑
n=0

(−1)n
ϕ2n

(2n)!
, sinϕ =

∞∑
n=1

(−1)n−1 ϕ2n−1

(2n− 1)!

}
=

=
∞∑
n=0

(−1)n
ϕ2n

(2n)!
+ i

∞∑
n=1

(−1)n−1 ϕ2n−1

(2n− 1)!
=
{

(i)2n =
(
i2
)n

= (−1)n ,

(i)2n−1 = i (i)2n−2 = i
(
i2
)n−1

= i (−1)n−1
}

=
∞∑
n=0

(i)2n ϕ2n

(2n)!
+

+
∞∑
n=1

(i)2n−1 ϕ2n−1

(2n− 1)!
=

∞∑
n=0

(iϕ)2n

(2n)!
+
∞∑
n=1

(iϕ)2n−1

(2n− 1)!
=
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=
∞∑
k=0

(iϕ)k

k!
=

{
et =

∞∑
k=0

tk

k!

}
= eiϕ →

→ cosϕ + i sinϕ = eiϕ − ôîðìóëà Ýéëåðà

Ïîêàçàòåëüíàÿ ôîðìà çàïèñè êîìïëåêñíîãî ÷èñëà.

z = x+ iy = r (cosϕ+ i sinϕ) = |z|
(

cos (arg z) + i sin (arg z)

)
=

=
{

cosϕ+ i sinϕ = eiϕ
}

= r eiϕ = |z| ei arg z

Ïðîèçâåäåíèå êîìïëåêñíûõ ÷èñåë.

Ðàññìîòðèì ïðîèçâåäåíèå n êîìïëåêñíûõ ÷èñåë z1 · z2 · . . . · zn . Ìîäóëü
ïðîèçâåäåíèÿ ðàâåí ïðîèçâåäåíèþ ìîäóëåé ñîìíîæèòåëåé

|z1 · z2 · . . . · zn| = |z1| · |z2| · . . . · |zn|

è àðãóìåíò ïðîèçâåäåíèÿ ðàâåí ñóììå àðãóìåíòîâ ñîìíîæèòåëåé

arg (z1 · z2 · . . . · zn) = arg z1 + arg z2 + . . . + arg zn .

Åñëè êîìïëåêñíûå ÷èñëà z1 = z2 = . . . = zn = z , òî

zn = rn
(

cos (nϕ) + i sin (nϕ)

)
= |z|n

(
cos (n arg z) + i sin (n arg z)

)
=

= rn ei nϕ = |z|n ei n arg z .

Êîðåíü n− îé ñòåïåíè èç êîìïëåêñíîãî ÷èñëà z = r eiϕ èìååò n ðàçëè÷-
íûõ çíà÷åíèé

n
√
z = n
√
r ·
(

cos

(
ϕ+ 2πk

n

)
+ i sin

(
ϕ+ 2πk

n

))
=

= n
√
|z| ·

(
cos

(
arg z + 2πk

n

)
+ i sin

(
arg z + 2πk

n

))
=

= n
√
r · e

i·
ϕ+ 2πk

n = n
√
|z| · e

i·
arg z + 2πk

n , ãäå k = 0, 1, . . . , n− 1 .

Ñòåðåîãðàôè÷åñêàÿ ïðîåêöèÿ êîìïëåêñíîãî ÷èñëà.

Â òðåõìåðíîì ïðîñòðàíñòâå ñ êîîðäèíàòíîé ñèñòåìîé (ξ, η, ζ) çàäàíà ñôå-
ðà ñ öåíòðîì â òî÷êå O (0, 0, 1/2) , ðàäèóñ êîòîðîé ðàâåí 1/2 (Ðèñ.37.2). Òî÷-
êà P (0, 0, 1) − ïîëþñ ñôåðû. Êîîðäèíàòû ïðîèçâîëüíîé òî÷êè M (ξ, η, ζ) ,
ïðèíàäëåæàùåé ýòîé ñôåðå, óäîâëåòâîðÿþò óðàâíåíèþ

ξ2 + η2 + ζ2 − ζ = 0 .
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Ñîâìåñòèì êîîðäèíàòíóþ ïëîñêîñòü ζ = 0 ñ êîìïëåêñíîé ïëîñêîñòüþ
z . Èç ïîëþñà P ïðîâåä¼ì ïðÿìóþ ëèíèþ, ïðîõîäÿùóþ ÷åðåç òî÷êó M , äî
ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ ζ = 0 . Òî÷êó ïåðåñå÷åíèÿ áóäåì ñ÷èòàòü ãåîìåò-
ðè÷åñêèì îáðàçîì êîìïëåêñíîãî ÷èñëà z = x+ iy .

Òî÷êà M (ξ, η, ζ) íàçûâàåòñÿ ñòåðåîãðàôè÷åñêîé ïðîåêöèåé êîìïëåêñíîãî
÷èñëà z íà ñôåðó Ðèìàíà. Êîîðäèíàòû òî÷êè M (ξ, η, ζ) ñâÿçàíû ñ x è y
ôîðìóëàìè

ξ =
x

1 + |z|2
, η =

y

1 + |z|2
, ζ =

|z|2

1 + |z|2
,

êîòîðûå óñòàíàâëèâàþò îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó òî÷êàìè ñôåðû Ðè-
ìàíà ñ âûêîëîòûì ïîëþñîì P è òî÷êàìè êîìïëåêñíîé ïëîñêîñòè z .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.37.1

ϕ

0 x

y u
r

�
�
�
�
��

-

6

y

x
z = x+ iy

η

ξ

ζ

Ðèñ.37.2

�

r
r

r
rO

P

M (ξ, η, ζ)
-

6

x

y

Ðèñ.37.3

z0z1

z2

1

−1

−1 1
π/6

2π/3

2π/3

u u

u

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Ââåä¼ì â ðàññìîòðåíèå êîìïëåêñíîå ÷èñëî z = ∞ . Äîïîëíèì êîìïëåêñ-
íóþ ïëîñêîñòü z åäèíñòâåííîé áåñêîíå÷íî óäàë¼ííîé òî÷êîé, ñîîòâåòñòâóþ-
ùåé ÷èñëó z = ∞ . Êîìïëåêñíóþ ïëîñêîñòü ñ åäèíñòâåííîé áåñêîíå÷íî óäà-
ë¼ííîé òî÷êîé íàçûâàþò ðàñøèðåííîé êîìïëåêñíîé ïëîñêîñòüþ. Ñîïîñòàâèì
ïîëþñó P ñôåðû Ðèìàíà åäèíñòâåííóþ áåñêîíå÷íî óäàë¼ííóþ òî÷êó êîì-
ïëåêñíîé ïëîñêîñòè. Â ðåçóëüòàòå ïîëó÷èì âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå
ìåæäó âñåìè òî÷êàìè ñôåðû Ðèìàíà è òî÷êàìè ðàñøèðåííîé êîìïëåêñíîé
ïëîñêîñòè.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.1 (�1.1(1) [2]). Âûïîëíèòü äåéñòâèå

1

i
.

Ð å ø å í è å:

z =
1

i
=

1 · ī
i · ī

=
1 · (−i)
i · (−i)

=
−i
1

= −i
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Î ò â å ò:
1

i
= −i

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.2 (�1.2(3) [2]). Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà

1 + i .

Ð å ø å í è å:

z = 1 + i , |z| =
√
z · z̄ =

√
x2 + y2

∣∣∣
x=1 , y=1

=
√

2 → |1 + i| =
√

2


cos (arg z) =

Re z

|z|
=

x√
x2 + y2

∣∣∣∣∣
x=1 , y=1

=
1√
2

;

sin (arg z) =
Im z

|z|
=

y√
x2 + y2

∣∣∣∣∣
x=1 , y=1

=
1√
2

→ arg (1 + i) =
π

4

Arg (1 + i) = arg (1 + i) + 2πn =
π

4
+ 2πn , n = 0,±1, . . .

Î ò â å ò:
|1 + i| =

√
2 , arg (1 + i) =

π

4
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.3 (�1.4(2) [2]). Íàéòè âñå çíà÷åíèÿ êîðíåé è ïîñòðîèòü èõ:

3
√
i .

Ð å ø å í è å:
z = i → |z| = 1 , arg z =

π

2

3
√
z = 3

√
|z| ·

(
cos

(
arg z + 2πk

3

)
+ i sin

(
arg z + 2πk

3

))∣∣∣∣
|z|=1 ,arg z=π/2

=

= cos

(
π/2 + 2πk

3

)
+ i sin

(
π/2 + 2πk

3

)
, ãäå k = 0, 1, 2 .

z0 = cos
π

6
+ i sin

π

6
=

√
3

2
+ i

1

2
(ñì. Ðèñ.37.3)

z1 = cos
π/2 + 2π

3
+ i sin

π/2 + 2π

3
= cos

5π

6
+ i sin

5π

6
= −
√

3

2
+ i

1

2

z2 = cos
π/2 + 4π

3
+ i sin

π/2 + 4π

3
= cos

3π

2
+ i sin

3π

2
= −i
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Î ò â å ò:

z0 =

√
3

2
+ i

1

2
, z1 = −

√
3

2
+ i

1

2
, z2 = −i .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.4 (�1.7(1) [2]). Èñõîäÿ èç ãåîìåòðè÷åñêèõ ðàññìîòðåíèé, äîêà-
çàòü íåðàâåíñòâî

|z1 + z2| 6 |z1|+ |z2| .

Äîêàçàòü ýòî æå íåðàâåíñòâî àëãåáðàè÷åñêèì ïóò¼ì. Âûÿñíèòü, êîãäà èìå-
åò ìåñòî çíàê ðàâåíñòâà.

Ð å ø å í è å:

1) Ãåîìåòðè÷åñêîå äîêàçàòåëüñòâî.

z1 = x1 + iy1 , z2 = x2 + iy2 , z1 + z2 = (x1 + x2) + i (y1 + y2) (ñì. Ðèñ.37.4)

|z1 + z2| − äëèíà îäíîé ñòîðîíû òðåóãîëüíèêà, êîòîðàÿ íå ïðåâûøàåò

|z1|+ |z2| − ñóììû äëèí äâóõ äðóãèõ ñòîðîí òðåóãîëüíèêà.

Ñëåäîâàòåëüíî, âåðíî íåðàâåíñòâî

|z1 + z2| 6 |z1|+ |z2| .

Åñëè arg z1 = arg z2 , òî arg (z1 + z2) = arg z1 = arg z2 è

|z1 + z2| = |z1|+ |z2| .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.37.4

arg z1
|z1|

arg z2|z2|

|z1 + z2|

0

u
u

u z1z2

z1 + z2

-

6

x

y

Ðèñ.37.5

−π π 2π

π

−π

−2π

D

-

6

x

y

Ðèñ.37.6

a

z1 z2arg (z2 − a)
HHj

R

uu
u

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

2) Àëãåáðàè÷åñêîå äîêàçàòåëüñòâî.

|z1| =
√
x2

1 + y2
1 , |z2| =

√
x2

2 + y2
2 , |z1 + z2| =

√
(x1 + x2)

2 + (y1 + y2)
2

|z1 + z2| ∨ |z1|+ |z2|
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√
(x1 + x2)

2 + (y1 + y2)
2 ∨

√
x2

1 + y2
1 +

√
x2

2 + y2
2

(x1 + x2)
2 + (y1 + y2)

2 ∨ x2
1 + y2

1 + 2
√

(x2
1 + y2

1) (x2
2 + y2

2) + x2
2 + y2

2

x1 x2 + y1 y2 ∨
√

(x2
1 + y2

1) (x2
2 + y2

2)

2x1 x2 y1 y2 ∨ x2
1 y

2
2 + y2

1 x
2
2

0 ∨ x2
1 y

2
2 − 2x1 x2 y1 y2 + y2

1 x
2
2

0 6 (x1 y2 − y1 x2)
2

Ðàâåíñòâî äîñòèãàåòñÿ ïðè âûïîëíåíèè óñëîâèÿ
y1

x1
=
y2

x2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.5 (�1.23 [2]). Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèé

|z − z0| < R , |z − z0| > R , |z − z0| = R

( z− ïåðåìåííîå êîìïëåêñíîå ÷èñëî, z0− ôèêñèðîâàííîå êîìïëåêñíîå ÷èñ-
ëî).

Ð å ø å í è å:

z = x+ iy , z0 = x0 + iy0 , z − z0 = (x− x0) + i (y − y0) →

|z − z0| =
√

(x− x0)
2 + (y − y0)

2 = R→ (x− x0)
2 + (y − y0)

2 = R2−
− îêðóæíîñòü ðàäèóñà R ñ öåíòðîì â òî÷êå (x0 , y0) .

|z − z0| < R− òî÷êè, ëåæàùèå âíóòðè îêðóæíîñòè ðàäèóñà R
ñ öåíòðîì â òî÷êå (x0 , y0) .

|z − z0| > R− òî÷êè, ëåæàùèå âíå îêðóæíîñòè ðàäèóñà R
ñ öåíòðîì â òî÷êå (x0 , y0) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.6 (�1.34 [2]). Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèé :

1) |z| < arg z , åñëè 0 6 arg z < 2π ;

2) |z| < arg z , åñëè 0 < arg z 6 2π .

Ð å ø å í è å:

Ãðàíèöà îáëàñòè D (Ðèñ.37.5) ñîñòîèò èç ëèíèè |z| = arg z , ïðè

0 6 arg z 6 2π è îòðåçêà êîîðäèíàòíîé îñè 0 < x < 2π .
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Íåðàâåíñòâó |z| < arg z , ïðè óñëîâèè 0 6 arg z < 2π , ñîîòâåòñòâóþò
âñå âíóòðåííèå òî÷êè îáëàñòè D .

Íåðàâåíñòâó |z| < arg z , ïðè óñëîâèè 0 < arg z 6 2π , ñîîòâåòñòâóþò
âñå âíóòðåííèå òî÷êè îáëàñòè D è åù¼ òî÷êè íà îòðåçêå êîîðäèíàòíîé îñè
0 6 x 6 2π .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.7. Êàêèå ìíîæåñòâà íà êîìïëåêñíîé ïëîñêîñòè îïðåäåëÿåò óðàâ-
íåíèå Az +B z̄ = C (A , B , C , z − êîìïëåêñíûå ÷èñëà) .

Ð å ø å í è å:

A = ax + iay , B = bx + iby , C = cx + icy , z = x+ iy , z̄ = x− iy
A z +B z̄ = C → (ax + iay) (x+ iy) + (bx + iby) (x− iy) = cx + icy →

→

{
(ax + bx)x+ (by − ay) y = cx

(ay + by)x+ (ax − bx) y = cy

∆ =

∣∣∣∣ax + bx by − ay
ay + by ax − bx

∣∣∣∣ =
(
a2
x + a2

y

)
−
(
b2
x + b2

y

)
= |A|2 − |B|2 ,

∆x =

∣∣∣∣cx by − ay
cy ax − bx

∣∣∣∣ , ∆y =

∣∣∣∣ax + bx cx
ay + by cy

∣∣∣∣
Åñëè |A| 6= |B| (∆ 6= 0) , òî çàäàííîå óðàâíåíèþ Az + B z̄ = C îïðåäå-

ëÿåò åäèíñòâåííóþ òî÷êó ñ êîîðäèíàòàìè x =
∆x

∆
, y =

∆y

∆
.

Åñëè |A| = |B| (∆ = 0) , òî çàäàííîå óðàâíåíèþ Az + B z̄ = C îïðåäå-
ëÿåò ëèáî ïóñòîå ìíîæåñòâî, ëèáî ïðÿìóþ ëèíèþ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.8. Òî÷êè z1 è z2 íàçûâàþòñÿ ñèììåòðè÷íûìè îòíîñèòåëüíî
îêðóæíîñòè |z − a| = R , åñëè îíè ëåæàò íà îáùåì ëó÷å, èñõîäÿùåì èç öåíòðà
îêðóæíîñòè, è ïðîèçâåäåíèå èõ ðàññòîÿíèé îò öåíòðà îêðóæíîñòè ðàâíî R2 .

Äîêàçàòü ôîðìóëó z2 = a+
R2

z1 − a
.

Ð å ø å í è å:

arg (z1 − a) = arg (z2 − a) − òî÷êè z1 è z2 ëåæàò íà îäíîì ëó÷å, ïðîâå-
ä¼ííîì èç òî÷êè a (Ðèñ.37.6).

|z1 − a| · |z2 − a| = R2 − ïðîèçâåäåíèå ðàññòîÿíèé îò òî÷åê z1 è z2 äî
òî÷êè a ðàâíî R2 .

z2 − a = |z2 − a| ei arg(z2−a) =

=

{
|z2 − a| =

R2

|z1 − a|
, arg (z2 − a) = arg (z1 − a)

}
=
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=
R2

|z1 − a|
ei arg(z1−a) =

R2

|z1 − a| e−i arg(z1−a)
=

=
{
z1 − a = |z1 − a| ei arg(z1−a) → z1 − a = |z1 − a| e−i arg(z1−a)

}
=

=
R2

z1 − a

Ñëåäîâàòåëüíî, âåðíà ôîðìóëà z2 = a+
R2

z1 − a
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.9 (�1.1(2,3) [2]). Âûïîëíèòü äåéñòâèÿ

2)
1− i
1 + i

, 3)
2

1− i 3
.

Ð å ø å í è å:

2)
1− i
1 + i

=
1− i
1 + i

· 1 + i

1 + i
=

1− i
1 + i

· 1− i
1− i

=
1− i 2− 1

1 + 1
= −i

3)
2

1− i 3
=

2

1− i 3
· 1− i 3

1− i 3
=

2

1− i 3
· 1 + i 3

1 + i 3
=

2 + i 6

1 + 9
=

1

5
+ i

3

5

Î ò â å ò:
1− i
1 + i

= −i , 2

1− i 3
=

1

5
+ i

3

5

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.10 (�1.2(1,4) [2]). Íàéòè ìîäóëè è àðãóìåíòû êîìïëåêñíûõ
÷èñåë:

1) 3i ; 4) − 1− i .
Ð å ø å í è å:

1) z = 3i , |z| =
√
z · z̄ =

√
x2 + y2

∣∣∣
x=0 , y=3

=
√

9 = 3 → |3i| = 3


cos (arg z) =

Re z

|z|
=

x√
x2 + y2

∣∣∣∣∣
x=0 , y=3

= 0 ;

sin (arg z) =
Im z

|z|
=

y√
x2 + y2

∣∣∣∣∣
x=0 , y=3

= 1

→ arg (3i) =
π

2

Arg (3i) = arg (3i) + 2πn =
π

2
+ 2πn , n = 0,±1, . . .

4) z = −1− i , |z| =
√
z · z̄ =

√
x2 + y2

∣∣∣
x=−1 , y=−1

=
√

2 → |−1− i| =
√

2

365




cos (arg z) =

Re z

|z|
=

x√
x2 + y2

∣∣∣∣∣
x=−1 , y=−1

=
−1√

2
;

sin (arg z) =
Im z

|z|
=

y√
x2 + y2

∣∣∣∣∣
x=−1 , y=−1

=
−1√

2

→ arg (−1− i) = −3π

4

Arg (−1− i) = arg (−1− i) + 2πn = −3π

4
+ 2πn , n = 0,±1, . . .

Î ò â å ò:
1) |3i| = 3 , arg (3i) =

π

2
;

4) |−1− i| =
√

2 , arg (−1− i) = −3π

4
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.11 (�1.3 [2]). Ðåøèòü óðàâíåíèå

z̄ = zn−1 (n 6= 2− íàòóðàëüíîå ÷èñëî) .

Ð å ø å í è å:

Îäíèì èç ðåøåíèé çàäàííîãî óðàâíåíèÿ ÿâëÿåòñÿ ÷èñëî z = 0 .

Óìíîæèì çàäàííîå óðàâíåíèå íà z (z 6= 0)

|z|2 = zn.

Ïóñòü z = |z| ei arg z . Òîãäà,

|z|2 = |z|n ei n arg z → 1 = |z|n−2

(
cos (n arg z) + i sin (n arg z)

)
→

→

1 = |z|n−2 cos (n arg z) ;

0 = |z|n−2 sin (n arg z) → arg z =
πk

n
, k = 0,±1,±2, . . .

→

→ 1 = |z|n−2 cos (πk) → k = 0,±2,±4, . . . , |z| = 1 .

Òî åñòü, êîðíÿìè óðàâíåíèÿ ÿâëÿþòñÿ òàêæå ÷èñëà

zk = e
i
πk

n = cos

(
πk

n

)
+ i sin

(
πk

n

)
, k = 0,±2,±4, . . . .

Î ò â å ò:

Êîðíè çàäàííîãî óðàâíåíèÿ z = 0 è

zk = e
i
πk

n = cos

(
πk

n

)
+ i sin

(
πk

n

)
, k = 0,±2,±4, . . . .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.12 (�1.4(1,6) [2]). Íàéòè âñå çíà÷åíèÿ êîðíåé è ïîñòðîèòü èõ:

1)
3
√

1 ; 6)
√

1− i .

Ð å ø å í è å:

1) z = 1 → |1| = 1 , arg 1 = 0

3
√

1 = 3
√
|1| ·

(
cos

(
arg 1 + 2πk

3

)
+ i sin

(
arg 1 + 2πk

3

))∣∣∣∣
|z|=1 , arg z=0

= cos

(
2πk

3

)
+ i sin

(
2πk

3

)
, ãäå k = 0, 1, 2 .

z0 = 1 (ñì. Ðèñ.37.7)

z1 = cos
2π

3
+ i sin

2π

3
= −1

2
+ i

√
3

2

z2 = cos
4π

3
+ i sin

4π

3
= cos

3π

2
+ i sin

3π

2
= −1

2
− i
√

3

2

6) z = 1− i → |1− i| =
√

2 , arg (1− i) = −π
4

√
1− i =

√
|1− i| ·

(
cos

(
arg (1− i) + 2πk

2

)
+

+i sin

(
arg (1− i) + 2πk

2

))∣∣∣∣
|1−i|=

√
2 , arg(1−i)=−π/4

=

=
4
√

2 ·
(

cos

(
−π/4 + 2πk

2

)
+ i sin

(
−π/4 + 2πk

2

))
, ãäå k = 0, 1 .

z0 =
4
√

2 ·
(

cos
(
−π

8

)
+ i sin

(
−π

8

))
=

sin
π

8
=

√√√√1− cos
(π

4

)
2

=

=

√√
2− 1

23/4
, cos

π

8
=

√√√√1 + cos
(π

4

)
2

=

√√
2 + 1

23/4

 =

=

√
2

2
·
(√√

2 + 1 − i
√√

2− 1

)
(ñì. Ðèñ.37.9)
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z1 =
4
√

2 ·
(

cos

(
7π

8

)
+ i sin

(
7π

8

))
=

{
sin

7π

8
=

√√
2− 1

23/4
,

cos
7π

8
= −

√√
2 + 1

23/4

}
=

√
2

2
·
(
−
√√

2 + 1 + i

√√
2− 1

)
Î ò â å ò:

1) z0 = 1 , z1 = −1

2
+ i

√
3

2
, z2 = −1

2
− i
√

3

2
;

6) z0,1 = ±
√

2

2
·
(√√

2 + 1− i
√√

2− 1

)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.37.7

2π/3

z0

z1

z2

u
u

u

1

−1

−1 1 �
�
�
�
��

-

6

y

x
z = x+ iy

η
ξ

ζ

Ðèñ.37.8

�

r
r

r
r

A
E D

G
B

CO

P

F

1

M (ξ, η, ζ)
-

6

x

y

Ðèñ.37.9

z0

z1

4
√

2

−π/8 -

u
u

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.13 (�1.24 [2]). Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ

|z − 2|+ |z + 2| = 5 .

Ð å ø å í è å:

z = x+ iy , z ± 2 = (x± 2) + iy → |z ± 2| =
√

(x± 2)2 + y2

|z − 2|+ |z + 2| = 5 →
√

(x− 2)2 + y2 +

√
(x+ 2)2 + y2 = 5 →

→
√

(x− 2)2 + y2 = 5−
√

(x+ 2)2 + y2 →

→ (x− 2)2 + y2 = 25− 10

√
(x+ 2)2 + y2 + (x+ 2)2 + y2 →

→ −4x = 25−10

√
(x+ 2)2 + y2 +4x→ 10

√
(x+ 2)2 + y2 = 25+8x→

→ 100
(
x2 + 4x+ 4 + y2

)
= 625+400x+64x2 → 36x2 +100y2 = 225 →
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→ x2

(5/2)2 +
y2

(3/2)2 = 1 − ýëëèïñ

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 37.14 (�1.44 [2]). Âûâåñòè ôîðìóëû ñòåðåîãðàôè÷åñêîé ïðîåêöèè,
âûðàæàþùèå êîîðäèíàòû (ξ, η, ζ) òî÷êè M ñôåðû ñ äèàìåòðîì 1 , êàñàþ-
ùåéñÿ z−ïëîñêîñòè â íà÷àëå êîîðäèíàò, ÷åðåç êîîðäèíàòû (x, y) ñîîòâåò-
ñòâóþùåé òî÷êè z = x+ iy . Âûðàçèòü òàêæå x è y ÷åðåç ξ , η , ζ (îñè ξ è
η ïðåäïîëàãàþòñÿ ñîâïàäàþùèìè ñ îñÿìè x è y , ñîîòâåòñòâåííî).

Ð å ø å í è å:

Êîîðäèíàòû òî÷êè M (ξ, η, ζ) , íàõîäÿùåéñÿ íà ñôåðå (Ðèñ.37.8), óäîâëå-
òâîðÿþò óðàâíåíèþ

ξ2 + η2 + ζ2 − ζ = 0 .

Ïîäîáèå ∆PMF è ∆PBO :

1− ζ√
ξ2 + η2

=
1√

x2 + y2
→ 1− ζ =

√
ξ2 + η2

|z|
.

Òàê êàê ξ2 + η2 + ζ2 − ζ = 0 , òî

1− ζ =

√
ζ − ζ2

|z|
→ 1− ζ =

ζ

|z|2
→ ζ =

|z|2

1 + |z|2
.

Ïîäîáèå ∆OED è ∆OAB :

ξ√
ξ2 + η2

=
x

|z|
→ ξ

x
=

√
ξ2 + η2

|z|
→ ξ

x
= 1− ζ →

→ x =
ξ

1− ζ
è ξ = x (1− ζ) =

x

1 + |z|2
.

Ïîäîáèå ∆ODG è ∆OBC :

η√
ξ2 + η2

=
y

|z|
→ η

y
=

√
ξ2 + η2

|z|
→ η

y
= 1− ζ →

→ y =
η

1− ζ
è η = y (1− ζ) =

y

1 + |z|2
.

Î ò â å ò:

x =
ξ

1− ζ
, y =

η

1− ζ
;

ξ =
x

1 + |z|2
, η =

y

1 + |z|2
, ζ =

|z|2

1 + |z|2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.2 Íåïðåðûâíîñòü ôóíêöèè êîìïëåêñíîãî
ïåðåìåííîãî

�����������������������������������������

3.2.1 Çàíÿòèå 38

Ïðèìåðû ýëåìåíòàðíûõ ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî.

Ïî îïðåäåëåíèþ :

exp z = ez = ex (cos y + i sin y) ;

cos z =
ei z + e−i z

2
;

sin z =
ei z − e−i z

2i
;

tg z =
sin z

cos z
;

ctg z =
cos z

sin z
;

ch z =
ez + e−z

2
;

sh z =
ez − e−z

2
;

th z =
sh z

ch z
;

cth z =
ch z

sh z
;

Ln z = ln r + i ϕ+ i 2πk
(
k = 0,±1,±2, . . . , z = reiϕ

)
,

ln z = ln r + i ϕ (−π < ϕ 6 π)− ãëàâíîå çíà÷åíèå ôóíêöèè Ln z .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.1 (�1.69 [2]). Äëÿ êàæäîé èç ôóíêöèé ez , cos z íàéòè ìíîæå-
ñòâî òî÷åê, ãäå îíà ïðèíèìàåò :

1) äåéñòâèòåëüíûå çíà÷åíèÿ ;

2) ÷èñòî ìíèìûå çíà÷åíèÿ .

Ð å ø å í è å:

Ôóíêöèÿ f (z) = ez :
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ez = ex (cos y + i sin y) = ex cos y + i ex sin y = u (x , y) + i v (x , y) ,

ãäå Re ez = u (x , y) = ex cos y è Im ez = v (x , y) = ex sin y .

Ôóíêöèÿ ez ïðèíèìàåò äåéñòâèòåëüíûå çíà÷åíèÿ, åñëè

Im ez = 0 → ex sin y = 0 → sin y = 0 →

→ Im z = y = πk , k = 0,±1,±2, . . . .

Ôóíêöèÿ ez ïðèíèìàåò ÷èñòî ìíèìûå çíà÷åíèÿ, åñëè

Re ez = 0 → ex cos y = 0 → cos y = 0 →

→ Im z = y =
π

2
+ πk , k = 0,±1,±2, . . . .

Ôóíêöèÿ f (z) = cos z :

cos z =
ei z + e−i z

2
=

1

2

(
ei(x+i y) + e−i(x+i y)

)
=

1

2

(
e−y+i x + ey−i x

)
=

=
1

2

(
e−y (cosx+ i sinx) + ey (cosx− i sinx)

)
=
ey + e−y

2
· cosx+

+ i
e−y − ey

2
· sinx = ch y · cosx− i sh y · sinx = u (x , y) + i v (x , y) ,

ãäå Re cos z = u (x, y) = ch y ·cosx è Im cos z = v (x, y) = − sh y ·sinx.

Ôóíêöèÿ cos z ïðèíèìàåò äåéñòâèòåëüíûå çíà÷åíèÿ, åñëè

Im cos z = 0 → sh y · sinx = 0 → sh y = 0 èëè sinx = 0 →

→ Im z = y = 0 , èëè Re z = x = πk , k = 0,±1,±2, . . . .

Ôóíêöèÿ cos z ïðèíèìàåò ÷èñòî ìíèìûå çíà÷åíèÿ, åñëè

Re cos z = 0 → ch y · cosx = 0 → cosx = 0 →

→ Re z = x =
π

2
+ πk , k = 0,±1,±2, . . . .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.2 (�1.71(2) [2]). Âû÷èñëèòü

Ln i , ln i .

Ð å ø å í è å:

Ïî îïðåäåëåíèþ Ln z = ln r + i ϕ+ i 2πk , ãäå z = reiϕ .

Çàäàíî ÷èñëî
z = i = ei π/2 → r = 1 , ϕ =

π

2
.
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Òîãäà,

Ln i = ln 1 + i
π

2
+ i 2πk = i

π

2
+ i 2πk , k = 0,±1,±2, . . . è ln i = i

π

2
.

Î ò â å ò:
Ln i = i

π

2
+ i 2πk , k = 0,±1,±2, . . .

ln i = i
π

2
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.3 (�1.82 [2]). Íàéòè âñå êîðíè óðàâíåíèÿ

sin z + cos z = 2 .

Ð å ø å í è å:

sin z + cos z = 2 →
√

2

2
sin z +

√
2

2
cos z =

√
2 > 0 →

→ sin
(
z +

π

4

)
=
√

2 → z +
π

4
= Arcsin

√
2

Ïîëó÷èì ôîðìóëó, îïðåäåëÿþùóþ ôóíêöèþ Arcsin z , ðåøèâ îòíîñèòåëü-
íî w óðàâíåíèå sinw = z ( w = Arcsin z ) .

sinw = z → ei w − e−i w

2i
= z → ei w − 1

ei w
= i2z →

→ Çàìåíà ïåðåìåííîé: t = ei w → t− 1

t
= i2z →

→ t2 − i2zt− 1 = 0→ (t− iz)2 = 1− z2 → t = iz +
√

1− z2︸ ︷︷ ︸
äâà çíà÷åíèÿ

êâàäðàòíîãî êîðíÿ

→

→ ei w = i
(
z +

√
z2 − 1

)
→ i w = Ln

(
i
(
z +

√
z2 − 1

))
→

→ w = −iLn
(
i
(
z +

√
z2 − 1

))
Èòàê, ïî îïðåäåëåíèþ

Arcsin z = −iLn
(
i
(
z +

√
z2 − 1

))
.

Òîãäà,

z +
π

4
= Arcsin

√
2 = −iLn

(
i
(√

2± 1
))

→

→ zk = −π
4
− i
(

ln
∣∣∣i(√2± 1

)∣∣∣+ i
π

2
+ i 2πk

)
, k = 0,±1,±2, . . . →
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→ zk =
π

4
+ 2πk − i ln

(√
2± 1

)
, k = 0,±1,±2, . . . .

Î ò â å ò:
zk =

π

4
+ 2πk − i ln

(√
2± 1

)
, k = 0,±1,±2, . . .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Îïðåäåëåíèå. Åñëè ñóùåñòâóåò åäèíñòâåííûé ïðåäåë lim
zn→z0

f (zn) = w0 , íå

çàâèñÿùèé îò âûáîðà ïîñëåäîâàòåëüíîñòè {zn} , òî ýòîò ïðåäåë íàçûâàåòñÿ
ïðåäåëüíûì çíà÷åíèåì (ïðåäåëîì) ôóíêöèè f (z) â òî÷êå z0 .

Îïðåäåëåíèå. Ôóíêöèÿ f (z) , çàäàííàÿ íà ìíîæåñòâå D , íàçûâàåòñÿ
íåïðåðûâíîé â òî÷êå z0 ∈ D , åñëè ïðåäåëüíîå çíà÷åíèå ýòîé ôóíêöèè â òî÷-
êå z0 ñóùåñòâóåò, êîíå÷íî è ðàâíî çíà÷åíèþ ôóíêöèè f (z) â òî÷êå z0 , òî
åñòü lim

z→z0
f (z) = f (z0) .

Îïðåäåëåíèå. Ôóíêöèÿ f (z) , çàäàííàÿ íà ìíîæåñòâå D , íàçûâàåòñÿ
íåïðåðûâíîé â òî÷êå z0 ∈ D , åñëè äëÿ ëþáîãî ε > 0 ìîæíî óêàçàòü òàêîå
δ (ε) > 0 , ÷òî äëÿ âñåõ z ∈ D è óäîâëåòâîðÿþùèõ óñëîâèþ 0 < |z − z0| < δ
âåðíî íåðàâåíñòâî |f (z)− f (z0)| < ε .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.4 (�1.126 [2]). Ôóíêöèè

1)
Re z

z
, 2)

z

|z|
, 3)

Re z2

|z|2
, 4)

zRe z

|z|

îïðåäåëåíû äëÿ z 6= 0 . Êàêèå èç íèõ ìîãóò áûòü äîîïðåäåëåíû â òî÷êå z = 0
òàê, ÷òîáû îíè ñòàëè íåïðåðûâíûìè â ýòîé òî÷êå?

Ð å ø å í è å:

1) f (z) =
Re z

z
= {z = x+ iy} =

x

x+ iy
=

x

x+ iy
· x− iy
x− iy

=

=
x2

x2 + y2
− i xy

x2 + y2

lim
x→0
y→0

f (z) = lim
x→0
y→0

(
x2

x2 + y2
− i xy

x2 + y2

)
= { Ïóñòü y = k x .} =

= lim
x→0

(
x2

x2 + (k x)2 − i
x (k x)

x2 + (k x)2

)
=

1

1 + k2
− i k

1 + k2

Ïðè ðàçíûõ k ïîëó÷àåì ðàçëè÷íûå çíà÷åíèÿ ïðåäåëà. Ñëåäîâàòåëüíî, â

òî÷êå z = 0 ôóíêöèÿ f (z) =
Re z

z
íå èìååò ïðåäåëüíîãî çíà÷åíèÿ è íå ìîæåò

áûòü äîîïðåäåëåíà äî íåïðåðûâíîñòè.
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2) f (z) =
z

|z|
= {z = x+ iy} =

x+ iy√
x2 + y2

=
x√

x2 + y2
+i

y√
x2 + y2

lim
x→0
y→0

f (z) = lim
x→0
y→0

(
x√

x2 + y2
+ i

y√
x2 + y2

)
= { Ïóñòü y = k x .} =

= lim
x→0

 x√
x2 + (k x)2

+ i
k x√

x2 + (k x)2

 =
1√

1 + k2
+ i

k√
1 + k2

Ïðè ðàçíûõ k ïîëó÷àåì ðàçëè÷íûå çíà÷åíèÿ ïðåäåëà. Ñëåäîâàòåëüíî, â
òî÷êå z = 0 ôóíêöèÿ f (z) =

z

|z|
íå èìååò ïðåäåëüíîãî çíà÷åíèÿ è íå ìîæåò

áûòü äîîïðåäåëåíà äî íåïðåðûâíîñòè.

3) f (z) =
Re z2

|z|2
= {z = x+ iy} =

x2 − y2

x2 + y2

lim
x→0
y→0

f (z) = lim
x→0
y→0

x2 − y2

x2 + y2
= { Ïóñòü y = k x .} = lim

x→0

x2 − (k x)2

x2 + (k x)2 =
1− k2

1 + k2

Ïðè ðàçíûõ k ïîëó÷àåì ðàçëè÷íûå çíà÷åíèÿ ïðåäåëà. Ñëåäîâàòåëüíî, â

òî÷êå z = 0 ôóíêöèÿ f (z) =
Re z2

|z|2
íå èìååò ïðåäåëüíîãî çíà÷åíèÿ è íå

ìîæåò áûòü äîîïðåäåëåíà äî íåïðåðûâíîñòè.

4) f (z) =
zRe z

|z|
= {z = x+ iy} =

(x+ iy)x√
x2 + y2

=
x2√
x2 + y2

+i
xy√
x2 + y2

Ðàññìîòðèì |f (z)− 0| =

∣∣∣∣∣ x2√
x2 + y2

+ i
xy√
x2 + y2

∣∣∣∣∣ =

=

√
x4

x2 + y2
+

x2y2

x2 + y2
=
√
x2 6

√
x2 + y2 = |z| = |z − 0| < δ (ε) < ε

ïðè ëþáîì ε > 0 .
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Òî åñòü, ôóíêöèÿ f (z) =
zRe z

|z|
íåïðåðûâíà â òî÷êå z = 0 , åñëè ýòó

ôóíêöèþ äîîïðåäåëèòü çíà÷åíèåì f (0) = 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.5 (�1.45 [2]). Êàêîâû íà ñôåðå îáðàçû òî÷åê

1) 1 , 2) − 1 , 3) i , 4)
1− i√

2
?

Ð å ø å í è å:

Òî÷êà M (ξ, η, ζ) , ÿâëÿþùàÿñÿ ñòåðåîãðàôè÷åñêîé ïðîåêöèåé êîìïëåêñ-
íîãî ÷èñëà z = x+ iy , èìååò êîîðäèíàòû ðàâíûå:

ξ =
x

1 + x2 + y2
, η =

y

1 + x2 + y2
, ζ =

x2 + y2

1 + x2 + y2
(ñì. �1.44 [2]) .

Òîãäà:

1) z = 1 → x = 1 , y = 0 → ξ =
x

1 + x2 + y2

∣∣∣∣x=1
y=0

=
1

2
,

η =
y

1 + x2 + y2

∣∣∣∣x=1
y=0

= 0 , ζ =
x2 + y2

1 + x2 + y2

∣∣∣∣x=1
y=0

=
1

2
;

2) z = −1 → x = −1 , y = 0 → ξ =
x

1 + x2 + y2

∣∣∣∣x=−1
y=0

= −1

2
,

η =
y

1 + x2 + y2

∣∣∣∣x=−1
y=0

= 0 , ζ =
x2 + y2

1 + x2 + y2

∣∣∣∣x=−1
y=0

=
1

2
;

3) z = i → x = 0 , y = 1 → ξ =
x

1 + x2 + y2

∣∣∣∣x=0
y=1

= 0 ,

η =
y

1 + x2 + y2

∣∣∣∣x=0
y=1

=
1

2
, ζ =

x2 + y2

1 + x2 + y2

∣∣∣∣x=0
y=1

=
1

2
;

4) z =
1√
2
− i 1√

2
→ x =

1√
2
, y = − 1√

2
→

→ ξ =
x

1 + x2 + y2

∣∣∣∣ x=1/
√

2

y=−1/
√

2

=

√
2

4
, η =

y

1 + x2 + y2

∣∣∣∣ x=1/
√

2

y=−1/
√

2

= −
√

2

4
,
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ζ =
x2 + y2

1 + x2 + y2

∣∣∣∣ x=1/
√

2

y=−1/
√

2

=
1

2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.6 (�1.46 [2]). Êàêîâ íà êîïëåêñíîé ïëîñêîñòè îáðàç ïàðàëëåëè

ñ øèðîòîé β
(
−π

2
< β <

π

2

)
? ×åìó ñîîòâåòñòâóþò ¾þæíûé¿ è ¾ñåâåðíûé¿

ïîëþñû?

Ð å ø å í è å:

Êîîðäèíàòû òî÷êè M (ξ, η, ζ) , ðàñïîëîæåííîé íà ñôåðå ðàäèóñà
1

2
ñ öåí-

òðîì â òî÷êå ñ êîîðäèíàòàìè

(
0, 0,

1

2

)
(ñì. Ðèñ.37.8) , óäîâëåòâîðÿþò óðàâ-

íåíèþ ξ2 + η2 + ζ2 − ζ = 0 . Âñå òî÷êè ñôåðû, ðàñïîëîæåííûå íà ïàðàëëåëè

ñ øèðîòîé β , èìåþò îäèíàêîâóþ êîîðäèíàòó ζ =
1

2
+

1

2
sin β .

Äâå äðóãèå êîîðäèíàòû òî÷åê ïàðàëëåëè óäîâëåòâîðÿþò ñîîòíîøåíèþ

ξ2 + η2 + ζ2 − ζ = 0 → ξ2 + η2 =
(
ζ − ζ2

)∣∣
ζ=1/2+1/2·sinβ =

1− sin2 β

4
.

Òî÷êå, ëåæàùåé íà ïàðàëëåëè ñ øèðîòîé β , ñîîòâåòñòâóåò íà êîìïëåêñíîé
ïëîñêîñòè ÷èñëî z = x+ iy , ó êîòîðîãî

x =
ξ

1− ζ

∣∣∣∣
ζ=1/2+1/2·sinβ

=
2ξ

1− sin β
,

y =
η

1− ζ

∣∣∣∣
ζ=1/2+1/2·sinβ

=
2η

1− sin β
(ñì. �1.44 [2]) .

