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� Ïðåäèñëîâèå �

Ïðåäèñëîâèå

Â îñíîâó äàííîãî ó÷åáíîãî ïîñîáèÿ ïîëîæåíû ìàòåðèàëû ëåêöèé, ÷è-
òàâøèõñÿ àâòîðàìè ñòóäåíòàì òðåòüåãî êóðñà ôàêóëüòåòà ÂÌÊ ÌÃÓ èìåíè
Ì.Â.Ëîìîíîñîâà.

Ïðè íàïèñàíèè äàííîãî ó÷åáíîãî ïîñîáèÿ àâòîðû ïðåñëåäîâàëè öåëü óïðî-
ùåíèÿ èçëîæåíèÿ, ñîêðàùåíèÿ îáúåìà êíèãè. Â êíèãå ñîäåðæàòñÿ ðàçäåëû,
âõîäÿùèå â ïëàí îáÿçàòåëüíîãî ó÷åáíîãî êóðñà ¾×èñëåííûå ìåòîäû¿.

Èçëîæåíèå íà÷èíàåòñÿ ñ ðàññìîòðåíèÿ ìåòîäîâ ðåøåíèÿ ñèñòåì ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Êðàòêî îáñóæäàþòñÿ ìåòîäû âû÷èñëåíèÿ
ñîáñòâåííûõ çíà÷åíèé ìàòðèö. Ïðèâîäÿòñÿ àëãîðèòìû ìåòîäîâ ÷èñëåííîãî
ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé. Ðàññìîòðåíû íåêîòîðûå âîïðîñû èíòåðïî-
ëèðîâàíèÿ è ïðèáëèæåíèÿ ôóíêöèé. Ôîðìóëèðóþòñÿ ýôôåêòèâíûå ìåòîäû
÷èñëåííîãî ðåøåíèÿ íà÷àëüíîé çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ. Ïðåäñòàâëåíû ðàçíîñòíûå ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷
ìàòåìàòè÷åñêîé ôèçèêè. Îáñóæäàþòñÿ ïðèåìû ïîñòðîåíèÿ ðàçíîñòíûõ ñõåì
äëÿ ðàçëè÷íûõ òèïîâ óðàâíåíèé. Óäåëÿåòñÿ âíèìàíèå èññëåäîâàíèþ óñòîé-
÷èâîñòè, ñõîäèìîñòè è ìåòîäàì ðåøåíèÿ ñåòî÷íûõ óðàâíåíèé.

Ñ÷èòàåì, ÷òî äàííîå ó÷åáíîå ïîñîáèå îêàæåòñÿ ïîëåçíûì äëÿ ñòóäåíòîâ è
ïðåïîäàâàòåëåé, èíòåðåñóþùèõñÿ ÷èñëåííûìè ìåòîäàìè ðåøåíèÿ ìàòåìàòè-
÷åñêèõ çàäà÷.

Ì.Â.Àáàêóìîâ, Í.Â.Ñîñíèí
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Ãëàâà 1

Ìåòîäû ðåøåíèÿ ñèñòåì
ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé

Â äàííîé ãëàâå áóäåì ðàññìàòðèâàòü çíàêîìóþ, íàïðèìåð, èç ëèíåéíîé
àëãåáðû, çàäà÷ó � òðåáóåòñÿ ðåøèòü ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé, çàïèñàííûõ â âèäå ìàòðè÷íîãî óðàâíåíèÿ Ay = f , ãäå A = (aij) �
çàäàííàÿ êâàäðàòíàÿ ìàòðèöà ðàçìåðíîñòè n × n (i, j = 1, 2, . . . , n), y =
(y1, y2, . . . , yn)

T � âåêòîð-ñòîëáåö íåèçâåñòíûõ, f = (f1, f2, . . . , fn)
T � çàäàí-

íûé âåêòîð�ñòîëáåö ïðàâûõ ÷àñòåé. Âñå ïàðàìåòðû aij è fi � âåùåñòâåííûå
÷èñëà.

Çäåñü è äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ó ðàññìàòðèâàåìûõ çàäà÷ ðåøå-
íèå ñóùåñòâóåò è åäèíñòâåííî. Â äàííîì ñëó÷àå, óñëîâèå, ÷òî îïðåäåëèòåëü
ìàòðèöû A íå ðàâåí íóëþ (detA 6= 0), ãàðàíòèðóåò ñóùåñòâîâàíèå è åäèí-
ñòâåííîñòü ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé [5].

1.1 Ïðÿìûå ìåòîäû ðåøåíèÿ ñèñòåì

ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ðàññìîòðèì íåñêîëüêî ïðÿìûõ ìåòîäîâ äëÿ ðåøåíèÿ ñèñòåìû

Ay = f. (1.1)

Èçâåñòíûì, øèðîêî èñïîëüçóåìûì ìåòîäîì ðåøåíèÿ ñèñòåì ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé ñ íåâûðîæäåííîé ìàòðèöåé (detA 6= 0), ÿâëÿåòñÿ
ìåòîä Ãàóññà1. Ïðèìåíÿòü ìåòîä Ãàóññà ìîæíî òîãäà è òîëüêî òîãäà, êîãäà

1Âïåðâûå îïèñàí Ê. Ãàóññîì â 1849ã.
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âñå óãëîâûå ìèíîðû ìàòðèöû A îòëè÷íû îò íóëÿ (detA ÿâëÿåòñÿ óãëîâûì
ìèíîðîì n− îãî ïîðÿäêà). Êðîìå òîãî, ìåòîä Ãàóññà â êëàññè÷åñêîì âèäå ÿâ-
ëÿåòñÿ íåóñòîé÷èâûì ìåòîäîì [10]. Äëÿ òîãî, ÷òîáû îáîéòè ýòè îãðàíè÷åíèÿ,
íà ïðàêòèêå èñïîëüçóþò ðàñ÷åòíûå ôîðìóëû ìåòîäà Ãàóññà â ñî÷åòàíèè ñ
íåêîòîðîé ñõåìîé âûáîðà ãëàâíîãî ýëåìåíòà [3].

Ìåòîä Ãàóññà ÿâëÿåòñÿ ïðÿìûì ìåòîäîì ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé. Ê ýòîé ãðóïïå îòíîñÿò ìåòîäû, â êîòîðûõ ïîëó÷àþò
èñêîìûé âåêòîð y çà êîíå÷íîå ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé.

Îñíîâíûì ïîêàçàòåëåì ïðè îöåíêè ýôôåêòèâíîñòè êîíêðåòíîãî ìåòîäà
ÿâëÿåòñÿ êîëè÷åñòâî àðèôìåòè÷åñêèõ îïåðàöèé, íåîáõîäèìûõ äëÿ âû÷èñëå-
íèÿ y. Îáùåå ÷èñëî îïåðàöèé óìíîæåíèÿ è äåëåíèÿ, áîëåå äëèòåëüíûõ ïî
âðåìåíè èõ ðåàëèçàöèè íà âû÷èñëèòåëüíîé òåõíèêå ïî ñðàâíåíèþ ñ îïåðà-
öèÿìè ñëîæåíèÿ è âû÷èòàíèÿ, â ìåòîäå Ãàóññà ðàâíî n3/3 + O(n2). Îáúåì
÷èñëîâîé èíôîðìàöèè, êîòîðóþ íåîáõîäèìî õðàíèòü ïðè ðåàëèçàöèè ìåòî-
äà Ãàóññà, ñîñòàâëÿåò O(n2). Äëÿ ñîâðåìåííûõ ïåðñîíàëüíûõ êîìïüþòåðîâ
ïðè n ≈ 104 ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé è îáúåì ïàìÿòè, òðåáóþùèé-
ñÿ äëÿ ðåàëèçàöèè ìåòîäà Ãàóññà, âïîëíå ïðèåìëåìû. Ïîýòîìó èñïîëüçîâàíèå
ñòàíäàðòíûõ ïðîãðàìì, ðåàëèçóþùèõ ìåòîä Ãàóññà ñ âûáîðîì ãëàâíîãî ýëå-
ìåíòà, ýôôåêòèâíî ïðè ðåøåíèè ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
ñ ÷èñëîì óðàâíåíèé n 6 104. Îäíîé èç òàêèõ, ïðîâåðåííûõ âû÷èñëèòåëüíîé
ïðàêòèêîé ñòàíäàðòíûõ ïðîãðàìì, èìåþùåéñÿ â ñâîáîäíîì äîñòóïå, ÿâëÿåòñÿ
ïðîãðàììà Y12M. Òåîðåòè÷åñêîå îáîñíîâàíèå, èñïîëüçîâàííîãî â ïðîãðàììå
Y12M ðàñ÷åòíîãî àëãîðèòìà ïðèâåäåíî â [9].

Âîçìîæíû ñèòóàöèè, êîãäà âîçíèêàåò ïîòðåáíîñòü â èñïîëüçîâàíèè äëÿ ðå-
øåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìåòîäîâ áîëåå ýêîíîìè÷-
íûõ ïî çàòðàòàì, ÷åì ìåòîä Ãàóññà. Êîíêóðèðóþò ïî òðóäîåìêîñòè ñ ìåòîäîì
Ãàóññà òîëüêî ìåòîäû, â êîòîðûõ ÿâíî ó÷èòûâàåòñÿ ñïåöèôèêà ìàòðèöû A,
òî åñòü ìåòîäû ïðèãîäíûå äëÿ íåêîòîðûõ ÷àñòíûõ âèäîâ ñèñòåì ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé. Ïðèìåðîì ìîæåò ñëóæèòü ñèñòåìà ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé ñ òðåõäèàãîíàëüíîé ìàòðèöåé A. Îïòèìàëüíûì ìå-
òîäîì ðåøåíèÿ òàêîé ñèñòåìû ÿâëÿåòñÿ, êàê èçâåñòíî, ìåòîä ïðîãîíêè [3], äëÿ
ðåàëèçàöèè êîòîðîãî òðåáóåòñÿ O(n) àðèôìåòè÷åñêèõ îïåðàöèé óìíîæåíèÿ è
äåëåíèÿ.

Ñèììåòðè÷íîñòü ýëåìåíòîâ ìàòðèöû A îòíîñèòåëüíî ãëàâíîé äèàãîíàëè
(AT = A) ÿâëÿåòñÿ ÷àñòíûì ñâîéñòâîì ìàòðèöû. Ïîëîæèòåëüíîñòü ìàòðèöû
òàêæå ÿâëÿåòñÿ ÷àñòíûì ñâîéñòâîì ìàòðèöû. Íàïîìíèì, ÷òî ìàòðèöà A íà-
çûâàåòñÿ ïîëîæèòåëüíîé (A > 0), åñëè äëÿ ëþáîãî âåêòîðà y 6= 0 ñêàëÿðíîå
ïðîèçâåäåíèå (Ay, y) > 0. Ïîëîæèòåëüíîñòü ýêâèâàëåíòíà ïîëîæèòåëüíîñòè
âñåõ óãëîâûõ ìèíîðîâ ìàòðèöû A (êðèòåðèé Ñèëüâåñòðà) èëè, äëÿ (AT = A),
ïîëîæèòåëüíîñòè âñåõ ñîáñòâåííûõ ÷èñåë λ(A) ìàòðèöû A (ñì. [1]). Çàìåòèì,
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÷òî ëþáîé èç óêàçàííûõ êðèòåðèåâ ïîëîæèòåëüíîñòè ìàòðèöû A çàòðóäíè-
òåëüíî ïðîâåðèòü äëÿ ìàòðèö áîëüøîé ðàçìåðíîñòè.

Îòìåòèì îäíî ïðîñòîå è óäîáíîå äëÿ ïðîâåðêè íåîáõîäèìîå óñëîâèå ïîëî-
æèòåëüíîñòè ìàòðèöû è îäíî äîñòàòî÷íîå óñëîâèå ïîëîæèòåëüíîñòè ìàòðè-
öû.

Ïóñòü ìàòðèöà A > 0, òîãäà äëÿ âåêòîðà y = (0, · · · , 0, yi, 0, · · · , 0)T , ãäå
yi 6= 0, (Ay, y) = aiiy

2
i > 0 (i = 1, . . . , n). Îòñþäà ñëåäóåò, ÷òî ó ïîëîæè-

òåëüíîé ìàòðèöû A âñå äèàãîíàëüíûå ýëåìåíòû aii > 0. Ýòè æå íåðàâåíñòâà
ìîæíî ïîëó÷èòü èíà÷å. Ïóñòü ïîëîæèòåëüíû âñå óãëîâûå ìèíîðû ìàòðèöû A.
Ñëåäñòâèåì ýòîãî (ñì. [1]) ÿâëÿåòñÿ ïîëîæèòåëüíîñòü âñåõ ãëàâíûõ ìèíîðîâ
ìàòðèöû A. Òàê êàê ýëåìåíòû aii, íàõîäÿùèåñÿ íà ãëàâíîé äèàãîíàëè ìàòðè-
öû A, ÿâëÿþòñÿ ãëàâíûìè ìèíîðàìè ïåðâîãî ïîðÿäêà, òî äëÿ íèõ âûïîëíåíû
íåðàâåíñòâà aii > 0. Ýòî è åñòü óäîáíîå äëÿ ïðîâåðêè íåîáõîäèìîå óñëîâèå
ïîëîæèòåëüíîñòè ìàòðèöû A.

Ïðîñòûì äëÿ ïðîâåðêè äîñòàòî÷íûì óñëîâèåì ïîëîæèòåëüíîñòè ñèììåò-
ðè÷íîé ìàòðèöû A = AT ÿâëÿåòñÿ óñëîâèå äèàãîíàëüíîãî ïðåîáëàäàíèÿ:

aii >

n∑
j=1
j 6=i

|aij|, i = 1, 2, . . . , n.

Ïîêàæåì ýòî. Ïóñòü âûïîëíåíî íåîáõîäèìîå óñëîâèå ïîëîæèòåëüíîñòè
ìàòðèöû A, òî åñòü aii > 0, i = 1, 2, . . . , n. Ïóñòü âûïîëíåíî óñëîâèå äèà-
ãîíàëüíîãî ïðåîáëàäàíèÿ, λ � ëþáîå èç ñîáñòâåííûõ ÷èñåë ìàòðèöû A è
ξ = (ξ1, · · · , ξn)T � ñîáñòâåííûé âåêòîð ìàòðèöû A, ñîîòâåòñòâóþùèé ýòî-
ìó ñîáñòâåííîìó ÷èñëó, òî åñòü Aξ = λξ. Âûáåðåì ìàêñèìàëüíóþ ïî ìîäóëþ
êîìïîíåíòó ñîáñòâåííîãî âåêòîðà ξ. Ïóñòü |ξi| = max

1≤j≤n
|ξj|, òîãäà êîìïîíåíòà

ñ íîìåðîì i âåêòîðíîãî ðàâåíñòâà A ξ = λξ èìååò âèä

aiiξi + S = λξi, ãäåS =
n∑
j=1
j 6=i

aijξj.

Äëÿ |S| ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

|S| =
∣∣∣ n∑
j=1
j 6=i

aij ξj

∣∣∣ ≤ n∑
j=1
j 6=i

|aij||ξj| ≤ |ξi|
n∑
j=1
j 6=i

|aij| < |ξi|aii.

Îòñþäà ñëåäóåò, ÷òî åñëè ξi > 0, òî −aii ξi < S. Òîãäà ñóììà aii ξi + S =
λξi > 0 è, ñëåäîâàòåëüíî, λ > 0. Åñëè ξi < 0, òî S < −aiiξi, aiiξi +S = λξi < 0
è, êàê è â ïðåäûäóùåì ñëó÷àå, λ > 0.
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Èòàê, âûïîëíåíèå óñëîâèÿ äèàãîíàëüíîãî ïðåîáëàäàíèÿ ãàðàíòèðóåò ïîëî-
æèòåëüíîñòü âñåõ ñîáñòâåííûõ ÷èñåë ìàòðèöû A. Ñëåäîâàòåëüíî, ñèììåòðè÷-
íàÿ ìàòðèöà A = AT îáëàäàåò ñâîéñòâîì ïîëîæèòåëüíîñòè ( ïîëîæèòåëüíîé
îïðåäåëåííîñòè).

1.1.1 Ìåòîä êâàäðàòíîãî êîðíÿ (ìåòîä Õîëåöêîãî)

Ðàññìîòðèì ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ñèììåòðè÷-
íûìè è ïîëîæèòåëüíî îïðåäåëåííûìè ìàòðèöàìè (AT = A > 0). Äëÿ òàêèõ
ìàòðèö âîçìîæíî ïðåäñòàâëåíèå

A = LLT , (1.2)

ãäå L � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà. Òàêîå ïðåäñòàâëåíèå ìàòðèöû A
íàçûâàþò ðàçëîæåíèåì Õîëåöêîãî. Ïîäñòàâëÿÿ ðàçëîæåíèå (1.2) ìàòðèöû A
â óðàâíåíèå (1.1) è ââîäÿ îáîçíà÷åíèå LTy = ỹ, ïîëó÷èì ñèñòåìó óðàâíå-
íèé Lỹ = f îòíîñèòåëüíî âåêòîðà ỹ = (ỹ1, ỹ2, ..., ỹn)

T . Ïîñêîëüêó ìàòðèöà
L íèæíÿÿ òðåóãîëüíàÿ, òî ðåøåíèå ýòîé ñèñòåìû îñóùåñòâëÿåòñÿ ïîñòðî÷íî.
Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû íàõîäèòñÿ êîìïîíåíòà ỹ1 âåêòîðà ỹ. Èç âòî-
ðîãî óðàâíåíèÿ, çíàÿ ỹ1, íàõîäèòñÿ êîìïîíåíòà ỹ2 è òàê äàëåå. Âû÷èñëèâ âñå
êîìïîíåíòû âåêòîðà ỹ, ïîëó÷àåì äëÿ èñêîìîãî âåêòîðà y ñèñòåìó óðàâíåíèé
LTy = ỹ ñ âåðõíåé òðåóãîëüíîé ìàòðèöåé. Ðåøåíèå ýòîé ñèñòåìû ïðîâîäèòñÿ
ïîñòðî÷íî, íà÷èíàÿ ñ ïîñëåäíåãî óðàâíåíèÿ. Îïèñàííàÿ ïðîöåäóðà ðåàëèçó-
åòñÿ, åñëè íàéäåíû ýëåìåíòû ìàòðèöû L.

Ïîëó÷èì ðàñ÷åòíûå ôîðìóëû äëÿ âû÷èñëåíèÿ ýëåìåíòîâ ìàòðèöû L. Áó-
äåì èñïîëüçîâàòü îáîçíà÷åíèÿ L = (lij) è LT = (l̄ij), ãäå l̄ij = lji. Íàéäåì
ýëåìåíòû ýòèõ ìàòðèö, èñõîäÿ èç ìàòðè÷íîãî ðàâåíñòâà (1.2):

(
aij

)
=


l11 0 . . . 0

l21 l22
...

... . . . 0
ln1 ln2 . . . lnn



l̄11 l̄12 . . . l̄1n
0 l̄22 l̄2n
... . . . ...
0 . . . 0 l̄nn

 .

Èìååì

aij =
n∑

m=1

limlmj =

min(i, j)∑
m=1

limlmj =

min(i, j)∑
m=1

limljm. (1.3)

Èñïîëüçóåì äàííîå ðàâåíñòâî äëÿ îïðåäåëåíèÿ ýëåìåíòîâ lij â ñòîëáöàõ
ìàòðèöû L.

Ïðè j = 1 ñîîòíîøåíèå (1.3) ïðèíèìàåò âèä ai1 = li1l11, i = 1, 2, . . . , n.
Îòñþäà a11 = l211, ãäå a11 > 0 â ñèëó ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðè-
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öû A. Ïîýòîìó ñïðàâåäëèâà ôîðìóëà l11 =
√
a11. Îïðåäåëèâ l11, âû÷èñëèì

îñòàëüíûå ýëåìåíòû ïåðâîãî ñòîëáöà ïî ôîðìóëå li1 = ai1/l11, i = 2, 3, . . . , n.

Ïðè j = 2 èç òîãî æå ñîîòíîøåíèÿ (1.3) ïîëó÷èì, ÷òî

ai2 = li1l21 + li2l22, i = 2, 3, . . . , n. (1.4)

Îòñþäà l222 = a22 − l221, ãäå ýëåìåíò l21 = a21/
√
a11 âû÷èñëåí íà ïðåäûäó-

ùåì ýòàïå. Èçâëåêàÿ êîðåíü, îïðåäåëèì l22 =
√

(a11a22 − a2
21)/a11. Îïåðàöèÿ

èçâëå÷åíèÿ êîðíÿ êîððåêòíà, òàê êàê

a11 > 0, a11a22 − a2
12 =

∣∣∣∣a11 a12

a21 a22

∣∣∣∣ > 0

â ñèëó ñèììåòðè÷íîñòè è ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû A.
Îïðåäåëèâ l22, âû÷èñëèì, èñïîëüçóÿ (1.4), îñòàëüíûå ýëåìåíòû âòîðîãî ñòîëá-
öà ïî ôîðìóëå li2 = (ai2 − li1l21)/l22, i = 3, 4, . . . , n.

Äàëåå, èñõîäÿ èç òîãî, ÷òî ýëåìåíòû ìàòðèöû L â ñòîëáöàõ ñ íîìåðà-
ìè 1, 2, . . . ,m − 1 âû÷èñëåíû íà ïðåäûäóùèõ ýòàïàõ, ïîëó÷èì ðàñ÷åòíûå
ôîðìóëû äëÿ ýëåìåíòîâ ñòîëáöà ñ íîìåðîì m. Ïðè j = m èç (1.3) äëÿ
i = m,m+ 1, . . . , n ïîëó÷èì:

aim = li1lm1 + li2lm2 + . . .+ li(m−1)lm(m−1) + limlmm. (1.5)

Îòñþäà, ïîëàãàÿ i = m, íàõîäèì

lmm =
√
amm − l2m1 − . . .− l2m(m−1).