Ðàññìîòðèì ñóììó

x2 + y2 =
4

(1− sin β)2 ·
(
ξ2 + η2

)
=

4

(1− sin β)2 ·
1− sin2 β

4
=

1 + sin β

1− sin β
=

=

(
cos

β

2
+ sin

β

2

)2

(
cos

β

2
− sin

β

2

)2 =

1 + tg
β

2

1− tg
β

2


2

=

=

tg

(
π

4
+
β

2

)
=

tg
π

4
+ tg

β

2

1− tg
π

4
· tg β

2

=
1 + tg

β

2

1− tg
β

2

 =

(
tg

(
π

4
+
β

2

))2

.
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Îáðàçîì ïàðàëëåëè ñ øèðîòîé β
(
−π

2
< β <

π

2

)
ÿâëÿåòñÿ îêðóæíîñòü

ñ öåíòðîì â òî÷êå z = 0 è ðàäèóñîì ðàâíûì tg

(
π

4
+
β

2

)
. ¾Þæíûé¿ ïîëþñ

ñîîòâåòñòâóåò ÷èñëó z = 0 , à ¾ñåâåðíûé¿ ïîëþñ ñîîòâåòñòâóåò ÷èñëó z =∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.7 (�1.71(4) [2]). Âû÷èñëèòü

Ln (2− 3i) è Ln (−2 + 3i) .

Ð å ø å í è å:

Ïî îïðåäåëåíèþ Ln z = ln r + i ϕ+ i 2πk , ãäå z = reiϕ .

1) Çàäàíî ÷èñëî

z = 2− 3i =
√

13 e−i arctg(3/2) → r =
√

13 , ϕ = − arctg
3

2
.

Òîãäà,

Ln (2− 3i) =
ln 13

2
− i arctg

3

2
+ i 2πk , k = 0,±1,±2, . . . .

2) Çàäàíî ÷èñëî

z = −2 + 3i =
√

13 ei (π−arctg(3/2)) → r =
√

13 , ϕ = π − arctg
3

2
.

Òîãäà,

Ln (−2 + 3i) =
ln 13

2
+ i (π − arctg(3/2)) + i 2πk , k = 0,±1,±2, . . . .

Î ò â å ò:

Ln (2− 3i) =
ln 13

2
− i arctg

3

2
+ i 2πk , k = 0,±1,±2, . . . ;

Ln (−2 + 3i) =
ln 13

2
+ i (π − arctg(3/2)) + i 2πk , k = 0,±1,±2, . . . .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.8 (�1.77(1) [2]). Äîêàçàòü ðàâåíñòâî (äëÿ êîðíÿ áåðóòñÿ âñå
åãî çíà÷åíèÿ)

Arccos z = −iLn
(
z +

√
z2 − 1

)
.

Ð å ø å í è å:

Ïîëó÷èì ôîðìóëó, îïðåäåëÿþùóþ ôóíêöèþ Arccos z , ðåøèâ îòíîñèòåëü-
íî w óðàâíåíèå cosw = z ( w = Arccos z ) .

377



cosw = z → ei w + e−i w

2
= z → ei w +

1

ei w
= 2z →

→ Çàìåíà ïåðåìåííîé: t = ei w → t+
1

t
= 2z →

→ t2 − 2zt+ 1 = 0→ (t− z)2 = z2 − 1→ t = z +
√
z2 − 1︸ ︷︷ ︸

äâà çíà÷åíèÿ
êâàäðàòíîãî êîðíÿ

→

→ ei w = z +
√
z2 − 1 → i w = Ln

(
z +

√
z2 − 1

)
→

→ w = −iLn
(
z +

√
z2 − 1

)
Èòàê, ïî îïðåäåëåíèþ

Arccos z = −iLn
(
z +

√
z2 − 1

)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Îïðåäåëåíèå.Ôóíêöèÿ f (z) íàçûâàåòñÿ ðàâíîìåðíî íåïðåðûâíîé íà ìíî-
æåñòâå D , åñëè äëÿ ëþáîãî ε > 0 ìîæíî óêàçàòü òàêîå δ (ε) > 0 , ÷òî äëÿ
ëþáûõ äâóõ òî÷åê z′ ∈ D è z′′ ∈ D , óäîâëåòâîðÿþùèõ óñëîâèþ |z′ − z′′| < δ ,
âåðíî íåðàâåíñòâî |f (z′)− f (z′′)| < ε .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 38.9 (�1.127 [2]). Áóäóò ëè ôóíêöèè

1)
1

1− z
, 2)

1

1 + z2

íåïðåðûâíû âíóòðè åäèíè÷íîãî êðóãà (|z| < 1) ? Áóäóò ëè îíè ðàâíîìåðíî
íåïðåðûâíû?

Ð å ø å í è å:

Ôóíêöèè f1 (z) =
1

1− z
è f2 (z) =

1

1 + z2
íåïðåðûâíû â îáëàñòè |z| < 1 ,

êàê êîìáèíàöèè íåïðåðûâíûõ ôóíêöèé.

Èññëåäóåì ýòè ôóíêöèè íà ðàâíîìåðíóþ íåïðåðûâíîñòü â îáëàñòè |z| < 1 .

1) f1 (z) =
1

1− z
Âûáåðåì äâå ïîñëåäîâàòåëüíîñòè çíà÷åíèé àðãóìåíòà ôóíêöèè:

z′k = 1− 1

k
, z′′k = 1− 2

k
, k = 0, 1, 2, . . . → |z′k − z′′k | =

1

k
−−−→
k→∞

0 .

Ðàçíîñòü |f1 (z′k)− f1 (z′′k)| = k

2
−−−→
k→∞

∞ .

Ñëåäîâàòåëüíî, ôóíêöèÿ f1 (z) =
1

1− z
íå ÿâëÿåòñÿ ðàâíîìåðíî íåïðå-

ðûâíîé íà ìíîæåñòâå |z| < 1 .
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2) f2 (z) =
1

1 + z2

Âûáåðåì äâå ïîñëåäîâàòåëüíîñòè çíà÷åíèé àðãóìåíòà ôóíêöèè:

z′k = i− i

k
, z′′k = i− i2

k
, k = 0, 1, 2, . . . →

→ |z′k − z′′k | =
∣∣∣∣ ik
∣∣∣∣ =

1

k
−−−→
k→∞

0 .

Ðàçíîñòü |f2 (z′k)− f2 (z′′k)| =
∣∣∣∣ k2

2k − 1
− k2

4(k − 1)

∣∣∣∣ =

=
k

4︸︷︷︸
→∞

· k

k − 1︸ ︷︷ ︸
→1

· 2k − 3

2k − 1︸ ︷︷ ︸
→1

−−−→
k→∞

∞ .

Ñëåäîâàòåëüíî, ôóíêöèÿ f2 (z) =
1

1 + z2
íå ÿâëÿåòñÿ ðàâíîìåðíî íåïðå-

ðûâíîé íà ìíîæåñòâå |z| < 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.3 Äèôôåðåíöèðîâàíèå ôóíêöèè êîìïëåêñíîãî
ïåðåìåííîãî

�����������������������������������������

3.3.1 Çàíÿòèå 39

Ôóíêöèÿ f (z) îïðåäåëåíà â îáëàñòè D .

Îïðåäåëåíèå. Åñëè â òî÷êå z0 ∈ D ñóùåñòâóåò ïðè ∆z → 0 ïðåäåë ðàç-

íîñòíîãî îòíîøåíèÿ
f (z0 + ∆z)− f (z0)

∆z
, òî ýòîò ïðåäåë íàçûâàåòñÿ ïðîèç-

âîäíîé ôóíêöèè f (z) ïî êîìïëåêñíîé ïåðåìåííîé z â òî÷êå z0 è îáîçíà÷à-
åòñÿ êàê f ′ (z0) , òî åñòü

f ′ (z0) = lim
∆z→0

f (z0 + ∆z)− f (z0)

∆z
.

Â ñëó÷àå ñóùåñòâîâàíèÿ f ′ (z0) ôóíêöèÿ f (z) íàçûâàåòñÿ äèôôåðåíöè-
ðóåìîé â òî÷êå z0 .

Äèôôåðåíöèðóåìîñòü ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî â òî÷êå z0 ñâÿ-
çàíà ñ íàëè÷èåì ðÿäà óñëîâèé íà òàêèå õàðàêòåðèñòèêè êîìïëåêñíîé ôóíê-
öèè, êàê, íàïðèìåð, äåéñòâèòåëüíàÿ è ìíèìàÿ ÷àñòè èëè ìîäóëü è àðãóìåíò,
â òî÷êå z0 . Ýòè óñëîâèÿ íàçûâàþòñÿ óñëîâèÿìè Êîøè-Ðèìàíà.

Òåîðåìà. Åñëè ôóíêöèÿ f (z) = u (x , y) + i v (x , y) äèôôåðåíöèðóåìà â
òî÷êå z0 = x0 + i y0 , òî â ýòîé òî÷êå ñóùåñòâóþò ÷àñòíûå ïðîèçâîäíûå ôóíê-
öèé u (x , y) è v (x , y) ïî ïåðåìåííûì x , y , ïðè÷¼ì èìåþò ìåñòî ðàâåíñòâà
(óñëîâèÿ Êîøè-Ðèìàíà)

∂u (x0 , y0)

∂x
=
∂v (x0 , y0)

∂y
,
∂u (x0 , y0)

∂y
= −∂v (x0 , y0)

∂x
.

Òåîðåìà. Åñëè â òî÷êå (x0 , y0) ó ôóíêöèé u (x , y) è v (x , y) ñóùåñòâó-
þò ÷àñòíûå ïðîèçâîäíûå, óäîâëåòâîðÿþùèå ðàâåíñòâàì (óñëîâèÿì Êîøè-
Ðèìàíà)

∂u (x0 , y0)

∂x
=
∂v (x0 , y0)

∂y
,
∂u (x0 , y0)

∂y
= −∂v (x0 , y0)

∂x
,

òî ôóíêöèÿ f (z) = u (x , y) + i v (x , y) ÿâëÿåòñÿ äèôôåðåíöèðóåìîé ôóíê-
öèåé êîìïëåêñíîé ïåðåìåííîé z â òî÷êå z0 = x0 + i y0 .

Îïðåäåëåíèå. Åñëè ôóíêöèÿ f (z) :

1) îïðåäåëåíà â îáëàñòè D (z ∈ D) ;
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2) íåïðåðûâíà âî âñåõ òî÷êàõ îáëàñòè D ;

3) äèôôåðåíöèðóåìà âî âñåõ òî÷êàõ îáëàñòè D (ñóùåñòâóåò f ′ (z) ) ;

4) ïðîèçâîäíàÿ f ′ (z) íåïðåðûâíà âî âñåõ òî÷êàõ îáëàñòè D ,

òî ôóíêöèÿ f (z) íàçûâàåòñÿ àíàëèòè÷åñêîé ôóíêöèåé â îáëàñòè D .

Òåîðåìà. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì àíàëèòè÷íîñòè ôóíêöèè
f (z) = u (x , y) + i v (x , y) â îáëàñòè D ÿâëÿåòñÿ ñóùåñòâîâàíèå â ýòîé îá-
ëàñòè íåïðåðûâíûõ ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèé u (x , y) è v (x , y) , ñâÿ-
çàííûõ ñîîòíîøåíèÿìè Êîøè-Ðèìàíà

∂u (x , y)

∂x
=
∂v (x , y)

∂y
,
∂u (x , y)

∂y
= −∂v (x , y)

∂x
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.1 (�1.131 [2]). Ïðîâåðèòü âûïîëíåíèå óñëîâèé Êîøè-Ðèìàíà
äëÿ ôóíêöèé

1) ez , 2) zn

è äîêàçàòü, ÷òî
(ez)′ = ez , (zn)′ = n zn−1 .

Ð å ø å í è å:

1) Ôóíêöèÿ

f (z) = ez = {z = x+ i y} = ex cos y︸ ︷︷ ︸
=u(x , y)

+i ex sin y︸ ︷︷ ︸
= v(x , y)

.

∂u (x , y)

∂x
= ex cos y ,

∂v (x , y)

∂y
= ex cos y → ∂u (x , y)

∂x
=
∂v (x , y)

∂y

∂u (x , y)

∂y
= −ex sin y ,

∂v (x , y)

∂x
= ex sin y → ∂u (x , y)

∂y
= − ∂v (x , y)

∂x

Óñëîâèÿ Êîøè-Ðèìàíà äëÿ ôóíêöèè ez âûïîëíåíû â ëþáîé òî÷êå êîïëåêñíîé
ïëîñêîñòè z . Ñëåäîâàòåëüíî, ñóùåñòâóåò (ez)′ , ðàâíàÿ

lim
∆z→0

ez+∆z − ez

∆z
= lim

∆z→0
ez ·

(
1 + ∆z + (∆z)2 /2 + . . . − 1

∆z

)
=

= lim
∆z→0

ez ·
(

1 +
∆z

2
+O (∆z)

)
= ez .

2) Ôóíêöèÿ

f (z) = zn =
{
z = x+ i y = r eiϕ , r =

√
x2 + y2 , tgϕ =

y

x

}
=
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= rn einϕ = rn cosnϕ︸ ︷︷ ︸
=u(x , y)

+i rn sinnϕ︸ ︷︷ ︸
= v(x , y)

.

∂u (x , y)

∂x
= n rn−1 ∂r

∂x
cosnϕ− rn n sinnϕ

∂ϕ

∂x
=

{
∂r

∂x
=
x

r
,

∂ϕ

∂x
= − y

r2

}
= n rn−2 (x cosnϕ+ y sinnϕ)

∂v (x , y)

∂y
= n rn−1 ∂r

∂y
sinnϕ+ rn n cosnϕ

∂ϕ

∂y
=

{
∂r

∂y
=
y

r
,

∂ϕ

∂y
=
x

r2

}
= n rn−2 (y sinnϕ+ x cosnϕ) →

→ ∂u (x , y)

∂x
=
∂v (x , y)

∂y

∂u (x , y)

∂y
= n rn−1 ∂r

∂y
cosnϕ− rn n sinnϕ

∂ϕ

∂y
=

= n rn−2 (y cosnϕ− x sinnϕ)

∂v (x , y)

∂x
= n rn−1 ∂r

∂x
sinnϕ+ rn n cosnϕ

∂ϕ

∂x
=

= n rn−2 (x sinnϕ− y cosnϕ) →

→ ∂u (x , y)

∂y
= − ∂v (x , y)

∂x

Óñëîâèÿ Êîøè-Ðèìàíà äëÿ ôóíêöèè zn âûïîëíåíû â ëþáîé òî÷êå êîïëåêñíîé
ïëîñêîñòè z . Ñëåäîâàòåëüíî, ñóùåñòâóåò (zn)′ , ðàâíàÿ

lim
∆z→0

(z + ∆z)n − zn

∆z
= lim

∆z→0

n zn−1 ·∆z + . . . + (∆z)n

∆z
=

= lim
∆z→0

(
n zn−1 +

n (n− 1)

2
∆z + . . . + (∆z)n−1

)
= n zn−1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.2 (�1.133 [2]). Íàéòè îáëàñòè, â êîòîðûõ ôóíêöèÿ

f (z) =
∣∣x2 − y2

∣∣+ i 2 |x y|

áóäåò àíàëèòè÷åñêîé ?

Ð å ø å í è å:

Äëÿ çàäàííîé ôóíêöèè f (z) =
∣∣x2 − y2

∣∣ + i 2 |x y| äåéñòâèòåëüíàÿ ÷àñòü
ôóíêöèè ðàâíà Re f (z) = u (x , y) =

∣∣x2 − y2
∣∣ è ìíèìàÿ ÷àñòü ôóíêöèè ðàâíà

Im f (z) = v (x , y) = 2 |x y| .
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×àñòíûå ïðîèçâîäíûå
∂u

∂x
,
∂u

∂y
,
∂v

∂x
,
∂v

∂y
íå ñóùåñòâóþò â òî÷êàõ êîì-

ïëåêñíîé ïëîñêîñòè z , â êîòîðûõ
∣∣x2 − y2

∣∣ = 0 èëè |x y| = 0 . Âñå ýòè òî÷êè
ëåæàò íà ïðÿìûõ ëèíèÿõ x − y = 0 , x + y = 0 , x = 0 è y = 0 , äåëÿùèõ
êîìïëåêñíóþ ïëîñêîñòü z íà óãëîâûå ñåãìåíòû ′1′ , ′2′ , ′3′ , ′4′ , ′5′ , ′6′ , ′7′ ,
′8′ (Ðèñ.39.1).

Çàïèøåì óñëîâèÿ Êîøè-Ðèìàíà äëÿ çàäàííîé ôóíêöèè:

∂u

∂x
= 2x sgn

(
x2 − y2

)
,
∂v

∂y
= 2x sgn (x y) → sgn

(
x2 − y2

)
= sgn (x y)

∂u

∂y
= −2 y sgn

(
x2 − y2

)
,
∂v

∂x
= 2 y sgn (x y) → sgn

(
x2 − y2

)
= sgn (x y) .

Èòàê, óñëîâèÿ Êîøè-Ðèìàíà èìåþò ñëåäóþùèé âèä

sgn
(
x2 − y2

)
= sgn (x y) .

Çíà÷åíèÿ ôóíêöèé sgn
(
x2 − y2

)
è sgn (x y) ðàâíû ìåæäó ñîáîé â óãëîâûõ

ñåãìåíòàõ ′1′ , ′3′ , ′5′ , è ′7′ (Ðèñ.39.1).

Èòàê, îáëàñòüþ àíàëèòè÷íîñòè ôóíêöèè f (z) =
∣∣x2 − y2

∣∣+ i 2 |x y| ÿâëÿ-
þòñÿ òî÷êè êîìïëåêñíîé ïëîñêîñòè, â êîòîðûõ âåðíû íåðàâåíñòâà

0 +
π

2
k < arg z <

π

4
+
π

2
k , k = 0, 1, 2, 3 .

Î ò â å ò:
π

2
k < arg z <

π

4
+
π

2
k , k = 0, 1, 2, 3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.39.1

′1′

′2′′3′

′4′

′5′

′6′ ′7′

′8′
0

-

6

x

y

Ðèñ.39.2

uz
0

r = const

ϕ = const
@@R

���

-

6

x

y

Ðèñ.39.3

z

~s

~n

α

α

u

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.3 (�1.135 [2]). Ïóñòü z = r eiϕ è f (z) = u (r , ϕ) + i v (r , ϕ) .
Çàïèñàòü óðàâíåíèÿ (óñëîâèÿ) Êîøè-Ðèìàíà â ïîëÿðíûõ êîîðäèíàòàõ.

Ð å ø å í è å:
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Êîîðäèíàòíûìè ëèíèÿìè â ïîëÿðíîé ñèñòåìå êîîðäèíàò ÿâëÿþòñÿ ëèíèè
r = const è ëèíèè ϕ = const (Ðèñ.39.2).

Ïóñòü ñóùåñòâóåò

f ′ (z) = lim
∆z→0

f (z + ∆z)− f (z)

∆z
.

Ðàññìîòðèì ýòîò ïðåäåë â äâóõ ÷àñòíûõ ñëó÷àÿõ ñòðåìëåíèÿ ∆z ê íóëþ
âäîëü êîîðäèíàòíîé ëèíèè ϕ = const è âäîëü êîîðäèíàòíîé ëèíèè r = const .

1) z = r eiϕ , z + ∆z = (r + ∆r) eiϕ → ∆z = ∆r eiϕ →

→ lim
∆z→0

f (z + ∆z)− f (z)

∆z
=

= lim
∆r→0

u (r + ∆r , ϕ) + i v (r + ∆r , ϕ)− u (r , ϕ)− i v (r , ϕ)

∆r eiϕ
=

= lim
∆r→0

u (r + ∆r , ϕ)− u (r , ϕ)

∆r eiϕ
+ i lim

∆r→0

v (r + ∆r , ϕ)− v (r , ϕ)

∆r eiϕ
=

=

(
∂u

∂r
+ i

∂v

∂r

)
· e−iϕ

2) z = r eiϕ , z + ∆z = r ei(ϕ+∆ϕ) → ∆z = r eiϕ ·
(
ei∆ϕ − 1

)
=

= r eiϕ ·
(

1 + i∆ϕ+O
(

(∆ϕ)2
)
− 1
)

= i r eiϕ ∆ϕ+O
(

(∆ϕ)2
)
→

→ lim
∆z→0

f (z + ∆z)− f (z)

∆z
=

= lim
∆ϕ→0

u (r , ϕ+ ∆ϕ) + i v (r , ϕ+ ∆ϕ)− u (r , ϕ)− i v (r , ϕ)

i r eiϕ ∆ϕ+O
(

(∆ϕ)2
) =

= lim
∆ϕ→0

u (r , ϕ+ ∆ϕ)− u (r , ϕ)

i r eiϕ ∆ϕ+O
(

(∆ϕ)2
) + i lim

∆ϕ→0

v (r , ϕ+ ∆ϕ)− v (r , ϕ)

i r eiϕ ∆ϕ+O
(

(∆ϕ)2
) =

=

(
−i 1

r

∂u

∂ϕ
+

1

r

∂v

∂ϕ

)
· e−iϕ

Ïðîèçâîäíàÿ ôóíêöèè f (z) ñóùåñòâóåò, ïîýòîìó äâà ïîëó÷åííûõ âûðà-
æåíèÿ äëÿ f ′ (z) äîëæíû ñîâïàäàòü

∂u

∂r
+ i

∂v

∂r
=

1

r

∂v

∂ϕ
− i 1

r

∂u

∂ϕ
.

Êîìïëåêñíûå ÷èñëà ðàâíû, åñëè ðàâíû èõ äåéñòâèòåëüíûå è ìíèìûå ÷àñòè
∂u

∂r
=

1

r

∂v

∂ϕ
;

1

r

∂u

∂ϕ
= −∂v

∂r

.
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Ïîëó÷åííàÿ ñèñòåìà äâóõ óðàâíåíèé ÿâëÿåòñÿ ôîðìîé çàïèñè óñëîâèé
Êîøè-Ðèìàíà â ñëó÷àå, êîãäà àðãóìåíò ôóíêöèè f (z) çàïèñàí â ïîêàçàòåëü-
íîé ôîðìå

(
z = r eiϕ

)
, à ôóíêöèÿ çàäàíà â àëãåáðàè÷åñêîé ôîðìå

(f (z) = u (r , ϕ) + i v (r , ϕ)) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.4 (�1.137 [2]). Äîêàçàòü, ÷òî ôóíêöèÿ f (z) = z̄ íèãäå íå
äèôôåðåíöèðóåìà.

Ð å ø å í è å:

f (z) = z̄ = x− i y → u (x , y) = x , v (x , y) = −y →

→ ∂u

∂x
= 1 ,

∂u

∂y
= 0 ,

∂v

∂x
= 0 ,

∂v

∂y
= −1

Îäíî èç óñëîâèé Êîøè-Ðèìàíà
∂u

∂x
=
∂v

∂y
íå âûïîëíÿåòñÿ (1 6= −1) âî âñåõ

òî÷êàõ êîìïëåêñíîé ïëîñêîñòè z . Ñëåäîâàòåëüíî, ôóíêöèÿ f (z) = z̄ íèãäå
íå äèôôåðåíöèðóåìà.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.5 (�1.144(3) [2]). Â ñîîòíîøåíèè

w = w (z) = f (x , y) = f

(
z + z̄

2
,
z − z̄

2i

)
= g (z , z̄)

ðàññìàòðèâàòü z è z̄ êàê íåçàâèñèìûå ïåðåìåííûå.

Äîêàçàòü ñîîòíîøåíèå

∂w

∂z̄
= wz̄ =

1

2

((
∂u

∂x
− ∂v

∂y

)
+ i

(
∂u

∂y
+
∂v

∂x

))
.

Ð å ø å í è å:

z = x+ i y , z̄ = x− i y → x =
z + z̄

2
= x (z , z̄) , y =

z − z̄
2i

= y (z , z̄)

w (z) = u (x , y) + i v (x , y) =

= u (x (z , z̄) , y (z , z̄)) + i v (x (z , z̄) , y (z , z̄)) →

→ ∂w

∂z̄
= wz̄ =

∂u

∂x
· ∂x
∂z̄

+
∂u

∂y
· ∂y
∂z̄

+ i
∂v

∂x
· ∂x
∂z̄

+ i
∂v

∂y
· ∂y
∂z̄

=

=

{
∂x

∂z̄
=

1

2
,
∂y

∂z̄
= − 1

2i

}
=

1

2

∂u

∂x
+ i

1

2

∂u

∂y
+ i

1

2

∂v

∂x
− 1

2

∂v

∂y
=

=
1

2

((
∂u

∂x
− ∂v

∂y

)
+ i

(
∂u

∂y
+
∂v

∂x

))
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.6 (�1.145 [2]). Äîêàçàòü, ÷òî óðàâíåíèÿ (óñëîâèÿ) Êîøè-
Ðèìàíà ýêâèâàëåíòíû óðàâíåíèþ (óñëîâèþ)

wz̄ = 0 .

Ð å ø å í è å:

Óñëîâèÿ Êîøè-Ðèìàíà èìåþò âèä
∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x

.

Ïðîèçâîäíàÿ wz̄ ðàâíà

wz̄ =
1

2

((
∂u

∂x
− ∂v

∂y

)
+ i

(
∂u

∂y
+
∂v

∂x

))
.

Ïóñòü âûïîëíåíû Óñëîâèÿ Êîøè-Ðèìàíà. Òîãäà

wz̄ =
1

2


∂u∂x − ∂v

∂y︸ ︷︷ ︸
= 0

+ i

∂u∂y +
∂v

∂x︸ ︷︷ ︸
= 0


 = 0 .

Ïóñòü ïðîèçâîäíàÿ wz̄ ðàâíà íóëþ. Òîãäà

wz̄ =
1

2

((
∂u

∂x
− ∂v

∂y

)
+ i

(
∂u

∂y
+
∂v

∂x

))
= 0 →


∂u

∂x
− ∂v

∂y
= 0 ;

∂u

∂y
+
∂v

∂x
= 0

.

Òî åñòü, âûïîëíÿþòñÿ óñëîâèÿ Êîøè-Ðèìàíà


∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x

.

Äîêàçàíî, ÷òî óñëîâèÿ Êîøè-Ðèìàíà ýêâèâàëåíòíû óñëîâèþ wz̄ = 0 .

Óñëîâèå wz̄ = 0 ìîæíî áûëî èñïîëüçîâàòü ïðè ðåøåíèè �1.137 [2], â êîòî-
ðîì èññëåäîâàëàñü íà äèôôåðåíöèðóåìîñòü ôóíêöèÿ f (z) = z̄ . Ïðîèçâîäíàÿ
fz̄ = 1 6= 0 âî âñåõ òî÷êàõ êîìïëåêñíîé ïëîñêîñòè z . Ñëåäîâàòåëüíî, ôóíêöèÿ
f (z) = z̄ íèãäå íå äèôôåðåíöèðóåìà.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 39.7 (�1.165 [2]). Íàéòè àíàëèòè÷åñêóþ ôóíêöèþ f (z) = u+ i v
ïî çàäàííîé äåéñòâèòåëüíîé ÷àñòè

u (x , y) = x2 − y2 + 5x+ y − y

x2 + y2
(z 6= 0) .

Ð å ø å í è å:

Òàê êàê ôóíêöèÿ f (z) àíàëèòè÷åñêàÿ, òî äëÿ íå¼ âûïîëíåíû óñëîâèÿ
Êîøè-Ðèìàíà

∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x

→

→


∂v

∂y
=

∂

∂x

(
x2 − y2 + 5x+ y − y

x2 + y2

)
= 2x+ 5 +

2xy

(x2 + y2)2 ;

∂v

∂x
= − ∂

∂y

(
x2 − y2 + 5x+ y − y

x2 + y2

)
= 2y − 1 +

x2 − y2

(x2 + y2)2

.

Ðåøèâ äèôôåðåíöèàëüíîå óðàâíåíèå
∂v

∂y
= 2x+ 5 +

2xy

(x2 + y2)2 , ïîëó÷èì âû-

ðàæåíèå äëÿ ôóíêöèè v (x , y) = 2xy + 5y − x

x2 + y2
+ C1 (x) , ïîäñòàíîâêà

êîòîðîé â óðàâíåíèå
∂v

∂x
= 2y−1+

x2 − y2

(x2 + y2)2 ïðèâîäèò ê îïðåäåëåíèþ C1 (x)

C ′1 (x) = −1 → C1 (x) = −x+ C0 .

Èòàê ïîëó÷èëè, ÷òî

v (x , y) = 2xy + 5y − x

x2 + y2
− x+ C0 .

Èñêîìàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ f (z) = u+ i v èìååò âèä

f (z) = u (x , y) + i v (x , y) = x2 − y2 + 5x+ y − y

x2 + y2
+

+i

(
2xy + 5y − x

x2 + y2
− x+ C0

)
= {z = x+ iy} = z2+(5− i) z− i

z
+C.

Î ò â å ò:

f (z) = z2 + (5− i) z − i

z
+ C (C = const)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 39.8 (�1.132 [2]). Íàéòè ïîñòîÿííûå a , b , c ïðè êîòîðûõ ôóíê-
öèÿ f (z) áóäåò àíàëèòè÷åñêîé íà âñåé êîìïëåêñíîé ïëîñêîñòè:

1) f (z) = x+ ay + i (bx+ cy) ;

2) f (z) = cos x · (ch y + a sh y) + i sinx · (ch y + b sh y) .

Ð å ø å í è å:

1) Òàê êàê ôóíêöèÿ

f (z) = x+ ay︸ ︷︷ ︸
=u(x,y)

+i (bx+ cy)︸ ︷︷ ︸
= v(x,y)

àíàëèòè÷åñêàÿ, òî äëÿ íå¼ âûïîëíåíû óñëîâèÿ Êîøè-Ðèìàíà
∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x

→

{
1 = c ;

a = −b
.

Ñëåäîâàòåëüíî, àíàëèòè÷åñêàÿ ôóíêöèÿ f (z) èìååò ñëåäóþùèé âèä

f (z) = x+ ay + i (−ax+ y) = {z = x+ i y} = z − a (−y + i x) =

= z − i az = (1− i a) z , ãäå a − ëþáîå ÷èñëî .

2) Òàê êàê ôóíêöèÿ

f (z) = cos x · (ch y + a sh y)︸ ︷︷ ︸
=u(x,y)

+i sinx · (ch y + b sh y)︸ ︷︷ ︸
= v(x,y)

àíàëèòè÷åñêàÿ ïðè ëþáûõ x , y , òî äëÿ íå¼ âûïîëíåíû óñëîâèÿ Êîøè-Ðèìàíà
∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x

→

→

{
− sinx · (ch y + a sh y) = sin x · (sh y + b ch y) ;

cosx · (sh y + a ch y) = − cosx · (ch y + b sh y)
ïðè ëþáûõx, y →

→

{
sinx · ((a+ 1) sh y + (b+ 1) ch y) = 0 ;

cosx · ((b+ 1) sh y + (a+ 1) ch y) = 0
ïðè ëþáûõ x , y →

→

{
(a+ 1) sh y + (b+ 1) ch y = 0 ;

(b+ 1) sh y + (a+ 1) ch y = 0
ïðè ëþáûõ y →

→

{
a+ 1 = 0 ;

b+ 1 = 0
→ a = b = −1 .
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Ñëåäîâàòåëüíî, àíàëèòè÷åñêàÿ ôóíêöèÿ f (z) èìååò ñëåäóþùèé âèä

f (z) = cos x·(ch y − sh y)+i sinx·(ch y − sh y) = cos x·e−y+i sinx·e−y =

= e−y · (cosx+ i sinx) = e−y · ei x = ei (x+i y) = ei z .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.9 (�1.134 [2]). Ïóñòü

f (z) = u (x, y) + i v (x, y) = R (x, y) eiΦ(x,y) − àíàëèòè÷åñêàÿ ôóíêöèÿ.

Äîêàçàòü, ÷òî åñëè îäíà èç ôóíêöèé u (x, y) , v (x, y) , R (x, y) , Φ (x, y) òîæ-
äåñòâåííî ðàâíà ïîñòîÿííîé, òî è ôóíêöèÿ f (z) ïîñòîÿííà.

Ð å ø å í è å:

1) Åñëè äëÿ ôóíêöèè è å¼ àðãóìåíòà èñïîëüçóåòñÿ àëãåáðàè÷åñêàÿ ôîðìà
çàïèñè f (z) = u (x, y) + i v (x, y) , òî óñëîâèÿ Êîøè-Ðèìàíà èìåþò âèä

∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x

.

Òîãäà, åñëè, íàïðèìåð, u (x, y) = const , òî
∂v

∂y
=
∂v

∂x
= 0 è v (x, y) = const .

Ñëåäîâàòåëüíî, ôóíêöèÿ f (z) = const .

2) Åñëè äëÿ ôóíêöèè èñïîëüçóåòñÿ ïîêàçàòåëüíàÿ ôîðìà çàïèñè

f (z) = R (x, y) eiΦ(x,y) , à äëÿ å¼ àðãóìåíòà èñïîëüçóåòñÿ àëãåáðàè÷åñêàÿ
ôîðìà çàïèñè, òî óñëîâèÿ Êîøè-Ðèìàíà èìåþò âèä

∂R

∂x
= R

∂Φ

∂y
;

∂R

∂y
= −R ∂Φ

∂x

.

Òîãäà, åñëè, íàïðèìåð, R (x, y) = const , òî
∂Φ

∂y
=
∂Φ

∂x
= 0 è Φ (x, y) = const .

Ñëåäîâàòåëüíî, ôóíêöèÿ f (z) = const .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.10 (�1.136 [2]). Äîêàçàòü, ÷òî åñëè f (z) = u + i v− àíàëè-
òè÷åñêàÿ ôóíêöèÿ è ~s , ~n− ïåðïåíäèêóëÿðíûå âåêòîðû, ïðè÷¼ì ïîâîðîò îò
âåêòîðà ~s ê âåêòîðó ~n íà ïðÿìîé óãîë ñîâåðøàåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè,
òî óñëîâèÿ Êîøè-Ðèìàíà èìåþò âèä

∂u

∂s
=
∂v

∂n
,
∂u

∂n
= −∂v

∂s
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(
∂

∂s
è

∂

∂n
− ïðîèçâîäíûå îò ôóíêöèé äâóõ äåéñòâèòåëüíûõ ïåðåìåííûõ ïî

ñîîòâåòñòâóþùåìó íàïðàâëåíèþ

)
.

Ð å ø å í è å:

Ôóíêöèÿ f (z) = u (x, y) + i v (x, y) ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé.
Âûïîëíÿþòñÿ óñëîâèÿ Êîøè-Ðèìàíà

∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x

.

Âåêòîðû ~s = {cosα , sinα} , ~n = {cos (α + π/2) , sin (α + π/2)} =

= {− sinα , cosα} (Ðèñ.39.3).

Òîãäà

∂u

∂s
= (gradu , ~s) =

∂u

∂x
cosα +

∂u

∂y
sinα ,

∂v

∂n
= (grad v , ~n) = −∂v

∂x
sinα +

∂v

∂y
cosα =

= {Âûïîëíåíû óñëîâèÿ Êîøè-Ðèìàíà.} =
∂u

∂y
sinα +

∂u

∂x
cosα →

→ ∂u

∂s
=
∂v

∂n
,

∂u

∂n
= (gradu , ~n) = −∂u

∂x
sinα +

∂u

∂y
cosα

∂v

∂s
= (grad v , ~s) =

∂v

∂x
cosα +

∂v

∂y
sinα =

= {Âûïîëíåíû óñëîâèÿ Êîøè-Ðèìàíà.} = −∂u
∂y

cosα +
∂u

∂x
sinα →

→ ∂u

∂n
= −∂v

∂s
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.11 (�1.144(1,2) [2]). Â ñîîòíîøåíèè

w = w (z) = f (x , y) = f

(
z + z̄

2
,
z − z̄

2i

)
= g (z , z̄)

ðàññìàòðèâàòü z è z̄ êàê íåçàâèñèìûå ïåðåìåííûå.
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Äîêàçàòü ñëåäóþùèå ñîîòíîøåíèÿ:

1) dw = wz dz + wz̄ dz̄ ;

2) wz =
1

2

((
∂u

∂x
+
∂v

∂y

)
+ i

(
−∂u
∂y

+
∂v

∂x

))
.

Ð å ø å í è å:

1) w = w (z , z̄) → dw =
∂w

∂z
dz +

∂w

∂z̄
dz̄ = wz dz + wz̄ dz̄ ;

2) z = x+ i y , z̄ = x− i y → x =
z + z̄

2
= x (z , z̄) , y =

z − z̄
2i

= y (z , z̄)

w (z) = u (x , y) + i v (x , y) =

= u (x (z , z̄) , y (z , z̄)) + i v (x (z , z̄) , y (z , z̄)) →

→ ∂w

∂z
= wz =

∂u

∂x
· ∂x
∂z

+
∂u

∂y
· ∂y
∂z

+ i
∂v

∂x
· ∂x
∂z

+ i
∂v

∂y
· ∂y
∂z

=

=

{
∂x

∂z
=

1

2
,
∂y

∂z
=

1

2i

}
=

1

2

∂u

∂x
− i 1

2

∂u

∂y
+ i

1

2

∂v

∂x
+

1

2

∂v

∂y
=

=
1

2

((
∂u

∂x
+
∂v

∂y

)
+ i

(
−∂u
∂y

+
∂v

∂x

))
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 39.12 (�1.167 [2]). Íàéòè àíàëèòè÷åñêóþ ôóíêöèþ f (z) = u+i v
ïî çàäàííîé ìíèìîé ÷àñòè

v (x , y) = 3 + x2 − y2 − y

2 (x2 + y2)
(z 6= 0) .

Ð å ø å í è å:

Òàê êàê ôóíêöèÿ f (z) àíàëèòè÷åñêàÿ, òî äëÿ íå¼ âûïîëíåíû óñëîâèÿ
Êîøè-Ðèìàíà

∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x

→

→


∂u

∂x
=

∂

∂y

(
3 + x2 − y2 − y

2 (x2 + y2)

)
= −2y − x2 − y2

2 (x2 + y2)2 ;

∂u

∂y
= − ∂

∂x

(
3 + x2 − y2 − y

2 (x2 + y2)

)
= −2x− xy

(x2 + y2)2

.
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Ðåøèâ äèôôåðåíöèàëüíîå óðàâíåíèå
∂u

∂y
= −2x − xy

(x2 + y2)2 , ïîëó÷èì âû-

ðàæåíèå äëÿ ôóíêöèè u (x , y) = −2xy +
x

2 (x2 + y2)
+ C1 (x) , ïîäñòàíîâêà

êîòîðîé â óðàâíåíèå
∂u

∂x
= −2y− x2 − y2

2 (x2 + y2)2 ïðèâîäèò ê îïðåäåëåíèþ C1 (x)

C ′1 (x) = 0 → C1 (x) = C .

Èòàê ïîëó÷èëè, ÷òî

u (x , y) = −2xy +
x

2 (x2 + y2)
+ C .

Èñêîìàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ f (z) = u+ i v èìååò âèä

f (z) = u (x , y) + i v (x , y) = −2xy +
x

2 (x2 + y2)
+ C+

+ i

(
3 + x2 − y2 − y

2 (x2 + y2)

)
= {z = x+ iy} = i z2 +

1

2z
+ i 3 + C.

Î ò â å ò:

f (z) = i z2 +
1

2z
+ i 3 + C (C = const)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.4 Êîíôîðìíûå îòîáðàæåíèÿ

�����������������������������������������

3.4.1 Çàíÿòèå 40

Ïóñòü ôóíêöèÿ f (z) ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé â îáëàñòè D è
f ′ (z) 6= 0 ïðè z ∈ D . Òàêàÿ ôóíêöèÿ f (z) îáëàäàåò ñâîéñòâîì ¾ñîõðàíåíèÿ
óãëîâ¿ è ñâîéñòâîì ¾ïîñòîÿíñòâà ðàñòÿæåíèé¿.

Ñâîéñòâî ¾ñîõðàíåíèÿ óãëîâ¿ :

z0 ∈ D , γ1 , γ2− äâå ãëàäêèå ëèíèè, ïåðåñåêàþùèåñÿ â òî÷êå z0 ;

ϕ− óãîë ìåæäó êàñàòåëüíûìè ïðÿìûìè ê ëèíèÿì γ1 è γ2 â òî÷êå z0 ;

w0 = f (z0) − îáðàç òî÷êè z0 ;

Γ1 , Γ2− îáðàçû ëèíèé γ1 , γ2 ïðè îòîáðàæåíèè w = f (z) ;

óãîë ìåæäó êàñàòåëüíûìè ê ëèíèÿì Γ1 è Γ2 â òî÷êå w0 ðàâåí ϕ (ñâîé-
ñòâî ¾ñîõðàíåíèÿ óãëîâ¿).

θ = arg f ′ (z0) − óãîë ìåæäó êàñàòåëüíîé ïðÿìîé ê ëèíèè γ1 â òî÷êå z0

è êàñàòåëüíîé ïðÿìîé ê ëèíèè Γ1 â òî÷êå w0 .

Ñâîéñòâî ¾ïîñòîÿíñòâà ðàñòÿæåíèé¿ :

ïðè îòîáðàæåíèè, îñóùåñòâëÿåìîì àíàëèòè÷åñêîé ôóíêöèåé f (z) è óäî-
âëåòâîðÿþùåé óñëîâèþ f ′ (z) 6= 0 , áåñêîíå÷íî ìàëûå ëèíåéíûå ýëåìåíòû ïðå-
îáðàçóþòñÿ ïîäîáíûì îáðàçîì, ïðè÷¼ì |f ′ (z)| ðàâåí êîýôôèöèåíòó ïîäîáèÿ
(ñâîéñòâî ¾ïîñòîÿíñòâà ðàñòÿæåíèé¿).

Îïðåäåëåíèå. Îòîáðàæåíèå îêðåñòíîñòè òî÷êè z0 íà îêðåñòíîñòü òî÷-
êè w0 , îñóùåñòâëÿåìîå àíàëèòè÷åñêîé ôóíêöèåé w = f (z) ñ ïðîèçâîäíîé
f ′ (z0) 6= 0 , íàçûâàåòñÿ êîíôîðìíûì îòîáðàæåíèåì.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 40.1 (�1.187 [2]). Îòîáðàæåíèå ñîâåðøàåòñÿ ñ ïîìîùüþ ôóíêöèé
w = z2 è w = z3 (z 6= 0) .Íàéòè óãîë ïîâîðîòà (θ) íàïðàâëåíèÿ, âûõîäÿùåãî
èç òî÷êè z0 , è êîýôôèöèåíò ðàñòÿæåíèÿ (k) â ñëåäóþùèõ òî÷êàõ:

1) z0 = 1 , 2) z0 = −1

4
, 3) z0 = 1 + i , 4) z0 = −3 + 4i .

Ð å ø å í è å:
θ = argw′ (z0) , k = |w′ (z0)|

à) Ôóíêöèÿ w (z) = z2 → w′ (z) = 2z .

1) z0 = 1 → θ = arg (2z0) = arg 2 + arg z0 = arg 2 + arg 1 = 0 ,

k = |2z0| = |2| |z0| = 2 |1| = 2
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2) z0 = −1

4
→ θ = arg z0 = arg

(
−1

4

)
= π , k = 2 |z0| = 2

∣∣∣∣−1

4

∣∣∣∣ =
1

2

3) z0 = 1 + i → θ = arg z0 = arg (1 + i) =
π

4
, k = 2 |1 + i| = 2

√
2

4) z0 = −3 + 4i → θ = arg z0 = arg (−3 + 4i) = π − arctg
4

3
,

k = 2 |z0| = 2 |−3 + 4i| = 10

á) Ôóíêöèÿ w (z) = z3 → w′ (z) = 3z2 .

1) z0 = 1 → θ = arg
(
3z2

0

)
= arg 3 + arg z2

0 = arg 3 + arg 1 = 0 ,

k =
∣∣3z2

0

∣∣ = |3| |z0|2 = 3 |1|2 = 3

2) z0 = −1

4
→ θ = arg z2

0 = arg

(
1

16

)
= 0 , k = 3 |z0|2 =

3

16

3) z0 = 1 + i → θ = arg z2
0 = arg (2i) =

π

2
, k = 3 |1 + i|2 = 6

4) z0 = −3 + 4i → θ = arg z2
0 = arg (−3 + 4i)2 = arg (−7− 24i) =

=

{
ϕ = arg (−7− 24i) , −π < ϕ < −π/2 , tgϕ =

24

7
→

→ −π
2
<
ϕ

2
< −π

4
, tg

ϕ

2
< 0 , tgϕ =

2 tg (ϕ/2)

1− tg2 (ϕ/2)
→

→ 24

7
=

2 tg (ϕ/2)

1− tg2 (ϕ/2)
→ tg

ϕ

2
= −4

3
→ ϕ = −2 arctg

4

3

}
= −2 arctg

4

3
,

k = 3
∣∣z2

0

∣∣ = 3 |−3 + 4i|2 = 75

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 40.2 (�2.1 [2]). Íàéòè öåëóþ (àíàëèòè÷åñêóþ íà âñåé êîìïëåêñ-
íîé ïëîñêîñòè) ëèíåéíóþ ôóíêöèþ, îòîáðàæàþùóþ òðåóãîëüíèê ñ âåðøèíà-
ìè â òî÷êàõ 0 , 1 , i íà ïîäîáíûé åìó òðåóãîëüíèê ñ âåðøèíàìè 0 , 2 , 1 + i .

Ð å ø å í è å:

Ëèíåéíàÿ ôóíêöèÿ èìååò âèä w (z) = az+b .Ïðîèçâîäíàÿ ëèíåéíîé ôóíê-
öèè ñóùåñòâóåò è ðàâíà w′ (z) = a = const 6= 0 . Ôóíêöèÿ w (z) = az + b îñó-
ùåñòâëÿåò êîíôîðìíîå îòîáðàæåíèå. Ïðîèçâîëüíûé òðåóãîëüíèê â êîìïëåêñ-
íîé ïëîñêîñòè z ëèíåéíîé ôóíêöèåé ïðåîáðàçóåòñÿ â ïîäîáíûé òðåóãîëüíèê
ñ êîýôôèöèåíòîì ïîäîáèÿ ðàâíûì |w′ (z)| = |a| 6= 0 .

Çàäàííûå â ïëîñêîñòè z òî÷êè z = 0 , z = 1 è z = i îïðåäåëÿþò ïðÿ-
ìîóãîëüíûé òðåóãîëüíèê ñ ðàâíûìè êàòåòàìè. Âåðøèíû ýòîãî òðåóãîëüíèêà
îáîçíà÷èì êàê c (0, 0) , d (1, 0) è e (0, 1) (Ðèñ.40.1). Óãîë â òðåóãîëüíèêå ïðè
âåðøèíå c (0, 0) ðàâåí π/2 , à äâà äðóãèõ óãëà ðàâíû π/4 . Âûáåðåì íàïðàâëå-
íèå îáõîäà ãðàíèöû òðåóãîëüíèêà òàêèì, ÷òîáû èç âåðøèíû d (1, 0) , äâèãàÿñü
ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, ïðèõîäèëè â âåðøèíó e (0, 1) .
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Ïðè îòîáðàæåíèè ëèíåéíîé ôóíêöèåé w (z) = az + b çàäàííîãî â ïëîñ-
êîñòè z ïðÿìîóãîëüíîãî òðåóãîëüíèêà ïîëó÷èì â êîìïëåêñíîé ïëîñêîñòè w
ïîäîáíûé ïðÿìîóãîëüíûé òðåóãîëüíèê. Îáðàçîì âåðøèíû c (0, 0) áóäåò âåð-
øèíà C (1, 1) â êîìïëåêñíîé ïëîñêîñòè w .

Ïóñòü â ïëîñêîñòè w ïðè îáõîäå ãðàíèöû ïîäîáíîãî òðåóãîëüíèêà ñîõðà-
íÿåòñÿ ðàíåå âûáðàííîå íàïðàâëåíèå äâèæåíèÿ. Äëÿ ýòîãî îáðàçîì âåðøèíû
d (1, 0) äîëæíà áûòü òî÷êà D (0, 0) è îáðàçîì âåðøèíû e (0, 1) äîëæíà áûòü
òî÷êà E (2, 0) .

Èòàê, âûïîëíåíèå óñëîâèé w (0) = 1 + i , w (1) = 0 , w (i) = 2 ñîõðàíÿåò
ïðè îòîáðàæåíèè w (z) = az + b âûáðàííîå íàïðàâëåíèå îáõîäà ãðàíèöû
çàäàííîãî òðåóãîëüíèêà.

Îïðåäåëåíèå. Êîíôîðìíîå îòîáðàæåíèå, ñîõðàíÿþùåå ó îáðàçà íàïðàâëå-
íèå îáõîäà ãðàíèöû, íàçûâàåòñÿ êîíôîðìíûì îòîáðàæåíèåì 1-îãî ðîäà.

Íàéä¼ì ôóíêöèþ w (z) = az + b , îñóùåñòâëÿþùóþ êîíôîðìíîå îòîáðà-
æåíèå 1-îãî ðîäà. Èñêîìàÿ ôóíêöèÿ èìååò äâà ïàðàìåòðà. Äëÿ èõ îïðåäåëå-
íèÿ èìåþòñÿ òðè óñëîâèÿ ñîîòâåòñòâèÿ òî÷åê ïëîñêîñòåé z è w . Äîñòàòî÷íî
èñïîëüçîâàòü ëþáûå äâà óñëîâèÿ. Íå èñïîëüçîâàííîå òðåòüå óñëîâèå áóäåò
âûïîëíÿòüñÿ â ñèëó îáùèõ ñâîéñòâ êîíôîðìíûõ îòîáðàæåíèé.

Îïðåäåëèì ïàðàìåòðû ôóíêöèè w (z) = az + b :{
w (0) = 1 + i ;

w (1) = 0
→

{
b = 1 + i ;

a+ b = 0
→

→ w (z) = − (1 + i) z + 1 + i = (1 + i) (1− z) .

Î ò â å ò:
w (z) = (1 + i) (1− z)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

Re z = x

Im z = y

1

1

c d

e

0

-

Ðèñ.40.1

w (z) = az + b

-

6

Rew = u

Imw = v

C

D E

1

0 1 2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 40.3 (�2.4 [2]). Íàéòè îáùóþ ôîðìó öåëîãî ëèíåéíîãî ïðåîáðà-
çîâàíèÿ, ïåðåâîäÿùåãî :
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1) âåðõíþþ ïîëóïëîñêîñòü íà ñåáÿ;

2) âåðõíþþ ïîëóïëîñêîñòü íà íèæíþþ ïîëóïëîñêîñòü;

3) âåðõíþþ ïîëóïëîñêîñòü íà ïðàâóþ ïîëóïëîñêîñòü;

4) ïðàâóþ ïîëóïëîñêîñòü íà ñåáÿ.

Ð å ø å í è å:

Ëèíåéíóþ ôóíêöèþ w (z) = az + b çàïèøåì â àëãåáðàè÷åñêîé ôîðìå.

Ïóñòü z = x+ iy , a = ax + iay , b = bx + iby . Òîãäà,

w (z) = (ax + iay) (x+ iy) + bx + iby = ax · x− ay · y + bx+

+ i (ax · y + ay · x+ by) = u+ iv ,

ãäå u = ax · x− ay · y + bx , v = ax · y + ay · x+ by .

1) Ïðåîáðàçîâàíèå âåðõíåé ïîëóïëîñêîñòè â âåðõíþþ ïîëóïëîñêîñòü.

Âåðõíÿÿ ïîëóïëîñêîñòü êîìïëåêñíîé ïëîñêîñòè z çàäà¼òñÿ íåðàâåíñòâàìè
−∞ < x < +∞ , y > 0 . Âåðõíÿÿ ïîëóïëîñêîñòü êîìïëåêñíîé ïëîñêîñòè w
çàäà¼òñÿ íåðàâåíñòâàìè −∞ < u < +∞ , v > 0 .

Ïðè −∞ < x < +∞ , y > 0 , äëÿ âûïîëíåíèÿ íåðàâåíñòâà

v = ax · y + ay · x+ by > 0 , íåîáõîäèìî, ÷òîáû ay = 0 , ax = α > 0 .

Ãðàíè÷íûå òî÷êè (y = 0) â ïëîñêîñòè z îñòàíóòñÿ ãðàíè÷íûìè òî÷êàìè
â ïëîñêîñòè w â ñëó÷àå by = 0 .

Ñëåäîâàòåëüíî, ëèíåéíàÿ ôóíêöèÿ

w (z) = α · x+ bx + iα · y = {bx = β − ïðîèçâîëüíîå äåéñòâèòåëüíîå
÷èñëî} = αz + β , (α > 0)

ïåðåâîäèò âåðõíþþ ïîëóïëîñêîñòü z â âåðõíþþ ïîëóïëîñêîñòü w .

2) Ïðåîáðàçîâàíèå âåðõíåé ïîëóïëîñêîñòè â íèæíþþ ïîëóïëîñêîñòü.

Ôóíêöèÿ w (z) = αz+β (α > 0 , −∞ < β < +∞) ïåðåâîäèò âåðõíþþ ïî-
ëóïëîñêîñòü z íà âåðõíþþ ïîëóïëîñêîñòü w (z) . Ãëàâíîå çíà÷åíèå àðãóìåíòà
êîìïëåêñíûõ ÷èñåë w (z) èç âåðõíåé ïîëóïëîñêîñòè óäîâëåòâîðÿåò íåðàâåí-
ñòâó 0 6 argw (z) 6 π .

Ãëàâíîå çíà÷åíèå àðãóìåíòà êîìïëåêñíûõ ÷èñåë èç íèæíåé ïîëóïëîñêîñòè
w óäîâëåòâîðÿåò íåðàâåíñòâó −π 6 argw 6 0 .

Ãëàâíîå çíà÷åíèå àðãóìåíòà ïðîèçâåäåíèÿ w (z) ·e−iπ ðàâíî argw (z)−π ,
òî åñòü ìåíÿåòñÿ â äèàïàçîíå îò −π äî 0 .

Ñëåäîâàòåëüíî, ôóíêöèÿ

w1 (z) = w (z) · e−iπ = (αz + β) · (−1) = −α · z − β = −α · z + β1

(α > 0 , β1 − ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî)
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ïåðåâîäèò âåðõíþþ ïîëóïëîñêîñòü z íà íèæíþþ ïîëóïëîñêîñòü w .

3) Ïðåîáðàçîâàíèå âåðõíåé ïîëóïëîñêîñòè íà ïðàâóþ ïîëóïëîñêîñòü.

Ãëàâíîå çíà÷åíèå àðãóìåíòà êîìïëåêñíûõ ÷èñåë èç ïðàâîé ïîëóïëîñêîñòè
w óäîâëåòâîðÿåò íåðàâåíñòâó −π

2
6 argw 6

π

2
.

Ãëàâíîå çíà÷åíèå àðãóìåíòà ïðîèçâåäåíèÿ w (z) · e−iπ/2 ðàâíî

argw (z)− π

2
, òî åñòü ìåíÿåòñÿ â äèàïàçîíå îò −π

2
äî

π

2
.

Ñëåäîâàòåëüíî, ôóíêöèÿ

w2 (z) = w (z) · e−iπ/2 = (αz + β) · (−i) = −i (αz + β)

(α > 0 , β − ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî)

ïåðåâîäèò âåðõíþþ ïîëóïëîñêîñòü z íà ïðàâóþ ïîëóïëîñêîñòü w .

4) Ïðåîáðàçîâàíèå ïðàâîé ïîëóïëîñêîñòè íà ïðàâóþ ïîëóïëîñêîñòü.

Ïðàâàÿ ïîëóïëîñêîñòü êîìïëåêñíîé ïëîñêîñòè z çàäà¼òñÿ íåðàâåíñòâàìè
x > 0 , −∞ < y < +∞ . Ïðàâàÿ ïîëóïëîñêîñòü êîìïëåêñíîé ïëîñêîñòè w
çàäà¼òñÿ íåðàâåíñòâàìè u > 0 , −∞ < v < +∞ .

Ïðè x > 0 , −∞ < y < +∞ , äëÿ âûïîëíåíèÿ íåðàâåíñòâà

u = ax · x− ay · y + bx > 0 , íåîáõîäèìî, ÷òîáû ay = 0 , ax = α > 0 .

Ãðàíè÷íûå òî÷êè (x = 0) â ïëîñêîñòè z îñòàíóòñÿ ãðàíè÷íûìè òî÷êàìè
â ïëîñêîñòè w â ñëó÷àå bx = 0 .

Ñëåäîâàòåëüíî, ëèíåéíàÿ ôóíêöèÿ

w3 (z) = α · x+ iα · y + iby = {by = β − ïðîèçâîëüíîå äåéñòâèòåëüíîå
÷èñëî} = αz + iβ , (α > 0)

ïåðåâîäèò ïðàâóþ ïîëóïëîñêîñòü z íà ïðàâóþ ïîëóïëîñêîñòü w .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Äðîáíî-ëèíåéíàÿ ôóíêöèÿ.

Ôóíêöèÿ

w (z) = λ
z − a
z − b

,

ó êîòîðîé λ , a , b− êîìïëåêñíûå ÷èñëà (ïàðàìåòðû), íàçûâàåòñÿ äðîáíî-
ëèíåéíîé ôóíêöèåé.

Äðîáíî-ëèíåéíàÿ ôóíêöèÿ îñóùåñòâëÿåò êîíôîðìíîå îòîáðàæåíèå ðàñ-
øèðåííîé ïëîñêîñòè z íà ðàñøèðåííóþ ïëîñêîñòè w (z) .

Òåîðåìà. Äðîáíî-ëèíåéíàÿ ôóíêöèÿ îäíîçíà÷íî îïðåäåëÿåòñÿ çàäàíèåì
ñîîòâåòñòâèÿ òð¼ì ðàçëè÷íûì òî÷êàì ïëîñêîñòè z òð¼õ ðàçëè÷íûõ òî÷åê
ïëîñêîñòè w .
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Òåîðåìà. Äðîáíî-ëèíåéíàÿ ôóíêöèÿ ïåðåâîäèò îêðóæíîñòè íà ïëîñêîñòè
z â îêðóæíîñòè íà ïëîñêîñòè w (ïðÿìûå ëèíèè âêëþ÷àþòñÿ â ñåìåéñòâî
îêðóæíîñòåé, òàê êàê ðàññìàòðèâàþòñÿ êàê îêðóæíîñòè áåñêîíå÷íî áîëüøîãî
ðàäèóñà).

Òåîðåìà. Ïðè îòîáðàæåíèè, îñóùåñòâëÿåìîì äðîáíî-ëèíåéíîé ôóíêöèåé,
òî÷êè, ñèììåòðè÷íûå îòíîñèòåëüíî îêðóæíîñòè, ïåðåâîäÿòñÿ â òî÷êè, ñèì-
ìåòðè÷íûå îòíîñèòåëüíî îáðàçà îêðóæíîñòè.

Îïðåäåëåíèå. Äâóóãîëüíèêîì íàçûâàåòñÿ ïëîñêàÿ ôèãóðà, îáðàçîâàííàÿ
ïåðåñå÷åíèåì äóã äâóõ îêðóæíîñòåé (Ðèñ.40.2).

Äðîáíî-ëèíåéíàÿ ôóíêöèÿ ïåðåâîäèò äâóóãîëüíèê â ïëîñêîñòè z â äâóó-
ãîëüíèê â ïëîñêîñòè w ñ ñîõðàíåíèåì óãëîâ ïðè âåðøèíàõ äâóóãîëüíèêà.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Ðèñ.40.2

z1

z2

u

u
α

α
-

6

u

v

Ðèñ.40.3

−1

0−1 1

-

6

u

v

Ðèñ.40.4

0 1−1

1

−1/2u uu

u

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 40.4 (�2.8(1) [2]). Äëÿ ôóíêöèè w (z) =
1

z
íàéòè îáðàçû ñåìåé-

ñòâà îêðóæíîñòåé x2 + y2 = ax (a 6= 0− ïàðàìåòð).

Ð å ø å í è å:

w (z) =
1

z
= {z = x+ iy} =

1

x+ iy
=

x− iy
x2 + y2

=
x

x2 + y2
− i y

x2 + y2
=

= u + iv , ãäå u =
x

x2 + y2
, v = − y

x2 + y2
.


u =

x

x2 + y2

∣∣∣∣
x2+y2=ax

=
1

a
;

v = − y

x2 + y2

∣∣∣∣
x2+y2=ax

= − y

ax

→

→ u =
1

a
= const,−∞ < v < +∞− ñåìåéñòâî âåðòèêàëüíûõ ïðÿìûõ.
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 40.5 (�2.11 [2]). Âûÿñíèòü, âî ÷òî ïðåîáðàçóåòñÿ êâàäðàíò x > 0 ,

y > 0 ïðè îòîáðàæåíèè w (z) =
z − i
z + i

.

Ð å ø å í è å:

Çàäàííàÿ îáëàñòü x > 0 , y > 0 ÿâëÿåòñÿ äâóóãîëüíèêîì ñ âåðøèíàìè â
òî÷êàõ z = 0 è z =∞ . Óãëû ïðè âåðøèíàõ äâóóãîëüíèêà ðàâíû

π

2
.

Çàäàíî äðîáíî-ëèíåéíîå îòîáðàæåíèå w (z) =
z − i
z + i

, êîòîðîå ïåðåâîäèò

èñõîäíûé äâóóãîëüíèê â äâóóãîëüíèê ñ âåðøèíàìè â òî÷êàõ

w (z = 0) =
0− i
0 + i

= −1 è w (z =∞) =
1− i/z
1 + i/z

∣∣∣∣
z=∞

= 1 .

Ïðèíöèï ñîîòâåòñòâèÿ ãðàíèö ïðè êîíôîðìíûõ îòîáðàæåíèÿõ ãàðàíòèðó-
åò ïðåîáðàçîâàíèå ãðàíè÷íûõ òî÷åê z = iy (y > 0) â ãðàíè÷íûå òî÷êè

w (z = iy) =
iy − i
iy + i

=
y − 1

y + 1
= 1− 2

y + 1
= u+ iv , ãäå u = 1− 2

y + 1
,

v = 0 è ïàðàìåòð 0 6 y < +∞ ,

îáðàçóþùèå îòðåçîê ïðÿìîé −1 6 u 6 1 , v = 0 (Ðèñ.40.3).

Ãðàíè÷íûå òî÷êè z = x (x > 0) ïðåîáðàçóþòñÿ â ãðàíè÷íûå òî÷êè

w (z = x) =
x− i
x+ i

=
(x− i)2

x2 + 1
=
x2 − 1

x2 + 1
− i 2x

x2 + 1
= u+ iv ,

ãäå u =
x2 − 1

x2 + 1
, v = − 2x

x2 + 1
è ïàðàìåòð 0 6 x < +∞ .

Äåéñòâèòåëüíàÿ ÷àñòü u =
x2 − 1

x2 + 1
è ìíèìàÿ ÷àñòü v = − 2x

x2 + 1
ïðè

0 6 x < +∞ èìåþò ÷èñëîâûå çíà÷åíèÿ èç ñåãìåíòîâ

−1 6 u 6 1 , −1 6 v 6 0 . Êîìáèíàöèÿ

u2 + v2 =

(
x2 − 1

x2 + 1

)2

+

(
− 2x

x2 + 1

)2

=
x4 + 2x2 + 1

(x2 + 1)2 =

(
x2 + 1

)2

(x2 + 1)2 = 1 .

Îáðàçû ãðàíè÷íûõ òî÷åê z = x (x > 0) ïðè çàäàííîì îòîáðàæåíèè ëåæàò
íà íèæíåé ïîëóîêðóæíîñòè (Ðèñ.40.3).

Âíóòðåííÿÿ òî÷êà z = 1 + i êâàäðàíòà ïåðåõîäèò â òî÷êó

w (z = 1 + i) =
z − i
z + i

∣∣∣∣
z=1+i

=
1

1 + i2
=

1

5
− i2

5
,
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ÿâëÿþùóþñÿ âíóòðåííåé òî÷êîé íèæíåãî ïîëóêðóãà.

Îáðàçîì çàäàííîãî êâàäðàíòà ÿâëÿåòñÿ íèæíèé ïîëóêðóã (Ðèñ.40.3).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 40.6 (�2.6 [2]). Íàéòè öåëóþ ëèíåéíóþ ôóíêöèþ w (z) , îòîáðà-
æàþùóþ ïîëîñó, çàêëþ÷¼ííóþ ìåæäó äàííûìè ïðÿìûìè, íà ïîëîñó

0 < u < 1 ïðè óêàçàííîé íîðìèðîâêå :

1) x = a , x = a+ h ; w (a) = 0 ;

2) x = a , x = a+ h ; w

(
a+

h

2

)
=

1

2
+ i , Imw

(
a+

h

2
+ i

)
< 1 ;

3) y = kx , y = kx+ b (b > 0) ; w (0) = 0 ;

4) y = kx+ b1 , y = kx+ b2 (b2 > b1) ; w (b1) = 0 .

Ð å ø å í è å:

1) Ôóíêöèÿ w1 (z) = z− a îñóùåñòâëÿåò ïàðàëëåëüíûé ïåðåíîñ çàäàííîé
âåðòèêàëüíîé ïîëîñû øèðèíîé h ñ ãðàíèöàìè x = a , x = a + h è óäîâëå-
òâîðÿåò çàäàííîìó óñëîâèþ íîðìèðîâêè. Òîãäà, ôóíêöèÿ

w (z) =
1

h
· w1 (z) =

z − a
h

ÿâëÿåòñÿ èñêîìîé ôóíêöèåé.

2) Ôóíêöèÿ w1 (z) =
z − (a+ h)

h
îñóùåñòâëÿåò ïåðåâîä çàäàííîé âåðòè-

êàëüíîé ïîëîñû øèðèíîé h ñ ãðàíèöàìè x = a , x = a + h â âåðòèêàëü-
íóþ ïîëîñó øèðèíîé 1 ñ ãðàíèöàìè Rew1 = −1 , Rew1 = 0 . Ïðè ýòîì

w1

(
a+

h

2

)
= −1

2
è w1

(
a+

h

2
+ i

)
= −1

2
+ i .

Ôóíêöèÿ w2 (z) = w1 (z) · eiπ îñóùåñòâëÿåò ïîâîðîò ïîëó÷åííîé ïîëîñû
íà óãîë ðàâíûé π ïðîòèâ õîäà ÷àñîâîé ñòðåëêè. Â êîìïëåêñíîé ïëîñêîñòè
w2 ïîÿâëÿåòñÿ âåðòèêàëüíàÿ ïîëîñà øèðèíîé 1 ñ ãðàíèöàìè Rew2 = 0 ,

Rew2 = 1 . Ïðè ýòîì w2

(
a+

h

2

)
=

1

2
è w2

(
a+

h

2
+ i

)
=

1

2
− i .

Òîãäà, ôóíêöèÿ

w (z) = w2 + i = w1 (z) · eiπ + i =
z − (a+ h)

h
· eiπ + i =

−z + a+ h

h
+ i

ÿâëÿåòñÿ èñêîìîé ôóíêöèåé, òàê êàê

w

(
a+

h

2

)
=

1

2
+ i è Imw

(
a+

h

2
+ i

)
= 0 < 1 .

3) Â êîìïëåêñíîé ïëîñêîñòè z çàäàíà ïîëîñà, ãðàíèöàìè êîòîðîé ÿâëÿ-
þòñÿ ïðÿìàÿ ëèíèÿ y = kx + b è ïðÿìàÿ ëèíèÿ y = kx , ïðîõîäÿùàÿ ÷åðåç
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òî÷êó z = 0 . Òàíãåíñ óãëà ìåæäó ïðÿìîé y = kx è êîîðäèíàòíîé îñüþ x

ðàâåí k . Øèðèíà çàäàííîé ïîëîñû ðàâíà h =
b√

1 + k2
.

Ôóíêöèÿ w1 (z) = z ·e−i(arctg k+π/2) îñóùåñòâëÿåò ïåðåâîä çàäàííîé íàêëîí-
íîé ïîëîñû øèðèíîé h ñ ãðàíèöàìè y = kx , y = kx + b â âåðòèêàëüíóþ
ïîëîñó ñ ãðàíèöàìè Rew1 = 0 , Rew1 = h è óäîâëåòâîðÿåò çàäàííîìó óñëî-
âèþ íîðìèðîâêè w1 (0) = 0 . Òîãäà, ôóíêöèÿ

w (z) =
1

h
· w1 (z) = z ·

√
1 + k2

b
· e−i(arctg k+π/2)

ÿâëÿåòñÿ èñêîìîé ôóíêöèåé.

4) Â êîìïëåêñíîé ïëîñêîñòè z çàäàíà ïîëîñà, ãðàíèöàìè êîòîðîé ÿâëÿþò-
ñÿ ïðÿìàÿ ëèíèÿ y = kx+ b1 è ïðÿìàÿ ëèíèÿ y = kx+ b2 .Øèðèíà çàäàííîé

ïîëîñû ðàâíà h =
b2 − b1√
1 + k2

.

Ôóíêöèÿ w1 (z) = z−ib1 îñóùåñòâëÿåò ïåðåâîä çàäàííîé íàêëîííîé ïîëî-
ñû øèðèíîé h â ïîëîñó, àíàëîãè÷íóþ ðàññìîòðåííîé â ïðåäûäóùåì ïóíêòå.
Òîãäà, ôóíêöèÿ

w (z) = w1 (z) ·
√

1 + k2

b2 − b1
· e−i(arctg k+π/2) = (z − ib1) ·

√
1 + k2

b2 − b1
· e−i(arctg k+π/2)

ÿâëÿåòñÿ èñêîìîé ôóíêöèåé.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 40.7 (�2.8(3) [2]). Äëÿ ôóíêöèè w (z) =
1

z
íàéòè îáðàçû ïó÷êà

ïàðàëëåëüíûõ ïðÿìûõ y = x+ b .

Ð å ø å í è å:

w (z) =
1

z
, z = x+ iy , w = u+ iv → u+ iv =

1

x+ iy
, x+ iy =

1

u+ iv
,

x+ iy =
u− iv
u2 + v2

=
u

u2 + v2
− i v

u2 + v2
→ x =

u

u2 + v2
, y = − v

u2 + v2

Òàê êàê y = x+ b , òî

− v

u2 + v2
=

u

u2 + v2
+ b → b

(
u2 + v2

)
+ u+ v = 0 .

Åñëè b = 0 , òî u+ v = 0− ïðÿìàÿ ëèíèÿ â êîìïëåêñíîé ïëîñêîñòè w .

Åñëè b 6= 0 , òî ëèíèè

b
(
u2 + v2

)
+ u+ v = 0 →

(
u+

1

2b

)2

+

(
v +

1

2b

)2

=
1

2b2
,
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ÿâëÿþòñÿ ñåìåéñòâîì îêðóæíîñòåé â êîìïëåêñíîé ïëîñêîñòè w .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 40.8 (�2.12 [2]). Âûÿñíèòü, âî ÷òî ïðåîáðàçóåòñÿ ïîëóêðóã

|z| < 1 , Im z > 0 ïðè îòîáðàæåíèè w (z) =
2z − i
2 + iz

.

Ð å ø å í è å:

Çàäàííàÿ îáëàñòü |z| < 1 , Im z > 0 ÿâëÿåòñÿ äâóóãîëüíèêîì ñ âåðøèíàìè

â òî÷êàõ z = −1 è z = 1 . Óãëû ïðè âåðøèíàõ äâóóãîëüíèêà ðàâíû
π

2
.

Çàäàíî äðîáíî-ëèíåéíîå îòîáðàæåíèå w (z) =
2z − i
2 + iz

, êîòîðîå ïåðåâîäèò

èñõîäíûé äâóóãîëüíèê â äâóóãîëüíèê ñ âåðøèíàìè â òî÷êàõ

w (z = −1) =
−2− i
2− i

= −3

5
− i 4

5
è w (z = 1) =

2− i
2 + i

=
3

5
− i 4

5
.

Ïðèíöèï ñîîòâåòñòâèÿ ãðàíèö ïðè êîíôîðìíûõ îòîáðàæåíèÿõ ãàðàíòè-
ðóåò ïðåîáðàçîâàíèå ãðàíè÷íûõ òî÷åê çàäàííîé îáëàñòè â ãðàíè÷íûå òî÷êè

îáðàçà. Ãðàíè÷íàÿ òî÷êà z = i ïåðåõîäèò â òî÷êó w (z = i) =
2i− i
2 + ii

= i . Òðè

ãðàíè÷íûå òî÷êè −3

5
− i 4

5
,

3

5
− i 4

5
è i , ëåæàùèå íà äóãå îêðóæíîñòè, ðàâíî

óäàëåíû íà ðàññòîÿíèå 1 îò òî÷êè w = 0 , ÿâëÿþùåéñÿ öåíòðîì ãðàíè÷íîé
îêðóæíîñòè |w| = 1 (Ðèñ.40.4).

Ãðàíè÷íàÿ òî÷êà z = 0 (ðàñïîëîæåíà íà äóãå îêðóæíîñòè áåñêîíå÷íî

áîëüøîãî ðàäèóñà) ïðåîáðàçóåòñÿ â ãðàíè÷íóþ òî÷êó w (z = 0) = − i
2
. Òðè

ãðàíè÷íûå òî÷êè −3

5
−i 4

5
,

3

5
−i 4

5
è − i

2
, ëåæàùèå íà äóãå îêðóæíîñòè, ðàâíî

óäàëåíû îò öåíòðà îêðóæíîñòè, ðàñïîëîæåíîãî íà îñè v â òî÷êå w = −i b
(b > 0) . Íàéä¼ì ÷èñëî b :∣∣∣∣−3

5
− i 4

5
+ i b

∣∣∣∣ =

∣∣∣∣− i2 + i b

∣∣∣∣ → 9

25
+

(
b− 4

5

)2

=

(
b− 1

2

)2

→ b =
5

4
.

Ðàäèóñ ãðàíè÷íîé îêðóæíîñòè ðàâåí

∣∣∣∣− i2 + i
5

4

∣∣∣∣ =
3

4
, à óðàâíåíèå îêðóæ-

íîñòè èìååò âèä

∣∣∣∣w + i
5

4

∣∣∣∣ =
3

4
.

Âíóòðåííÿÿ òî÷êà z =
i

2
çàäàííîãî ïîëóêðóãà ïåðåõîäèò â òî÷êó

w

(
z =

i

2

)
= 0 , ÿâëÿþùóþñÿ âíóòðåííåé òî÷êîé äâóóãîëüíèêà (Ðèñ.40.4).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

402



�����������������������������������������

3.4.2 Çàíÿòèå 41

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.1 (�2.24(1) [2]). Íàéòè òî÷êó, ñèììåòðè÷íóþ ñ òî÷êîé 2 + i
îòíîñèòåëüíî îêðóæíîñòè |z| = 1 .

Ð å ø å í è å:

Åñëè òî÷êè z1 è z2 ñèììåòðè÷íû îòíîñèòåëüíî îêðóæíîñòè |z − a| = R ,
òî

z2 = a+
R2

z1 − a
.

Ïî óñëîâèÿì çàäà÷è z1 = 2 + i , a = 0 è R = 1 . Òîãäà

z2 =
1

2 + i
=

1

2− i
=

2 + i

5
=

2

5
+ i

1

5
.

Î ò â å ò:

z2 =
2

5
+ i

1

5
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.2 (�2.28(1) [2]). Îòîáðàçèòü âåðõíþþ ïîëóïëîñêîñòü Im z > 0

íà åäèíè÷íûé êðóã |w| < 1 òàê, ÷òîáû w (i) = 0 è argw′ (i) = −π
2
.

Ð å ø å í è å:

Òðåáóåòñÿ íàéòè ôóíêöèþ, êîòîðàÿ ïåðåâîäèò âåðõíþþ ïîëóïëîñêîñòü
(êðóã áåñêîíå÷íî áîëüøîãî ðàäèóñà) â êðóã åäèíè÷íîãî ðàäèóñà. Ôóíêöèÿ
äîëæíà óäîâëåòâîðÿòü äâóì äîïîëíèòåëüíûì óñëîâèÿì.

Ðåøåíèå èùåì â âèäå äðîáíî-ëèíåéíîé ôóíêöèè w (z) = λ
z − a
z − b

, èìåþ-

ùåé òðè ïàðàìåòðà.

Óñëîâèå w (i) = 0 áóäåò âûïîëíåíî, åñëè ïàðàìåòð a = i . Òî åñòü,

w (z) = λ
z − i
z − b

.

Â êîìïëåêñíîé ïëîñêîñòè z òî÷êè z = i è z = −i ÿâëÿåòñÿ ñèììåò-
ðè÷íûìè îòíîñèòåëüíî ãðàíèöû ïîëóïëîñêîñòè. Òî÷êè w (i) è w (−i) â êîì-
ïëåêñíîé ïëîñêîñòè w áóäóò ñèììåòðè÷íû îòíîñèòåëüíî îêðóæíîñòè |w| = 1
(ñâîéñòâî äðîáíî-ëèíåéíîé ôóíêöèè). Òàê êàê w (i) = 0 , òî äîëæíî áûòü âû-
ïîëíåíî ðàâåíñòâî w (−i) =∞ . Ïîýòîìó, ïàðàìåòð b = −i . Òî åñòü,

w (z) = λ
z − i
z + i

.
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Ãðàíè÷íûå òî÷êè â ïëîñêîñòè z (íàïðèìåð òî÷êà z = 0) ïåðåõîäÿò â
ãðàíè÷íûå òî÷êè |w| = 1 â ïëîñêîñòè w .

Òîãäà |w (0)| =
∣∣∣∣λ 0− i

0 + i

∣∣∣∣ = |λ| = 1 . Òî åñòü, λ = ei ϕ è

w (z) = ei ϕ
z − i
z + i

.

Òàê êàê argw′ (i) = −π
2
, òî :

w′ (z) =

(
ei ϕ

z − i
z + i

)′
= ei ϕ

2i

(z + i)2 → w′ (i) = ei ϕ
1

2i
→

→ argw′ (i) = arg

(
ei ϕ

1

2i

)
= ϕ − π

2
→ ϕ = 0 .

Èñêîìàÿ ôóíêöèÿ èìååò âèä

w (z) =
z − i
z + i

.

Î ò â å ò:

w (z) =
z − i
z + i

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.3 (�2.31 [2]). Îòîáðàçèòü êðóã |z − 4i| < 2 íà ïîëóïëîñêîñòü
v > u òàê, ÷òîáû öåíòð êðóãà ïåðåø¼ë â òî÷êó −4 , à òî÷êà îêðóæíîñòè 2i
ïåðåøëà â íà÷àëî êîîðäèíàò.

Ð å ø å í è å:

Èñïîëüçóåì äðîáíî-ëèíåéíóþ ôóíêöèþ w (z) = λ
z − a
z − b

, äëÿ îòîáðàæå-

íèÿ êðóãà êîíå÷íîãî ðàäèóñà íà ïîëóïëîñêîñòü (êðóã áåñêîíå÷íî áîëüøîãî
ðàäèóñà). Ïàðàìåòðû λ , a è b âûáåðåì òêà, ÷òîáû âûïîëíÿëèñü çàäàííûå
äîïîëíèòåëüíûå óñëîâèÿ.

Óñëîâèå w (2i) = 0 áóäåò âûïîëíåíî, åñëè ïàðàìåòð a = 2i . Òî åñòü,

w (z) = λ
z − 2i

z − b
.

Óñëîâèå w (4i) = −4 ïðèâîäèò ê ðàâåíñòâó

w (4i) = λ
4i− 2i

4i− b
= −4 → λ = −8− i2b .

Òî åñòü,

w (z) = − (8 + i2b)
z − 2i

z − b
.
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Â êîìïëåêñíîé ïëîñêîñòè z îòíîñèòåëüíî îêðóæíîñòè |z − 4i| = 2 äëÿ
òî÷êè z = 2i ñèììåòðè÷íîé ÿâëÿåòñÿ ñàìà òî÷êà z = 2i , à äëÿ òî÷êè z = 4i
(öåíòð çàäàííîãî êðóãà) ñèììåòðè÷íîé ÿâëÿåòñÿ òî÷êà z =∞ . Îáðàçû ýòèõ
äâóõ òî÷åê â êîìïëåêñíîé ïëîñêîñòè w áóäóò ñèììåòðè÷íû îòíîñèòåëüíî
ãðàíèöû ïîëóïëîñêîñòè v > u . Òàê êàê w (4i) = −4 , òî ñèììåòðè÷íîé äëÿ
òî÷êè w = −4 îòíîñèòåëüíî ïðÿìîé v = u ÿâëÿåòñÿ òî÷êà w = −4i . Òîãäà,

w (z =∞) = − (8 + i2b)
z − 2i

z − b

∣∣∣∣
z=∞

= −8− i2b →

→ −8 − i2b = −4i → b = 2 + 4i .

Èñêîìàÿ ôóíêöèÿ èìååò âèä

w (z) = 4
iz + 2

−z + 2 + 4i
.

Î ò â å ò:

w (z) = 4
iz + 2

−z + 2 + 4i

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.4 (�2.87(1) [2]). Íàéòè ôóíêöèþ w (z) , îòîáðàæàþùóþ ïîëó-
êðóã |z| < 1 , Im z > 0 , íà âåðõíþþ ïîëóïëîñêîñòü ïðè óñëîâèÿõ w (−1) = 0 ,
w (0) = 1 , w (1) =∞ .

Ð å ø å í è å:

Çàäàííàÿ îáëàñòü |z| < 1 , Im z > 0 ÿâëÿåòñÿ äâóóãîëüíèêîì ñ âåðøèíàìè

â òî÷êàõ z = −1 è z = 1 . Óãëû ïðè âåðøèíàõ äâóóãîëüíèêà ðàâíû
π

2
.

Èñïîëüçóåì äðîáíî-ëèíåéíóþ ôóíêöèþ w1 (z) = λ
z − a
z − b

, èìåþùóþ òðè
ïàðàìåòðà.

Çàäàííûå â óñëîâèÿõ çàäà÷è òðè äîïîëíèòåëüíûå óñëîâèÿ áóäóò âûïîëíå-
íû, åñëè :

w1 (−1) = 0 → a = −1 → w1 (z) = λ
z + 1

z − b
;

w1 (1) =∞ → b = 1 → w1 (z) = λ
z + 1

z − 1
;

w1 (0) = 1 → λ = −1 → w1 (z) =
z + 1

1− z
.

Ôóíêöèÿ w1 (z) =
z + 1

1− z
îñóùåñòâëÿåò êîíôîðìíîå îòîáðàæåíèå çàäàííî-

ãî ïîëóêðóãà íà ÷åòâåðòü ïëîñêîñòè (u1 > 0 , v1 > 0) â êîìïëåêñíîé ïëîñêî-
ñòè w1 = u1 + i v1 .

405



Â ïîëóïëîñêîñòè äèàïàçîí èçìåíåíèÿ àðãóìåíòîâ êîìïëåêñíûõ ÷èñåë â äâà
ðàçà áîëüøå äèàïàçîíà èçìåíåíèÿ àðãóìåíòîâ êîìïëåêñíûõ ÷èñåë â ÷åòâåðòè
ïëîñêîñòè w1 . Ñòåïåííàÿ ôóíêöèÿ w = w2

1 óâåëè÷èâàåò äèàïàçîí èçìåíåíèÿ
àðãóìåíòîâ êîìïëåêñíûõ ÷èñåë â äâà ðàçà.

Èñêîìàÿ ôóíêöèÿ èìååò âèä

w (z) = w2
1 (z) =

(
z + 1

1− z

)2

.

Î ò â å ò:

w (z) =

(
z + 1

1− z

)2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.5 (�2.17 [2]). Íàéòè äðîáíî-ëèíåéíûå ôóíêöèè, ïåðåâîäÿùèå
òî÷êè −1 , i , 1 + i ñîîòâåòñòâåííî â òî÷êè :

1) 0 , 2i , 1− i ;

2) i , ∞ , 1 .

Ð å ø å í è å:

Äðîáíî-ëèíåéíàÿ ôóíêöèÿ w (z) = λ
z − a
z − b

èìååò òðè ïàðàìåòðà. Çàäàí-

íûå â çàäà÷å äîïîëíèòåëüíûå óñëîâèÿ ñîîòâåòñòâèÿ òð¼õ ïàð òî÷åê îäíîçíà÷-
íî îïðåäåëÿþò ïàðàìåòðû äðîáíî-ëèíåéíîé ôóíêöèè.