Ìîæíî ïîêàçàòü, ÷òî, êàê è ðàíåå, ïîä êîðíåì ïîëó÷àåòñÿ îòíîøåíèå ïî-
ëîæèòåëüíîãî óãëîâîãî ìèíîðà m−ãî ïîðÿäêà ìàòðèöû A ê ïîëîæèòåëüíîìó
ìèíîðó (m−1)−ãî ïîðÿäêà ìàòðèöû A. Îïðåäåëèâ lmm, âû÷èñëèì, èñïîëüçóÿ
(1.5), îñòàëüíûå ýëåìåíòû m−ãî ñòîëáöà ìàòðèöû L

lim =
aim − li1lm1 − . . .− li(m−1)lm(m−1)

lmm
, i = m+ 1,m+ 2, . . . , n.

Óêàçàííûì ñïîñîáîì ïîñëåäîâàòåëüíî îïðåäåëÿþòñÿ âñå ýëåìåíòû ìàò-
ðèöû L. Ïðè ýòîì ïîäñ÷åò ÷èñëà àðèôìåòè÷åñêèõ äåéñòâèé, çàòðà÷èâàåìûõ
íà âû÷èñëåíèå ýëåìåíòîâ ìàòðèöû L, äàåò âåëè÷èíó ≈ n3/6, ÷òî â äâà ðàçà
ìåíüøå òðóäîåìêîñòè ìåòîäà Ãàóññà.

1.1.2 Ìîäèôèöèðîâàííûé ìåòîä êâàäðàòíîãî êîðíÿ

Ðàññìîòðèì óðàâíåíèå Ay = f ïðè óñëîâèè, ÷òî detA 6= 0 è ìàòðèöà A
ñèììåòðè÷íà (AT = A). Äëÿ òàêèõ ìàòðèö ñïðàâåäëèâî ïðåäñòàâëåíèå

A = LDLT , (1.6)
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ãäå L � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ åäèíèöàìè íà ãëàâíîé äèàãîíà-
ëè, à D � äèàãîíàëüíàÿ ìàòðèöà. Åñëè óêàçàííîå ïðåäñòàâëåíèå íàéäåíî, òî
ðåøåíèå èñõîäíîé ñèñòåìû óðàâíåíèé Ay = f ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó
ðåøåíèþ ñèñòåì Lŷ = f , Dỹ = ŷ è LTy = ỹ ñ íèæíåé òðåóãîëüíîé, äèàãî-
íàëüíîé è âåðõíåé òðåóãîëüíîé ìàòðèöàìè, ñîîòâåòñòâåííî. Ðåøåíèå òàêèõ
ñèñòåì íå ïðåäñòàâëÿåò òðóäíîñòåé (ñì. ïóíêò 1.1.1), è òðóäîåìêîñòü ìåòîäà
ôàêòè÷åñêè ñâîäèòñÿ ê íàõîæäåíèþ ìàòðèö L è D.

Ðàññìîòðèì àëãîðèòì íàõîæäåíèÿ ýëåìåíòîâ ìàòðèö L è D. Êàê è ðàíåå,
áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ L = (lij) è L

T = (l̄ij), ãäå l̄ij = lji, à òàêæå
D = (dij). Òîãäà ðàâåíñòâî (1.6) ïðèìåò âèä

(
aij

)
=


1 0 . . . 0

l21 1
...

... . . . 0
ln1 ln2 . . . 1



d11 0 . . . 0

0 d22
...

... . . . 0
0 0 . . . dnn




1 l̄12 . . . l̄1n
0 1 l̄2n
... . . . ...
0 . . . 0 1

 .

Îòñþäà, èñïîëüçóÿ îáîçíà÷åíèå (bij) = DLT , ãäå bij = diilij = diilji, ïîëó-
÷èì

aij =
n∑
k=1

likbkj =

j∑
k=1

likbkj =

j∑
k=1

likdkkljk, (1.7)

ãäå i ≥ j.

Ïðè j = 1 è i ≥ 1 ðàâåíñòâî (1.7) ïðèìåò âèä ai1 = li1d11, òàê êàê l11 = 1.
Îòñþäà íàõîäèì d11 = a11 è li1 = ai1/d11, i = 2, 3, . . . , n. Ôîðìóëû êîððåêòíû
ïðè óñëîâèè, ÷òî a11 6= 0.

Ïðè j = 2 è i ≥ 2 èç (1.7) ïîëó÷èì ai2 = li1d11l21 + li2d22, òàê êàê l22 = 1.
Îòñþäà

d22 = a22 − l221d11 = a22 −
a2

21

a11
=
a11a22 − a12a21

a11
=

∣∣∣∣a11 a12

a21 a22

∣∣∣∣
d11

.

Â ïðàâîé ÷àñòè ýòîãî âûðàæåíèÿ íàõîäèòñÿ îòíîøåíèÿ óãëîâûõ ìèíîðîâ
âòîðîãî è ïåðâîãî ïîðÿäêà ìàòðèöû A. Îïðåäåëèâ d22, âû÷èñëèì ýëåìåíòû
li2 = (ai2 − li1d11l21)/d22, i = 3, 4, . . . , n. Ôîðìóëû êîððåêòíû ïðè d22 6= 0, òî
åñòü ïîìèìî óãëîâîãî ìèíîðà ïåðâîãî ïîðÿäêà a11 äîëæåí áûòü îòëè÷åí îò
íóëÿ óãëîâîé ìèíîð âòîðîãî ïîðÿäêà ìàòðèöû A.

Äàëåå ïîñëåäîâàòåëüíî âû÷èñëÿþòñÿ ýëåìåíòû ñëåäóþùèõ ñòîëáöîâ ìàò-
ðèö D è L. Ïðèâåäåì ôîðìóëû äëÿ âû÷èñëåíèÿ ýëåìåíòîâ ñòîëáöà ñ íîìåðîì
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m:

dmm = amm −
(
l2m1d11 + . . .+ l2mm−1dm−1m−1

)
=

∣∣∣∣∣∣
a11 · · · a1m
... . . . ...
am1 · · · amm

∣∣∣∣∣∣
d11 d22 · · · dm−1m−1

,

lim = (aim − li1d11lm1 − . . .− lim−1dm−1m−1lmm−1)/dmm,

i = m+ 1,m+ 2, . . . , n.

Îòìåòèì, ÷òî ýòè ôîðìóëû ïðèìåíèìû â ñëó÷àå, êîãäà óãëîâûå ìèíîðû
âñåõ ïîðÿäêîâ ìàòðèöû A îòëè÷íû îò íóëÿ. Òî åñòü, óñëîâèÿ ïðèìåíèìîñòè
ìîäèôèöèðîâàííîãî ìåòîäà êâàäðàòíîãî êîðíÿ ñîâïàäàþò ñ óñëîâèÿìè ïðè-
ìåíèìîñòè îáû÷íîãî ìåòîäà Ãàóññà.

Ïîäñ÷èòàâ êîëè÷åñòâî îïåðàöèé óìíîæåíèÿ è äåëåíèÿ, íåîáõîäèìûõ äëÿ
ïîëó÷åíèÿ ðàçëîæåíèÿ (1.6) è äëÿ ïîèñêà âåêòîðà y, ïîëó÷èì ñëîæíîñòü äàí-
íîãî ìåòîäà, ðàâíóþ ≈ n3/6.

1.2 Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñèñòåì

ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ê èòåðàöèîííûì ìåòîäàì îòíîñÿò òå ìåòîäû, â êîòîðûõ èñêîìîå ðåøåíèå
ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñòðîèòñÿ êàê ïðåäåë íåêîòî-
ðîé ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòè. Ýôôåêòèâíûìè èòåðàöèîííûå ìåòîäû
îêàçûâàþòñÿ ïðè ðåøåíèè ñèñòåì áîëüøîé ðàçìåðíîñòè (ñèñòåì ñîäåðæàùèõ
òûñÿ÷è è áîëåå óðàâíåíèé) ñ ðàçðåæåííûìè ìàòðèöàìè.

Â èòåðàöèîííûõ ìåòîäàõ, çàäàâ íåêîòîðûé âåêòîð y0, íàçûâàåìûé íà÷àëü-
íûì ïðèáëèæåíèåì, ñòðîÿò ïî íåêîòîðîìó ïðàâèëó ïîñëåäîâàòåëüíîñòü âåêòî-
ðîâ y1, y2, . . . , yk, . . . . Âåðõíèé èíäåêñ k íàçûâàþò íîìåðîì èòåðàöèîííîãî
ïðèáëèæåíèÿ. Â îáùåì ñëó÷àå ïðàâèëî âû÷èñëåíèÿ èòåðàöèîííîãî ïðèáëèæå-
íèÿ ìîæåò çàâèñòü îò íîìåðà k è î÷åðåäíîå (k + 1)-îå èòåðàöèîííîå ïðèáëè-
æåíèå ìîæåò ñòðîèòüñÿ ïî âñåì ïðåäûäóùèì èòåðàöèîííûì ïðèáëèæåíèÿì,
òî åñòü

yk+1 = Gk+1(y
0, y1, . . . , yk).

Âûáîð ïðàâèëà âû÷èñëåíèÿ èòåðàöèîííûõ ïðèáëèæåíèé îïðåäåëÿåò êîí-
êðåòíûé èòåðàöèîííûé ìåòîä.

Îïðåäåëåíèå. Èòåðàöèîííûé ìåòîä íàçûâàåòñÿ m−øàãîâûì, åñëè êàæ-
äîå ïîñëåäóþùåå èòåðàöèîííîå ïðèáëèæåíèå ñòðîèòñÿ ëèøü ïî m ïðåäûäó-
ùèì:

yk+1 = Gk+1(y
k−m+1, . . . , yk−1, yk).
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Ðàññìîòðèì îäíîøàãîâûå (m = 1) è äâóõøàãîâûå (m = 2) èòåðàöèîííûå
ìåòîäû. Íà ïðèìåðå îäíîøàãîâûõ èòåðàöèîííûõ ìåòîäîâ óäîáíî îáñóæäàòü
ìàòåìàòè÷åñêèé àïïàðàò, èñïîëüçóåìûé äëÿ èññëåäîâàíèÿ èòåðàöèîííûõ ìå-
òîäîâ. Â êëàññå äâóõøàãîâûõ èòåðàöèîííûõ ìåòîäîâ ñóùåñòâóþò äîñòàòî÷íî
ýôôåêòèâíûå, øèðîêî èñïîëüçóåìûå íà ïðàêòèêå èòåðàöèîííûå ìåòîäû ðå-
øåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.

Îïðåäåëåíèå. Åñëè Gk+1 � ëèíåéíàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ, òî òà-
êîé èòåðàöèîííûé ìåòîä íàçûâàåòñÿ ëèíåéíûì.

1.2.1 Ëèíåéíûå îäíîøàãîâûå èòåðàöèîííûå ìåòîäû

Ñîãëàñíî ââåäåííûì îïðåäåëåíèÿì, ëþáîé ëèíåéíûé îäíîøàãîâûé èòåðà-
öèîííûé ìåòîä èìåò âèä:

yk+1 = Sk+1y
k + ψk+1, (1.8)

ãäå Sk+1 � ìàòðèöà, à ψk+1 � âåêòîð, çàäàíèå êîòîðûõ îïðåäåëÿåò êîíêðåò-
íûé èòåðàöèîííûé ìåòîä (ðàçìåðíîñòü âåêòîðîâ è ïîðÿäîê ìàòðèö ñ÷èòàþòñÿ
îäèíàêîâûìè).

Áóäåì òðåáîâàòü îò èòåðàöèîííîãî ìåòîäà, ÷òîáû âåêòîð y = A−1f (èñêî-
ìîå òî÷íîå ðåøåíèå èñõîäíîé çàäà÷è (1.1)) ïðè ïîäñòàíîâêå âìåñòî yk+1 è yk

îáðàùàë áû (1.8) â òîæäåñòâî:

A−1f = Sk+1A
−1f + ψk+1.

Òîãäà âåêòîð ψk+1 ìîæíî ïðåäñòàâèòü â âèäå ψk+1 = Qk+1f. Çäåñü ââåäåíî
îáîçíà÷åíèå Qk+1 = A−1 − Sk+1A

−1. Ôîðìóëó äëÿ Qk+1 äîìíîæèì ñïðàâà
íà ìàòðèöó A. Òîãäà äëÿ ìàòðèöû Sk+1 ïîëó÷èì ïðåäñòàâëåíèå Sk+1 = E −
Qk+1A, ãäå E � åäèíè÷íàÿ ìàòðèöà. Âûðàæåíèÿ äëÿ âåêòîðà ψk+1 è ìàòðèöû
Sk+1 ïîäñòàâèì â (1.8):

yk+1 = yk −Qk+1Ay
k +Qk+1f.

Îòñþäà ïîëó÷èì

(Qk+1)
−1 τk+1

yk+1 − yk

τk+1
+ Ayk = f,

ãäå τk+1 > 0 � íåêîòîðîå âåùåñòâåííîå ÷èñëî. Ââîäÿ îáîçíà÷åíèå Bk+1 =
(Qk+1)

−1 τk+1, ïðèõîäèì ê òàê íàçûâàåìîé êàíîíè÷åñêîé ôîðìå çàïèñè îäíî-
øàãîâîãî ëèíåéíîãî èòåðàöèîííîãî ìåòîäà:

Bk+1
yk+1 − yk

τk+1
+ Ayk = f. (1.9)
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Êîíêðåòíûé ëèíåéíûé îäíîøàãîâûé ìåòîä îïðåäåëÿåòñÿ çàäàíèåì ìàòðèö
Bk+1 è ÷èñëîâûõ ïàðàìåòðîâ τk+1. Â äàëüíåéøåì áóäåì ïîëüçîâàòüñÿ ñëåäó-
þùåé òåðìèíîëîãèåé.

Îïðåäåëåíèå. Åñëè ìàòðèöà Bk+1 = E, òî ñîîòâåòñòâóþùèé èòåðàöèîí-
íûé ìåòîä íàçûâàåòñÿ ÿâíûì, â ïðîòèâíîì ñëó÷àå � íåÿâíûì.

Â ÿâíûõ èòåðàöèîííûõ ìåòîäàõ âåêòîð yk+1 íàõîäèòñÿ áåç ðåøåíèÿ âñïî-
ìîãàòåëüíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ìàòðèöåé Bk+1.

Îïðåäåëåíèå. Åñëè Bk+1 = B è τk+1 = τ, òî ìåòîä íàçûâàåòñÿ ñòàöèî-
íàðíûì, â ïðîòèâíîì ñëó÷àå � íåñòàöèîíàðíûì.

Îïðåäåëåíèå. Âåêòîð zk = yk−y (îòêëîíåíèå èòåðàöèîííîãî ïðèáëèæå-
íèÿ yk îò òî÷íîãî ðåøåíèÿ y) áóäåì íàçûâàòü ïîãðåøíîñòüþ èòåðàöèîííîãî
ïðèáëèæåíèÿ íà k−îé èòåðàöèè.

Îïðåäåëåíèå. Ìåòîä íàçûâàåòñÿ ñõîäÿùèìñÿ, åñëè ‖zk‖ −−−→
k→∞

0 äëÿ

íåêîòîðîé âûáðàííîé íîðìû ‖ · ‖.

Òî÷íîå ðåøåíèå y èñõîäíîé ñèñòåìû ((1.1)) ÿâëÿåòñÿ ïðåäåëîì ïîñëåäî-
âàòåëüíîñòè èòåðàöèîííûõ ïðèáëèæåíèé è â áîëüøèíñòâå ñëó÷àåâ íå ìîæåò
áûòü ïîëó÷åíî çà êîíå÷íîå ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé. Ïóñòü äëÿ íà-
÷àëüíîãî èòåðàöèîííîãî ïðèáëèæåíèÿ y0, î÷åðåäíîãî èòåðàöèîííîãî ïðèáëè-
æåíèÿ yk è äîñòàòî÷íî ìàëîé âåëè÷èíîé ε > 0 âûïîëíÿåòñÿ íåðàâåíñòâî

‖yk − y‖ 6 ε‖y0 − y‖.

Íåðàâåíñòâî îçíà÷àåò, ÷òî íà k − îé èòåðàöèè ïîãðåøíîñòü èòåðàöèîííî-
ãî ïðèáëèæåíèÿ yk íå ïðåâûøàåò ïîãðåøíîñòè íà÷àëüíîãî ïðèáëèæåíèÿ y0,
óìåíüøåííîé â 1/ε ðàç. Òîãäà èòåðàöèîííîå ïðèáëèæåíèå yk áóäåì ñ÷èòàòü
ïðèáëèæåííûì ðåøåíèåì, ïîëó÷åííûì ñ òî÷íîñòüþ ε. Äëÿ èòåðàöèîííûõ ìå-
òîäîâ åñòåñòâåííî îæèäàòü, ÷òî, åñëè íåðàâåíñòâî âûïîëíÿåòñÿ äëÿ íåêîòîðî-
ãî k0 = k0(ε), òî îíî äîëæíî âûïîëíÿòüñÿ è äëÿ ëþáîãî k > k0(ε). ×èñëî k0(ε)
áóäåì íàçûâàòü ìèíèìàëüíûì ÷èñëîì èòåðàöèé, íåîáõîäèìûì äëÿ äîñòèæå-
íèÿ çàäàííîé òî÷íîñòè ε. ×åì ìåíüøå ïðè ïðî÷èõ ðàâíûõ óñëîâèÿõ k0(ε), òåì
ýôôåêòèâíåå èòåðàöèîííûé ìåòîä.

Ñëåäóåò îòìåòèòü, ÷òî èñïîëüçîâàòü óêàçàííîå íåðàâåíñòâî äëÿ êîíòðîëÿ
äîñòèãíóòîé òî÷íîñòè íà k − îé èòåðàöèè è çàâåðøåíèÿ èòåðàöèîííîãî ïðî-
öåññà íå ïðåäñòàâëÿåòñÿ âîçìîæíûì, ïîñêîëüêó òî÷íîå ðåøåíèå y íåèçâåñòíî.
Ïîýòîìó, äëÿ êîíêðåòíûõ èòåðàöèîííûõ ìåòîäîâ, èñïîëüçóþòñÿ àïðèîðíûå
îöåíêè äëÿ k0(ε).
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1.2.2 Ïðèìåðû îäíîøàãîâûõ ëèíåéíûõ

èòåðàöèîííûõ ìåòîäîâ

Çàïèøåì ñèñòåìó óðàâíåíèé Ay = f â âèäå:
a11y1 + a12y2 + . . .+ a1nyn = f1,

a21y1 + a22y2 + . . .+ a2nyn = f2,

· · ·
an1y1 + an2y2 + . . .+ annyn = fn.

(1.10)

Èñïîëüçóÿ òàêóþ ôîðìó çàïèñè èñõîäíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé, ëèíåéíûé îäíîøàãîâûé èòåðàöèîííûé ìåòîä ìîæíî çàäàòü,
ðàññòàâëÿÿ èòåðàöèîííûå èíäåêñû ó êîìïîíåíò âåêòîðà y.

Ìåòîä ßêîáè.

Äëÿ ïîñòðîåíèÿ èòåðàöèîííîãî ìåòîäà ßêîáè ïðèïèøåì íåèçâåñòíûì yi,
èìåþùèì â êà÷åñòâå ñîìíîæèòåëåé êîýôôèöèåíòû aii, i = 1, 2, . . . , n, èíäåêñ
ñëåäóþùåãî èòåðàöèîííîãî ïðèáëèæåíèÿ k + 1, à ïðî÷èì íåèçâåñòíûì � èí-
äåêñ k: 

a11y
k+1
1 + a12y

k
2 + . . .+ a1ny

k
n = f1,

a21y
k
1 + a22y

k+1
2 + . . .+ a2ny

k
n = f2,

· · ·
an1y

k
1 + an2y

k
2 + . . .+ anny

k+1
n = fn.

Òîãäà, ðàñ÷åòíàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ êîìïîíåíò k+1 èòåðàöèîííîãî
ïðèáëèæåíèÿ âåêòîðà y ïðèìåò âèä:

yk+1
i =

1

aii

(
fi −

i−1∑
j=1

aijy
k
j −

n∑
j=i+1

aijy
k
j

)
, i = 1, 2, . . . , n.

Çàïèøåì ìåòîä ßêîáè â êàíîíè÷åñêîé ôîðìå. Äëÿ ýòî ïðåäñòàâèì ìàòðè-
öó A â âèäå A = L+D+R, ãäå L = (lij) � íèæíÿÿ òðåóãîëüíàÿ, D = (dij) �
äèàãîíàëüíàÿ, R = (rij) � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöû.

lij =

{
aij, i > j,

0, i 6 j;
dij =

{
aij, i = j,

0, i 6= j;
rij =

{
aij, i < j,

0, i > j.

Òîãäà, ñèñòåìà óðàâíåíèé, îïðåäåëÿþùàÿ ìåòîä ßêîáè, â ìàòðè÷íîé ôîð-
ìå ïðèìåò âèä

Lyk +Dyk+1 +Ryk = f.
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Ïðèáàâëÿÿ è âû÷èòàÿ â ëåâîé ÷àñòè Dyk, ïîëó÷èì

D(yk+1 − yk) + Ayk = f.

Îòñþäà ñëåäóåò, ÷òî â êàíîíè÷åñêîé ôîðìå çàïèñè (1.9) ìåòîäó ßêîáè
ñîîòâåòñòâóåò âûáîð Bk+1 = D è τk+1 = 1. Òàêèì îáðàçîì, ìåòîä ßêîáè ÿâëÿ-
åòñÿ ñòàöèîíàðíûì íåÿâíûì îäíîøàãîâûì ëèíåéíûì èòåðàöèîííûì ìåòîäîì
ñ ëåãêî îáðàòèìîé ìàòðèöåé Bk+1.