1) w (−1) = 0 → a = −1 → w (z) = λ
z + 1

z − b
;

w (i) = 2i → λ = −1− b− ib+ i → w (z) = (−1− b− ib+ i)
z + 1

z − b
;

w (1 + i) = 1−i → b =
1 + 5i

4
→ w (z) =

−2i (z + 1)

4z − 1− 5i
.

2) w (i) =∞ → b = i → w (z) = λ
z − a
z − i

;

w (1 + i) = 1 → λ =
1

1− a+ i
→ w (z) =

1

1− a+ i

z − a
z − i

;

w (−1) = i → a = 3i → w (z) =
1 + 2i

5

z − 3i

z − i
=

(1 + 2i) z + 6− 3i

5 (z − i)
.

Î ò â å ò:

1) w (z) =
−2i (z + 1)

4z − 1− 5i
;

2) w (z) =
(1 + 2i) z + 6− 3i

5 (z − i)
.
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Êàíîíè÷åñêèå ôîðìû äðîáíî-ëèíåéíîé ôóíêöèè.

Äðîáíî-ëèíåéíàÿ ôóíêöèÿ w (z) çàäàíèåì ñîîòâåòñòâèÿ òð¼ì ðàçëè÷íûì
òî÷êàì ïëîñêîñòè z (z1, z2, z3) òð¼õ ðàçëè÷íûõ òî÷åê ïëîñêîñòè w

(w1 = w (z1) , w2 = w (z2) , w3 = w (z3)) îäíîçíà÷íî îïðåäåëÿåòñÿ íåÿâíûì
âûðàæåíèåì

w − w1

w − w2
:
w3 − w1

w3 − w2
=
z − z1

z − z2
:
z3 − z1

z3 − z2
.

Äðîáíî-ëèíåéíîå ïðåîáðàçîâàíèå ñ îäíîé íåïîäâèæíîé òî÷êîé z0 íàçû-
âàåòñÿ ïàðàáîëè÷åñêèì. Ïàðàáîëè÷åñêîå ïðåîáðàçîâàíèå ìîæíî çàïèñàòü â
êàíîíè÷åñêîé ôîðìå

1

w − z0
=

1

z − z0
+ h ,

åñëè z0 6=∞ , èëè w = k z + h , åñëè z0 =∞ .

Äðîáíî-ëèíåéíîå ïðåîáðàçîâàíèå ñ äâóìÿ íåïîäâèæíûìè òî÷êêàìè z1 è
z2 â êàíîíè÷åñêîé ôîðìå èìååò âèä

w − z1

w − z2
= k

z − z1

z − z2
,

åñëè z1 6=∞ , z2 6=∞ , èëè w−z1 = k (z − z1) , åñëè z2 =∞ .Ïðåîáðàçîâàíèå
ñ äâóìÿ ðàçëè÷íûìè íåïîäâèæíûìè òî÷êàìè íàçûâàåòñÿ ãèïåðáîëè÷åñêèì,
åñëè k > 0 , è ýëëèïòè÷åñêèì, åñëè k = ei α (α 6= 0−äåéñòâèòåëüíîå ÷èñëî ) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.6 (�2.18 [2]). Íàéòè äðîáíî-ëèíåéíûå ôóíêöèè, ïåðåâîäÿùèå
òî÷êè −1 , ∞ , i ñîîòâåòñòâåííî â òî÷êè :

1) i , 1 , 1 + i ;

2) ∞ , i , 1 ;

3) 0 , ∞ , 1 .

Ð å ø å í è å:

Äðîáíî-ëèíåéíàÿ ôóíêöèÿ w (z) = λ
z − a
z − b

èìååò òðè ïàðàìåòðà. Çàäàí-

íûå â çàäà÷å äîïîëíèòåëüíûå óñëîâèÿ ñîîòâåòñòâèÿ òð¼õ ïàð òî÷åê îäíîçíà÷-
íî îïðåäåëÿþò ïàðàìåòðû äðîáíî-ëèíåéíîé ôóíêöèè.

1) w (∞) = 1 → λ = 1 → w (z) =
z − a
z − b

;

w (−1) = i → b = −1− i (1 + a) → w (z) =
z − a

z + 1 + i (1 + a)
;

w (i) = 1+i → a = −2−i → w (z) =
z + 2 + i

z + 2− i
.
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2) w (−1) =∞ → b = −1 → w (z) = λ
z − a
z + 1

;

w (∞) = i → λ = i → w (z) = i
z − a
z + 1

;

w (i) = 1 → a = −1 + 2i → w (z) =
iz + 2 + i

z + 1
.

3) w (∞) =∞− íåïîäâèæíàÿ òî÷êà → w (z) = k z + h ;

w (−1) = 0 → k = h → w (z) = h z + h ;

w (i) = 1 → h =
1

1 + i
=

1− i
2
→ w (z) =

1− i
2

(z + 1) .

Î ò â å ò:

1) w (z) =
−2i (z + 1)

4z − 1− 5i
;

2) w (z) =
(1 + 2i) z + 6− 3i

5 (z − i)
;

3) w (z) =
1− i

2
(z + 1) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.7 (�2.24(2) [2]). Íàéòè òî÷êó, ñèììåòðè÷íóþ ñ òî÷êîé 2 + i
îòíîñèòåëüíî îêðóæíîñòè |z − i| = 3 .

Ð å ø å í è å:

Åñëè òî÷êè z1 è z2 ñèììåòðè÷íû îòíîñèòåëüíî îêðóæíîñòè |z − a| = R ,
òî

z2 = a+
R2

z1 − a
.

Ïî óñëîâèÿì çàäà÷è z1 = 2 + i , a = i è R = 3 . Òîãäà

z2 = i+
9

2 + i− i
= i+

9

2
.

Î ò â å ò:

z2 =
9

2
+ i

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.8 (�2.28(3) [2]). Îòîáðàçèòü âåðõíþþ ïîëóïëîñêîñòü Im z > 0
íà åäèíè÷íûé êðóã |w| < 1 òàê, ÷òîáû

w (a+ ib) = 0 è argw′ (a+ ib) = θ (b > 0) .

Ð å ø å í è å:
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Òðåáóåòñÿ íàéòè ôóíêöèþ, êîòîðàÿ ïåðåâîäèò âåðõíþþ ïîëóïëîñêîñòü
(êðóã áåñêîíå÷íî áîëüøîãî ðàäèóñà) â êðóã åäèíè÷íîãî ðàäèóñà. Ôóíêöèÿ
äîëæíà óäîâëåòâîðÿòü äâóì äîïîëíèòåëüíûì óñëîâèÿì.

Ðåøåíèå èùåì â âèäå äðîáíî-ëèíåéíîé ôóíêöèè w (z) = λ
z − α
z − β

, èìåþ-

ùåé òðè ïàðàìåòðà.

Óñëîâèå w (a+ ib) = 0 áóäåò âûïîëíåíî, åñëè ïàðàìåòð α = a + ib . Òî
åñòü,

w (z) = λ
z − a− ib
z − β

.

Â êîìïëåêñíîé ïëîñêîñòè z òî÷êè z = a+ib è z = a−ib ÿâëÿåòñÿ ñèììåò-
ðè÷íûìè îòíîñèòåëüíî ãðàíèöû ïîëóïëîñêîñòè. Òî÷êè w (a+ ib) è w (a− ib)
â êîìïëåêñíîé ïëîñêîñòè w áóäóò ñèììåòðè÷íû îòíîñèòåëüíî îêðóæíîñòè
|w| = 1 (ñâîéñòâî äðîáíî-ëèíåéíîé ôóíêöèè). Òàê êàê w (a+ ib) = 0 , òî
äîëæíî áûòü âûïîëíåíî ðàâåíñòâî w (a− ib) =∞ . Ïîýòîìó, ïàðàìåòð

β = a− ib . Òî åñòü,
w (z) = λ

z − a− ib
z − a+ ib

.

Ãðàíè÷íûå òî÷êè â ïëîñêîñòè z (íàïðèìåð òî÷êà z = 0) ïåðåõîäÿò â
ãðàíè÷íûå òî÷êè |w| = 1 â ïëîñêîñòè w .

Òîãäà |w (0)| =
∣∣∣∣λ −a− ib−a+ ib

∣∣∣∣ = |λ| = 1 . Òî åñòü, λ = ei ϕ è

w (z) = ei ϕ
z − a− ib
z − a+ ib

.

Òàê êàê argw′ (a+ ib) = θ , òî :

w′ (z) =

(
ei ϕ

z − a− ib
z − a+ ib

)′
= ei ϕ

i2b

(z − a+ ib)2 → w′ (a+ ib) = ei ϕ
1

i2b
→

→ argw′ (a+ ib) = arg

(
ei ϕ

1

i2b

)
= ϕ− π

2
→ ϕ = θ +

π

2
.

Èñêîìàÿ ôóíêöèÿ èìååò âèä

w (z) = ei (θ+π/2) z − a− ib
z − a+ ib

.

Î ò â å ò:

w (z) = ei (θ+π/2) z − a− ib
z − a+ ib

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 41.9 (�2.33 [2]). Íàéòè öåíòð w0 è ðàäèóñ R îêðóæíîñòè, íà
êîòîðóþ ôóíêöèÿ

w =
z − z1

z − z2

îòîáðàæàåò äåéñòâèòåëüíóþ îñü ( Im z2 6= 0 ) .

Ð å ø å í è å:

Îáðàçû òî÷åê z2 è z2 äîëæíû áûòü ñèììåòðè÷íû îòíîñèòåëüíî èñêîìîé
îêðóæíîñòè. Òàê êàê w (z2) = ∞ , òî w (z2) = w0− öåíòð èñêîìîé îêðóæíî-
ñòè.

Èòàê
w0 =

z2 − z1

z2 − z2
= i

z2 − z1

2 Im z2
.

Òî÷êè äåéñòâèòåëüíîé îñè, íàïðèìåð òî÷êà z = Re z2 , îòîáðàæàþòñÿ â
òî÷êè îêðóæíîñòè |w − w0| = R . Ñëåäîâàòåëüíî,

R = |w (Re z2)− w0| =
∣∣∣∣Re z2 − z1

−i Im z2
− i z2 − z1

2 Im z2

∣∣∣∣ =

=

∣∣∣∣z1 − Re z2 − i Im z2

i 2 Im z2

∣∣∣∣ =
|z1 − z2|
2 |Im z2|

.

Î ò â å ò:
w0 = i

z2 − z1

2 Im z2

R =
|z1 − z2|
2 |Im z2|

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 41.10 (�2.37 [2]). Îòîáðàçèòü êðóã |z| < 1 íà êðóã |w| < 1 òàê,
÷òîáû :

1) w

(
1

2

)
= 0 , argw′

(
1

2

)
= 0 ;

2) w

(
i

2

)
= 0 , argw′

(
i

2

)
=
π

2
;

3) w (0) = 0 , argw′ (0) = −π
2

;

4) w (a) = a , argw′ (a) = α .

Ð å ø å í è å:

1) Ðåøåíèå èùåì â âèäå äðîáíî-ëèíåéíîé ôóíêöèè w (z) = λ
z − a
z − b

, èìå-

þùåé òðè ïàðàìåòðà.

410



Óñëîâèå w

(
1

2

)
= 0 áóäåò âûïîëíåíî, åñëè ïàðàìåòð a =

1

2
. Òî åñòü,

w (z) = λ
z − 1

2
z − b

.

Òî÷êè z =
1

2
è z = 2 ÿâëÿåòñÿ ñèììåòðè÷íûìè îòíîñèòåëüíî îêðóæíîñòè

|z| = 1 . Òî÷êè w

(
1

2

)
è w (2) áóäóò ñèììåòðè÷íû îòíîñèòåëüíî îêðóæíîñòè

|w| = 1 . Òàê êàê w

(
1

2

)
= 0 , òî äîëæíî áûòü âûïîëíåíî ðàâåíñòâî

w (2) =∞ . Ïîýòîìó, ïàðàìåòð b = 2 . Òî åñòü,

w (z) = λ
z − 1

2
z − 2

.

Ãðàíè÷íûå òî÷êè |z| = 1 â ïëîñêîñòè z (íàïðèìåð òî÷êà z = 1) ïåðåõîäÿò
â ãðàíè÷íûå òî÷êè |w| = 1 â ïëîñêîñòè w .

Òîãäà |w (1)| = |λ|
2
→ |λ| = 2 . Òî åñòü, λ = 2 ei ϕ è

w (z) = ei ϕ
2z − 1

z − 2
.

Òàê êàê argw′
(

1

2

)
= 0 , òî :

w′ (z) =

(
ei ϕ

2z − 1

z − 2

)′
= −ei ϕ 3

(z − 2)2 → w′
(

1

2

)
= −ei ϕ 4

3
→

→ argw′
(

1

2

)
= arg

(
−ei ϕ 4

3

)
= ϕ − π → ϕ = π .

Èñêîìàÿ ôóíêöèÿ èìååò âèä

w (z) = ei π
2z − 1

z − 2
=

2z − 1

2− z
.

2) Ðåøåíèå èùåì â âèäå äðîáíî-ëèíåéíîé ôóíêöèè w (z) = λ
z − a
z − b

, èìå-

þùåé òðè ïàðàìåòðà.
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Óñëîâèå w

(
i

2

)
= 0 áóäåò âûïîëíåíî, åñëè ïàðàìåòð a =

i

2
. Òî åñòü,

w (z) = λ
z − i

2
z − b

.

Òî÷êè z =
i

2
è z = i2 ÿâëÿåòñÿ ñèììåòðè÷íûìè îòíîñèòåëüíî îêðóæíî-

ñòè |z| = 1 . Òî÷êè w

(
i

2

)
è w (2i) áóäóò ñèììåòðè÷íû îòíîñèòåëüíî îêðóæ-

íîñòè |w| = 1 . Òàê êàê w

(
i

2

)
= 0 , òî äîëæíî áûòü âûïîëíåíî ðàâåíñòâî

w (i2) =∞ . Ïîýòîìó, ïàðàìåòð b = i2 . Òî åñòü,

w (z) = λ
z − i

2
z − i2

.

Ãðàíè÷íûå òî÷êè |z| = 1 â ïëîñêîñòè z (íàïðèìåð òî÷êà z = i) ïåðåõîäÿò
â ãðàíè÷íûå òî÷êè |w| = 1 â ïëîñêîñòè w .

Òîãäà |w (i)| = |λ|
2
→ |λ| = 2 . Òî åñòü, λ = 2 ei ϕ è

w (z) = ei ϕ
2z − i
z − i2

.

Òàê êàê argw′
(
i

2

)
=
π

2
, òî :

w′ (z) =

(
ei ϕ

2z − i
z − i2

)′
= −ei ϕ i3

(z − i2)2 → w′
(
i

2

)
= ei ϕ

i4

3
→

→ argw′
(
i

2

)
= arg

(
ei ϕ

i4

3

)
= ϕ +

π

2
→ ϕ = 0 .

Èñêîìàÿ ôóíêöèÿ èìååò âèä

w (z) =
2z − i
z − i2

.

3) Òàê êàê w (0) = 0 , òî z1 = 0 ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé.

Äëÿ òî÷êè z = 0 ñèììåòðè÷íîé îòíîñèòåëüíî îêðóæíîñòè |z| = 1 ÿâëÿåò-
ñÿ òî÷êà z =∞ . Äëÿ òî÷êè w = 0 ñèììåòðè÷íîé îòíîñèòåëüíî îêðóæíîñòè
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|w| = 1 ÿâëÿåòñÿ òî÷êà w =∞ . Òî åñòü, w (∞) =∞ è òî÷êà z2 =∞ ÿâëÿ-
åòñÿ âòîðîé íåïîäâèæíîé òî÷êîé èñêîìîé ôóíêöèè. Ñëåäîâàòåëüíî, èñêîìàÿ
ôóíêöèÿ èìååò âèä w (z) = k z + h .

Óñëîâèå w (0) = 0 áóäåò âûïîëíåíî, åñëè ïàðàìåòð h = 0 . Òî åñòü,
w (z) = k z .

Ãðàíè÷íûå òî÷êè |z| = 1 â ïëîñêîñòè z (íàïðèìåð òî÷êà z = 1) ïåðåõîäÿò
â ãðàíè÷íûå òî÷êè |w| = 1 â ïëîñêîñòè w .

Òîãäà |w (1)| = |k| = 1 . Òî åñòü, k = ei ϕ è w (z) = ei ϕ z .

Òàê êàê argw′ (0) = −π
2
, òî :

w′ (z) = ei ϕ → w′ (0) = ei ϕ → argw′ (0) = ϕ → ϕ = −π
2
.

Èñêîìàÿ ôóíêöèÿ èìååò âèä w (z) = e−i π/2 z = −i z .
4) Òàê êàê w (a) = a , òî z1 = a ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé.

Äëÿ òî÷êè z = a ñèììåòðè÷íîé îòíîñèòåëüíî îêðóæíîñòè |z| = 1 ÿâëÿ-

åòñÿ òî÷êà z =
1

a
. Äëÿ òî÷êè w = a ñèììåòðè÷íîé îòíîñèòåëüíî îêðóæíîñòè

|w| = 1 ÿâëÿåòñÿ òî÷êà w =
1

a
. Òî åñòü, w

(
1

a

)
=

1

a
è òî÷êà z2 =

1

a
ÿâëÿåò-

ñÿ âòîðîé êîíå÷íîé íåïîäâèæíîé òî÷êîé èñêîìîé ôóíêöèè. Ñëåäîâàòåëüíî,
èñêîìàÿ ôóíêöèÿ èìååò êàíîíè÷åñêèé âèä

w − z1

w − z2
= k

z − z1

z − z2
→ w − a

aw − 1
= k

z − a
az − 1

.

Ãðàíè÷íûå òî÷êè |z| = 1 â ïëîñêîñòè z (íàïðèìåð òî÷êà z = ei arg(a))
ïåðåõîäÿò â ãðàíè÷íûå òî÷êè |w| = 1 â ïëîñêîñòè w .

Ïóñòü w
(
ei arg(a)

)
= ei ψ . Òîãäà

ei ψ − |a| ei arg(a)

|a| e−i (arg(a)−ψ) − 1
= k ei arg(a) 1− |a|

|a| − 1
→

→ k = ei (arg(a)−ψ) |a| − ei (ψ−arg(a))

|a| − ei (arg(a)−ψ)
→

→ |k| =
∣∣|a| − ei(ψ−arg(a))

∣∣∣∣|a| − ei(arg(a)−ψ)
∣∣ =

=
||a| − cos (ψ − arg (a))− i sin (ψ − arg (a))|
||a| − cos (ψ − arg (a)) + i sin (ψ − arg (a))|

=

=

√
(|a| − cos (ψ − arg (a)))2 + sin2 (ψ − arg (a))

(|a| − cos (ψ − arg (a)))2 + sin2 (ψ − arg (a))
= 1 .
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Òî åñòü, k = ei ϕ è
w − a
aw − 1

= ei ϕ
z − a
az − 1

.

Òàê êàê argw′ (a) = α , òî :(
w − a
aw − 1

)′
= ei ϕ

(
z − a
az − 1

)′
→ w′ (z) = ei ϕ

(
aw (z)− 1

az − 1

)2

→

→ w′ (a) = ei ϕ
(
aw (a)− 1

aa− 1

)2

= ei ϕ →

→ argw′ (a) = arg ei ϕ = ϕ → ϕ = α .

Èñêîìàÿ ôóíêöèÿ w (z) îïðåäåëÿåòñÿ ñîîòíîøåíèåì

w − a
aw − 1

= ei α
z − a
az − 1

.

Î ò â å ò:

1) w (z) =
2z − 1

2− z

2) w (z) =
2z − i
z − i2

3) w (z) = −i z

4)
w − a
aw − 1

= ei α
z − a
az − 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.4.3 Çàíÿòèå 42

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 42.1 (�2.106 [2]). Íàéòè ïðåîáðàçîâàíèå ïîëÿðíîé ñåòêè |z| = R,

arg z = α ñ ïîìîùüþ ôóíêöèè Æóêîâñêîãî w =
1

2

(
z +

1

z

)
.

Ð å ø å í è å:

w (z) =
1

2

(
z +

1

z

)
=
{
z = r ei ϕ

}
=

1

2

(
r cosϕ+ ir sinϕ+

1

r
cosϕ−

−i1
r

sinϕ

)
=

1

2

(
r +

1

r

)
cosϕ+ i

1

2

(
r − 1

r

)
sinϕ = u+ iv ,

ãäå u =
1

2

(
r +

1

r

)
cosϕ , v =

1

2

(
r − 1

r

)
sinϕ .

Ïóñòü |z| = r = R . Òîãäà


u =

1

2

(
R +

1

R

)
cosϕ ;

v =
1

2

(
R− 1

R

)
sinϕ , ϕ− ïàðàìåòð.

Åñëè R 6= 1 , òî

u2(
1

2

(
R +

1

R

))2 +
v2(

1

2

(
R− 1

R

))2 = 1 − ýëëèïñû.

Åñëè R = 1 , òî

{
u = cosϕ ;

v = 0
− îòðåçîê ïðÿìîé ëèíèè (−1 6 u 6 1).

Ïóñòü arg z = ϕ = α . Òîãäà
u =

1

2

(
r +

1

r

)
cosα ;

v =
1

2

(
r − 1

r

)
sinα , r ∈ (0,+∞)− ïàðàìåòð.

Åñëè α 6= 0 , π , ±π
2
, òî

2u

cosα
= r +

1

r
;

2v

sinα
= r − 1

r

→ u2

cos2 α
− v2

sin2 α
= 1 − ãèïåðáîëû.
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Åñëè α = 0 , òîu =
1

2

(
r +

1

r

)
, r ∈ (0,+∞) ;

v = 0
− ïðÿìàÿ ëèíèÿ (1 6 u < +∞).

Åñëè α = π , òîu = −1

2

(
r +

1

r

)
, r ∈ (0,+∞) ;

v = 0
− ïðÿìàÿ ëèíèÿ (−∞ < u 6 −1).

Åñëè α = ±π
2
, òîu = 0 ;

v = ±1

2

(
r − 1

r

)
, r ∈ (0,+∞)

− ïðÿìàÿ ëèíèÿ (−∞ < v < +∞).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 42.2 (�2.146(1,3,5) [2]). Âûÿñíèòü, âî ÷òî ïðåîáðàçóþòñÿ ïðè
îòîáðàæåíèè w = ez :

1) ïðÿìîóãîëüíàÿ ñåòêà x = C, y = C ;

3) ïîëîñà α < y < β (0 6 α < β 6 2π) ;

5) ïîëóïîëîñà −∞ < x < 0 , 0 < y < α 6 2π .

Ð å ø å í è å:

w (z) = ez = {z = x+ i y} = ex cos y + i ex sin y = u+ iv ,

ãäå u = ex cos y , v = ex sin y .

1) Ïðåîáðàçîâàíèå ïðÿìîóãîëüíîé ñåòêè x = C, y = C .

Ïóñòü x = C . Òîãäà{
u = eC cos y ;

v = eC sin y , y − ïàðàìåòð
→ u2 + v2 = e2C − îêðóæíîñòè.

Ïóñòü y = C . Òîãäà{
u = ex cosC ;

v = ex sinC , x ∈ (−∞,+∞)− ïàðàìåòð
→

→ v

u
= tgC − ëó÷è èç íà÷àëà êîîðäèíàò ïîä óãëîì C ê îñè u .
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3) Ïðåîáðàçîâàíèå ïîëîñû α < y < β (0 6 α < β 6 2π) .

Ãðàíèöåé çàäàííîé îáëàñòè ÿâëÿþòñÿ äâå ïðÿìûå ëèíèè y = α è y = β .
Ôóíêöèÿ w = ez ïðåîáðàçóåò ýòè ïðÿìûå â ëó÷è, èñõîäÿùèå èç òî÷êè w = 0
è èìåþùèå ñ îñüþ u óãëû α è β (0 6 α < β 6 2π) , ñîîòâåòñòâåííî.
Âíóòðåííèå òî÷êè ïîëîñû ïåðåõîäÿò â òî÷êè, ëåæàùèå ìåæäó ýòèìè ëó÷àìè.

Ôóíêöèÿ w = ez ïåðåâîäèò çàäàííóþ ïîëîñó â óãëîâîé ñåêòîð, îãðàíè-
÷åííûé äâóìÿ ëó÷àìè èç òî÷êè w = 0 .

5) Ïðåîáðàçîâàíèå ïîëóïîëîñû −∞ < x < 0 , 0 < y < α 6 2π .

Ãðàíèöåé çàäàííîé îáëàñòè ÿâëÿþòñÿ ïðÿìàÿ ëèíèÿ y = 0 , −∞ < x < 0 ,
ïðÿìàÿ ëèíèÿ y = α 6 2π , −∞ < x < 0 è îòðåçîê ïðÿìîé x = 0 , 0 < y < α .
Ôóíêöèÿ w = ez ïðåîáðàçóåò ýòè ëèíèè, ñîîòâåòñòâåííî, â îòðåçîê ïðÿìîé
v = 0 , 0 < u < 1 , â îòðåçîê ëó÷à

v

u
= tgα , èñõîäÿùåãî èç òî÷êè w = 0 , è

äóãó îêðóæíîñòè u2 + v2 = 1 (ñì. ïðåäûäóùèå ïóíêòû). Âíóòðåííèå òî÷êè
ïîëóïîëîñû ïåðåõîäÿò â òî÷êè, ëåæàùèå âíóòðè êðóãîâîãî ñåêòîðà.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 42.3 (�2.150(1,3) [2]). Âûÿñíèòü, âî ÷òî ïðåîáðàçóþòñÿ ïðè îòîá-
ðàæåíèè w = cos z :

1) ïðÿìîóãîëüíàÿ ñåòêà x = C, y = C ;

3) ïîëóïîëîñà 0 < x <
π

2
, y > 0 .

Ð å ø å í è å:

w (z) = cos z =
ei z + e−i z

2
= {z = x+ i y} =

e−y ei x + ey e−i x

2
=

=
e−y + ey

2
cosx+ i

e−y − ey

2
sinx = ch y cosx− i sh y sinx = u+ iv ,

ãäå u = ch y cosx , v = − sh y sinx .

1) Ïðåîáðàçîâàíèå ïðÿìîóãîëüíîé ñåòêè x = C, y = C .

Ïóñòü x = C . Òîãäà{
u = ch y cosC ;

v = − sh y sinC , y − ïàðàìåòð
→
{

ch2 y − sh2 y = 1
}
→

→ ïðè cosC 6= 0 è sinC 6= 0
u2

cos2C
− v2

sin2C
= 1 − ãèïåðáîëû.

Ïóñòü y = C . Òîãäà{
u = chC cosx ;

v = − shC sinx , x ∈ (−∞,+∞)− ïàðàìåòð
→
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→ ïðè C 6= 0
u2

ch2C
+

v2

sh2C
= 1 − ýëëèïñû.

3) Ïðåîáðàçîâàíèå ïîëóïîëîñû 0 < x <
π

2
, y > 0 .

Ãðàíèöåé çàäàííîé îáëàñòè ÿâëÿþòñÿ ïðÿìàÿ ëèíèÿ x =
π

2
,

0 < y < +∞ , ïðÿìàÿ ëèíèÿ x = 0 , 0 < y < +∞ è îòðåçîê ïðÿìîé y = 0 ,

0 < x <
π

2
. Ôóíêöèÿ w = cos z ïðåîáðàçóåò ýòè ëèíèè, ñîîòâåòñòâåííî, â

ïðÿìóþ ëèíèþ

{
u = ch y cosx|x=π/2 , y>0 = 0 ;

v = − sh y sinx|x=π/2 , y>0 = − sh y < 0
, â ïðÿìóþ ëèíèþ{

u = ch y cosx|x=0 , y>0 = ch y, y > 0 ;

v = − sh y sinx|x=0 , y>0 = 0
→

{
1 6 u < +∞ ;

v = 0
è â îòðåçîê

ïðÿìîé

{
u = ch y cosx|0<x<π/2 , y=0 = cosx ;

v = − sh y sinx|0<x<π/2 , y=0 = 0
→

{
0 < u < 1 ;

v = 0
.

Âíóòðåííÿÿ òî÷êà z =
π

4
+ i çàäàííîé ïîëóïîëîñû ïåðåõîäèò â òî÷êó

w
(π

4
+ i
)

=

√
2

2
(ch 1− i sh 1) , ëåæàùóþ âíóòðè êâàäðàíòà u > 0 , v < 0 .

Îáðàçîì çàäàííîé ïîëóïîëîñû ïðè îòîáðàæåíèè w = cos z ÿâëÿåòñÿ ÷åò-
âåðòü ïëîñêîñòè u > 0 , v < 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 42.4 (�2.156 [2]). Îòîáðàçèòü ïîëîñó, îãðàíè÷åííóþ ïðÿìûìè
y = x , y = x+ h , íà âåðõíþþ ïîëóïëîñêîñòü.

Ð å ø å í è å:

Ôóíêöèÿ w1 (z) = z e−i π/4 îñóùåñòâëÿåò ïîâîðîò çàäàííîé ïîëîñû íà óãîë

ðàâíûé
π

4
ïî õîäó ÷àñîâîé ñòðåëêè. Â êîìïëåêñíîé ïëîñêîñòè w1 ïîÿâëÿåòñÿ

ãîðèçîíòàëüíàÿ ïîëîñà øèðèíîé
h
√

2

2
ñ ãðàíèöàìè Imw1 = 0 , Imw1 =

h
√

2

2
.

Ôóíêöèÿ w2 (z) = π/h
√

2w1 (z) ìåíÿåò øèðèíó ïîëó÷åííîé ïîëîñû. Â
êîìïëåêñíîé ïëîñêîñòè w2 ïîÿâëÿåòñÿ ãîðèçîíòàëüíàÿ ïîëîñà øèðèíîé π ñ
ãðàíèöàìè Imw2 = 0 è Imw2 = π .

Òîãäà, ôóíêöèÿ

w (z) = ew2 = eπ/h
√

2w1 = eπ/h
√

2 z e−i π/4 = eπ/h z (1−i)

ÿâëÿåòñÿ èñêîìîé ôóíêöèåé, òàê êàê ïåðåâîäèò çàäàííóþ ïîëîñó íà âåðõíþþ
ïîëóïëîñêîñòü.

Î ò â å ò:
w (z) = eπ/h z (1−i)
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 42.5 (�2.158 [2]). Îòîáðàçèòü êðóãîâóþ ëóíî÷êó, îãðàíè÷åííóþ
îêðóæíîñòÿìè |z| = 2 , |z − 1| = 1 , íà âåðõíþþ ïîëóïëîñêîñòü.

Ð å ø å í è å:

Èñïîëüçóåì äðîáíî-ëèíåéíóþ ôóíêöèþ w1 (z) = λ
z − a
z − b

, èìåþùóþ òðè

ïàðàìåòðà. Ïàðàìåòðû âûáåðåì òàê, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå äîïîë-
íèòåëüíûå óñëîâèÿ.

Ïóñòü w1 (0) = 0 . Ýòî óñëîâèå áóäåò âûïîëíåíî, åñëè ïàðàìåòð a = 0 .

Òî åñòü,
w1 (z) = λ

z

z − b
.

Ïóñòü w1 (2) = ∞ . Ýòî óñëîâèå áóäåò âûïîëíåíî, åñëè ïàðàìåòð b = 2 .
Òî åñòü,

w1 (z) = λ
z

z − 2
.

Ïóñòü w1 (−2) = i π . Ýòî óñëîâèå áóäåò âûïîëíåíî, åñëè ïàðàìåòð

λ = i 2π . Òî åñòü,

w1 (z) = i
2π z

z − 2
.

Ôóíêöèÿ w1 (z) = i
2π z

z − 2
îòîáðàæàåò çàäàííóþ êðóãîâóþ ëóíî÷êó íà

ãîðèçîíòàëüíóþ ïîëîñó øèðèíîé π ñ ãðàíèöàìè Imw1 = 0 , Imw1 = π .

Òîãäà, ôóíêöèÿ
w (z) = ew1(z) = ei 2π z/(z−2)

ÿâëÿåòñÿ èñêîìîé ôóíêöèåé, òàê êàê ïåðåâîäèò èñõîäíóþ îáëàñòü íà âåðõíþþ
ïîëóïëîñêîñòü.

Î ò â å ò:
w (z) = ei 2π z/(z−2)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.5 Èíòåãðèðîâàíèå ôóíêöèè êîìïëåêñíîãî
ïåðåìåííîãî

�����������������������������������������

3.5.1 Çàíÿòèå 43

Ïóñòü C − çàäàííûé ãëàäêèé êîíòóð â êîìïëåêñíîé ïëîñêîñòè z . Â êàæ-
äîé òî÷êå êîíòóðà C îïðåäåëåíà ôóíêöèÿ f(z) .

Ðàçîáú¼ì êîíòóð C òî÷êàìè zi (zi ∈ C) íà êîíå÷íîå ÷èñëî ÷àñòåé
(Ðèñ.43.1). ×åðåç ∆zi = zi+1 − zi îáîçíà÷èì ðàçíîñòè êîíå÷íûõ è íà÷àëü-
íûõ òî÷åê i−îé ÷àñòè êîíòóðà C . Â êàæäîé ÷àñòè êîíòóðà âûáåðåì ïðîèç-
âîëüíóþ òî÷êó ξi è âû÷èñëèì çíà÷åíèå ôóíêöèè f(ξi) . Ñîñòàâèì êîíå÷íóþ
ñóììó

σ =
∑
i

f(ξi) ∆zi.

Îïðåäåëåíèå. Åñëè ïîñëåäîâàòåëüíîñòü {σ} , âîçíèêàþùàÿ ïðè áåñêîíå÷-
íîì èçìåëü÷åíèè êîíòóðà C íà ÷àñòè èìååò ïðåäåë, êîòîðûé íå çàâèñèò îò
âûáîðà òî÷åê zi è ξi , òî ýòîò ïðåäåë íàçûâàþò èíòåãðàëîì îò ôóíêöèè f(z)
ïî êîíòóðó C è îáîçíà÷àþò ñèìâîëîì∫

C

f(z) dz =

∫
C

(u+ i v) (dx+ i dy) =

∫
C

u dx− v dy + i

∫
C

v dx+ u dy .

Äåéñòâèòåëüíàÿ ÷àñòü è ìíèìàÿ ÷àñòü èíòåãðàëà ÿâëÿþòñÿ êðèâîëèíåé-
íûìè èíòåãðàëàìè 2-îãî ðîäà.

Èíòåãðàëüíàÿ òåîðåìà Êîøè. Åñëè ôóíêöèÿ f(z) ÿâëÿåòñÿ àíàëèòè÷åñêîé
ôóíêöèåé â îäíîñâÿçíîé îáëàñòè D , îãðàíè÷åííîé êîíòóðîì C , òî∮

C

f(z) dz = 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.43.1

zi

zi+1
ξi

C

u
-

6

x

y

Ðèñ.43.2

−1 2−2 1

2

1
D C1

C2C4

C3

-

6

x

y

Ðèñ.43.3

z

0 1

R(t)

rC ϕ

u
u

u
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 43.1 (�3.2(1) [2]). Ïóñòü C − ïðîñòîé çàìêíóòûé êîíòóð, îãðà-
íè÷èâàþùèé ïëîùàäü S . Äîêàçàòü ðàâåíñòâî∮

C

x dz = i S .

(Íà êîíòóðå C âûáðàíî ïîëîæèòåëüíîå íàïðàâëåíèå îáõîäà.)

Ð å ø å í è å:

Ïî çàìêíóòîìó êîíòóðó C èíòåãðèðóåòñÿ ôóíêöèÿ f(z) = x →
→ u = x , v = 0 . Òîãäà,∮

C

x dz =

∮
C

u dx− v dy + i

∮
C

v dx+ u dy = {u = x , v = 0} =

=

∮
C

x dx+ i

∮
C

x dy =

Ôîðìóëà Ãðèíà :
∮
C

P dx+Qdy =

=
x

D

(
∂Q

∂x
− ∂P

∂y

)
dxdy

}
=
x

D

0 dxdy + i
x

D

1 dxdy︸ ︷︷ ︸
=S

= i S .

Î ò â å ò: ∮
C

x dz = i S

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 43.2 (�3.6 [2]). Âû÷èñëèòü èíòåãðàë∫
C

z

z
dz ,

ãäå C − ãðàíèöà ïîëóêîëüöà, èçîáðàæåííîãî íà Ðèñ.43.2.

Ð å ø å í è å:

Èíòåãðàë âû÷èñëÿåòñÿ ïî çàìêíóòîìó êîíòóðó C = C1∪C2∪C3∪C4 , îãðà-
íè÷èâàþùåìó îáëàñòü D . Èíòåãðèðóåòñÿ ïî çàìêíóòîìó êîíòóðó C ôóíêöèÿ
f(z) =

z

z
, êîòîðàÿ íå ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé â îáëàñòè D , òàê

êàê ïðîèçâîäíàÿ fz = − z

(z)2 6= 0 ïðè z ∈ D . Ïîýòîìó, èíòåãðàëüíàÿ òåîðåìà

Êîøè íå ïðèìåíèìà.
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Òîãäà,∮
C

z

z
dz =

∫
C1

z

z
dz +

∫
C2

z

z
dz +

∫
C3

z

z
dz +

∫
C4

z

z
dz =

=
{
Ïàðàìåòðèçàöèÿ êîíòóðà C1 : z = ei t , t ∈ [π , 0] →

→ dz = i ei tdt , f(z) =
z

z
=

ei t

e−i t
= ei 2t ;

Ïàðàìåòðèçàöèÿ êîíòóðà C2 : z = t , t ∈ [1 , 2] →

→ dz = dt , f(z) =
z

z
=
t

t
= 1 ;

Ïàðàìåòðèçàöèÿ êîíòóðà C3 : z = 2ei t , t ∈ [0 , π] →

→ dz = i 2ei tdt , f(z) =
z

z
=

2ei t

2e−i t
= ei 2t ;

Ïàðàìåòðèçàöèÿ êîíòóðà C4 : z = t , t ∈ [−2 , −1] →

→ dz = dt , f(z) =
z

z
=
t

t
= 1

}
=

=

0∫
π

ei 2t i ei t dt+

2∫
1

dt+

π∫
0

ei 2t i 2ei t dt+

−1∫
−2

dt =
1

3
ei 3t
∣∣t=π
t=0

+ 2 =

= −2

3
+ 2 =

4

3
.

Î ò â å ò: ∮
C

z

z
dz =

4

3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 43.3 (�3.8(1) [2]). Âû÷èñëèòü èíòåãðàë∫
C

dz√
z

ïî ñëåäóþùèì êîíòóðàì :

1) C − ïîëóîêðóæíîñòü |z| = 1 , y > 0 ,
√

1 = 1 .

Ð å ø å í è å:

Ïî êîíòóðó C èíòåãðèðóåòñÿ ìíîãîçíà÷íàÿ ôóíêöèÿ

f(z) =
1√
z

=
{
z = r ei ϕ

}
=

1√
r
e−i (ϕ+2πk)/2 , ãäå k = 0, 1 . Äîïîëíèòåëüíîå

óñëîâèå
√

1 = 1 âûïîëíÿåòñÿ ïðè k = 0 . Òî åñòü, f(z) =
1√
r
e−i ϕ/2 .
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Òîãäà,∫
C

f(z) dz =
{
Ïàðàìåòðèçàöèÿ êîíòóðà C : z = ei t , t ∈ [0 , π] →

→ dz = i ei tdt , f(z) = e−i t/2
}

=

π∫
0

e−i t/2 i ei t dt = 2 ei t/2
∣∣∣t=π
t=0

=

= −2 (1− i) .

Î ò â å ò: ∫
C

dz√
z

= −2 (1− i)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 43.4 (�3.18 [2]). Ïîêàçàòü, ÷òî åñëè ïóòü íå ïðîõîäèò ÷åðåç íà÷àëî
êîîðäèíàò, òî

z∫
1

dξ

ξ
= ln r + i ϕ+ i 2πk ,

ãäå z = r ei ϕ è k− öåëîå ÷èñëî, óêàçûâàþùåå, ñêîëüêî ðàç ïóòü èíòåãðèðî-
âàíèÿ îáõîäèò íà÷àëî êîîðäèíàò (Ðèñ.43.3).

Ð å ø å í è å:

Ïóñòü çàäàííàÿ ôóíêöèÿ R(t) , t ∈ [0 , ϕ+ 2πk] , R(0) = 1 ,

R(ϕ+ 2πk) = r îïðåäåëÿåò âèä êîíòóðà èíòåãðèðîâàíèÿ C .

Òîãäà,∫
C

dξ

ξ
=
{
Ïàðàìåòðèçàöèÿ êîíòóðà C : ξ = R (t) ei t ,

t ∈ [0 , ϕ+ 2πk] → dξ =
(
R′ (t) ei t + i R (t) ei t

)
dt
}

=

=

ϕ+2πk∫
0

R′ (t) + iR (t)

R (t)
dt =

ϕ+2πk∫
0

d (lnR (t))+i

ϕ+2πk∫
0

dt = ln r+iϕ+i2πk.

Î ò â å ò:
z∫

1

dξ

ξ
= ln r + i ϕ+ i 2πk

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 43.5 (�3.20 [2]). Ïîêàçàòü, ÷òî åñëè C − ïðîèçâîëüíûé ïðîñòîé
çàìêíóòûé êîíòóð, íå ïðîõîäÿùèé ÷åðåç òî÷êó a , è n− öåëîå ÷èñëî, òî

∮
C

(z − a)n dz =


0 , åñëè n 6= −1 ;

2πi , åñëè n = −1 , a− âíóòðè C ;

0 , åñëè n = −1 , a− âíå C .

Ð å ø å í è å:

Ôóíêöèÿ f (z) = (z − a)n ïðè n < 0 íå ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöè-
åé â òî÷êå z = a .

Ïóñòü òî÷êà z = a ðàñïîëîæåíà âíå çàìêíóòîãî êîíòóðà èíòåãðèðîâà-
íèÿ C . Òîãäà âûïîëíåíû óñëîâèÿ èíòåãðàëüíîé òåîðåìû Êîøè è ïðè ëþáûõ
çíà÷åíèÿ ïàðàìåòðà n ∮

C

(z − a)n dz = 0 .

Ïóñòü òî÷êà z = a ðàñïîëîæåíà âíóòðè çàìêíóòîãî êîíòóðà èíòåãðèðîâà-
íèÿ C è ïàðàìåòð n > 0 . Òîãäà âûïîëíåíû óñëîâèÿ èíòåãðàëüíîé òåîðåìû
Êîøè è ∮

C

(z − a)n dz = 0 .