Ìåòîä Çåéäåëÿ.

Ìåòîä Çåéäåëÿ ïîëó÷àåòñÿ, åñëè â ðàçâåðíóòîé çàïèñè ñèñòåìû óðàâíåíèé
(1.10) ïðèïèñàòü íåèçâåñòíûì yi, èìåþùèì â êà÷åñòâå ñîìíîæèòåëåé êîýôôè-
öèåíòû aij ïðè i > j, èíäåêñ ñëåäóþùåãî èòåðàöèîííîãî ïðèáëèæåíèÿ k + 1,
à ïðî÷èì íåèçâåñòíûì � èíäåêñ k:

a11y
k+1
1 + a12y

k
2 + . . .+ a1ny

k
n = f1,

a21y
k+1
1 + a22y

k+1
2 + . . .+ a2ny

k
n = f2,

· · ·
an1y

k+1
1 + an2y

k+1
2 + . . .+ anny

k+1
n = fn.

Îòíîñèòåëüíî yk+1 ýòà ñèñòåìà ðåøàåòñÿ ñëåäóþùèì îáðàçîì. Ñíà÷àëà
èç ïåðâîãî óðàâíåíèÿ íàõîäèòñÿ yk+1

1 , ïîòîì èç âòîðîãî � yk+1
2 è òàê äàëåå.

Ðàñ÷åòíàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ êîìïîíåíò (k+1)−ãî èòåðàöèîííîãî ïðè-
áëèæåíèÿ âåêòîðà y èìååò âèä:

yk+1
i =

fi −
i−1∑
j=1

aijy
k+1
j −

n∑
j=i+1

aijy
k
j

aii
, i = 1, 2, . . . , n.

Èñïîëüçóÿ ðàíåå ââåäåííîå ïðåäñòàâëåíèå ìàòðèöû A = L+D+R, çàïè-
øåì ìåòîä Çåéäåëÿ â ìàòðè÷íîé ôîðìå

Lyk+1 +Dyk+1 +Ryk = f.

Äîáàâëÿÿ è âû÷èòàÿ â ëåâîé ÷àñòè ýòîãî ñîîòíîøåíèÿ êîìáèíàöèþ Lyk +
Dyk, ïîëó÷èì:

(L+D)(yk+1 − yk) + Ayk = f.

Ñëåäîâàòåëüíî, â êàíîíè÷åñêîé ôîðìå çàïèñè (1.9) ìåòîäó Çåéäåëÿ ñîîò-
âåòñòâóåò âûáîð ìàòðèöû Bk+1 = L+D è èòåðàöèîííîãî ïàðàìåòðà τk+1 = 1.
Òî åñòü, ìåòîä Çåéäåëÿ ÿâëÿåòñÿ ñòàöèîíàðíûì íåÿâíûì èòåðàöèîííûì ìå-
òîäîì. Íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà L+D ëåãêî îáðàòèìà.
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Ìåòîä ðåëàêñàöèè.

Ýòîò èòåðàöèîííûé ìåòîä îïðåäåëÿåòñÿ âûáîðîì Bk+1 = D+ωL è τk+1 =
ω â êàíîíè÷åñêîé ôîðìå çàïèñè (1.9), ãäå ω � çàäàííûé ÷èñëîâîé ïàðàìåòð:

(D + ωL)
yk+1 − yk

ω
+ Ayk = f.

Äàííûé ìåòîä ÿâëÿåòñÿ ñòàöèîíàðíûì è íåÿâíûì ñ ëåãêî îáðàòèìîé íèæ-
íåé òðåóãîëüíîé ìàòðèöåé Bk+1. Çàìåòèì, ÷òî ðàññìîòðåííûé âûøå ìåòîä
Çåéäåëÿ ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìåòîäà ðåëàêñàöèè ïðè ω = 1. Âûáèðàÿ
ïàðàìåòð ω èç äèàïàçîíà 0 < ω < 1 ïîëó÷àåì ìåòîä, êîòîðûé ÷àñòî íàçûâà-
þò ìåòîäîì íèæíåé ðåëàêñàöèè. Âûáèðàÿ 1 < ω < 2, ïîëó÷èì ìåòîä âåðõíåé
ðåëàêñàöèè.

Ìåòîä ïðîñòîé èòåðàöèè.

Ýòîò ìåòîä ÿâëÿåòñÿ ïðèìåðîì ÿâíîãî ñòàöèîíàðíîãî èòåðàöèîííîãî ìå-
òîäà. Â êàíîíè÷åñêîé ôîðìå çàïèñè (1.9) åìó ñîîòâåòñòâóåò âûáîð Bk+1 = E
è τk+1 = τ :

yk+1 − yk

τ
+ Ayk = f.

Ìåòîä Ðè÷àðäñîíà.

Ïðèìåðîì ÿâíîãî íåñòàöèîíàðíîãî èòåðàöèîííîãî ìåòîäà ÿâëÿåòñÿ ìåòîä
Ðè÷àðäñîíà, êîòîðûé èìååò âèä:

yk+1 − yk

τk+1
+ Ayk = f.

Çäåñü ìàòðèöà Bk+1 = E, à èòåðàöèîííûå ïàðàìåòðû τk+1 ðàññ÷èòûâàþòñÿ
íà êàæäîé èòåðàöèè ïî íåêîòîðûì ôîðìóëàì, ê êîòîðûì âåðíåìñÿ ïîçæå.

1.3 Óñëîâèÿ ñõîäèìîñòè îäíîøàãîâûõ

ñòàöèîíàðíûõ èòåðàöèîííûõ ìåòîäîâ

1.3.1 Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè

Äëÿ óñòàíîâëåíèÿ ôàêòà ñõîäèìîñòè è ïðîâåäåíèÿ ñðàâíèòåëüíîãî àíà-
ëèçà ñâîéñòâ ðàçëè÷íûõ èòåðàöèîííûõ ìåòîäîâ íåîáõîäèì ñîîòâåòñòâóþùèé
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àíàëèòè÷åñêèé àïïàðàò. Â äàííîì ïóíêòå ðàññìîòðèì íåêîòîðûå ýëåìåíòû
òàêîãî ìàòåìàòè÷åñêîãî àïïàðàòà.

Ïðè âûÿñíåíèè âîçìîæíîé îáëàñòè ïðèìåíåíèÿ êîíêðåòíîãî ñòàöèîíàðíî-
ãî îäíîøàãîâîãî èòåðàöèîííîãî ìåòîäà ìîæåò áûòü ïîëåçíî ñëåäóþùåå óòâåð-
æäåíèå [3].

Òåîðåìà 1.1 (Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ñòàöèîíàðíîãî îäíîøàãî-
âîãî èòåðàöèîííîãî ìåòîäà). Ïóñòü A � ñèììåòðè÷íàÿ è ïîëîæèòåëüíî
îïðåäåëåííàÿ ìàòðèöà (AT = A > 0), B � ïîëîæèòåëüíî îïðåäåëåííàÿ
ìàòðèöà (B > 0) è ÷èñëîâîé ïàðàìåòð τ > 0. Òîãäà èòåðàöèîííûé ïðîöåññ

B
yk+1 − yk

τ
+ Ayk = f (1.11)

ñõîäèòñÿ äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ y0, åñëè âûïîëíåíî ìàò-

ðè÷íîå íåðàâåíñòâî B >
τ

2
A.

(Äîêàçàòåëüñòâî ñì. [3].)

Ñëåäñòâèåì èç òåîðåìû ÿâëÿþòñÿ, íàïðèìåð, äâà ñëåäóþùèõ óòâåðæäå-
íèÿ, îïðåäåëÿþùèå äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà
ßêîáè è ìåòîäà ðåëàêñàöèè. Íàïîìíèì (ñì. ïóíêò 1.2.2), ÷òî, åñëè ïðåäñòà-
âèòü ìàòðèöó A â âèäå A = L + D + R, ãäå L � íèæíÿÿ òðåóãîëüíàÿ, D �
äèàãîíàëüíàÿ, R � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöû, òî ìåòîäó ßêîáè â êàíî-
íè÷åñêîé ôîðìå çàïèñè (1.11) ñîîòâåòñòâóåò âûáîð B = D, τ = 1, à ìåòîäó
ðåëàêñàöèè B = D + ωL, τ = ω.

Òåîðåìà 1.2. Ïóñòü AT = A è âûïîëíåíî óñëîâèå äèàãîíàëüíîãî ïðåîá-
ëàäàíèÿ

aii >
n∑
j=1
j 6=i

|aij|, i = 1, 2, . . . , n.

Òîãäà, ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè èòåðàöèîííûé ìåòîä ßêîáè
ñõîäèòñÿ.

H Äîê à ç à ò å ë ü ñ ò â î. Ñ ó÷åòîì äèàãîíàëüíîãî ïðåîáëàäàíèÿ è ñèììåòðè÷-
íîñòè ìàòðèöû A äëÿ ∀ y 6= 0 âûïîëíåíî:

0 < (Ay, y) =
n∑
i=1

n∑
j=1

aijyiyj 6
n∑
i=1

n∑
j=1

|aij||yiyj| 6
{

2|yiyj| 6 y2
i + y2

j

}
6

6
1

2

n∑
i=1

n∑
j=1

|aij|y2
i +

1

2

n∑
i=1

n∑
j=1

|aij|y2
j =

n∑
i=1

n∑
j=1

|aij|y2
i =
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=
n∑
i=1

y2
i

(
aii +

n∑
j=1
j 6=i

|aij|
)
< 2

n∑
i=1

y2
i aii = 2(Dy, y).

Òàêèì îáðàçîì, ïîêàçàíî, ÷òî ((2D − A)y, y) > 0 ∀ y 6= 0. Ýòî óñëîâèå
ýêâèâàëåíòíî ìàòðè÷íîìó íåðàâåíñòâó D > 1

2A, êîòîðîå â ñèëó òåîðåìû 1.1
äîñòàòî÷íî äëÿ ñõîäèìîñòè ìåòîäà ßêîáè, ïîñêîëüêó AT = A > 0 è B = D >
0.

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Òåîðåìà 1.3. Ïóñòü AT = A > 0. Òîãäà ìåòîä ðåëàêñàöèè ñ èòåðàöèîí-
íûì ïàðàìåòðîì 0 < ω < 2, ÿâëÿåòñÿ ñõîäÿùèìñÿ èòåðàöèîííûì ìåòîäîì
äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ.

H Äîê à ç à ò å ë ü ñ ò â î. Çàïèøåì äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè B > τ
2A

ïðè B = D + ωL, τ = ω â âèäå

((2D + 2ωL− ωA)y, y) > 0 (y 6= 0).

Òàê êàê AT = A, òî A = L+D + LT è, ñëåäîâàòåëüíî

(Ay, y) = (Ly.y) + (Dy, y) + (LTy, y) = (Dy, y) + 2(Ly, y).

Òîãäà äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ïðèíèìàåò âèä:

2(Dy, y) + 2ω(Ly, y)− 2ω(Ly, y)− ω(Dy, y) > 0.

Â ðåçóëüòàòå èìååì íåðàâåíñòâî (2 − ω)(Dy, y) > 0, êîòîðîå âûïîëíåíî,
òàê êàê â ñèëó óñëîâèé òåîðåìû (2− ω) > 0 è (Dy, y) > 0.

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Ñôîðìóëèðîâàííûå âûøå òåîðåìû ÿâëÿþòñÿ ïðèìåðàìè äîñòàòî÷íûõ
óñëîâèé ñõîäèìîñòè. Â ñëó÷àå, êîãäà óñëîâèÿ òåîðåì íå âûïîëíåíû, ñäåëàòü
âûâîä î ñõîäèìîñòè èëè ðàñõîäèìîñòè ñîîòâåòñòâóþùèõ ìåòîäîâ íå ïðåä-
ñòàâëÿåòñÿ âîçìîæíûì. Ïîëíîñòüþ ðåøèòü âîïðîñ î ñõîäèìîñòè êîíêðåòíîãî
èòåðàöèîííîãî ìåòîäà ìîæíî ëèøü íà îñíîâå êàêîãî-ëèáî êðèòåðèÿ åãî ñõî-
äèìîñòè.

Ðàññìîòðèì ïðèìåð êðèòåðèÿ ñõîäèìîñòè ñòàöèîíàðíûõ îäíîøàãîâûõ èòå-
ðàöèîííûõ ìåòîäîâ (1.11). Ïðåäâàðèòåëüíî ïîëó÷èì óðàâíåíèå äëÿ ïîãðåøíî-
ñòè zk. Ïîäñòàâëÿÿ â (1.11) ïðåäñòàâëåíèå èòåðàöèîííîãî ïðèáëèæåíèÿ yk =
zk + y, ãäå y � òî÷íîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ Ay = f , ïðèõîäèì

ê îäíîðîäíîìó óðàâíåíèþ B
zk+1 − zk

τ
+ Azk = 0, èç êîòîðîãî ñëåäóåò, ÷òî
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zk+1 = (E − τB−1A)zk. Ââåäåì îáîçíà÷åíèå S = E − τB−1A. Ìàòðèöà S íà-
çûâàåòñÿ ìàòðèöåé ïåðåõîäà. Òîãäà óðàâíåíèå äëÿ ïîãðåøíîñòè ïðèìåò âèä:

zk+1 = Szk. (1.12)

Òåîðåìà 1.4 (Êðèòåðèé ñõîäèìîñòè îäíîøàãîâîãî ñòàöèîíàðíîãî èòåðà-
öèîííîãî ìåòîäà). Èòåðàöèîííûé ìåòîä (1.11) ñõîäèòñÿ äëÿ ëþáîãî íà÷àëü-
íîãî ïðèáëèæåíèÿ y0 òîãäà è òîëüêî òîãäà, êîãäà äëÿ âñåõ ñîáñòâåííûõ
çíà÷åíèé λ(S) ìàòðèöû S âûïîëíåíî íåðàâåíñòâî |λ(S)| < 1.

H Äîê à ç à ò å ë ü ñ ò â î.

Ïðåäïîëîæèì, ÷òî ìåòîä ñõîäèòñÿ ïðè ëþáîì âûáîðå íà÷àëüíîãî ïðèáëè-
æåíèÿ y0. Ïóñòü µ � ñîáñòâåííûé âåêòîð ìàòðèöû S, îòâå÷àþùèé ñîáñòâåí-
íîìó çíà÷åíèþ λ. Ðàññìîòðèì âåêòîð íà÷àëüíîãî ïðèáëèæåíèÿ y0 = µ + y,
òîãäà z0 = µ. Èç óðàâíåíèÿ äëÿ ïîãðåøíîñòè (1.12) ïîëó÷èì

zk = Szk−1 = S2zk−2 = . . . = Skz0 = Skµ = Sk−1
(
Sµ
)

= λSk−1µ =

. . . = λkµ ⇒ ‖zk‖ = |λ|k‖µ‖.

Ïî ïðåäïîëîæåíèþ î ñõîäèìîñòè ‖zk‖ = |λ|k‖µ‖ −−−→
k→∞

0. Ïîýòîìó ïðèõî-

äèì ê íåðàâåíñòâó |λ| < 1.

Äîêàçàòåëüñòâî äîñòàòî÷íîñòè ïðîâåäåì ïðè äîïîëíèòåëüíîì ïðåäïîëî-
æåíèè, ÷òî ìàòðèöà S èìååò n ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ âåêòîðîâ
µl, îáðàçóþùèõ áàçèñ n ìåðíîãî ïðîñòðàíñòâà.

Ïóñòü äëÿ ëþáîãî ñîáñòâåííîãî çíà÷åíèÿ ìàòðèöû S âûïîëíåíî íåðàâåí-
ñòâî |λ| < 1. Ïîãðåøíîñòü ïðîèçâîëüíîãî íà÷àëüíîãî ïðèáëèæåíèÿ z0 ïðåä-
ñòàâèì â âèäå ðàçëîæåíèÿ ïî áàçèñó µl ñ êîýôôèöèåíòàìè cl. Èç óðàâíåíèÿ
(1.12) ïîëó÷èì:

zk = Skz0 = Sk
n∑
l=1

clµl =
n∑
l=1

clλ
k
l µl ⇒ ‖zk‖ 6

n∑
l=1

|cl| |λl|k‖µl‖ 6 λ̄kM.

Çäåñü λ̄ = max
1≤l≤n

|λl|, M =
n∑
l=1

|cl| ‖µl‖. Òàê êàê λ̄ < 1, à M = const, òî èç

ïîñëåäíåé îöåíêè âûòåêàåò ñõîäèìîñòü èòåðàöèîííîãî ìåòîäà.

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Çàìå÷àíèå. Äîïîëíèòåëüíîå ïðåäïîëîæåíèå ñóùåñòâåííî óïðîùàåò äî-
êàçàòåëüñòâî äîñòàòî÷íîñòè â ïðåäûäóùåé òåîðåìå. Îäíàêî äîêàçàòåëüñòâî
ìîæíî ïðîâåñòè (ñì. [3]) è äëÿ ìàòðèöû S îáùåãî âèäà íà îñíîâå åå ïðèâåäå-
íèÿ ê æîðäàíîâîé ôîðìå.
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Íàëè÷èå êðèòåðèÿ ñõîäèìîñòè êàçàëîñü áû ïîëíîñòüþ ðåøàåò âîïðîñ îá
èññëåäîâàíèè èòåðàöèîííîãî ìåòîäà íà ñõîäèìîñòü. Îäíàêî ïðèìåíåíèå ðàñ-
ñìîòðåííîãî êðèòåðèÿ òðåáóåò ïîèñêà âñåõ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû
ïåðåõîäà. Äàííàÿ çàäà÷à ìîæåò îêàçàòüñÿ ñëîæíåå, ÷åì ðåøåíèå èñõîäíîé ñè-
ñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ïîýòîìó íåîáõîäèìû è äðóãèå,
ïðîùå ðåàëèçóåìûå íà ïðàêòèêå, ñïîñîáû èññëåäîâàíèÿ ñõîäèìîñòè èòåðàöè-
îííûõ ìåòîäîâ.

Ïðè ïðàêòè÷åñêîì èñïîëüçîâàíèè èòåðàöèîííûõ ìåòîäîâ âàæåí íå òîëüêî
ôàêò ñõîäèìîñòè, íî è îöåíêà êîëè÷åñòâà èòåðàöèé, íåîáõîäèìûõ äëÿ äîñòè-
æåíèÿ çàäàííîé òî÷íîñòè. Èìåííî ïî ýòîìó ïîêàçàòåëþ â ñîâîêóïíîñòè ñ âû-
÷èñëèòåëüíûìè çàòðàòàìè íà îñóùåñòâëåíèå îäíîé èòåðàöèè öåëåñîîáðàçíî
îöåíèâàòü êà÷åñòâî ìåòîäà.

Ðàññìîòðèì ñïåöèàëüíûé êëàññ óäîáíûõ äëÿ èññëåäîâàíèÿ èòåðàöèîííûõ
ìåòîäîâ.

Îïðåäåëåíèå. Èòåðàöèîííûé ìåòîä ñõîäèòñÿ ñî ñêîðîñòüþ ãåîìåòðè÷å-
ñêîé ïðîãðåññèè ñî çíàìåíàòåëåì ρ ∈ (0; 1), åñëè äëÿ ïîãðåøíîñòè èòåðàöè-
îííîãî ïðèáëèæåíèÿ ñïðàâåäëèâî íåðàâåíñòâî

||yk − y|| 6 ρk||y0 − y||. (1.13)

Ïóñòü ε > 0 � íåêîòîðîå äîñòàòî÷íîå ìàëîå ÷èñëî. Ïîòðåáóåì, ÷òîáû ïî-
ãðåøíîñòü èòåðàöèîííîãî ïðèáëèæåíèÿ íà èòåðàöèè ñ íîìåðîì k áûëà áû íå
áîëüøå, ÷åì ïîãðåøíîñòü íà÷àëüíîãî èòåðàöèîííîãî ïðèáëèæåíèÿ óìåíüøåí-
íàÿ â 1/ε ðàç. Ýòî îçíà÷àåò, ÷òî ‖yk − y‖ 6 ε‖y0 − y‖. Äëÿ òîãî, ÷òîáû äëÿ
èòåðàöèîííîãî ìåòîäà, ñõîäÿùåãîñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè,
âûïîëíÿëîñü ýòî íåðàâåíñòâî äîñòàòî÷íî âûïîëíåíèÿ íåðàâåíñòâà ρk 6 ε âåð-
íîãî ïðè

k > k0(ε) =

[
ln(1/ε)

ln(1/ρ)

]
.

Îïðåäåëåíèå. ×èñëî k0(ε) íàçûâàåòñÿ ìèíèìàëüíûì ÷èñëîì èòåðàöèé,
íåîáõîäèìûì äëÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè ε.

Îïðåäåëåíèå. Âûðàæåíèå ln(1/ρ) íàçûâàåòñÿ ñêîðîñòüþ ñõîäèìîñòè èòå-
ðàöèîííîãî ìåòîäà.

×åì áîëüøå ñêîðîñòü ñõîäèìîñòè, òåì ìåíüøå èòåðàöèé íåîáõîäèìî âû-
ïîëíèòü äëÿ äîñòèæåíèÿ òðåáóåìîé òî÷íîñòè âû÷èñëåíèÿ èòåðàöèîííîãî ïðè-
áëèæåíèÿ è òåì ëó÷øå ñîîòâåòñòâóþùèé èòåðàöèîííûé ìåòîä.
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1.3.2 Îöåíêà ñêîðîñòè ñõîäèìîñòè îäíîøàãîâûõ

ñòàöèîíàðíûõ ìåòîäîâ

Ðàññìîòðèì ïðèìåð óòâåðæäåíèÿ ïîçâîëÿþùåãî äëÿ êîíêðåòíîãî èòåðà-
öèîííîãî ìåòîäà, ñõîäÿùåãîñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè, îïðå-
äåëèòü çíà÷åíèå ïàðàìåòðà ρ â íåðàâåíñòâå (1.13).