Ïóñòü òî÷êà z = a ðàñïîëîæåíà âíóòðè çàìêíóòîãî êîíòóðà èíòåãðèðî-
âàíèÿ C è ïàðàìåòð n < 0 . Òîãäà∮

C

(z − a)n dz =
{
Ïàðàìåòðèçàöèÿ êîíòóðà C : z − a = R (t) ei t ,

t ∈ [0 , 2π] → dz = (R′ (t) + i R (t)) ei t dt
}

=

=

2π∫
0

(
Rn (t) R′ (t) + i Rn+1 (t)

)
ei (n+1)t dt =

=



1

n+ 1

2π∫
0

d
(
Rn+1 (t) ei (n+1)t

)
, åñëè n 6= −1 ;

2π∫
0

(
R′ (t)

R (t)
+ i

)
dt , åñëè n = −1

=

=


0 , åñëè n 6= −1 ;

2π∫
0

d (lnR (t)) + i
2π∫
0

dt , åñëè n = −1
=

{
0 , åñëè n 6= −1 ;

2πi , åñëè n = −1
.
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Î ò â å ò:

∮
C

(z − a)n dz =


0 , åñëè n 6= −1 ;

2πi , åñëè n = −1 , a− âíóòðè C ;

0 , åñëè n = −1 , a− âíå C .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 43.6 (�3.4(1,2) [2]). Âû÷èñëèòü èíòåãðàë∫
C

|z| dz

ïî ñëåäóþùèì ïóòÿì :

1) ïî ðàäèóñ-âåêòîðó òî÷êè z = 2− i ;

2) ïî ïîëóîêðóæíîñòè |z| = 1 , 0 6 arg z 6 π (íà÷àëî èíòåãðèðîâàíèÿ â
òî÷êå z = 1).

Ð å ø å í è å:

Ïî êîíòóðó C èíòåãðèðóåòñÿ ôóíêöèÿ f(z) = |z| = {z = x+ iy} =

=
√
x2 + y2 = u+ i v , ãäå u =

√
x2 + y2 , v = 0 .

1) Êîíòóð C− îòðåçîê ïðÿìîé, ñîåäèíÿþùåé òî÷êè z = 0 è z = 2− i .

∫
C

|z| dz =

∫
C

u dx− v dy+ i

∫
C

v dx+ u dy =
{
u =

√
x2 + y2 , v = 0

}
=

=

∫
C

√
x2 + y2 dx+ i

∫
C

√
x2 + y2 dy = {Ïàðàìåòðèçàöèÿ êîíòóðà C :

x = t , y = − t
2
, t ∈ [0 , 2] → dx = dt , dy = −dt

2

}
=

√
5

2

2∫
0

t dt−

− i
√

5

4

2∫
0

t dt =

√
5

2

(
2 − i

)
.

2) Êîíòóð C− ïîëóîêðóæíîñòü |z| = 1 , 0 6 arg z 6 π (íà÷àëî èíòåãðè-
ðîâàíèÿ â òî÷êå z = 1).

∫
C

|z| dz =

∫
C

u dx− v dy+ i

∫
C

v dx+ u dy =
{
u =

√
x2 + y2 , v = 0

}
=
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=

∫
C

√
x2 + y2 dx+ i

∫
C

√
x2 + y2 dy = {Ïàðàìåòðèçàöèÿ êîíòóðà C :

x = cos t , y = sin t , t ∈ [0 , π] → dx = − sin t dt , dy = cos t dt} =

= −
π∫

0

sin t dt + i

π∫
0

cos t dt = −2 .

Î ò â å ò:

1)
∫
C

|z| dz =

√
5

2

(
2− i

)
;

2)
∫
C

|z| dz = −2 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 43.7 (�3.8(2,5) [2]). Âû÷èñëèòü èíòåãðàë∫
C

dz√
z

ïî ñëåäóþùèì êîíòóðàì :

2) ïî ïîëóîêðóæíîñòè |z| = 1 , y > 0 ,
√

1 = −1 (z = 1− íà÷àëüíàÿ òî÷êà
êîíòóðà C) ;

5) ïî îêðóæíîñòè |z| = 1 ,
√
−1 = i (z = −1 ÿâëÿåòñÿ íà÷àëüíîé òî÷êîé

êîíòóðà C) .

Ð å ø å í è å:

Ôóíêöèÿ f(z) =
√
z =

{
z = r ei ϕ

}
=
√
r ei(ϕ+2πk)/2 , ãäå k = 0 , 1 .

2) Èíòåãðèðîâàíèå ïðîâîäèòñÿ ïî ïîëóîêðóæíîñòè |z| = 1 , y > 0 (z = 1−
íà÷àëüíàÿ òî÷êà êîíòóðà C).

Äîïîëíèòåëüíîå óñëîâèå
√

1 = −1 âûïîëíåíî ïðè k = 1 .

Òî åñòü,
√
z =
√
r ei(ϕ/2+π) . Òîãäà∫

C

dz√
z

=
{
Ïàðàìåòðèçàöèÿ êîíòóðà C : z = ei t , t ∈ [0 , π] →

→ dz = i ei t dt
}

=

π∫
0

i ei t dt

ei(t/2+π)
= −i

π∫
0

ei t/2 dt = −2 ei t/2
∣∣∣t=π
t=0

=

= −2
(
ei π/2 − 1

)
= 2 (1− i) .
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5) Èíòåãðèðîâàíèå ïðîâîäèòñÿ ïî îêðóæíîñòè |z| = 1 (z = −1 ÿâëÿåòñÿ
íà÷àëüíîé òî÷êîé êîíòóðà C).

Äîïîëíèòåëüíîå óñëîâèå
√
−1 = i âûïîëíåíî ïðè k = 0 .

Òî åñòü,
√
z =
√
r ei ϕ/2 . Òîãäà∫

C

dz√
z

=
{
Ïàðàìåòðèçàöèÿ êîíòóðà C : z = ei t , t ∈ [−π , π] →

→ dz = i ei t dt
}

=

π∫
−π

i ei t dt

ei t/2
= i

π∫
−π

ei t/2 dt = −2 ei t/2
∣∣∣t=π
t=−π

=

= 2
(
ei π/2 − e−i π/2

)
= 2 (i+ i) = 4i .

Î ò â å ò:

2)
∫
C

dz√
z

= 2 (1− i) ;

5)
∫
C

dz√
z

= 4i .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 43.8 (�3.13 [2]). Äëÿ êàêèõ α (0 6 α < 2π) ñóùåñòâóþò èíòå-
ãðàëû :

1) I1 =

∫
C

e−1/z dz ;

2) Ip =

∫
C

e−1/zp dz (p− íàòóðàëüíîå ÷èñëî) ,

âçÿòûå ïî ðàäèóñó-âåêòîðó òî÷êè z = ei α ?

Ð å ø å í è å:

Êîíòóð C− îòðåçîê ïðÿìîé, ñîåäèíÿþùåé òî÷êè z = 0 è z = ei α .

1) I1 =

∫
C

e−1/z dz =
{
Ïàðàìåòðèçàöèÿ êîíòóðà C : z = t ei α ,

t ∈ [0, 1]→ dz = eiαdt
}

=

1∫
0

e−(e−iα)/t eiαdt =

1∫
0

e(− cosα+i sinα)/t ei α dt =

=

1∫
0

e−(cosα)/t ei ((sinα)/t+α) dt =
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=

1∫
0

e−(cosα)/t (cos ((sinα)/t+ α) + i sin ((sinα)/t+ α))︸ ︷︷ ︸
Ìîäóëü ýòîãî âûðàæåíèÿ îãðàíè÷åí.

dt .

Ïîëó÷åííûé èíòåãðàë ÿâëÿåòñÿ íåñîáñòâåííûì èíòåãðàëîì 2-îãî ðîäà. Ñõî-
äèìîñòü èíòåãðàëà îïðåäåëÿåòñÿ ïîâåäåíèåì ñîìíîæèòåëÿ e−(cosα)/t â ïîäûí-
òåãðàëüíîì âûðàæåíèè. Åñëè cosα > 0 , òî äàííûé íåñîáñòâåííûé èíòå-
ãðàë 2-îãî ðîäà ñõîäèòñÿ (ñóùåñòâóåò). Èòàê, èíòåãðàë I1 ñóùåñòâóåò ïðè
−π/2 6 α 6 π/2 .

2) Ip =

∫
C

e−1/zp dz =
{
Ïàðàìåòðèçàöèÿ êîíòóðà C : z = t ei α ,

t ∈ [0, 1]→ dz = eiαdt
}

=

1∫
0

e−(e−ipα)/tp eiαdt =

=

1∫
0

e(− cos pα+i sin pα)/tp ei α dt =

1∫
0

e−(cos pα)/tp ei ((sin pα)/tp+α) dt =

=

1∫
0

e−(cos pα)/tp (cos ((sin pα)/tp + α) + i sin ((sin pα)/tp + α)) dt .

Ïîëó÷åííûé èíòåãðàë èìååò îñîáåííîñòü â òî÷êå t = 0 è ÿâëÿåòñÿ íåñîáñòâåí-
íûì èíòåãðàëîì 2-îãî ðîäà. Ñõîäèìîñòü èíòåãðàëà îïðåäåëÿåòñÿ ïîâåäåíèåì
ñîìíîæèòåëÿ e−(cos pα)/tp â ïîäûíòåãðàëüíîì âûðàæåíèè. Åñëè cos pα > 0 , òî
äàííûé íåñîáñòâåííûé èíòåãðàë 2-îãî ðîäà ñõîäèòñÿ (ñóùåñòâóåò).

Î ò â å ò:
1) I1 ñóùåñòâóåò ïðè − π/2 6 α 6 π/2 ;

2) Ip ñóùåñòâóåò ïðè cos pα > 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 43.9 (�3.19 [2]). Ïîêàçàòü, ÷òî åñëè ïóòü íå ïðîõîäèò ÷åðåç

òî÷êè ±i , òî
1∫

0

dξ

1 + ξ2
=
π

4
+ πk ,

ãäå k− öåëîå ÷èñëî.

Ð å ø å í è å:

Ðàññìîòðèì äâà ñïîñîáà ðåøåíèÿ çàäà÷è.
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1) Arctg ξ = {ñì. � 1.77 [2]} =
1

2 i
Ln

1 + i ξ

1− i ξ

(Arctg ξ)′ =

(
1

2 i
Ln

1 + i ξ

1− i ξ

)′
=

1

1 + ξ2
→

→
1∫

0

dξ

1 + ξ2
=

1∫
0

d (Arctg ξ) = Arctg 1− Arctg 0 =

=
1

2 i
Ln

1 + i

1− i
− 1

2 i
Ln 1 = {Ln z = ln r + i ϕ+ i 2πk ,

z = r ei ϕ (ñì. � 1.71 [2])
}

=
π

4
+ πk

2)

1∫
0

dξ

1 + ξ2
=

1∫
0

dξ

(ξ + i) (ξ − i)
=
i

2

 1∫
0

dξ

ξ + i
−

1∫
0

dξ

ξ − i

 =

=
i

2

(
Ln (ξ + i)|ξ=1

ξ=0 − Ln (ξ − i)|ξ=1
ξ=0

)
=
i

2
Ln

i+ 1

i− 1
=

= {ñì. � 1.71 [2]} =
π

4
+ πk

Î ò â å ò:
1∫

0

dξ

1 + ξ2
=
π

4
+ πk

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.5.2 Çàíÿòèå 44

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.1 (�3.24 [2]). Äîêàçàòü ðàâåíñòâà
∞∫

0

cosx2 dx =

∞∫
0

sinx2 dx =

√
π

2
√

2
(èíòåãðàëû Ôðåíåëÿ).

Ó ê à ç à í è å. Èíòåãðèðîâàòü ôóíêöèþ f (z) = ei z
2

ïî ãðàíèöå ñåêòîðà

0 6 |z| 6 R , 0 6 arg z 6
π

4
(Ðèñ.44.1).

Ð å ø å í è å:

Ôóíêöèÿ f (z) = ei z
2

, ÿâëÿþùàÿñÿ àíàëèòè÷åñêîé ôóíêöèåé â îáëàñòè
D , èíòåãðèðóåòñÿ ïî çàìêíóòîìó ñîñòàâíîìó êîíòóðó C = C1 ∪ CR ∪ C2 ,
îãðàíè÷èâàþùåìó îáëàñòü D . Òîãäà,

∮
C

ei z
2

dz = 0 (èíòåãðàëüíàÿ òåîðåìà

Êîøè). Èòàê,

0 =

∮
C

ei z
2

dz =

∫
C1

ei z
2

dz +

∫
CR

ei z
2

dz +

∫
C2

ei z
2

dz =

= {Ïàðàìåòðèçàöèÿ êîíòóðà C1 : z = t , t ∈ [0 , R] → dz = dt ,

ei z
2

= ei t
2

= cos t2 + i sin t2 ;

Ïàðàìåòðèçàöèÿ êîíòóðà CR : z = Rei t , t ∈
[
0 ,

π

4

]
→

→ dz = i R ei tdt , ei z
2

= ei R
2 ei 2t = e−R

2 sin 2t ei R
2 cos 2t ;

Ïàðàìåòðèçàöèÿ êîíòóðà C2 : z = t ei π/4 , t ∈ [R , 0] →

→ dz =

√
2

2
(1 + i) dt , ei z

2

= ei t
2 ei π/2 = e−t

2

}
=

=

R∫
0

cos t2 dt+ i

R∫
0

sin t2 dt+

+ i

π/4∫
0

Re−R
2 sin 2t

(
cos
(
R2 cos 2t+ t

)
+ i sin

(
R2 cos 2t+ t

))
dt+

+

0∫
R

√
2

2
(1 + i) e−t

2

dt .
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Ñëåäîâàòåëüíî, ïðè ëþáîì R > 0 âåðíî ðàâåíñòâî

R∫
0

cos t2 dt+ i

R∫
0

sin t2 dt =

√
2

2
(1 + i)

R∫
0

e−t
2

dt−

− i

π/4∫
0

Re−R
2 sin 2t

(
cos
(
R2 cos 2t+ t

)
+ i sin

(
R2 cos 2t+ t

))
dt .

Â ýòîì ðàâåíñòâå âûïîëíèì ïðåäåëüíûé ïåðåõîä ïðè R→∞ . Òîãäà,

∞∫
0

cos t2 dt+ i

∞∫
0

sin t2 dt =

√
2

2
(1 + i)

∞∫
0

e−t
2

dt

︸ ︷︷ ︸
=
√
π/2

−

− i lim
R→∞

π/4∫
0

Re−R
2 sin 2t︸ ︷︷ ︸

→0 ïðè R→∞

(
cos
(
R2 cos 2t+ t

)
+ i sin

(
R2 cos 2t+ t

))
dt

︸ ︷︷ ︸
= 0

.

Òî åñòü,

∞∫
0

cos t2 dt+ i

∞∫
0

sin t2 dt =

√
π

2
√

2
+ i

√
π

2
√

2
→

→
∞∫

0

cos t2 dt =

√
π

2
√

2
,

∞∫
0

sin t2 dt =

√
π

2
√

2
.

Î ò â å ò: ∞∫
0

cosx2 dx =

∞∫
0

sinx2 dx =

√
π

2
√

2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.44.1

D

C2

C1

CR
π/4

R

-

6

x

y

Ðèñ.44.2

3

−3 u

u

C3

C4

C2

C1

-

6

x

y

Ðèñ.44.3

z1

z2 z0 = 1
z3

a

C

u u
u
u
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Èíòåãðàëüíàÿ ôîðìóëà Êîøè.

Åñëè ôóíêöèÿ f(z) ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé â îäíîñâÿçíîé îá-
ëàñòè D , êîíòóð C − ïðîèçâîëüíûé çàìêíóòûé êîíòóð â îáëàñòè D , òî÷êà
z− ïðîèçâîëüíàÿ òî÷êà âíóòðè êîíòóðà C , òî âåðíî ðàâåíñòâî (èíòåãðàëüíàÿ
ôîðìóëà Êîøè)

f(z) =
1

2πi

∮
C

f(ξ)

ξ − z
dξ .

Íà êîíòóðå C âûáðàíî ïîëîæèòåëüíîå íàïðàâëåíèå îáõîäà.

Îáîáùåíèåì èíòåãðàëüíîé ôîðìóëû Êîøè ÿâëÿåòñÿ ôîðìóëà äëÿ n−îé
ïðîèçâîäíîé àíàëèòè÷åñêîé ôóíêöèè f(z)

f (n)(z) =
n!

2πi

∮
C

f(ξ)

(ξ − z)n+1 dξ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.2 (�3.27 [2]). Âû÷èñëèòü èíòåãðàë∮
C

dz

z2 + 9
,

åñëè :

1) òî÷êà 3i ëåæèò âíóòðè êîíòóðà C , à òî÷êà −3i ëåæèò âíå êîíòóðà
C ;

2) òî÷êà −3i ëåæèò âíóòðè êîíòóðà C , à òî÷êà 3i ëåæèò âíå êîíòóðà
C ;

3) òî÷êè ±3i ëåæàò âíóòðè êîíòóðà C .

Ð å ø å í è å:

1) Ïóñòü òî÷êà 3i ëåæèò âíóòðè êîíòóðà C , à òî÷êà −3i ëåæèò âíå
êîíòóðà C . Òîãäà,∮

C

dz

z2 + 9
=

∮
C

dz

(z − 3i) (z + 3i)
=

{
f (z) =

1

z + 3i

}
=

∮
C

f (z)

z − 3i
dz =

= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi · f (3i) =
2πi

3i+ 3i
=
π

3
.

2) Ïóñòü òî÷êà −3i ëåæèò âíóòðè êîíòóðà C , à òî÷êà 3i ëåæèò âíå
êîíòóðà C . Òîãäà,
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∮
C

dz

z2 + 9
=

∮
C

dz

(z − 3i) (z + 3i)
=

{
f (z) =

1

z − 3i

}
=

∮
C

f (z)

z + 3i
dz =

= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi · f (−3i) =
2πi

−3i− 3i
= −π

3
.

3) Ïóñòü òî÷êè ±3i ëåæàò âíóòðè êîíòóðà C . Òîãäà,∮
C

dz

z2 + 9
= {Ïóñòü êîíòóð C = C1 ∪ C2 (ñì. Ðèñ.44.2)} =

=

∮
C1∪C3

dz

z2 + 9
+

∮
C2∪C4

dz

z2 + 9
= {Ñì. ïðåäûäóùèå ïóíêòû 1) è 2).} =

=
π

3
+
(
−π

3

)
= 0 .

Î ò â å ò:

1)
∮
C

dz

z2 + 9
=
π

3
;

2)
∮
C

dz

z2 + 9
= −π

3
;

3)
∮
C

dz

z2 + 9
= 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.3 (�3.30 [2]). Âû÷èñëèòü èíòåãðàë∮
C

z

z4 − 1
dz ,

ãäå êîíòóð C − îêðóæíîñòü |z − a| = a (a > 1) .

Ð å ø å í è å:

Çíàìåíàòåëü ïîäûíòåãðàëüíîé ôóíêöèè îáðàùàåòñÿ â íîëü â òî÷êàõ, â
êîòîðûõ

z4 = 1 → zk = ei (0+2πk)/4 , k = 0, 1, 2, 3 → z0 = 1 , z1 = i ,

z2 = −1 , z3 = −i (ñì. Ðèñ.44.3) .

Òîãäà, z4 − 1 = (z − 1) (z − i) (z + 1) (z + i) è
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∮
C

z

z4 − 1
dz =

∮
C

z

(z − 1) (z − i) (z + 1) (z + i)
dz =

=

{
f (z) =

z

(z − i) (z + 1) (z + i)

}
=

∮
C

f (z)

z − 1
dz =

= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} = 2πi · f (1) =

=
2πi

(1− i) 2 (1 + i)
= i

π

2
.

Î ò â å ò: ∮
C

z

z4 − 1
dz = i

π

2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.4 (�3.32 [2]). Âû÷èñëèòü èíòåãðàë

1

2πi

∮
C

z ez dz

(z − a)3 ,

åñëè òî÷êà a ëåæèò âíóòðè êîíòóðà C .

Ð å ø å í è å:

1

2πi

∮
C

z ez dz

(z − a)3 = {f (z) = z ez} =
1

2πi

∮
C

f (z)

(z − a)2+1 dz =

= {Èñïîëüçóåì ôîðìóëó Êîøè äëÿ n− îé ïðîèçâîäíîé

àíàëèòè÷åñêîé ôóíêöèè.} =
1

2!
· f (2) (a) =

=

{
f (2) (z) =

d

dz
(ez + z ez) = 2 ez + z ez

}
=
(

1 +
a

2

)
ea .

Î ò â å ò:
1

2πi

∮
C

z ez dz

(z − a)3 =
(

1 +
a

2

)
ea

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.5 (�3.38 [2]). Äîêàçàòü ñëåäóþùóþ òåîðåìó (èíòåãðàëüíàÿ
ôîðìóëà Êîøè äëÿ áåñêîíå÷íîé îáëàñòè).

Ïóñòü C − ïðîñòîé çàìêíóòûé êîíòóð, îãðàíè÷èâàþùèé êîíå÷íóþ îá-
ëàñòü D . Ôóíêöèÿ f (z) àíàëèòè÷íà âî âíåøíîñòè îáëàñòè D è

lim
z→∞

f (z) = A . Òîãäà
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1

2πi

∮
C

f (ξ)

ξ − z
dξ =

{
−f (z) + A , òî÷êà z âíå îáëàñòè D ;

A , òî÷êà z âíóòðè îáëàñòè D
.

Êîíòóð C îáõîäèòñÿ â ïîëîæèòåëüíîì íàïðàâëåíèè îòíîñèòåëüíî

îáëàñòè D .

Ð å ø å í è å:

Çàìêíóòûé ñîñòàâíîé êîíòóð C̃ = CR ∪C1(+) ∪C1(−) ∪C(−) (ñì. Ðèñ.44.4)
ñîñòîèò èç CR− îêðóæíîñòè ðàäèóñà R , C1(+) = C1(−) = C1− êîíòóð, êîòî-
ðûé ñîåäèíÿåò êîíòóð CR è êîíòóð C (ïðîõîäèòñÿ äâàæäû â ïðîòèâîïîëîæ-
íûõ íàïðàâëåíèÿõ), è C(−)− êîíòóð C , íà êîòîðîì çàäàíî îòðèöàòåëüíîå
íàïðàâëåíèå îáõîäà. Òîãäà

1

2πi

∮
C̃

f (ξ)

ξ − z
dξ =

{
f (z) , z âíå îáëàñòè D (ñì. ô-ëà Êîøè) ;

0 , z âíóòðè îáëàñòè D (ñì. ò-ìà Êîøè)
→

→ 1

2πi

∮
CR

f (ξ)

ξ − z
dξ +

1

2πi

∮
C1(+)

f (ξ)

ξ − z
dξ +

1

2πi

∮
C1(−)

f (ξ)

ξ − z
dξ

︸ ︷︷ ︸
Ñóììà èíòåãðàëîâ ðàâíà 0.

−

− 1

2πi

∮
C

f (ξ)

ξ − z
dξ =

{
f (z) , z âíå îáëàñòè D ;

0 , z âíóòðè îáëàñòè D
→

→ Ïàðàìåòðèçàöèÿ êîíòóðà CR : ξ = Rei t , t ∈ [0 , 2π] ,

dξ = i R ei t dt →

→ 1

2πi

∮
C

f (ξ)

ξ − z
dξ =


−f (z) +

i

2πi

2π∫
0

f
(
Rei t

)
1− z e−i t/R

dt , z âíå D ;

i

2πi

2π∫
0

f
(
Rei t

)
1− z e−i t/R

dt , z âíóòðè D

.

Ðàâåíñòâî âûïîëíÿåòñÿ äëÿ ëþáîãî äîñòàòî÷íî áîëüøîãî ÷èñëà R . Ïåðåé-
ä¼ì ê ïðåäåëó â ðàâåíñòâå ïðè R→∞ . Òîãäà

1

2πi

∮
C

f (ξ)

ξ − z
dξ =

{
−f (z) + A , òî÷êà z âíå îáëàñòè D ;

A , òî÷êà z âíóòðè îáëàñòè D
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.6 (�3.25 [2]). Äîêàçàòü, ÷òî
∞∫

0

sinx

x
dx =

π

2
(èíòåãðàë Äèðèõëå).
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Ó ê à ç à í è å. Èíòåãðèðîâàòü ôóíêöèþ f (z) =
ei z

z
ïî ãðàíèöå îáëàñòè

r 6 |z| 6 R , 0 6 arg z 6 π (Ðèñ.44.5).

Ð å ø å í è å:

Ïðîèíòåãðèðóåì ïî çàìêíóòîìó ñîñòàâíîìó êîíòóðó C = C1∪C2∪C3∪C4 ,

îãðàíè÷èâàþùåìó îáëàñòü D , ôóíêöèþ f (z) =
ei z

z
, ÿâëÿþùóþñÿ àíàëè-

òè÷åñêîé ôóíêöèåé â îáëàñòè D . Ýòîò èíòåãðàë ðàâåí íóëþ (èíòåãðàëüíàÿ
òåîðåìà Êîøè) ïðè ëþáûõ r , R (ñì. Ðèñ.44.5). Òî åñòü,∮

C

ei z

z
dz = 0 →

→
∫
C1

ei z

z
dz

︸ ︷︷ ︸
= I1

+

∫
C2

ei z

z
dz

︸ ︷︷ ︸
= I2

+

∫
C3

ei z

z
dz

︸ ︷︷ ︸
= I3

+

∫
C4

ei z

z
dz

︸ ︷︷ ︸
= I4

= 0 .

Èíòåãðàë I1 =

∫
C1

ei z

z
dz = {Ïàðàìåòðèçàöèÿ êîíòóðà C1 : z = x ,

x ∈ [r, R] → dz = dx ,
eiz

z
=
eix

x
=

cosx+ i sinx

x
=

cosx

x
+ i

sinx

x

}
=

=

R∫
r

cosx

x
dx + i

R∫
r

sinx

x
dx .

Èíòåãðàë I2 =

∫
C2

ei z

z
dz =

{
Ïàðàìåòðèçàöèÿ êîíòóðà C2 : z = Rei ϕ ,

ϕ ∈ [0, π] → dz = R i ei ϕdϕ ,
eiz

z
=

1

R
e−R sinϕ ei (R cosϕ−ϕ)

}
=

= i

π∫
0

e−R sinϕ ei R cosϕ dϕ .

Èíòåãðàë I3 =

∫
C3

ei z

z
dz = {Ïàðàìåòðèçàöèÿ êîíòóðà C3 : z = x ,

x ∈ [−R,−r] → dz = dx ,
eiz

z
=
eix

x
=

cosx

x
+ i

sinx

x

}
=
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=

−r∫
−R

cosx

x
dx + i

−r∫
−R

sinx

x
dx = −

R∫
r

cosx

x
dx + i

R∫
r

sinx

x
dx .

Èíòåãðàë I4 =

∫
C4

ei z

z
dz =

{
Ïàðàìåòðèçàöèÿ êîíòóðà C4 : z = r ei ϕ ,

ϕ ∈ [0, π] → dz = r i ei ϕdϕ ,
eiz

z
=

1

r
e−r sinϕ ei (r cosϕ−ϕ)

}
=

= −i
π∫

0

e−r sinϕ ei r cosϕ dϕ .

Âû÷èñëèì äâîéíîé ïðåäåë ïðè r → 0 è R→∞ ñóììû I1 + I2 + I3 + I4 .

lim
r→0
R→∞

(I1 + I2 + I3 + I4) = 0 →

→ lim
r→0
R→∞

i 2

R∫
r

sinx

x
dx + lim

R→∞
i

π∫
0

e−R sinϕ ei R cosϕ dϕ

︸ ︷︷ ︸
= 0

−

− i lim
r→0

π∫
0

e−r sinϕ ei r cosϕ dϕ

︸ ︷︷ ︸
=π

= 0 → i 2

∞∫
0

sinx

x
dx − i π = 0 →

→
∞∫

0

sinx

x
dx =

π

2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.7 (�3.28 [2]). Âû÷èñëèòü âñå âîçìîæíûå çíà÷åíèÿ èíòåãðàëà∮
C

dz

z (z2 − 1)

ïðè ðàçëè÷íûõ ïîëîæåíèÿõ êîíòóðà C . Ïðåäïîëàãàåòñÿ, ÷òî êîíòóð C íå
ïðîõîäèò íè ÷åðåç îäíó èç òî÷åê 0 , 1 è −1 .

Ð å ø å í è å:

Ïî çàìêíóòîìó êîíòóðó èíòåãðèðóåòñÿ ôóíêöèÿ

f (z) =
1

z (z2 − 1)
=

1

z (z + 1) (z − 1)
.

1) Ïóñòü âíóòðè êîíòóðà C íåò òî÷åê 0 , 1 è −1 . Òîãäà∮
C

dz

z (z + 1) (z − 1)
= {Èñïîëüçóåì èíòåãðàëüíóþ òåîðåìó Êîøè.} = 0 .

2) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíà òî÷êà 1 . Òîãäà∮
C

dz

z (z + 1) (z − 1)
= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi
1

z (z + 1)

∣∣∣∣
z=1

= i π .

3) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíà òî÷êà 0 . Òîãäà∮
C

dz

z (z + 1) (z − 1)
= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi
1

(z + 1) (z − 1)

∣∣∣∣
z=0

= −i 2π .

4) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíà òî÷êà −1 . Òîãäà∮
C

dz

z (z + 1) (z − 1)
= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi
1

z (z − 1)

∣∣∣∣
z=−1

= i π .
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5) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíû òî÷êè −1 , 0 , 1 . Òîãäà∮
C

dz

z (z + 1) (z − 1)
= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi
1

z (z − 1)

∣∣∣∣
z=−1

+ 2πi
1

(z + 1) (z − 1)

∣∣∣∣
z=0

+ 2πi
1

z (z + 1)

∣∣∣∣
z=1

=

= i π − i 2π + i π = 0 .

6) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíû òî÷êè 0 , 1 . Òîãäà∮
C

dz

z (z + 1) (z − 1)
= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi
1

(z + 1) (z − 1)

∣∣∣∣
z=0

+ 2πi
1

z (z + 1)

∣∣∣∣
z=1

= −i 2π + i π = −i π .

7) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíû òî÷êè −1 , 0 . Òîãäà∮
C

dz

z (z + 1) (z − 1)
= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi
1

z (z − 1)

∣∣∣∣
z=−1

+ 2πi
1

(z + 1) (z − 1)

∣∣∣∣
z=0

= i π − i 2π = −i π .

8) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíû òî÷êè −1 , 1 . Òîãäà∮
C

dz

z (z + 1) (z − 1)
= {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

= 2πi
1

z (z − 1)

∣∣∣∣
z=−1

+ 2πi
1

z (z + 1)

∣∣∣∣
z=1

= i π + i π = i 2π .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.8 (�3.33 [2]). Âû÷èñëèòü èíòåãðàë

1

2πi

∮
C

ez dz

z (1− z)3 ,

åñëè :

1) òî÷êà 0 ëåæèò âíóòðè, à òî÷êà 1 ëåæèò âíå êîíòóðà C ;

2) òî÷êà 1 ëåæèò âíóòðè, à òî÷êà 0 ëåæèò âíå êîíòóðà C ;

3) òî÷êè 0 è 1 îáå ëåæàò âíóòðè êîíòóðà C (Ðèñ.44.6).
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Ð å ø å í è å:

1) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíà òî÷êà 0 . Òîãäà

1

2πi

∮
C

ez dz

z (1− z)3 = {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè.} =

=
1

2πi

(
2πi

ez

(1− z)3

∣∣∣∣
z=0

)
= 1 .

2) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíà òî÷êà 1 . Òîãäà

1

2πi

∮
C

ez dz

z (1− z)3 = {Èñïîëüçóåì ôîðìóëó äëÿ 2-îé ïðîèçâîäíîé

àíàëèòè÷åñêîé ôóíêöèè f (z) = −e
z

z

}
=

1

2!
f (2) (1) =

= −1

2

d2

dz2

(
ez

z

)∣∣∣∣
z=1

= −e
2
.

3) Ïóñòü âíóòðè êîíòóðà C ðàñïîëîæåíû òî÷êè 0 , 1 . Òîãäà

1

2πi

∮
C

ez dz

z (1− z)3 = {Èñïîëüçóåì èíòåãðàëüíóþ ôîðìóëó Êîøè è

ôîðìóëó äëÿ 2-îé ïðîèçâîäíîé àíàëèòè÷åñêîé ôóíêöèè

(
−e

z

z

)}
=

=
1

2πi

(
2πi

ez

(1− z)3

∣∣∣∣
z=0

)
− 1

2

d2

dz2

(
ez

z

)∣∣∣∣
z=1

= 1− e

2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 44.9 (�3.34 [2]). Ôóíêöèÿ f (z) àíàëèòè÷åñêàÿ â îáëàñòè, îãðà-
íè÷åííîé ïðîñòûì çàìêíóòûì êîíòóðîì C , ñîäåðæàùèì âíóòðè ñåáÿ íà÷àëî
êîîðäèíàò. Äîêàçàòü, ÷òî ïðè ëþáîì âûáîðå âåòâè Ln z

1

2πi

∮
C

f ′ (z) Ln z dz = f (z0) − f (0) ,

ãäå z0− íà÷àëüíàÿ òî÷êà èíòåãðèðîâàíèÿ.

Ó ê à ç à í è å. Èíòåãðèðîâàòü ïî ÷àñòÿì.

Ð å ø å í è å:
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1

2πi

∮
C

f ′ (z) Ln z dz =
1

2πi

∮
C

Ln z df (z) = {z0 , zk − íà÷àëüíàÿ è

êîíå÷íàÿ òî÷êà èíòåãðèðîâàíèÿ íà êîíòóðå C} =

=
1

2πi

f (z) Ln z|z=zkz=z0
−
∮
C

f (z) dz

z − 0

 = {Èñïîëüçóåì èíòåãðàëüíóþ

ôîðìóëó Êîøè è ðàâåíñòâî Ln z = ln |z|+ i arg z + i 2πn} =

=
1

2πi
(f (zk) (ln |zk|+ i (arg z0 + 2π) + i 2πn)−

−f (z0) (ln |z0|+ i arg z0 + i 2πn)− i 2πf (0)) =

= {|zk| = |z0| , f (zk) = f (z0)} =
1

2πi
(f (z0) i 2π − i 2πf (0)) =

= f (z0) − f (0) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.6 Ñòåïåííûå ðÿäû

�����������������������������������������

3.6.1 Çàíÿòèå 45

Îïðåäåëåíèå. Ñòåïåííûì ðÿäîì íàçûâàåòñÿ ôóíêöèîíàëüíûé ðÿä âèäà

c0 + c1 (z − a) + c2 (z − a)2 + . . .+ ck (z − a)k + . . . =
∞∑
k=0

ck (z − a)k (1) ,

â êîòîðîì c0, c1, . . . − çàäàííûå êîìïëåêñíûå ÷èñëà, íàçûâàåìûå êîýôôèöè-
åíòàìè äàííîãî ñòåïåííîãî ðÿäà, è êîìïëåêñíîå ÷èñëî a− öåíòð ñòåïåííîãî
ðÿäà.

Òåîðåìà. Äëÿ ëþáîãî ñòåïåííîãî ðÿäà (1), åñëè îí íå ÿâëÿåòñÿ ðÿäîì ñõî-
äÿùèìñÿ òîëüêî â òî÷êå z = a , ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî R (âîçìîæ-
íî ðàâíîå ∞ ) òàêîå, ÷òî ñòåïåííîé ðÿä (1) ñõîäèòñÿ âíóòðè êðóãà |z − a| < R
è ðàñõîäèòñÿ âíå ýòîãî êðóãà.

×èñëî R íàçûâàåòñÿ ðàäèóñîì ñõîäèìîñòè ñòåïåííîãî ðÿäà.

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè èñïîëüçóåòñÿ ôîðìóëà Àäàìàðà

R−1 = lim
n→∞

n
√
|cn| .

Â ÷àñòíîì ñëó÷àå, êîãäà ïðè n > n0 âñå cn 6= 0 , ðàäèóñ ñõîäèìîñòè R
ìîæåò áûòü âû÷èñëåí ïî ôîðìóëå

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ ,
åñëè ýòîò ïðåäåë ñóùåñòâóåò.

Íà ãðàíèöå êðóãà ñõîäèìîñòè ( |z − a| = R ) ñòåïåííîé ðÿä (1) ìîæåò êàê
ñõîäèòüñÿ, òàê è ðàñõîäèòüñÿ.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.1 (�3.40 [2]). Îïðåäåëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

∞∑
n=1

zn

n
(1) .

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà (1).
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Êîýôôèöèåíòû ñòåïåííîãî ðÿäà (1)

cn =

 0 , ïðè n = 0;
1

n
, ïðè n > 1 .

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà (1) ðàâåí

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

n+ 1

n
= 1 .

Ñòåïåííîé ðÿäà (1) ñõîäèòñÿ â êðóãå |z| < 1 è ðàñõîäèòñÿ â

îáëàñòè |z| > 1 .

Î ò â å ò:
R = 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.2 (�3.44 [2]). Îïðåäåëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

∞∑
n=1

n!

nn
zn .

Ð å ø å í è å:

Òî÷êà a = 0 åñòü öåíòð ñòåïåííîãî ðÿäà.

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà ðàâíû

cn =

 0 , ïðè n = 0;
n!

nn
, ïðè n > 1 .

à) Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà ðàâåí

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

(n+ 1)n

nn
= lim

n→∞

(
1 +

1

n

)n
= e .

á) Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà èñïîëüçóåì ôîð-
ìóëó

R−1 = lim
n→∞

n
√
|cn| = lim

n→∞

n
√
n!

n
= {Ôîðìóëà Ñòèðëèíãà:

n! =
√

2πnnn e−n+O(1/n)
}

= lim
n→∞

(2π)1/(2n) n1/(2n) e−1+O(1/n2) = e−1 →

→ R = e .
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Î ò â å ò:
R = e

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.3 (�3.46 [2]). Îïðåäåëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

∞∑
n=0

2n zn! .

Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà.

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà ðàâíû

ck =

{
0 , ïðè k 6= n! ;

2n, ïðè k = n! .

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà èñïîëüçóåì ôîðìóëó

R−1 = lim
k→∞

k
√
|ck| = lim

n→∞
n!
√

2n = lim
n→∞

21/(n−1)! = 1 → R = 1 .

Î ò â å ò:
R = 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.4 (�3.48 [2]). Îïðåäåëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

∞∑
n=0

(
3 + (−1)n

)n
zn .

Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà.

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà ðàâíû cn =

(
3 + (−1)n

)n
.

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà èñïîëüçóåì ôîðìóëó

R−1 = lim
n→∞

n
√
|cn| = lim

n→∞
n

√(
3 + (−1)n

)n
= lim

n→∞

(
3 + (−1)n

)
=

= {n = 2k} = lim
k→∞

4 = 4 → R =
1

4
.

Î ò â å ò:

R =
1

4
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Ðÿä Òåéëîðà.

Ïóñòü D− îáëàñòü àíàëèòè÷íîñòè ôóíêöèè f(z) è z0− ôèêñèðîâàííàÿ
âíóòðåííÿÿ òî÷êà îáëàñòè D .

Òåîðåìà. Ôóíêöèÿ f(z) , àíàëèòè÷åñêàÿ âíóòðè êðóãà |z − z0| < R , ìî-
æåò áûòü åäèíñòâåííûì îáðàçîì ïðåäñòàâëåíà â ýòîì êðóãå ñõîäÿùèìñÿ ñòå-
ïåííûì ðÿäîì

f(z) =
∞∑
n=0

cn (z − z0)
n ,

êîýôôèöèåíòû êîòîðîãî ðàâíû

cn =
f (n) (z0)

n!
=

1

2πi

∮
C

f(ξ) dξ

(ξ − z0)n+1
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.5 (�3.68 [2]). Ðàçëîæèòü â ñòåïåííîé ðÿä

∞∑
n=0

cn z
n

ôóíêöèþ f(z) = sh z è íàéòè ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà.

Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà.

f(z) = sh z =
ez − e−z

2
=

{
ew =

∞∑
n=0

1

n!
wn , R =∞

}
=

1

2

( ∞∑
n=0

1

n!
zn−

−
∞∑
n=0

(−1)n

n!
zn

)
=

1

2

∞∑
n=0

1− (−1)n

n!
zn = {n = 2k + 1 , k = 0, 1, . . . } =

=
∞∑
k=0

1

(2k + 1)!
z2k+1 , R = ∞ .

Î ò â å ò:

sh z =
∞∑
k=0

1

(2k + 1)!
z2k+1 , R =∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.6 (�3.75 [2]). Ðàçëîæèòü â ñòåïåííîé ðÿä

∞∑
n=0

cn z
n
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ôóíêöèþ f(z) =
z2

(z + 1)2 è íàéòè ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà.

Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà. Ôóíêöèÿ f(z) =
z2

(z + 1)2 â òî÷-

êå z = −1 íå ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé. Ðàäèóñ êðóãà ñõîäèìîñòè
ðàâåí ðàññòîÿíèþ îò öåíòðà êðóãà ñõîäèìîñòè äî áëèæàéøåé òî÷êè, â êîòî-
ðîé ôóíêöèÿ f(z) íå ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé. Â äàííîì ñëó÷àå
R = 1 .

f(z) =
z2

(z + 1)2 =

{
d

dz

(
1

z + 1

)
= − 1

(z + 1)2

}
= −z2 d

dz

(
1

z + 1

)
=

=

{
1

z + 1
=

∞∑
n=0

(−1)n zn ïðè |z| < 1

}
= −z2 d

dz

( ∞∑
n=0

(−1)n zn

)
=

=
∞∑
n=1

(−1)n+1 n zn+1 = {k = n+ 1} =
∞∑
k=2

(−1)k (k − 1) zk , |z| < 1 .

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà ìîæíî èñïîëüçîâàòü
ôîðìóëó

R = lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = lim
n→∞

n− 1

n
= 1 .

Î ò â å ò:
z2

(z + 1)2 =
∞∑
n=2

(−1)n (n− 1) zn , R = 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.7 (�3.80 [2]). Ðàçëîæèòü â ñòåïåííîé ðÿä

∞∑
n=0

cn z
n

ôóíêöèþ f(z) è íàéòè ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà, åñëè

f(z) =

z∫
0

eξ
2

dξ .

Ð å ø å í è å:

f(z) =

z∫
0

eξ
2

dξ =

{
ew =

∞∑
n=0

1

n!
wn , R =∞

}
=

z∫
0

( ∞∑
n=0

ξ2n

n!

)
dξ =
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=
∞∑
n=0

1

n!

z∫
0

ξ2n dξ =
∞∑
n=0

z2n+1

n! (2n+ 1)
, R = ∞ .

Î ò â å ò:
z∫

0

eξ
2

dξ =
∞∑
n=0

z2n+1

n! (2n+ 1)
, R =∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.8 (�3.88 [2]). Íàéòè ïåðâûå ïÿòü ÷ëåíîâ ðàçëîæåíèÿ â ðÿä ïî
ñòåïåíÿì z ôóíêöèè

f(z) = ez sin z .

Ð å ø å í è å:

f(z) = ez sin z =

{
w = z sin z , ew = 1 + w +

1

2
w2 +

1

6
w3 +

1

24
w4 + . . . ;

z sin z = z

(
z − 1

6
z3 +

1

120
z5 − 1

5040
z7 + . . .

)
= z2 − 1

6
z4+

+
1

120
z6 − 1

5040
z8 + . . . ;

(z sin z)2 = z4 − 1

3
z6 +

2

45
z8 + . . . ;

(z sin z)3 = z6 − 1

2
z8 + . . . ;

(z sin z)4 = z8 + . . .
}

= 1 +

(
z2 − 1

6
z4 +

1

120
z6 − 1

5040
z8 + . . .

)
+

+
1

2

(
z4 − 1

3
z6 +

2

45
z8 + . . .

)
+

1

6

(
z6 − 1

2
z8 + . . .

)
+

1

24

(
z8 + . . .

)
=

= 1 + z2 +
1

3
z4 +

1

120
z6 − 11

560
z8 + . . . .

Î ò â å ò:

ez sin z = 1 + z2 +
1

3
z4 +

1

120
z6 − 11

560
z8 + . . .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.9 (�3.42 [2]). Îïðåäåëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

∞∑
n=1

nn zn .

Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà.
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Êîýôôèöèåíòû ñòåïåííîãî ðÿäà ðàâíû

cn =

{
0 , ïðè n = 0;

nn , ïðè n > 1 .

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà èñïîëüçóåì ôîðìóëó

R−1 = lim
n→∞

n
√
|cn| = lim

n→∞
n
√
nn = lim

n→∞
n = ∞ → R = 0 .

Î ò â å ò:
R = 0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.10 (�3.45 [2]). Îïðåäåëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

∞∑
n=0

zn! .

Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà.

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà ðàâíû

ck =

{
0 , ïðè k 6= n! ;

1 , ïðè k = n! .

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà èñïîëüçóåì ôîðìóëó

R−1 = lim
k→∞

k
√
|ck| = lim

n→∞
n!
√

1 = 1 → R = 1 .

Î ò â å ò:
R = 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.11 (�3.52(1) [2]). Ðàäèóñ ñõîäèìîñòè ðÿäà

∞∑
n=0

cn z
n

ðàâåí R (0 < R <∞) . Îïðåäåëèòü ðàäèóñ ñõîäèìîñòè ðÿäà

1)
∞∑
n=0

nk cn z
n .
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Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà.

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà ðàâíû c̃n = nk cn .

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà èñïîëüçóåì ôîðìóëó

R̃ = lim
n→∞

∣∣∣∣ c̃nc̃n+1

∣∣∣∣ = lim
n→∞

∣∣∣∣ nkcn
(n+ 1)kcn+1

∣∣∣∣ = lim
n→∞

nk

(n+ 1)k
· lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = 1 ·R = R .

Î ò â å ò:
Ðàäèóñ ñõîäèìîñòè ðàâåí R .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.12 (�3.56 [2]). Èññëåäîâàòü ïîâåäåíèå ñòåïåííîãî ðÿäà

∞∑
n=1

zn

n

íà ãðàíèöå êðóãà ñõîäèìîñòè.

Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà.

Êîýôôèöèåíòû ñòåïåííîãî ðÿäà ðàâíû

ck =

 0 , ïðè k = 0 ;
1

k
, ïðè k > 1 .

Äëÿ âû÷èñëåíèÿ ðàäèóñà êðóãà ñõîäèìîñòè ñòåïåííîãî ðÿäà èñïîëüçóåì
ôîðìóëó

R = lim
k→∞

∣∣∣∣ ckck+1

∣∣∣∣ = lim
k→∞

k + 1

k
= 1 .

Îêðóæíîñòü |z| = 1 ÿâëÿåòñÿ ãðàíèöåé êðóãà ñõîäèìîñòè. Íà ãðàíèöå
êðóãà ñõîäèìîñòè z = ei ϕ , −π < ϕ 6 π− ïàðàìåòð. Òîãäà

∞∑
n=1

zn

n
=
{
z = ei ϕ

}
=

∞∑
n=1

ei nϕ

n
=

∞∑
n=1

cosnϕ

n
+ i

∞∑
n=1

sinnϕ

n
.

×èñëîâîé ðÿä
∞∑
n=1

cosnϕ

n

ðàñõîäèòñÿ ïðè ϕ = 0 è ñõîäèòñÿ óñëîâíî ïðè ϕ 6= 0 . ×èñëîâîé ðÿä

∞∑
n=1

sinnϕ

n
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ñõîäèòñÿ óñëîâíî ïðè ëþáûõ çíà÷åíèÿõ ïàðàìåòðà ϕ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.13 (�3.69 [2]). Ôóíêöèþ f(z) = sin2 z ðàçëîæèòü â ñòåïåííîé
ðÿä

∞∑
n=0

cn z
n

è íàéòè ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà.

Ð å ø å í è å:

Òî÷êà a = 0− öåíòð ñòåïåííîãî ðÿäà.

f(z) = sin2 z =
1

2
− 1

2
cos 2z =

{
cosw =

∞∑
n=0

(−1)n
w2n

(2n)!
, R =∞

}
=

=
1

2
− 1

2
− 1

2

∞∑
n=1

(−1)n
22n

(2n)!
z2n =

∞∑
n=1

(−1)n−1 22n−1

(2n)!
z2n , R =∞ .

Î ò â å ò:

sin2 z =
∞∑
n=1

(−1)n−1 22n−1

(2n)!
z2n , R =∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.14 (�3.74 [2]). Ôóíêöèþ f(z) =
z

z2 − 4z + 13
ðàçëîæèòü â

ñòåïåííîé ðÿä
∞∑
n=0

cn z
n

è íàéòè ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà.

Ð å ø å í è å:

f(z) =
z

z2 − 4z + 13
=
{
z2 − 4z + 13 = 0 → z1,2 = 2± i 3 →

→ f(z) =
A

z − z1
+

B

z − z2
→

{
A+B = 1 ;

Az2 +Bz1 = 0
→ A =

2 + i 3

i 6
,

B = −2− i 3

i 6

}
= −A

z1
· 1

1− z/z1
− B

z2
· 1

1− z/z2
=

{
1

1− q
=

∞∑
n=0

qn ,

|q| < 1 → Ïóñòü |z| < |z1| = |z2| =
√

13 = R .
}

= −A
z1
·
∞∑
n=0

zn

zn1
−

− B

z2
·
∞∑
n=0

zn

zn2
=

∞∑
n=0

(
− A

zn+1
1

− B

zn+1
2

)
zn =
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=
i

6
·
∞∑
n=1

(2− i 3)n − (2 + i 3)n

13n
zn ïðè |z| < R =

√
13 .

Î ò â å ò:

z

z2 − 4z + 13
=
i

6
·
∞∑
n=1

(2− i 3)n − (2 + i 3)n

13n
zn , |z| < R =

√
13

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.15 (�3.81 [2]). Ôóíêöèþ

f(z) =

z∫
0

sin z

z
dz

ðàçëîæèòü â ñòåïåííîé ðÿä
∞∑
n=0

cn z
n

è íàéòè ðàäèóñ ñõîäèìîñòè.

Ð å ø å í è å:

f(z) =

z∫
0

sin z

z
dz =

{
sin z =

∞∑
n=1

(−1)n−1 z2n−1

(2n− 1)!
, R =∞

}
=

=

z∫
0

∞∑
n=1

(−1)n−1 z2n−2

(2n− 1)!
dz =

∞∑
n=1

(−1)n−1

(2n− 1)!

z∫
0

z2n−2 dz =

=
∞∑
n=1

(−1)n−1

(2n− 1)! (2n− 1)
z2n−1 =

∞∑
n=0

(−1)n

(2n+ 1)! (2n+ 1)
z2n+1 , R =∞ .

Î ò â å ò:

z∫
0

sin z

z
dz =

∞∑
n=0

(−1)n

(2n+ 1)! (2n+ 1)
z2n+1 , R =∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.16 (�3.84 [2]). Ôóíêöèþ f(z) =
z2

(z + 1)2 ðàçëîæèòü â ðÿä ïî

ñòåïåíÿì (z − 1) è íàéòè ðàäèóñ ñõîäèìîñòè.

Ð å ø å í è å:
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f(z) =
z2

(z + 1)2 = {w = z − 1} =
(1 + w)2

(2 + w)2 =
((2 + w)− 1)2

(2 + w)2 =

=

(
1− 1

2 + w

)2

= 1 − 2

2 + w
+

1

(2 + w)2 = 1 − 1

1 + w/2
−

− 1

2

d

dw

(
1

1 + w/2

)
=

=

{
Ïóñòü |w| < 2 = R → 1

1 + w/2
=

∞∑
n=0

(−1)n

2n
wn

}
=

= 1 −
∞∑
n=0

(−1)n

2n
wn − 1

2

d

dw

( ∞∑
n=0

(−1)n

2n
wn

)
= 1 −

∞∑
n=0

(−1)n

2n
wn−

−
∞∑
n=1

(−1)n n

2n+1
wn−1 =

1

4
+

∞∑
n=1

(−1)n+1

2n
wn −

∞∑
n=2

(−1)n n

2n+1
wn−1 =

1

4
+

+
∞∑
n=1

(−1)n+1

2n
wn −

∞∑
n=1

(−1)n+1 (n+ 1)

2n+2
wn =

=
1

4
+

∞∑
n=1

(−1)n+1

2n

(
1− n+ 1

4

)
wn = {w = z − 1} =

=
1

4
+

∞∑
n=1

(−1)n (n− 3)

2n+2
(z − 1)n ïðè |z − 1| < R = 2 .

Î ò â å ò:

z2

(z + 1)2 =
1

4
+

∞∑
n=1

(−1)n (n− 3)

2n+2
(z − 1)n , |z − 1| < R = 2 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 45.17 (�3.90 [2]). Íàéòè ïåðâûå ïÿòü ÷ëåíîâ ðàçëîæåíèÿ â ðÿä
ïî ñòåïåíÿì z ôóíêöèè

f(z) = (1 + z)z = ez ln(1+z) .

Ð å ø å í è å:

f(z) = ez ln(1+z) =

{
w = z ln(1 + z) = z2 − z3

2
+
z4

3
− z5

4
+ . . .

}
=

= ew = 1 + w +
1

2
w2 +

1

6
w3 + · · · =

{
w = z2 − z3

2
+
z4

3
− z5

4
+ . . . ,

w2 = z4 − z5 − z6

4
+ . . . , w3 = z6 + . . .

}
=
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= 1 +

(
z2 − z3

2
+
z4

3
− z5

4
+ . . .

)
+

1

2

(
z4 − z5 + . . .

)
+ · · · =

= 1 + z2 − 1

2
z3 +

5

6
z4 − 3

4
z5 + . . . .

Î ò â å ò:

(1 + z)z = 1 + z2 − 1

2
z3 +

5

6
z4 − 3

4
z5 + . . .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.7 Ðÿäû Ëîðàíà

�����������������������������������������

3.7.1 Çàíÿòèå 46

Ïóñòü D− îáëàñòü àíàëèòè÷íîñòè ôóíêöèè f(z) è z0− ôèêñèðîâàííàÿ
âíóòðåííÿÿ òî÷êà îáëàñòè D .

Îïðåäåëåíèå. Òî÷êà z0 íàçûâàåòñÿ íóë¼ì ôóíêöèè f(z) , åñëè f(z0) = 0 .

Åñëè òî÷êà z0− íóëü ôóíêöèè f(z) , òî èç ðàçëîæåíèÿ f(z) â ðÿä∑∞
n=0 cn (z − z0)

n ñëåäóåò, ÷òî c0 = 0

(
cn =

f (n) (z0)

n!

)
.

Îïðåäåëåíèå. Åñëè íå òîëüêî c0 , íî è c1 = c2 = · · · = ck−1 = 0 , à ck 6= 0 ,
òî òî÷êà z0 íàçûâàåòñÿ íóë¼ì k−îãî ïîðÿäêà ôóíêöèè f(z) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.1 (�3.120(1) [2]). Íàéòè ïîðÿäîê íóëÿ z = 0 äëÿ ôóíêöèè

f(z) = z2
(
ez

2 − 1
)
.

Ð å ø å í è å:

f(0) = 0 → z = 0− íóëü ôóíêöèè f(z)

f(z) = z2
(
ez

2 − 1
)

=

{
ew =

∞∑
n=0

wn

n!
, w = z2

}
=

= z2

(
1 +

∞∑
n=1

z2n

n!
− 1

)
=

∞∑
n=1

z2n+2

n!
= z4 + . . . →

→ c0 = c1 = c2 = c3 = 0 , c4 = 1 6= 0

Ñëåäîâàòåëüíî, z = 0− íóëü 4-îãî ïîðÿäêà ôóíêöèè f(z) .

Î ò â å ò:

z = 0 − íóëü 4-îãî ïîðÿäêà ôóíêöèè z2
(
ez

2 − 1
)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.2 (�3.124 [2]). Íàéòè ïîðÿäêè âñåõ íóëåé ôóíêöèè

f(z) = z sin z .
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Ð å ø å í è å:

f(z) = z sin z = 0 → zn = πn− íóëè ôóíêöèè f(z) (n− ëþáîå öåëîå)

f ′(z) = sin z + z cos z , f ′′(z) = 2 cos z + z sin z ;

f ′(zn) = πn (−1)n =

{
0 , ïðè n = 0;

6= 0, ïðè n 6= 0
→

→ Ïðè n 6= 0 zn = πn− íóëè 1-îãî ïîðÿäêà ôóíêöèè f(z) = z sin z.

f ′′(0) = 2 6= 0 → z0 = 0−íóëü 2-îãî ïîðÿäêà ôóíêöèè f(z) = z sin z.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Ïóñòü D− îáëàñòü àíàëèòè÷íîñòè ôóíêöèè f(z) . Âíóòðåííèå òî÷êè îá-
ëàñòè D íàçûâàþòñÿ ïðàâèëüíûìè òî÷êàìè ôóíêöèè f(z) .

Òî÷êè, íå ÿâëÿþùèåñÿ ïðàâèëüíûìè, íàçûâàþòñÿ îñîáûìè òî÷êàìè ôóíê-
öèè f(z) .

Îïðåäåëåíèå. Îñîáàÿ òî÷êà z0 ôóíêöèè f(z) íàçûâàåòñÿ èçîëèðîâàííîé
îñîáîé òî÷êîé ôóíêöèè f(z) , åñëè ñóùåñòâóåò êîëüöî 0 < |z − z0| < R , â
êîòîðîì ôóíêöèÿ f(z) ÿâëÿåòñÿ îäíîçíà÷íîé è àíàëèòè÷åñêîé ôóíêöèåé.

Îïðåäåëåíèå. Ðÿä
∑∞

n=−∞ cn (z − z0)
n , â êîòîðîì z0− ôèêñèðîâàííàÿ

òî÷êà, à cn− êîìïëåêñíûå ÷èñëà, íàçûâàåòñÿ ðÿäîì Ëîðàíà.

Îáëàñòüþ ñõîäèìîñòè ðÿäà Ëîðàíà ÿâëÿåòñÿ êîëüöî R1 < |z − z0| < R2 .

Òåîðåìà. Ôóíêöèÿ f(z) , àíàëèòè÷åñêàÿ â êðóãîâîì êîëüöå

R1 < |z − z0| < R2 , îäíîçíà÷íî ïðåäñòàâèìà â ýòîì êîëüöå ñõîäÿùèìñÿ
ðÿäîì Ëîðàíà

f(z) =
∞∑

n=−∞
cn (z − z0)

n ,

ãäå

cn =
1

2πi

∮
C

f(ξ) dξ

(ξ − z0)n+1
, n = 0,±1,±2, . . . ,

C − çàìêíóòûé êîíòóð, ëåæàùèé â êîëüöå R1 < |z − z0| < R2 è îõâàòûâàþ-
ùèé òî÷êó z0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.3 (�4.3 [2]). Ôóíêöèþ

f(z) =
1

z (1− z)

ðàçëîæèòü â ðÿä Ëîðàíà â îêðåñòíîñòè òî÷åê : 1) z0 = 0 ; 2) z0 = 1 ;
3) z0 =∞ .
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Ð å ø å í è å:

1) z0 = 0− èçîëèðîâàííàÿ îñîáàÿ òî÷êà ôóíêöèè f(z) =
1

z (1− z)
→

→ f(z) =
∞∑

n=−∞
cn z

n → f(z) =
1

z (1− z)
=

1

z
· 1

1− z
=

=

{
1

1− q
=

∞∑
n=0

qn , |q| < 1

}
=

1

z
·
∞∑
n=0

zn =
∞∑

n=−1

zn , 0 < |z| < 1 ;

2) z0 = 1− èçîëèðîâàííàÿ îñîáàÿ òî÷êà ôóíêöèè f(z) =
1

z (1− z)
→

→ f(z) =
∞∑

n=−∞
cn (z − 1)n → f(z) =

1

z (1− z)
= − 1

z − 1
· 1

1 + (z − 1)
=

=

{
1

1 + q
=

∞∑
n=0

(−1)n qn , |q| < 1

}
= − 1

z − 1
·
∞∑
n=0

(−1)n (z − 1)n =

=
∞∑

n=−1

(−1)n (z − 1)n , 0 < |z − 1| < 1 ;

3) z0 =∞ → f(z) =
1

z (1− z)
=

{
z =

1

w

}
=

w2

w − 1
= −w2 · 1

1− w
=

=

{
1

1− w
=

∞∑
n=0

wn , |w| < 1

}
= −w2 ·

∞∑
n=0

wn = −
∞∑

n=−2

wn =

=

{
w =

1

z

}
= −

∞∑
n=−2

z−n = −
2∑

n=−∞
zn , |z| > 1 .

Î ò â å ò:

1)
1

z (1− z)
=

∞∑
n=−1

zn , 0 < |z| < 1 ;

2)
1

z (1− z)
=

∞∑
n=−1

(−1)n (z − 1)n , 0 < |z − 1| < 1 ;

3)
1

z (1− z)
= −

2∑
n=−∞

zn , |z| > 1 .
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.4 (�4.11 [2]). Ôóíêöèþ

f(z) = cos
z2 − 4z

(z − 2)2

ðàçëîæèòü â ðÿä Ëîðàíà â îêðåñòíîñòè òî÷êè z0 = 2 .

Ð å ø å í è å:

z0 = 2− èçîëèðîâàííàÿ îñîáàÿ òî÷êà ôóíêöèè f(z) = cos
z2 − 4z

(z − 2)2 →

→ f(z) =
∞∑

n=−∞
cn (z − 2)n → f(z) = cos

z2 − 4z

(z − 2)2 =

= cos

(
1− 4

(z − 2)2

)
= cos 1 · cos

(
2

z − 2

)2

+ sin 1 · sin
(

2

z − 2

)2

=

=

{
cosw = 1 +

∞∑
n=1

(−1)n
w2n

(2n)!
, sinw =

∞∑
n=1

(−1)n−1 w2n−1

(2n− 1)!
,

w =

(
2

z − 2

)2
}

= cos 1 + cos 1 ·
∞∑
n=1

(−1)n
42n

(2n)! (z − 2)4n +

+ sin 1 ·
∞∑
n=1

(−1)n−1 42n−1

(2n− 1)! (z − 2)4n−2 , 0 < |z − 2| .

Î ò â å ò:

cos
z2 − 4z

(z − 2)2 = cos 1 + cos 1 ·
∞∑
n=1

(−1)n
42n

(2n)! (z − 2)4n +

+ sin 1 ·
∞∑
n=1

(−1)n−1 42n−1

(2n− 1)! (z − 2)4n−2 , 0 < |z − 2| .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.5 (�4.19(3) [2]). Âûÿñíèòü, äîïóñêàåò ëè ôóíêöèÿ

f(z) = sec
1

z − 1

ðàçëîæåíèå â ðÿä Ëîðàíà â îêðåñòíîñòè òî÷êè z∗ = 1 .

Ð å ø å í è å:

z∗ = 1− îñîáàÿ òî÷êà ôóíêöèè f(z) = sec
1

z − 1
=

1

cos
1

z − 1

.
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Çíà÷åíèÿ z , ïðè êîòîðûõ cos
1

z − 1
= 0 , òàêæå ÿâëÿþòñÿ îñîáûìè

òî÷êàìè ôóíêöèè f(z) = sec
1

z − 1
.

cos
1

z − 1
= 0 → 1

z − 1
=
π

2
+ πn , n = 0,±1,±2, . . . →

→ zn = 1 +
1

π

2
+ πn

− îñîáûå òî÷êè ôóíêöèè f(z) .

Îñîáàÿ òî÷êà z∗ = 1 ÿâëÿåòñÿ ïðåäåëüíîé òî÷êîé äëÿ ïîñëåäîâàòåëüíîñòè
îñîáûõ òî÷åê {zn} . Òî åñòü, z∗ = 1 íå ÿâëÿåòñÿ èçîëèðîâàííîé îñîáîé

òî÷êîé ôóíêöèè f(z) è, ñëåäîâàòåëüíî, ôóíêöèÿ f(z) = sec
1

z − 1
íå ìîæåò

áûòü ïðåäñòàâëåíà â âèäå ðÿäà Ëîðàíà â îêðåñòíîñòè òî÷êè z∗ = 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.6 (�3.120(2,3) [2]). Íàéòè ïîðÿäîê íóëÿ z = 0 äëÿ ôóíêöèé

2) 6 sin z3 + z3
(
z6 − 6

)
;

3) esin z − etg z .

Ð å ø å í è å:

2) f(z) = 6 sin z3 + z9 − 6z3 =

{
sinw = w − w3

6
+
w5

5!
+ . . .

}
=

= 6

(
z3 − z9

6
+
z15

5!
+ . . .

)
+ z9 − 6z3 =

6

5!
z15 + . . . →

→ c0 = c1 = . . . = c14 = 0 , c15 =
6

5!
6= 0 → z = 0 − íóëü 15-îãî

ïîðÿäêà ôóíêöèè f(z) = 6 sin z3 + z9 − 6z3 .

3) f(z) = esin z − etg z =

{
sin z = z − z3

6
+ . . . , tg z = z +

z3

3
+ . . . ,

ew = w + . . . } =

(
1 + z − z3

6
+ . . .

)
−
(

1 + z +
z3

3
+ . . .

)
=

= −1

2
z3 + . . . → c0 = c1 = c2 = 0 , c3 = −1

2
6= 0 → z = 0 − íóëü

3-îãî ïîðÿäêà ôóíêöèè f(z) = esin z − etg z .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 46.7 (�3.122 [2]). Íàéòè ïîðÿäêè âñåõ íóëåé ôóíêöèè

f(z) = z2 + 9 .

Ð å ø å í è å:

f(z) = z2 + 9 = 0 → z1 = 3 i , z2 = −3 i− íóëè ôóíêöèè f(z) .

f ′(z) = 2 z ,

f ′(z1) = 2 z1 = 6 i 6= 0 → z1 = 3 i − íóëü 1-îãî ïîðÿäêà.
f ′(z2) = 2 z2 = −6 i 6= 0 → z2 = −3 i − íóëü 1-îãî ïîðÿäêà.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.8 (�4.1 [2]). Ôóíêöèþ

f(z) =
1

z − 2

ðàçëîæèòü â ðÿä Ëîðàíà â îêðåñòíîñòè òî÷åê z = 0 è z =∞ .

Ð å ø å í è å:

1) z = 0− òî÷êà àíàëèòè÷íîñòè ôóíêöèè f(z) =
1

z − 2
→

→ f(z) =
∞∑
n=0

cn z
n → f(z) =

1

z − 2
= −1

2
· 1

1− z/2
=

=

{
1

1− q
=

∞∑
n=0

qn , |q| < 1

}
= −1

2
·
∞∑
n=0

zn

2n
= −

∞∑
n=0

zn

2n+1
, |z| < 2 ;

2) z =∞ → f(z) =
1

z − 2
=

{
z =

1

w

}
=

w

1− 2w
=

=

{
1

1− 2w
=

∞∑
n=0

2nwn , |2w| < 1

}
= w ·

∞∑
n=0

2nwn =
∞∑
n=1

2n−1wn =

=

{
w =

1

z

}
=

∞∑
n=1

2n−1 1

zn
=

−1∑
n=−∞

zn

2n+1
, |z| > 2 .

Î ò â å ò:

1)
1

z − 2
= −

∞∑
n=0

zn

2n+1
, |z| < 2 ;
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2)
1

z − 2
=

−1∑
n=−∞

zn

2n+1
, |z| > 2 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.9 (�4.10 [2]). Ôóíêöèþ

f(z) = e1/(1−z)

ðàçëîæèòü â ðÿä Ëîðàíà â îêðåñòíîñòè òî÷åê z = 1 è z =∞ .

Ð å ø å í è å:

1) z = 1− èçîëèðîâàííàÿ îñîáàÿ òî÷êà ôóíêöèè f(z) = e1/(1−z) →

→ f(z) =
∞∑

n=−∞
cn (z − 1)n → f(z) = e1/(1−z) = e−1/(z−1) =

=

{
ew =

∞∑
n=0

wn

n!
, w =

−1

z − 1

}
=

∞∑
n=0

(−1)n

n! (z − 1)n
, 0 < |z − 1| ;

2) z =∞ → f(z) = e1/(1−z) =

{
z =

1

w

}
= e−w/(1−w) = {|w| < 1} =

= e−w·
∑∞
n=0 w

n

= e−
∑∞
n=1 w

n

=

{
eξ = 1 + ξ +

1

2
ξ2 +

1

6
ξ3 + . . . ,

ξ = −
∞∑
n=1

wn

}
= 1 −

(
w + w2 + . . .

)
+

1

2

(
w + w2 + . . .

)2
+ · · · =

= 1 − w − 1

2
w2 + · · · =

{
w =

1

z

}
= 1 − 1

z
− 1

2 z2
+ . . . , |z| > 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 46.10 (�4.19(1,4) [2]). Âûÿñíèòü, äîïóñêàþò ëè óêàçàííûå ôóíê-
öèè ðàçëîæåíèå â ðÿä Ëîðàíà â îêðåñòíîñòè äàííîé òî÷êè :

1) f(z) = cos
1

z
, z = 0 ;

4) f(z) = ctg z , z =∞ .

Ð å ø å í è å:

1) Â òî÷êå z = 0 ôóíêöèÿ f(z) = cos
1

z
íå îïðåäåëåíà. Òî÷êà z = 0 −

èçîëèðîâàííàÿ îñîáàÿ òî÷êà ôóíêöèè f(z) = cos
1

z
. Ñëåäîâàòåëüíî, ôóíêöèÿ

f(z) = cos
1

z
äîïóñêàåò ðàçëîæåíèå â ðÿä Ëîðàíà â îêðåñòíîñòè òî÷êè z = 0 .
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4) Äëÿ ôóíêöèè f(z) = ctg z =
cos z

sin z
òî÷êè, â êîòîðûõ sin z = 0 →

→ zk = πk , k = 0,±1,±2, . . . − îñîáûå òî÷êè ôóíêöèè f(z) = ctg z . Òî÷êà
z = ∞ ÿâëÿåòñÿ ïðåäåëüíîé òî÷êîé äëÿ ïîñëåäîâàòåëüíîñòè {zk} . Ñëåäî-
âàòåëüíî, ôóíêöèþ f(z) = ctg z íåëüçÿ ïðåäñòàâèòü â âèäå ðÿäà Ëîðàíà â
îêðåñòíîñòè òî÷êè z =∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.8 Êëàññèôèêàöèÿ îñîáûõ òî÷åê è âû÷åò ôóíêöèè

�����������������������������������������

3.8.1 Çàíÿòèå 47

Êëàññèôèêàöèÿ èçîëèðîâàííûõ îñîáûõ òî÷åê.

Òî÷êà z0− èçîëèðîâàííàÿ îñîáàÿ òî÷êà ôóíêöèè f (z) . Â îêðåñòíîñòè
òî÷êè z0 , â êîëüöå àíàëèòè÷íîñòè 0 < |z − z0| < R , ôóíêöèÿ f (z) ìîæåò
áûòü ïðåäñòàâëåíà â âèäå ðÿäà Ëîðàíà

f (z) =
∞∑

n=−∞
cn (z − z0)

n .

Äëÿ èçîëèðîâàííûõ îñîáûõ òî÷åê ôóíêöèè f (z) ââåäåíà ñëåäóþùàÿ
êëàññèôèêàöèÿ, èñïîëüçóþùàÿ ëèáî âèä ðÿäà Ëîðàíà, ëèáî õàðàêòåð ïî-
âåäåíèÿ ôóíêöèè.

1) Òî÷êà z0 íàçûâàåòñÿ óñòðàíèìîé îñîáîé òî÷êîé ôóíêöèè f (z) , åñëè
ðÿä Ëîðàíà íå ñîäåðæèò ñëàãàåìûõ ñ îòðèöàòåëüíûìè ñòåïåíÿìè ðàçíîñòè
(z − z0) èëè ñóùåñòâóåò êîíå÷íûé lim

z→z0
f (z) = c0 (|c0| <∞) .

2) Òî÷êà z0 íàçûâàåòñÿ ïîëþñîì ïîðÿäêà m ôóíêöèè f (z) , åñëè ðÿä
Ëîðàíà ñîäåðæèò ñëàãàåìûå ñ îòðèöàòåëüíûìè ñòåïåíÿìè ðàçíîñòè (z − z0)

n

(−m 6 n 6 −1) èëè ñóùåñòâóåò lim
z→z0

f (z) =∞ .

3) Òî÷êà z0 íàçûâàåòñÿ ñóùåñòâåííî îñîáîé òî÷êîé ôóíêöèè f (z) , åñëè
ðÿä Ëîðàíà ñîäåðæèò áåñêîíå÷íîå ÷èñëî ñëàãàåìûõ ñ îòðèöàòåëüíûìè ñòå-
ïåíÿìè ðàçíîñòè (z − z0) èëè íå ñóùåñòâóåò ïðåäåëüíîå çíà÷åíèå ôóíêöèè
f (z) â òî÷êå z0 .

Òî÷êà z0 = ∞ ÿâëÿåòñÿ èçîëèðîâàííîé îñîáîé òî÷êîé ôóíêöèè f (z) ,
åñëè ñóùåñòâóåò òàêîå R , ÷òî â îáëàñòè |z| > R ôóíêöèÿ f (z) íå èìååò
îñîáûõ òî÷åê, íàõîäÿùèõñÿ íà êîíå÷íîì ðàññòîÿíèè îò òî÷êè z = 0 .

4) Òî÷êà z0 = ∞ íàçûâàåòñÿ óñòðàíèìîé îñîáîé òî÷êîé ôóíêöèè f (z) ,
åñëè ðÿä Ëîðàíà íå ñîäåðæèò ñëàãàåìûõ ñ ïîëîæèòåëüíûìè ñòåïåíÿìè z èëè
ñóùåñòâóåò êîíå÷íûé lim

z→∞
f (z) = c0 (|c0| <∞) .

5) Òî÷êà z0 =∞ íàçûâàåòñÿ ïîëþñîì ïîðÿäêà m ôóíêöèè f (z) , åñëè ðÿä
Ëîðàíà ñîäåðæèò ñëàãàåìûå ñ ïîëîæèòåëüíûìè ñòåïåíÿìè zn (1 6 n 6 m)
èëè ñóùåñòâóåò lim

z→∞
f (z) =∞ .

6) Òî÷êà z0 =∞ íàçûâàåòñÿ ñóùåñòâåííî îñîáîé òî÷êîé ôóíêöèè f (z) ,
åñëè ðÿä Ëîðàíà ñîäåðæèò áåñêîíå÷íîå ÷èñëî ñëàãàåìûõ ñ ïîëîæèòåëüíûìè
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ñòåïåíÿìè ïåðåìåííîé z èëè íå ñóùåñòâóåò ïðåäåëüíîå çíà÷åíèå ôóíêöèè
f (z) â òî÷êå z0 =∞ .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.1 (�4.23 [2]). Íàéòè îñîáûå òî÷êè ôóíêöèè

f (z) =
1

z − z3
,

âûÿñíèòü èõ õàðàêòåð è èññëåäîâàòü ïîâåäåíèå ôóíêöèè íà áåñêîíå÷íîñòè.

Ð å ø å í è å:

Ôóíêöèÿ f (z) =
1

z − z3
=

1

z (1− z2)
èìååò ñëåäóþùèå èçîëèðîâàííûå

îñîáûå òî÷êè: z1 = 0 , z2 = −1 , z3 = 1 è z4 =∞ .

1) Òèï òî÷êè z1 = 0 .

à) f (z) =
1

z
· 1

1− z2
= {|z| < 1} =

∞∑
n=0

z2n−1 =
1

z
+ z + z3 + . . . →

→ c−1 = 1 6= 0

Ñëåäîâàòåëüíî, òî÷êà z1 = 0 ÿâëÿåòñÿ ïîëþñîì 1-îãî ïîðÿäêà ôóíêöèè

f (z) =
1

z − z3
.

á) Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ g (z) =
1

f (z)
. Åñëè òî÷êà

z0 ÿâëÿåòñÿ íóë¼ì m−îãî ïîðÿäêà äëÿ ôóíêöèè g (z) , òî ýòà æå òî÷êà z0

ÿâëÿåòñÿ ïîëþñîì m−îãî ïîðÿäêà äëÿ ôóíêöèè f (z) .

f (z) =
1

z − z3
→ g (z) =

1

f (z)
= z−z3 → g (0) = 0 , g′ (z) = 1−3z2 →

→ g′ (0) = 1 6= 0

Ñëåäîâàòåëüíî, òî÷êà z1 = 0 ÿâëÿåòñÿ íóë¼ì 1−îãî ïîðÿäêà äëÿ ôóíêöèè

g (z) è ïîëþñîì 1-îãî ïîðÿäêà ôóíêöèè f (z) =
1

z − z3
.

2) Òèï òî÷êè z2 = −1 .

f (z) =
1

z − z3
→ g (z) =

1

f (z)
= z − z3 → g (−1) = 0 ,

g′ (z) = 1 − 3z2 → g′ (−1) = −2 6= 0

Ñëåäîâàòåëüíî, òî÷êà z2 = −1 ÿâëÿåòñÿ íóë¼ì 1−îãî ïîðÿäêà äëÿ ôóíêöèè
g (z) è ïîëþñîì 1-îãî ïîðÿäêà ôóíêöèè f (z) =

1

z − z3
.
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3) Òèï òî÷êè z3 = 1 .

f (z) =
1

z − z3
→ g (z) =

1

f (z)
= z− z3 → g (1) = 0 , g′ (z) = 1−3z2 →

→ g′ (1) = −2 6= 0

Ñëåäîâàòåëüíî, òî÷êà z3 = 1 ÿâëÿåòñÿ íóë¼ì 1−îãî ïîðÿäêà äëÿ ôóíêöèè

g (z) è ïîëþñîì 1-îãî ïîðÿäêà ôóíêöèè f (z) =
1

z − z3
.

4) Òèï òî÷êè z4 =∞ .

f (z) =
1

z − z3
, lim

z→∞
f (z) = 0− òî÷êà z4 =∞ ÿâëÿåòñÿ íóë¼ì ôóíêöèè

f (z) =
1

z − z3
. Îïðåäåëèì ïîðÿäîê íóëÿ z4 =∞ .

f (z) =
1

z − z3
=

{
z =

1

ξ

}
=

ξ3

ξ2 − 1
= − ξ3 · 1

1− ξ2
= {|ξ| < 1} =

= −
∞∑
n=0

ξ2n+3 =

{
ξ =

1

z

}
= −

∞∑
n=0

1

z2n+3
= − 1

z3
− 1

z5
+ . . . , |z| > 1 →

→ c0 = c−1 = c−2 = 0 , c−3 = −1 6= 0 → z4 =∞ − íóëü 3-îãî

ïîðÿäêà ôóíêöèè f(z) =
1

z − z3
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.2 (�4.37 [2]). Íàéòè îñîáûå òî÷êè ôóíêöèè

f (z) = ez/(1−z) ,

âûÿñíèòü èõ õàðàêòåð è èññëåäîâàòü ïîâåäåíèå ôóíêöèè íà áåñêîíå÷íîñòè.

Ð å ø å í è å:

Ôóíêöèÿ f (z) = ez/(1−z) èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷êè:
z1 = 1 è z2 =∞ .

1) Òèï òî÷êè z1 = 1 .

à) f (z) = ez/(1−z) = e−(1+1/(z−1)) = e−1 · e−1/(z−1) =

{
ew =

∞∑
n=0

wn

n!

}
=

= e−1
∞∑
n=0

(−1)n

n!
(z − 1)−n = e−1

0∑
n=−∞

(−1)−n

(−n)!
(z − 1)n

Ñëåäîâàòåëüíî, òî÷êà z1 = 1 ÿâëÿåòñÿ ñóùåñòâåííî îñîáîé òî÷êîé ôóíêöèè
f (z) = ez/(1−z) .
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á) Ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè òî÷åê z′k = 1 +
1

k
è

z′′k = 1− 1

k
, ñõîäÿùèõñÿ ïðè k →∞ ê èçîëèðîâàííîé îñîáîé òî÷êå z1 = 1 .

Òàê êàê lim
k→∞

f (z′k) = lim
k→∞

e−k(1+1/k) = 0 , à lim
k→∞

f (z′′k) = lim
k→∞

ek(1−1/k) =∞ , òî

lim
z→1

f (z) íå ñóùåñòâóåò. Ñëåäîâàòåëüíî, òî÷êà z1 = 1 ÿâëÿåòñÿ ñóùåñòâåííî

îñîáîé òî÷êîé ôóíêöèè f (z) = ez/(1−z) .

2) Òèï òî÷êè z2 =∞ .

lim
z→∞

f (z) = lim
z→∞

ez/(1−z) = lim
z→∞

e1/(1/z−1) = e−1

Ñëåäîâàòåëüíî, òî÷êà z2 =∞ ÿâëÿåòñÿ óñòðàíèìîé òî÷êîé äëÿ ôóíêöèè
f (z) = ez/(1−z) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.3 (�4.54 [2]). Íàéòè îñîáûå òî÷êè ôóíêöèè

f (z) = e−z · cos
1

z
,

âûÿñíèòü èõ õàðàêòåð è èññëåäîâàòü ïîâåäåíèå ôóíêöèè íà áåñêîíå÷íîñòè.

Ð å ø å í è å:

Ôóíêöèÿ f (z) = e−z ·cos
1

z
èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷êè:

z1 = 0 è z2 =∞ .

1) Òèï òî÷êè z1 = 0 .

Ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè òî÷åê z′k =
1

π/2 + πk
è z′′k =

1

2πk
,

ñõîäÿùèõñÿ ïðè k →∞ ê èçîëèðîâàííîé îñîáîé òî÷êå z1 = 0 .

Òàê êàê lim
k→∞

f (z′k) = lim
k→∞

e−z
′
k · lim

k→∞
cos

1

z′k
= 1 · 0 = 0 ,

à lim
k→∞

f (z′′k) = lim
k→∞

e−z
′′
k · lim

k→∞
cos

1

z′′k
= 1 ·1 = 1 , òî lim

z→0
f (z) íå ñóùåñòâóåò.

Ñëåäîâàòåëüíî, òî÷êà z1 = 0 ÿâëÿåòñÿ ñóùåñòâåííî îñîáîé òî÷êîé ôóíê-

öèè f (z) = e−z · cos
1

z
.

2) Òèï òî÷êè z2 =∞ .

Ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè òî÷åê z′k = k è z′′k = −k , ñõîäÿùèõñÿ
ïðè k →∞ ê òî÷êå z2 =∞ .

Òàê êàê lim
k→∞

f (z′k) = lim
k→∞

e−z
′
k · lim

k→∞
cos

1

z′k
= 0 · 1 = 0 ,

à lim
k→∞

f (z′′k) = lim
k→∞

e−z
′′
k · lim

k→∞
cos

1

z′′k
= ∞ · 1 = ∞ , òî lim

z→∞
f (z) íå ñóùå-

ñòâóåò.

465



Ñëåäîâàòåëüíî, òî÷êà z2 =∞ ÿâëÿåòñÿ ñóùåñòâåííî îñîáîé òî÷êîé ôóíê-

öèè f (z) = e−z · cos
1

z
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Âû÷åò àíàëèòè÷åñêîé ôóíêöèè â èçîëèðîâàííîé îñîáîé òî÷êå.

Òî÷êà z0− èçîëèðîâàííàÿ îñîáàÿ òî÷êà ôóíêöèè f (z) . Â îêðåñòíîñòè
òî÷êè z0 , â êîëüöå àíàëèòè÷íîñòè 0 < |z − z0| < R , ôóíêöèÿ f (z) ìîæåò
áûòü ïðåäñòàâëåíà â âèäå ðÿäà Ëîðàíà

f (z) =
∞∑

n=−∞
cn (z − z0)

n ,

ãäå

cn =
1

2πi

∮
Γ

f(z) dz

(z − z0)n+1
, n = 0,±1,±2, . . . ,

Γ− çàìêíóòûé êîíòóð, ëåæàùèé â êîëüöå 0 < |z − z0| < R è îõâàòûâàþùèé
òî÷êó z0 .

Ôîðìóëà äëÿ êîýôôèöèåíòîâ cn ïðè n = −1 èìååò âèä

c−1 =
1

2πi

∮
Γ

f(z) dz .