Äàëåå áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå îïðåäåëåíèÿ è óòâåðæäåíèÿ (ñì.
[3]).

1. Åñëè AT = A, òî A > 0 ⇔ λ > 0.

2. Åñëè AT = A > 0, òî ∃A−1 > 0.

3. Åñëè AT = A, ρ > 0, òî −ρE < A < ρE ⇔ A2 < ρ2E.

4. Åñëè AT = A > 0, òî ∃B : B2 = A,BT = B > 0.

Îïðåäåëåíèå. Ìàòðèöà B íàçûâàåòñÿ êâàäðàòíûì êîðíåì ìàòðèöû A è
îáîçíà÷àåòñÿ A1/2 (AT = A > 0).

5. Åñëè AT = A > 0, BT = B > 0, òî αA > βB ⇔ αB−1 > βA−1, ãäå
α, β � âåùåñòâåííûå ÷èñëà.

Çàìå÷àíèå. Â óòâåðæäåíèÿõ 1,3,4,5 ïîñëå ñëîâà ¾òî¿ íåðàâåíñòâà ìîãóò
áûòü íåñòðîãèìè.

Çàìå÷àíèå. Àíàëîãè÷íûå óòâåðæäåíèÿ ñïðàâåäëèâû äëÿ ëèíåéíûõ îïå-
ðàòîðîâ â åâêëèäîâîì ïðîñòðàíñòâå H. Ïðè ýòîì ïîä CT ñëåäóåò ïîíèìàòü
îïåðàòîð C∗.

Îïðåäåëåíèå. Ìàòðè÷íîé (îïåðàòîðíîé, ýíåðãåòè÷åñêîé) íîðìîé âåêòî-
ðà v, ïîðîæäåííîé ñèììåòðè÷íîé ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé A
íàçûâàåòñÿ ôóíêöèîíàë ‖v‖A =

√
(Av, v).

Çàìå÷àíèå. ‖v‖A =
√

(A1/2v, A1/2v) = ‖A1/2v‖.
Ðàíåå áûëî ïîêàçàíî, ÷òî ïîãðåøíîñòü zk îäíîøàãîâîãî ñòàöèîíàðíîãî

ìåòîäà (1.11) óäîâëåòâîðÿåò ñîîòíîøåíèþ

zk+1 = Szk, S = E − τB−1A.

Äîêàæåì ñëåäóþùèå äâå ëåììû.

Ëåììà 1.1. Ïóñòü AT = A > 0, BT = B > 0, ρ > 0 � âåùåñòâåííîå
÷èñëî, òîãäà íåðàâåíñòâà

1− ρ
τ

B 6 A 6
1 + ρ

τ
B

íåîáõîäèìû è äîñòàòî÷íû äëÿ òîãî, ÷òîáû ïðè ëþáûõ z0 äëÿ ïîãðåøíî-
ñòè âûïîëíÿëàñü îöåíêà

‖zk+1‖A 6 ρ‖zk‖A, k = 0, 1, . . . .
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H Äîê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì vk = A1/2zk, òîãäà

vk+1 = A1/2zk+1 = A1/2Szk = A1/2SA−1/2vk = S̃vk,

ãäå S̃ = E − τC, C = A1/2B−1A1/2, CT = C > 0. Èìååì

‖zk+1‖A 6 ρ‖zk‖A ⇔ ‖vk+1‖ 6 ρ‖vk‖ ⇔ (S̃2vk, vk) 6 ρ2(vk, vk) ⇔

⇔ S̃2 6 ρ2E ⇔ −ρE 6 S̃ 6 ρE ⇔ 1− ρ
τ

E 6 C 6
1 + ρ

τ
E ⇔

⇔ 1− ρ
τ

C−1 6 E 6
1 + ρ

τ
C−1 ⇔

⇔ 1− ρ
τ

A−1/2BA−1/2 6 E 6
1 + ρ

τ
A−1/2BA−1/2 ⇔

⇔ 1− ρ
τ

B 6 A1/2EA1/2 6
1 + ρ

τ
B.

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Ëåììà 1.2. Ïðè óñëîâèÿõ ëåììû 1.1 ñïðàâåäëèâà îöåíêà

‖zk+1‖B 6 ρ‖zk‖B, k = 0, 1, . . . .

H Äîê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èâ vk = B1/2zk, ïîëó÷èì, ÷òî vk+1 = S̃vk, ãäå
S̃ = E − τC, C = B−1/2AB−1/2. Äàëåå àíàëîãè÷íî ïðåäûäóùåìó äîêàçàòåëü-
ñòâó

‖zk+1‖B 6 ρ‖zk‖B ⇔
1− ρ
τ

E 6 C 6
1 + ρ

τ
E ⇔

⇔ 1− ρ
τ

B1/2EB1/2 6 A 6
1 + ρ

τ
B1/2EB1/2.

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Òåîðåìà 1.5. Ïóñòü AT = A > 0, BT = B > 0, γ1B 6 A 6 γ2B, ãäå γ1,
γ2 � âåùåñòâåííûå ÷èñëà òàêèå, ÷òî γ2 > γ1 > 0. Òîãäà ïðè τ = 2/(γ1 + γ2)
èòåðàöèîííûé ìåòîä (1.11) ñõîäèòñÿ è äëÿ ïîãðåøíîñòè ñïðàâåäëèâû îöåí-
êè

‖zk‖A 6 ρk‖z0‖A, ‖zk‖B 6 ρk‖z0‖B, k = 1, 2, . . . ,

ãäå ρ =
1− ξ
1 + ξ

, ξ =
γ1

γ2
.

H Äîê à ç à ò å ë ü ñ ò â î.
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Â íåðàâåíñòâå γ1B 6 A 6 γ2B êîíñòàíòû γ1 è γ2 âûðàçèì ÷åðåç τ è ρ

γ1 =
1− ρ
τ

, γ2 =
1 + ρ

τ
.

Òîãäà íåðàâåíñòâî ïðèìåò âèä

1− ρ
τ

B 6 A 6
1 + ρ

τ
B.

Ñîãëàñíî ëåììàì 1.1, 1.2 íåðàâåíñòâî ðàâíîñèëüíî îöåíêàì ïîãðåøíîñòè

‖zk+1‖A 6 ρ‖zk‖A, ‖zk+1‖B 6 ρ‖zk‖B, k = 0, 1, . . . .

Òî åñòü

‖zk‖A 6 ρ‖zk−1‖A 6 ... 6 ρk‖z0‖A

è, àíàëîãè÷íî,

‖zk‖B 6 ρ‖zk−1‖B 6 ... 6 ρk‖z0‖B.

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Çàìå÷àíèå. Ñêîðîñòü ñõîäèìîñòè â ñëó÷àå, êîãäà âåëè÷èíà ξ ìàëà, ðàâíà

ln
1

ρ
= ln

1 + ξ

1− ξ
= ln

(
1 +

2ξ

1− ξ

)
≈ 2ξ = 2

γ1

γ2

è, ñëåäîâàòåëüíî, ÷èñëî èòåðàöèé, íåîáõîäèìîå äëÿ äîñòèæåíèÿ çàäàííîé
òî÷íîñòè ε ðàâíî

k0(ε) =
ln(1/ε)

ln(1/ρ)
≈ ln(1/ε)

2ξ
.

Óñêîðèòü ñõîäèìîñòü ìîæíî çà ñ÷åò óâåëè÷åíèÿ êîíñòàíòû γ1 è óìåíüøå-
íèÿ γ2.

Çàìå÷àíèå. Ïðåäïîëàãàÿ, ÷òî AT = A > 0, BT = B > 0, ðàññìîòðèì
îáîáùåííóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ Aµ = λBµ, ðàâíîñèëüíóþ çà-
äà÷å ïîèñêà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ ìàòðèöû B−1A.
Óðàâíåíèå çàäà÷è ìîæíî ïåðåïèñàòü â âèäå

(B−1/2AB−1/2)(B1/2µ) = λ(B1/2µ) ⇔ Cµ̃ = λµ̃.

Çäåñü C = B−1/2AB−1/2, µ̃ = B1/2µ. Ïîñêîëüêó Ñ T = Ñ > 0, ïðèõîäèì
ê âûâîäó, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ λ ìàòðèöû Ñ , îíè æå ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû B−1A, äåéñòâèòåëüíû è ïîëîæèòåëüíû. Òîãäà, íåðàâåíñòâà

γ1B 6 A 6 γ2B
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ñëåâà è ñïðàâà óìíîæàÿ íà B−1/2, ïîëó÷àåì

γ1E 6 B−1/2AB−1/2 6 γ2E ⇔
⇔ γ1 6 λ 6 γ2,

ãäå λ - ëþáîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû B−1A. Îòñþäà âûòåêàåò, ÷òî
γ1 = λmin(B−1A), γ2 = λmax(B−1A) � íàèáîëåå òî÷íûå ïîñòîÿííûå, ñ êîòîðû-
ìè âûïîëíÿþòñÿ íåðàâåíñòâà γ1B 6 A 6 γ2B.

Îïðåäåëåíèå. Îïòèìàëüíûì èòåðàöèîííûì ïàðàìåòðîì ìåòîäà (1.11)
íàçûâàåòñÿ ÷èñëî

τ =
2

λmin(B−1A) + λmax(B−1A)
.

Çàìå÷àíèå. Îïòèìàëüíûé èòåðàöèîííûé ïàðàìåòð ìèíèìèçèðóåò âåëè÷è-
íó ρ íà ìíîæåñòâå âñåõ ïîëîæèòåëüíûõ γ1,γ2, óäîâëåòâîðÿþùèõ óñëîâèÿì
γ1B 6 A 6 γ2B.

Çàìå÷àíèå. Ñêîðîñòü ñõîäèìîñòè ìàêñèìàëüíà, åñëè âûáðàòü B = A. Òî-
ãäà ρ = 0 ïðè γ1 = λmin(B−1A) = λmax(B−1A) = γ2 = 1, τ = 1 è ìåòîä (1.11)
äàåò òî÷íîå ðåøåíèå óðàâíåíèÿ Ay = f íà ïåðâîé æå èòåðàöèè, ïîñêîëüêó
A(y1 − y0) + Ay0 = f . Îäíàêî äëÿ âû÷èñëåíèÿ y1 íåîáõîäèìî îáðàòèòü ìàò-
ðèöó A, ÷òî ðàâíîñèëüíî íàõîæäåíèþ òî÷íîãî ðåøåíèÿ y = A−1f .

Âîñïîëüçóåìñÿ äîêàçàííîé â ýòîì ïóíêòå òåîðåìîé äëÿ ñðàâíåíèÿ ñêî-
ðîñòè ñõîäèìîñòè ðàçëè÷íûõ ñòàöèîíàðíûõ îäíîøàãîâûõ èòåðàöèîííûõ ìå-
òîäîâ. Òåñòèðîâàòü èòåðàöèîííûå ìåòîäû áóäåì íà îäíîé è òîéæå ñèñòåìå
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, êîòîðóþ íàçîâåì ìîäåëüíîé çàäà÷åé.