Îïðåäåëåíèå. Âû÷åòîì ôóíêöèè f(z) â òî÷êå z0 íàçûâàåòñÿ êîýôôèöè-
åíò ðÿäà Ëîðàíà

c−1 =
1

2πi

∮
Γ

f(z) dz .

Äëÿ îáîçíà÷åíèÿ âû÷åòà ôóíêöèè f(z) â òî÷êå z0 èñïîëüçóþòñÿ âûðà-
æåíèÿ Âû÷ [f(z), z0] èëè res [f(z), z0] .

Îïðåäåëåíèå. Âû÷åòîì ôóíêöèè f(z) â òî÷êå z0 =∞ íàçûâàåòñÿ êîýô-
ôèöèåíò ðÿäà Ëîðàíà (− c−1) (Âû÷ [f(z),∞] = − c−1) .

Òåîðåìà (îñíîâíàÿ òåîðåìà î âû÷åòàõ). Ñóììà âû÷åòîâ âî âñåõ èçîëèðî-
âàííûõ îñîáûõ òî÷êàõ, âêëþ÷àÿ òî÷êó z =∞ , ðàâíà íóëþ.

Ôîðìóëû äëÿ âû÷èñëåíèÿ âû÷åòà â ïîëþñå.

1) Ïóñòü òî÷êà z0 ÿâëÿåòñÿ ïîëþñîì ïåðâîãî ïîðÿäêà. Òîãäà:

à) c−1 = res [f(z), z0] = lim
z→z0

(z − z0) · f (z) ;

á) Åñëè f (z) =
ϕ (z)

ψ (z)
, ãäå ϕ (z0) 6= 0 , òî c−1 = res [f(z), z0] =

ϕ (z0)

ψ′ (z0)
.
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2) Ïóñòü òî÷êà z0 ÿâëÿåòñÿ ïîëþñîì m−îãî ïîðÿäêà. Òîãäà

c−1 = res [f(z), z0] =
1

(m− 1)!
lim
z→z0

dm−1

dzm−1

(
(z − z0)

m · f (z)

)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.4 (�4.79 [2]). Íàéòè âû÷åòû ôóíêöèè

f (z) =
1

z3 − z5

îòíîñèòåëüíî âñåõ èçîëèðîâàííûõ îñîáûõ òî÷åê è òî÷êè z =∞ .

Ð å ø å í è å:

Ôóíêöèÿ f (z) =
1

z3 − z5
èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷êè:

1) z1 = −1 − ïîëþñ 1-îãî ïîðÿäêà ;

2) z2 = 0 − ïîëþñ 3-îãî ïîðÿäêà ;

3) z3 = 1 − ïîëþñ 1-îãî ïîðÿäêà ;

4) z4 =∞ − íóëü 5-îãî ïîðÿäêà → c−1 = 0 .

Âû÷åòû ôóíêöèè f (z) =
1

z3 − z5
â ýòèõ òî÷êàõ ðàâíû:

1) res [f(z), z1] =

{
f (z) =

ϕ (z)

ψ (z)
, ãäå ϕ (z) = 1 , ψ (z) = z3 − z5

}
=

=
ϕ (−1)

ψ′ (−1)
= − 1

2
;

3) Âû÷ [f(z), z3] =

{
f (z) =

ϕ (z)

ψ (z)
, ãäå ϕ (z) = 1 , ψ (z) = z3 − z5

}
=

=
ϕ (1)

ψ′ (1)
= − 1

2
;

4) Âû÷ [f(z),∞] = − c−1 = 0 ;

2) res [f(z), z2] = {ñì. ¾Îñíîâíàÿ òåîðåìà î âû÷åòàõ¿} =

= −
(
res [f(z),−1] + res [f(z), 1] + res [f(z),∞]

)
=
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= −
(
−1

2
− 1

2
+ 0

)
= 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.5 (�4.87 [2]). Íàéòè âû÷åòû ôóíêöèè

f (z) =
1

sin z

îòíîñèòåëüíî âñåõ èçîëèðîâàííûõ îñîáûõ òî÷åê è òî÷êè z =∞ .

Ð å ø å í è å:

Ôóíêöèÿ f (z) =
1

sin z
èìååò èçîëèðîâàííûå îñîáûå òî÷êè zk = πk ,

k = 0,±1,±2, . . . − ïîëþñà 1-îãî ïîðÿäêà.

Òî÷êà z =∞ ÿâëÿåòñÿ ïðåäåëüíîé òî÷êîé ïîñëåäîâàòåëüíîñòè {zk} .

Âû÷åòû ôóíêöèè f (z) =
1

sin z
â òî÷êàõ zk ðàâíû

res [f(z), zk] =

{
f (z) =

ϕ (z)

ψ (z)
, ãäå ϕ (z) = 1 , ψ (z) = sin z

}
=

=
ϕ (zk)

ψ′ (zk)
=

1

cos(πk)
= (−1)k .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.6 (�4.91 [2]). Íàéòè âû÷åòû ôóíêöèè

f (z) = ez+1/z

îòíîñèòåëüíî âñåõ èçîëèðîâàííûõ îñîáûõ òî÷åê è òî÷êè z =∞ .

Ð å ø å í è å:

Ôóíêöèÿ f (z) = ez+1/z èìååò äâå èçîëèðîâàííûå îñîáûå òî÷êè z1 = 0 è
z2 =∞ .

Ðÿä Ëîðàíà äëÿ ôóíêöèè f (z) = ez+1/z ñ öåíòðîì â òî÷êå z1 = 0 èìååò
âèä

f (z) = ez ·e1/z =

{
ew =

∞∑
n=0

wn

n!

}
=

∞∑
n=0

zn

n!
·
∞∑
n=0

1

n!zn
=

{ ∞∑
n=0

an ·
∞∑
n=0

bn =

=
∞∑
n=0

dn , ãäå dn =
n∑
k=0

ak · bn−k

}
=

∞∑
n=0

n∑
k=0

z2k−n

k!(n− k)!
.

Ïðåäñòàâëÿþò èíòåðåñ ñëàãàåìûå, ó êîòîðûõ ïîêàçàòåëü ñòåïåíè 2k−n = −1 .
Ýòîìó óñëîâèþ óäîâëåòâîðÿþò íå÷¼òíûå èíäåêñû ñóììèðîâàíèÿ
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n = 2l + 1 (l = 0, 1, 2, . . . ) âî âíåøíåé ñóììå, ïðè êîòîðûõ èíäåêñ

ñóììèðîâàíèÿ k =
n− 1

2

∣∣∣∣
n=2l+1

= l .

Èòàê, Âû÷ [f(z), z1 = 0] = c−1 =
∞∑
l=0

1

k!(n− k)!

∣∣∣∣∣
n=2l+1
k=l

=
∞∑
l=0

1

l!(l + 1)!
.

Âû÷åò ôóíêöèè f (z) = ez+1/z â òî÷êå z2 =∞ ðàâåí

Âû÷ [f(z),∞] = {ñì. ¾Îñíîâíàÿ òåîðåìà î âû÷åòàõ¿} =

= −Âû÷ [f(z), 0] = −
∞∑
l=0

1

l!(l + 1)!
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.7 (�4.27 [2]). Íàéòè îñîáûå òî÷êè ôóíêöèè

f (z) =
ez

1 + z2
,

âûÿñíèòü èõ õàðàêòåð è èññëåäîâàòü ïîâåäåíèå ôóíêöèè íà áåñêîíå÷íîñòè.

Ð å ø å í è å:

Ôóíêöèÿ f (z) =
ez

1 + z2
èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷êè:

z1 = −i , z2 = i è z3 =∞ .

1) Òèï òî÷åê z1,2 = ±i .

f (z) =
ez

1 + z2
→ g (z) =

1

f (z)
=

1 + z2

ez
→ g (±i) = 0 ,

g′ (z) =
2z − 1− z2

ez
→ g′ (±i) 6= 0

Ñëåäîâàòåëüíî, òî÷êè z1,2 = ±i ÿâëÿþòñÿ íóëÿìè 1−îãî ïîðÿäêà äëÿ ôóíê-
öèè g (z) è ïîëþñàìè 1−îãî ïîðÿäêà ôóíêöèè f (z) =

ez

1 + z2
.

2) Òèï òî÷êè z3 =∞ .

Òàê êàê lim
x→∞

f (x) = lim
x→∞

ex

1 + x2
= ∞, à lim

x→∞
f (z)|z=−x = lim

x→∞

e−x

1 + x2
= 0,

òî lim
z→∞

f (z) íå ñóùåñòâóåò. Ñëåäîâàòåëüíî, òî÷êà z3 = ∞ ÿâëÿåòñÿ ñóùå-

ñòâåííî îñîáîé òî÷êîé ôóíêöèè f (z) =
ez

1 + z2
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 47.8 (�4.40 [2]). Íàéòè îñîáûå òî÷êè ôóíêöèè

f (z) =
1

sin z
,

âûÿñíèòü èõ õàðàêòåð è èññëåäîâàòü ïîâåäåíèå ôóíêöèè íà áåñêîíå÷íîñòè.

Ð å ø å í è å:

Ôóíêöèÿ f (z) =
1

sin z
èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷êè:

zk = πk , k = 0,±1,±2, . . . .

Òî÷êà z =∞ ÿâëÿåòñÿ ïðåäåëüíîé òî÷êîé ïîñëåäîâàòåëüíîñòè {zk} .
Òèï òî÷åê zk = πk .

f (z) =
1

sin z
→ g (z) =

1

f (z)
= sin z → g (πk) = sinπk = 0 ,

g′ (z) = cos z → g′ (πk) = cos πk = (−1)k 6= 0

Ñëåäîâàòåëüíî, òî÷êè zk = πk ÿâëÿþòñÿ íóëÿìè 1−îãî ïîðÿäêà äëÿ ôóíêöèè
g (z) è ïîëþñàìè 1-îãî ïîðÿäêà ôóíêöèè f (z) =

1

sin z
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.9 (�4.80 [2]). Íàéòè âû÷åòû ôóíêöèè

f (z) =
z2

(1 + z2)2

îòíîñèòåëüíî âñåõ èçîëèðîâàííûõ îñîáûõ òî÷åê è òî÷êè z =∞ .

Ð å ø å í è å:

Ôóíêöèÿ f (z) =
z2

(1 + z2)2 èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷-

êè: z1 = −i , z2 = i è z3 =∞ .

1) Òèï òî÷åê z1,2 = ±i .

f (z) =
z2

(1 + z2)2 → g (z) =
1

f (z)
=

(
1 + z2

)2

z2
=

1

z2
+ 2 + z2 →

→ g (±i) = 0 , g′ (z) = − 2

z3
+ 2z → g′ (±i) = 0 , g′′ (z) =

6

z4
+ 2 →

→ g′′ (±i) 6= 0

Ñëåäîâàòåëüíî, òî÷êè z1,2 = ±i ÿâëÿþòñÿ íóëÿìè 2−îãî ïîðÿäêà äëÿ ôóíê-

öèè g (z) è ïîëþñàìè 2−îãî ïîðÿäêà ôóíêöèè f (z) =
z2

(1 + z2)2 .
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Âû÷åòû ôóíêöèè f (z) =
z2

(1 + z2)2 â ýòèõ òî÷êàõ ðàâíû:

res [f(z), z1,2] =
1

1!
lim
z→z1,2

d

dz

(
(z − z1,2)

2 · f (z)
)

=

= lim
z→z1,2

d

dz

(
(z − z1,2)

2 · z2

(z − z1)
2 (z − z2)

2

)
=

=


lim
z→z1

(
− 2zz2

(z − z2)
3

)
= − 2z1z2

(z1 − z2)
3 =

i

4
;

lim
z→z2

(
− 2zz1

(z − z1)
3

)
= − 2z1z2

(z2 − z1)
3 = − i

4

.

2) res [f(z),∞] = {ñì. ¾Îñíîâíàÿ òåîðåìà î âû÷åòàõ¿} =

= −
(
res [f(z),−i] + res [f(z), i]

)
= −

(
i

4
− i

4

)
= 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.10 (�4.85 [2]). Íàéòè âû÷åòû ôóíêöèè

f (z) =
ez

z2 (z2 + 9)

îòíîñèòåëüíî âñåõ èçîëèðîâàííûõ îñîáûõ òî÷åê è òî÷êè z =∞ .

Ð å ø å í è å:

Ôóíêöèÿ f (z) =
ez

z2 (z2 + 9)
èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷-

êè:
1) z1 = −3i − ïîëþñ 1-îãî ïîðÿäêà ;

2) z2 = 0 − ïîëþñ 2-îãî ïîðÿäêà ;

3) z3 = 3i − ïîëþñ 1-îãî ïîðÿäêà ;

4) z4 =∞ − ñóùåñòâåííî îñîáàÿ òî÷êà .

Âû÷åòû ôóíêöèè f (z) =
ez

z2 (z2 + 9)
â ýòèõ òî÷êàõ ðàâíû:

1) res [f(z),−3i] =

{
f (z) =

ϕ (z)

ψ (z)
, ãäå ϕ (z) =

ez

z2 (z − 3i)
,

ψ (z) = z + 3i} =
ϕ (−3i)

ψ′ (−3i)
= − i

54
e−3i = − sin 3 + i cos 3

54
;
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2) res [f(z), 0] =
1

1!
lim
z→0

d

dz

(
ez

z2 + 9

)
= lim

z→0
ez
z2 + 9− 2z

(z2 + 9)2 =
1

9
;

3) res [f(z), 3i] =

{
f (z) =

ϕ (z)

ψ (z)
, ãäå ϕ (z) =

ez

z2 (z + 3i)
,

ψ (z) = z − 3i} =
ϕ (3i)

ψ′ (3i)
=

i

54
e3i =

− sin 3 + i cos 3

54
;

4) res [f(z),∞] = {ñì. ¾Îñíîâíàÿ òåîðåìà î âû÷åòàõ¿} =

= −
(
res [f(z),−3i] + res [f(z), 0] + res [f(z), 3i]

)
=

sin 3

27
− 1

9
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 47.11 (�4.93 [2]). Íàéòè âû÷åòû ôóíêöèè

f (z) = sin
z

z + 1

îòíîñèòåëüíî âñåõ èçîëèðîâàííûõ îñîáûõ òî÷åê è òî÷êè z =∞ .

Ð å ø å í è å:

Ôóíêöèÿ f (z) = sin
z

z + 1
èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷êè:

1) z1 = −1 − ñóùåñòâåííî îñîáàÿ òî÷êà ;

2) z2 =∞ .

Âû÷èñëèì âû÷åòû ôóíêöèè f (z) = sin
z

z + 1
â ýòèõ òî÷êàõ.

1) f (z) = sin
z

z + 1
= sin

(
1− 1

z + 1

)
= sin 1 · cos

1

z + 1
−

− cos 1 · sin 1

z + 1
=

{
sinw =

∞∑
n=1

(−1)n−1 w2n−1

(2n− 1)!
, cosw =

=
∞∑
n=0

(−1)n
w2n

(2n)!
, w =

1

z + 1

}
= sin 1 ·

∞∑
n=0

(−1)n

(2n)! (z + 1)2n −

− cos 1 ·
∞∑
n=1

(−1)n−1

(2n− 1)! (z + 1)2n−1 →

→ res [f(z),−1] = c−1 = − cos 1 · (−1)n−1

(2n− 1)!

∣∣∣∣∣
n=1

= − cos 1 .
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4) res [f(z),∞] = {ñì. ¾Îñíîâíàÿ òåîðåìà î âû÷åòàõ¿} =

= −res [f(z),−1] = cos 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.9 Âû÷èñëåíèå èíòåãðàëîâ ñ ïîìîùüþ âû÷åòîâ

�����������������������������������������

3.9.1 Çàíÿòèå 48

Âû÷èñëåíèå èíòåãðàëà
∮
C

f(z)dz ïî çàìêíóòîìó êîíòóðó.

Ïóñòü âíóòðè çàìêíóòîãî êîíòóðà C íàõîäèòñÿ êîíå÷íîå ÷èñëî èçîëèðî-
âàííûõ îñîáûõ òî÷åê zk ôóíêöèè f (z) è íà êîíòóðå C âûáðàíî ïîëîæè-
òåëüíîå íàïðàâëåíèå åãî îáõîäà. Òîãäà∮

C

f(z) dz = 2πi
∑
k

Âû÷ [f(z), zk] .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 48.1 (�4.115 [2]). Âû÷èñëèòü èíòåãðàë∮
C

dz

z4 + 1
,

ãäå C − îêðóæíîñòü x2 + y2 = 2x , ñ÷èòàÿ, ÷òî îáõîä çàìêíóòîãî êîíòóðà
ïðîèñõîäèò â ïîëîæèòåëüíîì íàïðàâëåíèè.

Ð å ø å í è å:∮
C

dz

z4 + 1
=

{
Èçîëèðîâàííûå îñîáûå òî÷êè ôóíêöèè f (z) =

1

z4 + 1
:

z4 + 1 = 0 → zk = ei (π+2πk)/4 , k = 0, 1, 2, 3 (Ðèñ.48.3) →
→ Âíóòðè êðóãà |z − 1| < 1 íàõîäÿòñÿ òî÷êè z0 = ei π/4

è z3 = ei 7π/4 (ïîëþñà 1-îãî ïîðÿäêà)
}

= 2πi (Âû÷ [f(z), z0] +

+Âû÷ [f(z), z3]) = 2πi

(
1

4z3
0

+
1

4z3
3

)
=
πi

2

(
e−i 3π/4 + e−i 5π/4

)
=

=
πi

2

(
cos

3π

4
− i sin

3π

4
+ cos

5π

4
− i sin

5π

4

)
= πi · cos

3π

4
= − i π√

2

Î ò â å ò: ∮
C

dz

z4 + 1
= − i π√

2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Çàäà÷à 48.2 (�4.118 [2]). Âû÷èñëèòü èíòåãðàë∮
C

z3 dz

2z4 + 1
,

ãäå C − îêðóæíîñòü x2 + y2 = 1 , ñ÷èòàÿ, ÷òî îáõîä çàìêíóòîãî êîíòóðà
ïðîèñõîäèò â ïîëîæèòåëüíîì íàïðàâëåíèè.

Ð å ø å í è å:∮
C

z3 dz

2z4 + 1
=

{
Èçîëèðîâàííûå îñîáûå òî÷êè ôóíêöèè f (z) =

z3

2z4 + 1
:

2z4 + 1 = 0 → zk =
1
4
√

2
ei (π+2πk)/4 , k = 0, 1, 2, 3 → Âíóòðè êðóãà

|z| < 1 íàõîäÿòñÿ âñå òî÷êè zk (Ðèñ.48.2)} = 2πi
3∑

k=0

Âû÷ [f(z), zk] =

= {ñì. ¾Îñíîâíàÿ òåîðåìà î âû÷åòàõ¿} = 2πi

(
−Âû÷ [f(z),∞]

)
=

= 2πi · c−1

Êîýôôèöèåíò c−1 â ðàçëîæåíèè ñ öåíòðîì â òî÷êå z = ∞ â ðÿä Ëîðàíà
ôóíêöèè f (z) = z3/

(
2z4 + 1

)
ðàâåí:

f (z) =
z3

2z4 + 1
=

{
z =

1

ξ

}
=

ξ

2 + ξ4
=
ξ

2
· 1

1 + ξ4/2
=
ξ

2

∞∑
n=0

(−1)n
ξ4n

2n
=

=
ξ

2
− ξ5

4
+ · · · =

{
ξ =

1

z

}
=

1

2
· 1

z
− 1

4
· 1

z5
+ . . . → c−1 =

1

2
.

Èíòåãðàë
∮
C

f (z) = 2πi · c−1 = πi .

Î ò â å ò: ∮
C

z3 dz

2z4 + 1
= πi

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Âû÷èñëåíèå îïðåäåë¼ííîãî èíòåãðàëà
2π∫
0

R (sinϕ , cosϕ) dϕ .

Èíòåãðàë I =

2π∫
0

R (sinϕ , cosϕ) dϕ =
{
Çàìåíà ïåðåìåííîé: z = ei ϕ →
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→ dϕ =
dz

i z
, cosϕ =

1

2

(
z +

1

z

)
, sinϕ =

1

2i

(
z − 1

z

)
,

R (sinϕ , cosϕ) → R̃ (z)
}

= − i
∮

C : |z|=1

1

z
R̃ (z) dz =

= 2π
∑
k

Âû÷

[
1

z
R̃ (z) , zk

]
, ãäå zk − èçîëèðîâàííûå îñîáûå òî÷êè

ôóíêöèè
1

z
R̃ (z) , ëåæàùèå â êðóãå |z| < 1 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.48.1

z0

C2

C1

CR
2π/n

R

-

6

x

y

Ðèñ.48.2

1

uu
uu
z0

z3

z1

z2

C

-

6

x

y

Ðèñ.48.3

z1

z2

z0

z3

1

C

u
u
u

u

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 48.3 (�4.131 [2]). Âû÷èñëèòü îïðåäåë¼ííûé èíòåãðàë

2π∫
0

dϕ

a+ cosϕ
(a > 1) .

Ð å ø å í è å:

2π∫
0

dϕ

a+ cosϕ
=

{
z = ei ϕ , dϕ =

dz

i z
, cosϕ =

1

2

(
z +

1

z

)}
=

= − 2i

∮
C : |z|=1

dz

z2 + 2az + 1
=

{
f (z) =

1

z2 + 2az + 1

}
=

= 4π
∑
k

Âû÷ [f (z) , zk] , ãäå zk − èçîëèðîâàííûå îñîáûå òî÷êè

ôóíêöèè f (z) , ëåæàùèå â êðóãå |z| < 1 .

Âûáîð èçîëèðîâàííûõ îñîáûõ òî÷åê zk :
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f (z) =
1

z2 + 2az + 1
→ z2 + 2az + 1 = 0 →

→ z1 = −a+
√
a2 − 1 , z2 = −a−

√
a2 − 1 − ïîëþñà ïåðâîãî ïîðÿäêà,

|z1| = a−
√
a2 − 1 < 1 − íàõîäèòñÿ âíóòðè êðóãà |z| < 1 ,

|z2| = a+
√
a2 − 1 > 1 − íàõîäèòñÿ âíå êðóãà |z| < 1 .

Ñëåäîâàòåëüíî,

2π∫
0

dϕ

a+ cosϕ
= 4π Âû÷ [f (z) , z1] =

= 4π · 1

2z1 + 2a
=

2π√
a2 − 1

.

Î ò â å ò:
2π∫

0

dϕ

a+ cosϕ
=

2π√
a2 − 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Âû÷èñëåíèå íåñîáñòâåííîãî èíòåãðàëà 1-îãî ðîäà
∞∫
−∞

f (x) dx .

Èíòåãðàë I =

∞∫
−∞

f (x) dx = 2πi
∑
k

Âû÷ [f (z) , zk] ,

ãäå f (z) − àíàëèòè÷åñêîå ïðîäîëæåíèå ôóíêöèè f (x) íà
êîìïëåêñíóþ ïëîñêîñòü z è zk − èçîëèðîâàííûå îñîáûå òî÷êè
ôóíêöèè f (z) , ëåæàùèå â âåðõíåé ïîëóïëîñêîñòè z (Im z > 0) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 48.4 (�4.140 [2]). Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë 1-îãî ðîäà

∞∫
−∞

x dx

(x2 + 4x+ 13)2 .

Ð å ø å í è å:

Çàäàííûé èíòåãðàë
∞∫
−∞

x dx

(x2 + 4x+ 13)2 ÿâëÿåòñÿ ñõîäÿùèìñÿ íåñîáñòâåí-

íûì èíòåãðàëîì 1-îãî ðîäà, òàê êàê

|x|
(x2 + 4x+ 13)2 =

|x|�1
O

(
1

|x|3

)
è x2 + 4x+ 13 6= 0 ïðè −∞ < x < +∞ .
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Îñîáûå òî÷êè ôóíêöèè f (z) =
z

(z2 + 4z + 13)2 :

z2+4z+13 = 0 → z1 = −2+i 3 , z2 = −2−i 3 - ïîëþñà 2-îãî ïîðÿäêà ,

Im z1 > 0 − òî÷êà z1 â âåðõíåé ïîëóïëîñêîñòè .

Ñëåäîâàòåëüíî,

∞∫
−∞

x dx

(x2 + 4x+ 13)2 = 2πiÂû÷ [f (z) , z1] =

= 2πi
d

dz

(
(z − z1)

2 f (z)
)∣∣∣

z=z1
= 2πi

d

dz

(
z

(z − z2)
2

)∣∣∣∣
z=z1

=

= 2πi
(z − z2)− 2z

(z − z2)
3

∣∣∣∣
z=z1

= −2πi
z2 + z1

(z1 − z2)
3 = 2πi

4

(6 i)3 = − π

27
.

Î ò â å ò: ∞∫
−∞

x dx

(x2 + 4x+ 13)2 = − π

27

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 48.5 (�4.145 [2]). Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë 1-îãî ðîäà

∞∫
0

dx

1 + xn
(n > 2 − íàòóðàëüíîå ÷èñëî) .

Ó ê à ç à í è å. Ðàññìîòðåòü èíòåãðàë
∮
C

dz

1 + zn
, ãäå C − êîíòóð, ñîñòîÿùèé

èç ëó÷åé arg z = 0, arg z = 2π/n è ñîåäèíÿþùåé èõ äóãè îêðóæíîñòè (ñì.
Ðèñ.48.1).

Ð å ø å í è å:

1) Âû÷èñëåíèå èíòåãðàëà ñ èñïîëüçîâàíèåì âû÷åòà.

Ôóíêöèÿ f (z) =
1

1 + zn
èìååò ñëåäóþùèå èçîëèðîâàííûå îñîáûå òî÷êè :

1+zn = 0→ zk = ei (π+2πk)/n, k = 0, 1, . . . , (n−1)−ïîëþñà 1-ãî ïîðÿäêà;
Îñîáàÿ òî÷êà z0 = ei π/n íàõîäèòñÿ âíóòðè çàìêíóòîãî ñîñòàâíîãî
êîíòóðà C = C1 ∪ CR ∪ C2 (ñì. Ðèñ.48.1) .

Ñëåäîâàòåëüíî,
∮
C

dz

1 + zn
= 2πiÂû÷

[
1

1 + zn
, z0

]
→
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→
∫
C1

dz

1 + zn
+

∫
CR

dz

1 + zn
+

∫
C2

dz

1 + zn
= 2πi

1

n zn−1
0

.

Ïàðàìåòðèçàöèÿ êîíòóðîâ C1 , CR è C2 :

C1 : z = x , x ∈ [0 , R] → dz = dx ,
dz

1 + zn
=

dx

1 + xn
;

CR : z = Rei t , t ∈ [0 , 2π/n] → dz = i R ei tdt ,
dz

1 + zn
=

i R ei tdt

1 +Rnei nt
;

C2 : z = t ei 2π/n , t ∈ [0 , R] → dz = ei 2π/ndt ,
dz

1 + zn
=
ei 2π/ndt

1 + tn
.

Ïîëó÷èëè ðàâåíñòâî

R∫
0

dx

1 + xn
+

2π/n∫
0

i R ei tdt

1 +Rnei nt
+

0∫
R

ei 2π/ndt

1 + tn
=

2πi

n zn−1
0

,

âåðíîå ïðè ëþáîì çíà÷åíèè R > 1 . Âûïîëíèâ â ýòîì ðàâåíñòâå ïðåäåëüíûé
ïåðåõîä ïðè R→∞ , ïîëó÷èì

∞∫
0

dx

1 + xn
+ lim

R→∞

2π/n∫
0

i R ei tdt

1 +Rnei nt︸ ︷︷ ︸
= 0

− ei 2π/n ·
∞∫

0

dx

1 + xn
=

2πi

n
e−i π(n−1)/n →

→
∞∫

0

dx

1 + xn
·
(

1− ei 2π/n
)

= − 2πi

n
ei π/n →

→
∞∫

0

dx

1 + xn
=

π/n(
ei π/n − e−i π/n

)
/(2i)

=
π/n

sin(π/n)
.

2) Âû÷èñëåíèå èíòåãðàëà ñ èñïîëüçîâàíèåì Áåòà-ôóíêöèè Ýéëåðà.

∞∫
0

dx

1 + xn
=

{
xn = t → dx =

1

n
t1/n−1 dt

}
=

1

n

∞∫
0

t1/n−1 dt

1 + t
=

=
1

n
· B
(

1

n
, 1− 1

n

)
=

1

n
· π

sin(π/n)
.

Î ò â å ò: ∞∫
0

dx

1 + xn
=

π/n

sin(π/n)
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 48.6 (�4.119 [2]). Âû÷èñëèòü èíòåãðàë∮
C

ez dz

z2 (z2 − 9)
,

ãäå C − îêðóæíîñòü |z| = 1 , ñ÷èòàÿ, ÷òî îáõîä çàìêíóòîãî êîíòóðà ïðîèñõî-
äèò â ïîëîæèòåëüíîì íàïðàâëåíèè.

Ð å ø å í è å:∮
C

ez dz

z2 (z2 − 9)
= {Èçîëèðîâàííûå îñîáûå òî÷êè ôóíêöèè

f (z) =
ez

z2 (z2 − 9)
: z1 = 0 (ïîëþñ 2-îãî ïîðÿäêà) , z2,3 = ±3

(ïîëþñà 1-îãî ïîðÿäêà) , z4 =∞ (ñóùåñòâåííî îñîáàÿ òî÷êà) →
→ Âíóòðè êðóãà |z| < 1 íàõîäèòñÿ òî÷êà z1 = 0} =

= 2πiÂû÷ [f(z), z1 = 0] = 2πi lim
z→0

d

dz

(
ez

z2 − 9

)
=

= 2πi lim
z→0

ez · z
2 − 9− 2z

(z2 − 9)2 = −2πi

9

Î ò â å ò: ∮
C

ez dz

z2 (z2 − 9)
= −2πi

9

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 48.7 (�4.132 [2]). Âû÷èñëèòü îïðåäåë¼ííûé èíòåãðàë

2π∫
0

dϕ

(a+ b cosϕ)2 (a > b > 0) .

Ð å ø å í è å:

2π∫
0

dϕ

(a+ b cosϕ)2 =

{
z = ei ϕ , dϕ =

dz

i z
, cosϕ =

1

2

(
z +

1

z

)}
=

= − 4i

∮
C : |z|=1

z dz

(bz2 + 2az + b)2 =

{
f (z) =

z

(bz2 + 2az + b)2

}
=

= 8π
∑
k

Âû÷ [f (z) , zk] , ãäå zk − èçîëèðîâàííûå îñîáûå òî÷êè
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ôóíêöèè f (z) , ëåæàùèå â êðóãå |z| < 1 .

Âûáîð èçîëèðîâàííûõ îñîáûõ òî÷åê zk :

f (z) =
z

(bz2 + 2az + b)2 → bz2 + 2az + b = 0 →

→ z1 =
−a+

√
a2 − b2

b
, z2 =

−a−
√
a2 − b2

b
− ïîëþñà 2-îãî ïîðÿäêà,

|z1| =
a−
√
a2 − b2

b
< 1 − íàõîäèòñÿ âíóòðè êðóãà |z| < 1 ,

|z2| =
a+
√
a2 − b2

b
> 1 − íàõîäèòñÿ âíå êðóãà |z| < 1 .

Ñëåäîâàòåëüíî,

2π∫
0

dϕ

a+ cosϕ
= 8π Âû÷ [f (z) , z1] =

=
8π

b2
lim
z→z1

d

dz

(
z

(z − z2)
2

)
= − 8π

b2
lim
z→z1

z + z2

(z − z2)
3 = − 8π

b2

z1 + z2

(z1 − z2)
3 =

=
2πa

(a2 − b2)3/2
.

Î ò â å ò:
2π∫

0

dϕ

(a+ b cosϕ)2 =
2πa

(a2 − b2)3/2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 48.8 (�4.142 [2]). Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë 1-îãî ðîäà

In =

∞∫
0

dx

(x2 + 1)n
(n− íàòóðàëüíîå ÷èñëî ) .

Ð å ø å í è å:

1) Çàäàííûé èíòåãðàë
∞∫
0

dx

(x2 + 1)n
ÿâëÿåòñÿ ñõîäÿùèìñÿ íåñîáñòâåííûì

èíòåãðàëîì 1-îãî ðîäà, òàê êàê

1

(x2 + 1)n
=
|x|�1

O

(
1

|x|2n

)
è x2 + 1 6= 0 ïðè −∞ < x < +∞ .

Îñîáûå òî÷êè ôóíêöèè f (z) =
1

(z2 + 1)n
:
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z2 + 1 = 0 → z1 = i , z2 = −i - ïîëþñà n-îãî ïîðÿäêà ,

Im z1 > 0 − òî÷êà z1 â âåðõíåé ïîëóïëîñêîñòè .

Ñëåäîâàòåëüíî, In =

∞∫
0

dx

(x2 + 1)n
=

1

2

∞∫
−∞

dx

(x2 + 1)n
=

= πiÂû÷ [f (z) , z1 = i] .

Åñëè n = 1, òî I1 =

∞∫
0

dx

x2 + 1
= arctg x|x=∞

x=0 =
π

2
.

Åñëè n > 2, òî In = πiÂû÷ [f (z) , i] =
πi

(n− 1)!
lim
z→i

dn−1

dzn−1

(
1

(z + i)n

)
=

=

{
dk

dzk

(
1

(z + i)n

)
= (−1)k · n (n+ 1) (n+ 2) . . . (n+ (k − 1))

(z + i)n+k

}
=

=
πi

(n− 1)!
lim
z→i

(−1)n−1 · n (n+ 1) (n+ 2) . . . (n+ (n− 2))

(z + i)2n−1 =

=
πi

(n− 1)!
· (−1)n−1 · n (n+ 1) (n+ 2) . . . (n+ (n− 2))

22n−1 i2n−1
=

=
π

(n− 1)! 2n−1
· n (n+ 1) (n+ 2) . . . (2n− 2)

2n
=

π

2 · 4 · 6 . . . (2n− 2)
·

· (2n− 2)!

(n− 1)! 2n−1 2
=
π

2
· 1 · 3 · 5 . . . (2n− 3)

2 · 4 · 6 . . . (2n− 2)
.

2) In =

∞∫
0

du

(u2 + 1)n
=

{
u2 = t → du =

t−1/2 dt

2

}
=

1

2

∞∫
0

t−1/2 dt

(1 + t)n
=

=
1

2

∞∫
0

t1/2−1 dt

(1 + t)n
=

{
x =

1

2
, x+ y = n

}
=

1

2
·B
(

1

2
, n− 1

2

)
=

=
1

2
·B
(

1

2
,

(
n− 3

2

)
+ 1

)
=

1

2
· n− 3/2

n− 1
·B
(

1

2
, n− 3

2

)
=

=
1

2
· 2n− 3

2n− 2
· B
(

1

2
,

(
n− 5

2

)
+ 1

)
= · · · = (2n− 3) . . . 3 · 1

(2n− 2) . . . 4 · 2
· π

2
.

Î ò â å ò: ∞∫
0

dx

x2 + 1
=
π

2
;
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∞∫
0

dx

(x2 + 1)n
=
n>2

π

2
· 1 · 3 · 5 . . . (2n− 3)

2 · 4 · 6 . . . (2n− 2)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.9.2 Çàíÿòèå 49

Âû÷èñëåíèå íåñîáñòâåííîãî èíòåãðàëà 1-îãî ðîäà
∞∫
−∞

eiαx f (x) dx (α > 0) .

Èíòåãðàë I =

∞∫
−∞

eiαx f (x) dx = 2πi
∑
k

Âû÷
[
eiαz f (z) , zk

]
,

ãäå f (z) − àíàëèòè÷åñêîå ïðîäîëæåíèå ôóíêöèè f (x) íà
êîìïëåêñíóþ ïëîñêîñòü z , zk − èçîëèðîâàííûå îñîáûå òî÷êè
ôóíêöèè f (z) , ëåæàùèå â âåðõíåé ïîëóïëîñêîñòè z (Im zk > 0)

è ôóíêöèÿ f (z) ðàâíîìåðíî îòíîñèòåëüíî arg z (0 6 arg z 6 π)

ñòðåìèòñÿ ê íóëþ ïðè |z| → ∞ (ñì. À.Ã.Ñâåøíèêîâ, À.Í.Òèõîíîâ
Òåîðèÿ ôóíêöèé êîìïëåêñíîé ïåðåìåííîé (ñòð.128)) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 49.1 (�4.149(1) [2]). Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë 1-îãî
ðîäà

∞∫
−∞

x cosx dx

x2 − 2x+ 10
.

Ð å ø å í è å:

Çàäàííûé èíòåãðàë
∞∫
−∞

x cosx dx

x2 − 2x+ 10
ÿâëÿåòñÿ ñõîäÿùèìñÿ íåñîáñòâåííûì

èíòåãðàëîì 1-îãî ðîäà (ïðèçíàê ñõîäèìîñòè Äèðèõëå-Àáåëÿ è

x2 − 2x+ 10 6= 0 ïðè −∞ < x < +∞).

Ôóíêöèÿ f (z) =
z

z2 − 2z + 10
−−−−→
|z|→∞

0 .

Îñîáûå òî÷êè ôóíêöèè f (z) =
z

z2 − 2z + 10
:

z2 − 2z + 10 = 0 → z1 = 1 + i 3 , z2 = 1− i 3 - ïîëþñà 1-îãî ïîðÿäêà ,
Im z1 > 0 − òî÷êà z1 â âåðõíåé ïîëóïëîñêîñòè .

Ñëåäîâàòåëüíî,

∞∫
−∞

x cosx dx

x2 − 2x+ 10
= {α = 1 > 0} = Re

∞∫
−∞

eix f (x) dx =
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= Re
(
2πiÂû÷

[
eiz f (z) , z1

])
= Re

(
2πi eiz1

z1

2z1 − 2

)
=

= Re
(π

3
e−3 (cos 1− 3 sin 1 + i (sin 1 + 3 cos 1))

)
=
π

3
e−3 (cos 1− 3 sin 1) .

Î ò â å ò: ∞∫
−∞

x cosx dx

x2 − 2x+ 10
=
π

3
e−3 (cos 1− 3 sin 1)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 49.2 (�4.152 [2]). Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë 1-îãî ðîäà

∞∫
0

x sin(ax) dx

x2 + b2
(a > 0 , b > 0) .

Ð å ø å í è å:

Çàäàííûé èíòåãðàë
∞∫
0

x sin(ax) dx

x2 + b2
ÿâëÿåòñÿ ñõîäÿùèìñÿ íåñîáñòâåííûì

èíòåãðàëîì 1-îãî ðîäà (ïðèçíàê ñõîäèìîñòè Äèðèõëå-Àáåëÿ è x2 + b2 6= 0
ïðè −∞ < x < +∞).

Ôóíêöèÿ f (z) =
z

z2 + b2
−−−−→
|z|→∞

0 .

Îñîáûå òî÷êè ôóíêöèè f (z) =
z

z2 + b2
:

z2 + b2 = 0 → z1 = i b , z2 = −i b - ïîëþñà 1-îãî ïîðÿäêà ,
Im z1 > 0 − òî÷êà z1 â âåðõíåé ïîëóïëîñêîñòè .

Ñëåäîâàòåëüíî,

∞∫
0

x sin(ax) dx

x2 + b2
=

1

2

∞∫
−∞

x sin(ax) dx

x2 + b2
=

=
1

2
Im

∞∫
−∞

eiax
x dx

x2 + b2
=

1

2
Im
(
2πiÂû÷

[
eiaz f (z) , z1

])
=

= Im

(
πi eiaz1

z1

2z1

)
= Im

(
πi e−ab

1

2

)
=
π

2
e−ab .

Î ò â å ò: ∞∫
0

x sin(ax) dx

x2 + b2
=
π

2
e−ab
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 49.3 (�4.153 [2]). Ïóñòü f (z) = ei αz F (z) , ãäå α > 0 , à ôóíêöèÿ
F (z) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè :

1) â âåðõíåé ïîëóïëîñêîñòè îíà èìååò êîíå÷íîå ÷èñëî îñîáûõ

òî÷åê a1, a2, . . . , an ;

2) àíàëèòè÷íà âî âñåõ òî÷êàõ äåéñòâèòåëüíîé îñè, êðîìå òî÷åê

x1, x2, . . . , xm , ÿâëÿþùèõñÿ ïðîñòûìè ïîëþñàìè;

3) F (z) → 0 , åñëè z →∞ è Im z > 0 .

Äîêàçàòü, ÷òî

v.p.

∞∫
−∞

f (x) dx = 2πi

(
n∑
k=1

Âû÷ [f (z) , ak] +
1

2

m∑
k=1

Âû÷ [f (z) , xk]

)
,

ãäå èíòåãðàë ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ (îòíîñèòåëüíî âñåõ òî-
÷åê xk è ∞ ).

Ð å ø å í è å:

Ïóñòü m = n = 1 .

Ðàññìîòðèì ñîñòàâíîé êîíòóð C∗ = CR ∪ C2 ∪ C−ρ ∪ C1 (Ðèñ.49.1).∮
C∗

f (z) dz = 2πiÂû÷ [f (z) , a1]

∫
CR

f (z) dz +

∫
C2

f (z) dz +

∫
C−ρ

f (z) dz +

∫
C1

f (z) dz = 2πiÂû÷ [f (z) , a1] (∗1)

Ðàññìîòðèì ñîñòàâíîé êîíòóð C∗∗ = CR ∪ C2 ∪ C+
ρ ∪ C1 .∮

C∗∗

f (z) dz = 2πiÂû÷ [f (z) , a1] + 2πiÂû÷ [f (z) , x1]

∫
CR

f (z) dz+

∫
C2

f (z) dz+

∫
C+
ρ

f (z) dz+

∫
C1

f (z) dz = 2πiÂû÷ [f (z) , a1] +

+ 2πiÂû÷ [f (z) , x1] (∗2)

Ïîëóñóììà ñîîòíîøåíèé (∗1) è (∗2) èìååò âèä∫
CR

f (z) dz +

∫
C2

f (z) dz +
1

2

∫
C−ρ

f (z) dz +
1

2

∫
C+
ρ

f (z) dz +

∫
C1

f (z) dz =
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= 2πiÂû÷ [f (z) , a1] + πiÂû÷ [f (z) , x1] (∗3).

Ïàðàìåòðèçàöèÿ êîíòóðîâ CR , C2 , C
−
ρ , C

+
ρ è C1 :

CR : z = Rei t , t ∈ [0 , π] → dz = i R ei tdt ;

C2 : z = x , x ∈ [−R , x1 − ρ] → dz = dx ;

C−ρ : z = x1 + ρ ei t , t ∈ [π , 0] → dz = i ρ ei tdt ;

C+
ρ : z = x1 + ρ ei t , t ∈ [−π , 0] → dz = i ρ ei tdt ;

C1 : z = x , x ∈ [x1 + ρ , R] → dz = dx .

Òàê êàê òî÷êà x1 ÿâëÿåòñÿ ïîëþñîì 1-îãî ïîðÿäêà, òî â îêðåñòíîñòè ýòîé

òî÷êè ôóíêöèÿ f (z) ïðåäñòàâèìà â âèäå f (z) =
Φ (z)

z − x1
, ãäå Φ (x1) 6= 0 .

Òîãäà, ðàâåíñòâî (∗3) ïðèíèìàåò ñëåäóþùèé âèä

i

π∫
0

f
(
Rei t

)
Rei tdt +

x1−ρ∫
−R

f (x) dx +
i

2

0∫
π

Φ
(
x1 + ρ ei t

)
dt +

+
i

2

0∫
−π

Φ
(
x1 + ρ ei t

)
dt +

R∫
x1+ρ

f (x) dx = 2πiÂû÷ [f (z) , a1] +

+ πiÂû÷ [f (z) , x1] .

Âûïîëíèâ â ïîñëåäíåì ðàâåíñòâå äâîéíîé ïðåäåëüíûé ïåðåõîä ïðè R → ∞
è ρ→ 0 , ïîëó÷èì

i lim
R→∞

π∫
0

f
(
Rei t

)
Rei tdt

︸ ︷︷ ︸
= 0 (ñì. ¾ëåììà Æîðäàíà¿)

+

x1∫
−∞

f (x) dx − i

2
Φ (x1) π +

i

2
Φ (x1) π +

+

∞∫
x1

f (x) dx = 2πiÂû÷ [f (z) , a1] + πiÂû÷ [f (z) , x1] →

→ v.p.

∞∫
−∞

f (x) dx = 2πiÂû÷ [f (z) , a1] + πiÂû÷ [f (z) , x1] .

Åñëè ôóíêöèÿ f (z) â âåðõíåé ïîëóïëîñêîñòè èìååò n îñîáûõ òî÷åê
a1, a2, . . . , an , à íà äåéñòâèòåëüíîé îñè èìååò m îñîáûõ òî÷åê x1, x2, . . . , xm ,
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ÿâëÿþùèõñÿ ïðîñòûìè ïîëþñàìè, òî ôîðìóëà ïðèíèìàåò âèä

v.p.

∞∫
−∞

f (x) dx = 2πi

(
n∑
k=1

Âû÷ [f (z) , zk = ak] +
1

2

m∑
k=1

Âû÷ [f (z) , zk = xk]

)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

-

6

x

y

Ðèñ.49.1

CR

C1C2

C−ρ

C+
ρ

R
−R

R

x1

x1 + ρx1 − ρ

a1
u

u -

6

x

y

Ðèñ.49.2

−1 R−R

u
R

z0C−ρ

C1C2

CR

-

6

x

y

Ðèñ.49.3

CR

R

R
C3

Cρ2

C4

C1

Cρ1

C2

u
z0

uz1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 49.4 (�4.156 [2]). Íàéòè ãëàâíîå çíà÷åíèå èíòåãðàëà

v.p.

∞∫
−∞

sinx dx

(x2 + 4) (x− 1)
.

Ð å ø å í è å:

v.p.

∞∫
−∞

sinx dx

(x2 + 4) (x− 1)
= v.p. Im

∞∫
−∞

ei x
1

(x2 + 4) (x− 1)
dx = {α = 1 > 0,

(n = 1) a1 = i 2− ïîëþñ 1-îãî ïîðÿäêà , (m = 1) x1 = 1− ïîëþñ

1-îãî ïîðÿäêà } = Im 2π i

(
Âû÷

[
ei z

1

(z2 + 4) (z − 1)
, a1

]
+

+
1

2
Âû÷

[
ei z

1

(z2 + 4) (z − 1)
, x1

])
= Im 2π i

(
ei a1

1

(a1 + 2 i) (a1 − 1)
+

+
1

2
ei x1

1

x2
1 + 4

)
= Imπ i

(
−e−2 2− i

10
+

1

5
(cos 1 + i sin 1)

)
=

= Im π

(
−e−2 1 + 2 i

10
+

1

5
(− sin 1 + i cos 1)

)
=
π

5

(
cos 1− e−2

)
.

Î ò â å ò: ∞∫
−∞

sinx dx

(x2 + 4) (x− 1)
=
π

5

(
cos 1− e−2

)
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 49.5 (�4.157 [2]). Íàéòè ãëàâíîå çíà÷åíèå èíòåãðàëà

v.p.

∞∫
−∞

cos tx dx

1 + x3
(−∞ < t <∞) .

Ð å ø å í è å:

1) Ïóñòü ïàðàìåòð t > 0 .

v.p.

∞∫
−∞

cos tx dx

1 + x3
= v.p.Re

∞∫
−∞

ei tx
dx

1 + x3
=

{
F (z) =

1

1 + z3
→

→ 1 + z3 = 0 → zk = ei (π+2πk)/3 , k = 0, 1, 2 → z0 = ei π/3, Im z0 > 0,

a1 = z0 − ïîëþñ 1-îãî ïîðÿäêà , z1 = ei π = −1, x1 = z1 − ïîëþñ 1-îãî

ïîðÿäêà , z2 = ei 5π/3 = e−i π/3 , Im z2 < 0
}

=

= Re 2π i

(
Âû÷

[
ei tz

1

1 + z3
, z0

]
+

1

2
Âû÷

[
ei tz

1

1 + z3
, z1

])
=

= Re 2π i

(
ei tz0

1

3 z2
0

+
1

2
ei tz1

1

3 z2
1

)
= Re 2π i

(
−1

6
e−t
√

3/2

(
cos

t

2
+

+ i sin
t

2

)(
1 + i

√
3
)

+
1

6
(cos t− i sin t)

)
=

= Re 2π i

(
−1

6
e−t
√

3/2

(
cos

t

2
−
√

3 sin
t

2
+ i

(√
3 cos

t

2
+ sin

t

2

))
+

+
1

6
(cos t− i sin t)

)
= Re

π

3

(
e−t
√

3/2

(√
3 cos

t

2
+ sin

t

2

)
+ sin t+

+ i

(
−e−t

√
3/2

(
cos

t

2
−
√

3 sin
t

2

)
+ cos t

))
=

=
π

3

(
e−t
√

3/2

(√
3 cos

t

2
+ sin

t

2

)
+ sin t

)
2) Ïóñòü ïàðàìåòð t < 0 .

v.p.

∞∫
−∞

cos tx dx

1 + x3
= v.p.Re

∞∫
−∞

ei tx
dx

1 + x3
= {Ïðè t < 0 ðàññìàòðèâàåòñÿ

àíàëèòè÷åñêîå ïðîäîëæåíèå ôóíêöèè F (x) =
1

1 + x3
íà íèæíþþ

êîìïëåêñíóþ ïîëóïëîñêîñòü è àíàëîãè÷íî � 4.153 [2] äîêàçûâàåòñÿ
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ðàâåíñòâî, ñëåäóþùåå äàëåå.} =

= −Re 2π i

(
Âû÷

[
ei tz

1

1 + z3
, z2

]
+

1

2
Âû÷

[
ei tz

1

1 + z3
, z1

])
= · · · =

=
π

3

(
et
√

3/2

(√
3 cos

t

2
− sin

t

2

)
− sin t

)

3) Ïóñòü ïàðàìåòð t = 0 . Çàäàííûé èíòåãðàë èìååò âèä v.p.
∞∫
−∞

dx

1 + x3
.

Îñîáûå òî÷êè ôóíêöèè F (z) =
1

1 + z3
:

z3 + 1 = 0 → zk = ei (π+2πk)/3 , k = 0, 1, 2 → z0 = ei π/3 , Im z0 > 0 ,

z0 − ïîëþñ 1-îãî ïîðÿäêà , z1 = ei π = −1 , z1 − ïîëþñ 1-îãî ïîðÿäêà ,

z2 = ei 5π/3 = e−i π/3 , Im z2 < 0 .

Ðàññìîòðèì ñîñòàâíîé êîíòóð C = CR ∪ C2 ∪ C−ρ ∪ C1 (Ðèñ.49.2).∮
C

dz

1 + z3
= 2πiÂû÷ [F (z) , z0]

∫
CR

F (z) dz +

∫
C2

F (z) dz +

∫
C−ρ

F (z) dz +

∫
C1

F (z) dz = 2πiÂû÷ [F (z) , z0] (∗)

Ïàðàìåòðèçàöèÿ êîíòóðîâ CR , C2 , C
−
ρ è C1 :

CR : z = Rei t , t ∈ [0 , π] → dz = i R ei tdt ;

C2 : z = x , x ∈ [−R , −1− ρ] → dz = dx ;

C−ρ : z = −1 + ρ ei t , t ∈ [π , 0] → dz = i ρ ei tdt ;

C1 : z = x , x ∈ [−1 + ρ , R] → dz = dx .

Òîãäà, ðàâåíñòâî (∗) ïðèíèìàåò ñëåäóþùèé âèä

i

π∫
0

Rei tdt

1 +R3 ei 3t
+

−1−ρ∫
−R

dx

1 + x3
+ i

0∫
π

dt

3− 3ρ ei t + ρ2 ei 2t
+

R∫
−1+ρ

dx

1 + x3
=

= 2πi

(
− 1 + i

√
3

6

)
.

Âûïîëíèâ â ïîñëåäíåì ðàâåíñòâå äâîéíîé ïðåäåëüíûé ïåðåõîä ïðè R → ∞
è ρ→ 0 , ïîëó÷èì
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i lim
R→∞

π∫
0

Rei tdt

1 +R3 ei 3t︸ ︷︷ ︸
= 0

+ v.p.

∞∫
−∞

dx

1 + x3
+ i lim

ρ→0

0∫
π

dt

3− 3ρ ei t + ρ2 ei 2t︸ ︷︷ ︸
=−i π/3

=

= − πi 1 + i
√

3

3
→

→ v.p.

∞∫
−∞

dx

1 + x3
=
π
√

3

3
.

Î ò â å ò:

∞∫
−∞

cos tx dx

1 + x3
=
π

3

(
e−|t|

√
3/2

(√
3 cos

t

2
+ sin

|t|
2

)
+ sin |t|

)
(−∞ < t <∞)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 49.6 (�4.176 [2]). Âû÷èñëèòü ãëàâíîå çíà÷åíèå èíòåãðàëà

v.p.

∞∫
0

x dx

x4 − 1
.

Ð å ø å í è å:

Ïóñòü f (z) =
z

z4 − 1
. Îñîáûå òî÷êè ôóíêöèè f (z) =

z

z4 − 1
:

z4 − 1 = 0 → zk = ei πk/2 , k = 0, 1, 2, 3 → z0 = 1 (ïîëþñ 1-îãî
ïîðÿäêà), z1 = i (ïîëþñ 1-îãî ïîðÿäêà), z2 = −1 (ïîëþñ 1-îãî
ïîðÿäêà), z3 = −i (ïîëþñ 1-îãî ïîðÿäêà) .

Ðàññìîòðèì ñîñòàâíîé êîíòóð C = C1 ∪ Cρ1 ∪ C2 ∪ CR ∪ C3 ∪ Cρ2 ∪ C4

(Ðèñ.49.3). ∮
C

f (z) dz = 0 →

→
∫
C1

f (z) dz +

∫
Cρ1

f (z) dz +

∫
C2

f (z) dz +

∫
CR

f (z) dz +

∫
C3

f (z) dz+

+

∫
Cρ2

f (z) dz +

∫
C4

f (z) dz = 0 (∗)
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Ïàðàìåòðèçàöèÿ êîíòóðîâ C1 , Cρ1 , C2 , CR , C3 , Cρ2 è C4 :

C1 : z = x , x ∈ [0 , 1− ρ1] → dz = dx ;

Cρ1 : z = 1 + ρ1 · ei t , t ∈ [π , 0] → dz = i ρ1 · ei tdt ;

C2 : z = x , x ∈ [1 + ρ1 , R] → dz = dx ;

CR : z = Rei t , t ∈ [0 , π/2] → dz = i R ei tdt ;

C3 : z = i x , x ∈ [R , 1 + ρ2] → dz = i dx ;

Cρ2 : z = i+ ρ2 · ei t , t ∈ [π/2 , −π/2] → dz = i ρ2 · ei tdt ;

C4 : z = i x , x ∈ [1− ρ2 , 0] → dz = i dx .

Òîãäà, ðàâåíñòâî (∗) ïðèíèìàåò ñëåäóþùèé âèä

1−ρ1∫
0

x dx

x4 − 1
+ i

0∫
π

(
1 + ρ1 · ei t

)
dt

4 + 6 ρ1 · ei t + 4 ρ12 · ei 2t + ρ13 · ei 3t
+

+

R∫
1+ρ1

x dx

x4 − 1
+ i

π/2∫
0

R2 ei 2t dt

R4 ei 4t − 1
−

1+ρ2∫
R

x dx

x4 − 1
+

+ i

−π/2∫
π/2

(
i+ ρ2 · ei t

)
dt

−i 4− 6 ρ2 · ei t + i 4 ρ22 · ei 2t + ρ23 · ei 3t
−

0∫
1−ρ2

x dx

x4 − 1
= 0 .

Âûïîëíèâ â ïîñëåäíåì ðàâåíñòâå ïðåäåëüíûé ïåðåõîä ïðè R → ∞, ρ1 → 0
è ρ2→ 0 , ïîëó÷èì

v.p.

∞∫
0

x dx

x4 − 1
− i π

4
+ i lim

R→∞

π/2∫
0

R2 ei 2t dt

R4 ei 4t − 1︸ ︷︷ ︸
= 0

+ v.p.

∞∫
0

x dx

x4 − 1
+

i π

4
= 0 →

→ v.p.

∞∫
0

x dx

x4 − 1
= 0 .

Î ò â å ò:

v.p.

∞∫
0

x dx

x4 − 1
= 0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

492



Çàäà÷à 49.7 (�4.150 [2]). Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë 1-îãî ðîäà

∞∫
−∞

x sinx dx

x2 + 4x+ 20
.

Ð å ø å í è å:

Çàäàííûé èíòåãðàë
∞∫
−∞

x sinx dx

x2 + 4x+ 20
ÿâëÿåòñÿ ñõîäÿùèìñÿ íåñîáñòâåííûì

èíòåãðàëîì 1-îãî ðîäà (ïðèçíàê ñõîäèìîñòè Äèðèõëå-Àáåëÿ è

x2 + 4x+ 20 6= 0 ïðè −∞ < x < +∞).

Ôóíêöèÿ f (z) =
z

z2 + 4z + 20
−−−−→
|z|→∞

0 ðàâíîìåðíî ïî arg z .

Îñîáûå òî÷êè ôóíêöèè f (z) =
z

z2 + 4z + 20
:

z2+4z+20 = 0 → z1 = −2+i 4 , z2 = −2−i 4 - ïîëþñà 1-îãî ïîðÿäêà ,
Im z1 > 0 − òî÷êà z1 â âåðõíåé ïîëóïëîñêîñòè .

Ñëåäîâàòåëüíî,

∞∫
−∞

x sinx dx

x2 + 4x+ 20
= Im

∞∫
−∞

eix f (x) dx = {α = 1 > 0} =

= Im
(
2πiÂû÷

[
eiz f (z) , z1

])
= Im

(
2πi eiz1

z1

2z1 + 4

)
=

= Im
(π

2
e−4 (cos 2− i sin 2) (−1 + i 2)

)
=
π

2
e−4 (2 cos 2 + sin 2) .

Î ò â å ò: ∞∫
−∞

x sinx dx

x2 + 4x+ 20
=
π

2
e−4 (2 cos 2 + sin 2)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 49.8 (�4.151 [2]). Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë 1-îãî ðîäà

∞∫
0

cos(ax) dx

x2 + b2
(a , b > 0) .

Ð å ø å í è å:

Çàäàííûé èíòåãðàë
∞∫
0

cos(ax) dx

x2 + b2
ÿâëÿåòñÿ ñõîäÿùèìñÿ íåñîáñòâåííûì èí-

òåãðàëîì 1-îãî ðîäà (ïðèçíàê ñõîäèìîñòè Äèðèõëå-Àáåëÿ è x2 + b2 6= 0 ïðè
−∞ < x < +∞).
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Ôóíêöèÿ f (z) =
1

z2 + b2
−−−−→
|z|→∞

0 ðàâíîìåðíî ïî arg z .

Îñîáûå òî÷êè ôóíêöèè f (z) =
1

z2 + b2
:

z2 + b2 = 0 → z1 = i b , z2 = −i b - ïîëþñà 1-îãî ïîðÿäêà ,
Im z1 > 0 − òî÷êà z1 â âåðõíåé ïîëóïëîñêîñòè .

Ñëåäîâàòåëüíî,

∞∫
0

cos(ax) dx

x2 + b2
=

1

2

∞∫
−∞

cos(ax) dx

x2 + b2
=

=
1

2
Re

∞∫
−∞

eiax
dx

x2 + b2
=

1

2
Re

(
2πiÂû÷

[
eiaz

1

z2 + b2
, z1

])
=

= Re

(
πi eiaz1

1

2z1

)
= Re

(
πi e−ab

1

2i b

)
=

π

2b
e−ab .

Î ò â å ò: ∞∫
0

cos(ax) dx

x2 + b2
=

π

2b
e−ab (a, b > 0) .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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3.10 Ïðåîáðàçîâàíèå Ëàïëàñà

�����������������������������������������

3.10.1 Çàíÿòèå 50

Ïóñòü äëÿ ôóíêöèè f (t) äåéñòâèòåëüíîé ïåðåìåííîé −∞ < t < +∞
âûïîëíåíû óñëîâèÿ:

1) f (t) ≡ 0 ïðè t < 0 ;

2) f (t) íåïðåðûâíà íà ëþáîì îòðåçêå äåéñòâèòåëüíîé îñè, êðîìå êîíå÷-
íîãî ÷èñëà òî÷åê, â êîòîðûõ f (t) ìîæåò èìåòü ðàçðûâ ïåðâîãî ðîäà ;

3) ñóùåñòâóþò òàêèå ïîñòîÿííûå M > 0 è a > 0 , ÷òî äëÿ âñåõ t > 0
âûïîëíÿåòñÿ íåðàâåíñòâî |f (t)| < M eat .

Òî÷íàÿ íèæíÿÿ ãðàíü êîíñòàíò a > 0 , äëÿ êîòîðûõ âûïîëíÿåòñÿ ïîñëåä-
íåå íåðàâåíñòâî, íàçûâàåòñÿ ïîêàçàòåëåì ñòåïåíè ðîñòà ôóíêöèè f (t) .

Îïðåäåëåíèå. Ïðåîáðàçîâàíèåì Ëàïëàñà ôóíêöèè f (t) íàçûâàåòñÿ ôóíê-
öèÿ êîìïëåêñíîé ïåðåìåííîé p , ðàâíàÿ

F (p) =

∞∫
0

e− pt f (t) dt .

Îáëàñòüþ îïðåäåëåíèÿ ôóíêöèè F (p) ÿâëÿåòñÿ ïðàâàÿ ïîëóïëîñêîñòü
Re p > a∗ , ãäå a∗− ïîêàçàòåëü ñòåïåíè ðîñòà ôóíêöèè f (t) .

Ôóíêöèÿ F (p) , îïðåäåë¼ííàÿ ÷åðåç ôóíêöèþ f (t) ñ ïîìîùüþ ïðåîáðàçî-
âàíèÿ Ëàïëàñà, íàçûâàåòñÿ èçîáðàæåíèåì Ëàïëàñà ôóíêöèè f (t) . Ôóíêöèÿ
f (t) íàçûâàåòñÿ îðèãèíàëîì ôóíêöèè F (p) . Äëÿ îáîçíà÷åíèÿ ñâÿçè ôóíê-
öèé f (t) è F (p) èñïîëüçóåòñÿ ñèìâîë f (t) : F (p) .

Âîññòàíîâëåíèå îðèãèíàëà ïî èçîáðàæåíèþ.

Òåîðåìà (ôîðìóëà Ìåëëèíà). Ïóñòü èçâåñòíî, ÷òî çàäàííàÿ ôóíêöèÿ
F (p) â îáëàñòè Re p > a ÿâëÿåòñÿ èçîáðàæåíèåì ôóíêöèè f (t) , èìåþùåé
ïîêàçàòåëü ñòåïåíè ðîñòà ðàâíûé a . Òîãäà

f (t) =
1

2π i

x+i∞∫
x−i∞

ept F (p) dp , x > a .

Òåîðåìà (äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ îðèãèíàëà). Ïóñòü ôóíêöèÿ
F (p) êîìïëåêñíîé ïåðåìåííîé p = x+ iy óäîâëåòâîðÿåò óñëîâèÿì:

1) F (p)− àíàëèòè÷åñêàÿ ôóíêöèÿ â îáëàñòè Re p > a ;
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2) â îáëàñòè Re p > a ôóíêöèÿ F (p) ñòðåìèòñÿ ê íóëþ ïðè |p| → ∞
ðàâíîìåðíî îòíîñèòåëüíî arg p ;

3) äëÿ âñåõ Re p = x > a ñõîäèòñÿ èíòåãðàë

x+i∞∫
x−i∞

|F (p)| dy < M .

Òîãäà ôóíêöèÿ F (p) ïðè Re p > a ÿâëÿåòñÿ èçîáðàæåíèåì ôóíêöèè
f (t) , êîòîðàÿ åñòü

f (t) =
1

2π i

x+i∞∫
x−i∞

ept F (p) dp , x > a .

Ñâîéñòâà îðèãèíàëîâ è èçîáðàæåíèé Ëàïëàñà.

1) Ïóñòü f1 (t) : F1 (p) ïðè Re p > a1 è f2 (t) : F2 (p) ïðè Re p > a2 .
Òîãäà β1 · f1 (t) + β2 · f2 (t) : β1 · F1 (p) + β2 · F2 (p) ïðè Re p > max (a1, a2)
äëÿ ëþáûõ êîíñòàíò β1, β2 .

Ä î ê à ç à ò å ë ü ñ ò â î:

β1 · f1 (t) + β2 · f2 (t) :

∞∫
0

e− pt (β1 · f1 (t) + β2 · f2 (t)) dt =

= β1 ·
∞∫

0

e− pt f1 (t) dt + β2 ·
∞∫

0

e− pt f2 (t) dt = β1 · F1 (p) + β2 · F2 (p)

ïðè Re p > max (a1, a2) .

2) Ïóñòü f (t) : F (p) ïðè Re p > a è ïàðàìåòð β > 0 .

Òîãäà f (β t) :
1

β
F

(
p

β

)
ïðè Re p > β a .

Ä î ê à ç à ò å ë ü ñ ò â î:

f (β t) :

∞∫
0

e− pt f (β t) dt =

{
β t = τ , dt =

dτ

β

}
=

=
1

β

∞∫
0

e− (p/β)τ f (τ) dτ =
1

β
F

(
p

β

)
ïðè Re p > β a .
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3) Ïóñòü f (t) : F (p) ïðè Re p > a è ðàññìàòðèâàåòñÿ ôóíêöèÿ

f1 (t) =

{
0 , ïðè t < τ ãäå τ > 0 ;

f (t− τ) , ïðè t > τ
.

Òîãäà f1 (t) : e− pτ F (p) ïðè Re p > a .

Ä î ê à ç à ò å ë ü ñ ò â î:

f1 (t) :

∞∫
0

e− pt f1 (t) dt =

∞∫
τ

e− pt f (t− τ) dt =
{
t− τ = t

′
, dt = dt

′
}

=

= e− pτ
∞∫

0

e− pt
′

f
(
t
′
)
dt
′
= e− pτ F (p) ïðè Re p > a .

4) Ïóñòü f (t) : F (p) ïðè Re p > a .

Òîãäà äëÿ ëþáîãî êîìïëåêñíîãî ÷èñëà λ âåðíî ñëåäóþùåå ðàâåíñòâî
e−λ t f (t) : F (p+ λ) ïðè Re p > a− Reλ .

Ä î ê à ç à ò å ë ü ñ ò â î:

e−λ t f (t) :

∞∫
0

e− pt e−λ t f (t) dt =

∞∫
0

e− (p+λ) t f (t) dt = F (p+ λ)

ïðè Re p > a − Reλ .

5) Ïóñòü ôóíêöèÿ f ′ (t) óäîâëåòâîðÿåò óñëîâèÿì ñóùåñòâîâàíèÿ èçîáðà-
æåíèÿ è f (t) : F (p) ïðè Re p > a .

Òîãäà f ′ (t) : pF (p) − f (0) ïðè Re p > a .

Ä î ê à ç à ò å ë ü ñ ò â î:

f ′ (t) :

∞∫
0

e− pt f ′ (t) dt =

∞∫
0

e− p t d (f (t)) = e− pt f (t)|t=∞t=0 +

+ p

∞∫
0

e− pt f (t) dt = pF (p) − f (0) ïðè Re p > a− Reλ .

Îáîáùåíèåì äàííîãî ñâîéñòâà ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå. Åñëè
ôóíêöèÿ f (n) (t) óäîâëåòâîðÿåò óñëîâèÿì ñóùåñòâîâàíèÿ èçîáðàæåíèÿ è

f (t) : F (p) ïðè Re p > a , òî

f (n) (t) : pn F (p) − pn−1 f (0) − pn−2 f ′ (0) − pn−3 f (2) (0) − . . . − f (n−1) (0)
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ïðè Re p > a .

6) Ïóñòü f (t) : F (p) ïðè Re p > a .

Òîãäà F (n) (p) : (−1)n tn f (t) ïðè Re p > a .

Ä î ê à ç à ò å ë ü ñ ò â î:

Òàê êàê F (p) ÿâëÿåòñÿ â ïîëóïëîñêîñòè Re p > a∗ àíàëèòè÷åñêîé ôóíê-
öèåé, òî å¼ ìîæíî äèôôåðåíöèðîâàòü ïî p .

F ′ (p) =
d

dp

∞∫
0

e− pt f (t) dt = {Âîçìîæíî äèôôåðåíöèðîâàíèå ïîä

çíàêîì èíòåãðàëà, òàê êàê èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî
îòíîñèòåëüíî p â ëþáîé ïîëóïëîñêîñòè Re p > a > a∗} =

= −
∞∫

0

t f (t) e− pt dt , F (2) (p) =

∞∫
0

t2 f (t) e− pt dt , . . .

. . . , F (n) (p) = (−1)n
∞∫

0

tn f (t) e− pt dt → F (n) (p) : (−1)n tn f (t)

7) Ïóñòü f (t) : F (p) ïðè Re p > a .

Òîãäà
t∫

0

f (τ) dτ :
1

p
F (p) ïðè Re p > a .

Ä î ê à ç à ò å ë ü ñ ò â î:

Òàê êàê ôóíêöèÿ f (t) ïðè Re p > a ÿâëÿåòñÿ îðèãèíàëîì, òî è ôóíêöèÿ

f1 (t) =
t∫

0

f (τ) dτ òàê æå ÿâëÿåòñÿ îðèãèíàëîì äëÿ ñâîåãî èçîáðàæåíèÿ F1 (p)

â ïîëóïëîñêîñòè Re p > a . Ôóíêöèÿ f1 (t) óäîâëåòâîðÿåò óñëîâèÿì

f ′1 (t) = f (t) è f1 (0) = 0 . Òîãäà (ñì. ñâîéñòâî ¾5)¿)

f (t) = f ′1 (t) : pF1 (p) − f1 (0) = F (p) →

→ F1 (p) =
1

p
F (p) ïðè Re p > a .

8) Ñâ¼ðòêîé ôóíêöèé f1 (t) è f2 (t) íàçûâàåòñÿ ôóíêöèÿ

f (t) =

t∫
0

f1 (τ) f2 (t− τ) dτ =

t∫
0

f1 (t− τ) f2 (τ) dτ .

Ïóñòü f1 (t) : F1 (p) ïðè Re p > a1 è f2 (t) : F2 (p) ïðè Re p > a2 .
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Òîãäà

f (t) =

t∫
0

f1 (τ) f2 (t− τ) dτ : F1 (p) F2 (p)

ïðè Re p > max(a1, a2) .

Ä î ê à ç à ò å ë ü ñ ò â î:

Ñâ¼ðòêà ôóíêöèé f1 (t) è f2 (t) ñ îãðàíè÷åííîé ñòåïåíüþ ðîñòà ÿâëÿåòñÿ
ôóíêöèåé ñ îãðàíè÷åííîé ñòåïåíüþ ðîñòà, ðàâíîé íàèáîëüøåé ñòåïåíè ðîñòà
ôóíêöèé f1 (t) è f2 (t) , è óäîâëåòâîðÿåò óñëîâèÿì ñóùåñòâîâàíèÿ èçîáðàæå-
íèÿ. Òîãäà

f (t) =

t∫
0

f1 (τ) f2 (t− τ) dτ : F (p) =

∞∫
0

e− ptdt

t∫
0

f1 (τ) f2 (t− τ) dτ =

= {Âîçìîæíî èçìåíåíèå ïîðÿäêà èíòåãðèðîâàíèÿ â ïîâòîðíîì
èíòåãðàëå, òàê êàê îäíîêðàòíûå âíóòðåííèå èíòåãðàëû ñõîäÿòñÿ

àáñîëþòíî} =

∞∫
0

f1 (τ) dτ

∞∫
τ

e− ptf2 (t− τ) dt = {Çàìåíà ïåðåìåííîé

âî âíóòðåííåì èíòåãðàëå : t− τ = t′ , dt = dt′} =

=

∞∫
0

e− pτf1 (τ) dτ

∞∫
0

e− pt
′
f2 (t′) dt′ = F1 (p) F2 (p) .

9) Èçîáðàæåíèå åäèíè÷íîé ôóíêöèè Õåâèñàéäà.

Ïóñòü ôóíêöèÿ σ (t) =

{
0 , åñëè t < 0 ;

1 , åñëè t > 0
.

Òîãäà σ (t) : F (p) =
∞∫
0

e− ptdt =
1

p
ïðè Re p > 0 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.1 (�3(4) [3]). Èñïîëüçóÿ ñâîéñòâà èçîáðàæåíèé, íàéòè èçîá-
ðàæåíèå Ëàïëàñà ôóíêöèè ch ax .

Ð å ø å í è å:

ch ax =
eax + e−ax

2
=

1

2
eax σ (x) +

1

2
e−ax σ (x) :

1

2

1

p− a
+

1

2

1

p+ a
=

=
p

p2 − a2
ïðè Re p > a .

Î ò â å ò:
ch ax :

p

p2 − a2
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.2 (�4(1) [3]). Íàéòè èçîáðàæåíèå ôóíêöèè sin4 x .

Ð å ø å í è å:

sin4 x =

(
ei x − e−i x

2 i

)4

=
1

16

(
ei 4x − 4 ei 2x + 6− 4 e−i 2x + e−i 4x

)
=

=
1

16

(
ei 4x σ (x)− 4 ei 2x σ (x) + 6 σ (x)− 4 e−i 2x σ (x) + e−i 4x σ (x)

)
:

:
1

16

(
1

p− 4i
− 4

p− 2i
+

6

p
− 4

p+ 2i
+

1

p+ 4i

)
=

=
1

8

(
p

p2 + 16
− 4 p

p2 + 4
+

3

p

)
ïðè Re p > 0 .

Î ò â å ò:

sin4 x :
1

8

(
p

p2 + 16
− 4 p

p2 + 4
+

3

p

)
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.3 (�5(1,6) [3]). Íàéòè èçîáðàæåíèÿ ôóíêöèé :

1) eax sin bx ;

6) shx cos 2x cos 3x .

Ð å ø å í è å:

1) Èçîáðàæåíèå Ëàïëàñà ôóíêöèè sin bx èìååò âèä

sin bx =
ei bx − e−i bx

2 i
=

1

2i
ei bx σ (x)− 1

2i
e−i bx σ (x) :

1

2i

1

p− i b
−

− 1

2i

1

p+ i b
=

b

p2 + b2
ïðè Re p > 0 .

Òîãäà

eax sin bx :
b

(p− a)2 + b2
ïðè Re p > a .

6) Ïðåîáðàçóåì çàäàííóþ ôóíêöèþ

shx cos 2x cos 3x = shx
1

2
(cos 5x+ cosx) =

=
1

4

(
ex − e−x

)
(cos 5x+ cosx) =

=
1

4

(
ex cos 5x+ ex cosx− e−x cos 5x− e−x cosx

)
.
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Èçîáðàæåíèå Ëàïëàñà ôóíêöèè cos bx èìååò âèä

cos bx =
ei bx + e−i bx

2
=

1

2
ei bx σ (x) +

1

2
e−i bx σ (x) :

1

2

1

p− i b
+

+
1

2

1

p+ i b
=

p

p2 + b2
ïðè Re p > 0 .

Òîãäà

1

4

(
ex cos 5x+ ex cosx− e−x cos 5x− e−x cosx

)
:

:
1

4

(
p− 1

(p− 1)2 + 25
+

p− 1

(p− 1)2 + 1
− p+ 1

(p+ 1)2 + 25
− p+ 1

(p+ 1)2 + 1

)
.

Î ò â å ò:

1) eax sin bx :
b

(p− a)2 + b2
;

6) shx cos 2x cos 3x :

:
1

4

(
p− 1

(p− 1)2 + 25
+

p− 1

(p− 1)2 + 1
− p+ 1

(p+ 1)2 + 25
− p+ 1

(p+ 1)2 + 1

)
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.4 (�6(1,2) [3]). Íàéòè èçîáðàæåíèÿ ôóíêöèé :

1) x cos bx ;

2) x2 sin bx .

Ð å ø å í è å:

1) Òàê êàê

cos bx : F (p) =
p

p2 + b2

ïðè Re p > 0 , òî

x cos bx : −F ′ (p) = −
(

p

p2 + b2

)′
=

p2 − b2

(p2 + b2)2 .

2) Òàê êàê

sin bx : F (p) =
b

p2 + b2
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ïðè Re p > 0 , òî

x2 sin bx : F (2) (p) = −
(

2bp

(p2 + b2)2

)′
= 2b

3p2 − b2

(p2 + b2)3 .

Î ò â å ò:

1) x cos bx :
p2 − b2

(p2 + b2)2 ;

2) x2 sin bx : 2b
3p2 − b2

(p2 + b2)3 .

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.5 (�7(3) [3]). Íàéòè èçîáðàæåíèå ôóíêöèè

f (ax− b) (a, b > 0) .

Ð å ø å í è å:

Ïóñòü ôóíêöèÿ f (x) : F (p) .

Òîãäà

f (ax− b) = f

(
a

(
x− b

a

))
: e− pb/a

1

a
F
(p
a

)
.

Î ò â å ò:

f (ax− b) : 1

a
e− pb/a F

(p
a

)
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.6 (�12(1) [3]). Íàéòè îðèãèíàë, ñîîòâåòñòâóþùèé èçîáðàæå-
íèþ

F (p) =
1

(p− 1) (p− 2)
, Re p > 2 .

Ð å ø å í è å:

1) Èñïîëüçóåì ôîðìóëó Ìåëëèíà.

Ïóñòü ôóíêöèÿ f (t) : F (p) . Òîãäà

f (t) = {Ôîðìóëà Ìåëëèíà ïðè x > 2} =
1

2π i

x+i∞∫
x−i∞

ept F (p) dp =

=
1

2π i

x+i∞∫
x−i∞

ept
1

(p− 1) (p− 2)
dp =

=
1

2π i

(
2πi

∑
k=1

Âû÷

[
ept

1

(p− 1) (p− 2)
, pk

])
= {pk − èçîëèðîâàííûå
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îñîáûå òî÷êè ôóíêöèè F (p) â ëåâîé ïîëóïëîñêîñòè Re p < 2 :

p1 = 1 , p2 = 2 − ïîëþñà ïåðâîãî ïîðÿäêà} =

= Âû÷

[
ept

1

(p− 1) (p− 2)
, 1

]
+Âû÷

[
ept

1

(p− 1) (p− 2)
, 2

]
= −et+e2t.

2) Èñïîëüçóåì ñâîéñòâà îðèãèíàëîâ è èçîáðàæåíèé.

F (p) =
1

(p− 1) (p− 2)
=

1

p− 2
− 1

p− 1
: e2t σ (t) − et σ (t) =

= e2t − et ïðè t > 0

Î ò â å ò:

F (p) =
1

(p− 1) (p− 2)
: e2t − et

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.7 (�15(2) [3]). Íàéòè îðèãèíàë, ñîîòâåòñòâóþùèé èçîáðàæå-
íèþ

F (p) =
1

(p+ 1) (p+ 2)2 .

Ð å ø å í è å:

Çàäàííàÿ ôóíêöèÿ

F (p) =
1

(p+ 1) (p+ 2)2 = F1 (p) · F2 (p) , ãäå F1 (p) =
1

p+ 1
,

F2 (p) =
1

(p+ 2)2 .

Òàê êàê

F1 (p) =
1

p+ 1
: e−t = f1 (t) è F2 (p) =

1

(p+ 2)2 = −
(

1

p+ 2

)′
:

: t e−2t = f2 (t) (ñì. ñâîéñòâî 6)) , òî (ñì. ñâîéñòâî 8))

F1 (p) · F2 (p) :

t∫
0

f1 (t− τ) f2 (τ) dτ =

t∫
0

e−t+τ τ e−2τ dτ =

= e−t
t∫

0

τ e−τ dτ = e−t

− τ e−τ ∣∣τ=t

τ=0
+

t∫
0

e−τ dτ

 =

= e−t
(
−t e−t − e−t + 1

)
= e−t − e−2t − t e−2t .
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Î ò â å ò:
1

(p+ 1) (p+ 2)2 : e−t − e−2t − t e−2t

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.8 (�37 [3]). Íàéòè èçîáðàæåíèÿ Ëàïëàñà ôóíêöèé, çàäàííûõ
ãðàôè÷åñêè:

-

6

x

y1

−1

1

2a 2b
a+ b

0

Ðèñ.50.1 Ðèñ.50.2

-

6

x

y2

2b

0

b

a

Ð å ø å í è å:

1) Èñïîëüçóÿ ôóíêöèþ Õåâèñàéäà, çàïèøåì ôóíêöèþ y1 (x) (Ðèñ.50.1) â
âèäå

y1 (x) = σ (x− 2a) − 2σ (x− a− b) + σ (x− 2b) .

Òîãäà

y1 : e−2ap 1

p
− 2 e−(a+b)p 1

p
+ e−2bp 1

p
=

1

p

(
e−2ap − 2 e−ap e−bp + e−2bp

)
=

=

(
e−ap − e−bp

)2

p
.

2) Çàïèøåì ôóíêöèþ y2 (x) (Ðèñ.50.2) â âèäå

y2 (x) =

(
b

a
x+ b

)
·
(
σ (x)− σ (x− a)

)
.

Òîãäà

y2 (x) =
b

a
x σ (x) + b σ (x)− b

a
x σ (x− a)− b σ (x− a) =

=
b

a
x σ (x) + b σ (x)− b

a
(x− a) σ (x− a)− 2b σ (x− a) :

: − b
a

(
1

p

)′
+
b

p
+

b

a
e−ap

(
1

p

)′
− 2b e−ap

1

p
=

=
b

a

1

p2
+

b

p
− b

a
e−ap

1

p2
− e−ap

2b

p
=
b

a

1 − e−ap

p2
+ b

1 − 2 e−ap

p
.
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Î ò â å ò:

1) y1 (x) :

(
e−ap − e−bp

)2

p
;

2) y2 (x) :
b

a

1 − e−ap

p2
+ b

1 − 2 e−ap

p
.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.9 (�50(2) [3]). Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y′′ + y = sin 2x ,

óäîâëåòâîðÿþùåå íóëåâûì íà÷àëüíûì óñëîâèÿì y (0) = y′ (0) = 0 .

Ð å ø å í è å:

Ïóñòü y (x) : Y (p) .

Òàê êàê y′′ (x) : p2 Y (p)−p y (0)−y′ (0) (ñâîéñòâî 5)) è y (0) = y′ (0) = 0 ,

òî y′′ (x) : p2 Y (p) . Ôóíêöèÿ sin 2x :
2

p2 + 4
.

Òîãäà

y′′ + y = sin 2x : p2 Y (p) + Y (p) =
2

p2 + 4
→

→ Y (p) =
2

(p2 + 4) (p2 + 1)
= −1

3

2

p2 + 4
+

2

3

1

p2 + 1
: −1

3
sin 2x+

2

3
sinx.

Î ò â å ò:

y (x) =
2

3
sinx − 1

3
sin 2x

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Çàäà÷à 50.10 (�53(3) [3]). Íàéòè ÷àñòíûå ðåøåíèÿ ñèñòåìû óðàâíåíèé:
y′ + 7 y − z = 0 ;

z′ + 2 y + 5 z = 0 ;

y (0) = z (0) = 1 .

Ð å ø å í è å:

Ïóñòü y (x) : Y (p) è z (x) : Z (p) .

Òîãäà
y′ + 7 y − z = 0 ;

z′ + 2 y + 5 z = 0 ;

y (0) = z (0) = 1

:

{
p Y (p)− y (0) + 7Y (p)− Z (p) = 0 ;

pZ (p)− z (0) + 2Y (p) + 5Z (p) = 0
→
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→

{
(p+ 7) Y (p)− Z (p) = 1 ;

2Y (p) + (p+ 5) Z (p) = 1
,

∆ =

∣∣∣∣p+ 7 −1
2 p+ 5

∣∣∣∣ = p2 + 12p+ 37 = (p+ 6)2 + 1 ,

∆Y =

∣∣∣∣1 −1
1 p+ 5

∣∣∣∣ = p+ 6 , ∆Z =

∣∣∣∣p+ 7 1
2 1

∣∣∣∣ = (p+ 6)− 1 →

→ Y (p) =
∆Y

∆
=

p+ 6

(p+ 6)2 + 1
: e−6x cosx = y (x) ,

Z (p) =
∆Z

∆
=

p+ 6

(p+ 6)2 + 1
− 1

(p+ 6)2 + 1
: e−6x cosx−e−6x sinx = z (x) .

Î ò â å ò:
y (x) = e−6x cosx

z (x) = e−6x cosx− e−6x sinx

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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