1.3.3 Ìîäåëüíàÿ çàäà÷à

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ ÎÄÓ 2-ãî ïîðÿäêà:

−u′′(x) = f(x), 0 < x < 1;u(0) = u(1) = 0.

Ââåäåì íà îòðåçêå [0; 1] ðàâíîìåðíóþ ðàçíîñòíóþ ñåòêó ñ ïîñòîÿííûì øà-
ãîì h è óçëàìè xi

Ωh = {xi = ih; i = 0, 1, . . . , N ; hN = 1}

è ñîïîñòàâèì äèôôåðåíöèàëüíîé çàäà÷å ðàçíîñòíóþ ñõåìó

−yx̄x,i = fi; i = 1, 2, . . . , N − 1; y0 = yN = 0. (1.14)
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Çäåñü yi = y(xi), fi = f(xi) � ñåòî÷íûå ôóíêöèè, îïðåäåëåííûå â óçëàõ
ñåòêè xi, à yx̄x,i � ñîêðàùåííàÿ çàïèñü ðàçíîñòíîãî îòíîøåíèÿ

yx̄x,i =
yi−1 − 2yi + yi+1

h2
.

Ïóñòü ôóíêöèÿ u(x) � äîñòàòî÷íî ãëàäêîå ðåøåíèå äèôôåðåíöèàëüíîé
çàäà÷è. Ïîäñòàâëÿÿ åå çíà÷åíèÿ â óçëàõ ñåòêè â ðàçíîñòíóþ ñõåìó, ïîëó÷èì,
èñïîëüçóÿ ðàçëîæåíèÿ ïî ôîðìóëå Òåéëîðà ñ öåíòðîì â óçëå xi, ÷òî ñåòî÷íàÿ
ôóíêöèÿ

ψi =
u(xi−1)− 2u(xi) + u(xi+1)

h2
+ f(xi) =

= u′′(xi) +
h2

12
u(4)(xi) +O(h4) + f(xi) =

h2

12
u(4)(xi) +O(h4) = O(h2).

Ôóíêöèÿ ψi íàçûâàåòñÿ ïîãðåøíîñòüþ àïïðîêñèìàöèè ðàçíîñòíîé ñõåìû
íà ðåøåíèè äèôôåðåíöèàëüíîé çàäà÷è, à ðàâåíñòâî ψi = O(h2) îçíà÷àåò, ÷òî
ðàçíîñòíàÿ ñõåìà àïïðîêñèìèðóåò èñõîäíóþ çàäà÷ó ñî âòîðûì ïîðÿäêîì ïî
ïàðàìåòðó h.

Ââåäåì âåêòîðû

y = (y1, y2, . . . , yN−1)
T , f = (f1, f2, . . . , fN−1)

T ;

è ìàòðèöó

A =
1

h2


2 −1 0 . . . 0 0 0
−1 2 −1 . . . 0 0 0
0 −1 2 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . −1 2 −1
0 0 0 . . . 0 −1 2

 .

Òîãäà â ìàòðè÷íîé ôîðìå ðàçíîñòíàÿ ñõåìà (1.14) ìîæåò áûòü çàïèñàíà
â âèäå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé Ay = f , ãäå ìàòðèöà A
ÿâëÿåòñÿ ñèììåòðè÷íîé ìàòðèöåé (AT = A).

Èìåííî ýòó ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé â äàëüíåéøåì
áóäåì èñïîëüçîâàòü êàê ìîäåëüíóþ çàäà÷ó äëÿ òåñòèðîâàíèÿ è ñîïîñòàâëåíèÿ
ìåæäó ñîáîé ðàçëè÷íûõ èòåðàöèîííûõ ìåòîäîâ.

Äëÿ äîêàçàòåëüñòâà ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû A, íàéäåì
åå ñîáñòâåííûå çíà÷åíèÿ è óáåäèìñÿ â èõ ïîëîæèòåëüíîñòè. Äëÿ ýòîãî ðàñ-
ñìîòðèì ðàçíîñòíóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ

µx̄x,i + λµi = 0, µ0 = µN = 0, i = 1, 2, . . . , N − 1, hN = 1. (1.15)
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Íàõîæäåíèå ÷èñåë λl è ñîîòâåòñòâóþùèõ èì ñåòî÷íûõ ôóíêöèé µli (l =
1, 2, . . . , N − 1, i = 0, 1, . . . , N), ÿâëÿþùèõñÿ ðåøåíèåì ýòîé çàäà÷è, ýêâèâà-
ëåíòíî íàõîæäåíèþ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ ìàòðèöû
A.

Ëåììà 1.3. Ðåøåíèÿ çàäà÷è (1.15) èìåþò âèä:

λl =
4

h2
sin2 πl

2N
, µli = sin

πli

N
, l = 1, 2, . . . , N − 1, i = 0, 1, . . . , N.

H Äîê à ç à ò å ë ü ñ ò â î. Ïî àíàëîãèè ñ ñîîòâåòñòâóþùåé äèôôåðåíöèàëüíîé
çàäà÷åé íà ñîáñòâåííûå çíà÷åíèÿ äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîé
ïðîèçâîäíîé áóäåì èñêàòü ðåøåíèå â âèäå

µi = sin(αi), i = 0, 1, . . . , N.

Ïîäñòàâëÿÿ µi = sin(αi) â óðàâíåíèå (1.15)

µi−1 − 2(1− λh2/2)µi + µi+1 = 0, i = 1, 2, . . . , N − 1,

ïîëó÷èì 2 sin(αi) cosα− 2(1− λh2/2) sin(αi) = 0. Èç ýòîãî ñëåäóåò

cosα = 1− λh2

2
, λ =

4

h2
sin2 α

2
.

Ïîñêîëüêó µ0 = sin(α0) = 0, îñòàëîñü ó÷åñòü ãðàíè÷íîå óñëîâèå µN = 0:

sin(αN) = 0⇒ α = πl/N, l = 1, 2, . . . , N − 1.

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Òåì ñàìûì ïîêàçàíî, ÷òî ñîáñòâåííûå çíà÷åíèÿ λl, l = 1, 2, . . . , N − 1
ìàòðèöû A ðàçëè÷íû è ïîëîæèòåëüíû. Òàêèì îáðàçîì, AT = A > 0. Ïðè
ýòîì ñ ó÷åòîì ðàâåíñòâà hN = 1

λmin = λ1 =
4

h2
sin2 πh

2
, λmax = λN−1 =

4

h2
cos2 πh

2
.

Èñïîëüçóåì ïîñòðîåííóþ ìîäåëüíóþ çàäà÷ó äëÿ òåñòèðîâàíèÿ èòåðàöè-
îííûõ ìåòîäîâ. Ïðèìåíèì äëÿ ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (1.14) ñ ñèììåòðè÷íîé è ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé
èòåðàöèîííûé ìåòîä ïðîñòîé èòåðàöèè ñ îïòèìàëüíûì èòåðàöèîííûì ïàðà-
ìåòðîì.

Îïðåäåëåíèå. Ìåòîäîì ïðîñòîé èòåðàöèè äëÿ ðåøåíèÿ ñèñòåìû Ay = f
íàçûâàåòñÿ èòåðàöèîííûé ìåòîä (1.11) ïðè B = E, òî åñòü

yk+1 − yk

τ
+ Ayk = f ; k = 0, 1, . . . .
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Òîãäà ñïðàâåäëèâî ñëåäñòâèå.

Ñëåäñòâèå. Ïóñòü AT = A > 0, λmin(A) è λmax(A) � ñîîòâåòñòâåííî
ìèíèìàëüíîå è ìàêñèìàëüíîå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A. Òîãäà äëÿ
ìåòîäà ïðîñòîé èòåðàöèè ïðè

τ =
2

λmin(A) + λmax(A)

ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè

‖zk‖ 6 ρk‖z0‖, k = 1, 2, . . . , ãäå ρ =
1− ξ
1 + ξ

, ξ =
λmin(A)

λmax(A)
.

Çàìå÷àíèå. Ìîæíî ïîêàçàòü, ÷òî ìåòîä ßêîáè äëÿ ðåøåíèÿ óðàâíåíèé
ðàçíîñòíîé ñõåìû (1.14) ñîâïàäàåò ñ ìåòîäîì ïðîñòîé èòåðàöèè ñ îïòèìàëü-
íûì èòåðàöèîííûì ïàðàìåòðîì (ñì. ïóíêò 1.3.2) äëÿ ìîäåëüíîé çàäà÷è.

Ïîëó÷èì àñèìïòîòè÷åñêèå îöåíêè ïðè N → ∞ äëÿ ñêîðîñòè ñõîäèìîñòè
ln(1/ρ) è ìèíèìàëüíîãî ÷èñëà èòåðàöèé k0(ε), íåîáõîäèìûõ äëÿ äîñòèæåíèÿ
çàäàííîé òî÷íîñòè ε:

ln
1

ρ
= ln

(
1 +

2ξ

1− ξ

)
≈ 2ξ = 2 tg2 πh

2
≈ π2h2

2
=

π2

2N 2
,

k0(ε) =
ln(1/ε)

ln(1/ρ)
≈ 2N 2

π2
ln

1

ε
.

Ïóñòü, íàïðèìåð, ε = 0, 5 · 10−4, òîãäà ln(1/ε) ≈ 9, 9 è k0(ε) ≈ 2N 2. Ýòî
îçíà÷àåò, ÷òî äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ ðàçíîñòíûõ óðàâíå-
íèé (1.14) ñ çàäàííîé òî÷íîñòüþ ε íà ñåòêå ñ N = 10 óçëàìè òðåáóåòñÿ âû-
ïîëíèòü ïîðÿäêà 200 èòåðàöèé, à äëÿ N = 100 � óæå 20000 èòåðàöèé. Òàêîé
áûñòðûé ðîñò ÷èñëà èòåðàöèé ïðè óâåëè÷åíèè ðàçìåðíîñòè ìîäåëüíîé çàäà÷è
ÿâëÿåòñÿ õàðàêòåðíîé îñîáåííîñòüþ ìåòîäà ïðîñòîé èòåðàöèè ñ îïòèìàëüíûì
èòåðàöèîííûì ïàðàìåòðîì è ìåòîäà ßêîáè.

1.4 Ïîïåðåìåííî�òðåóãîëüíûé èòåðàöèîííûé

ìåòîä

1.4.1 Àëãåáðàè÷åñêàÿ òåîðèÿ

Â ïóíêòå 1.2.2 íåêîòîðûå ñòàíäàðòíûå èòåðàöèîííûå ìåòîäû ïðèâîäèëèñü
ê êàíîíè÷åñêîìó âèäó

B
yk+1 − yk

τ
+ Ayk = f.
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Çäåñü æå ïðîèëëþñòðèðóåì âîçìîæíîñòü ïîñòðîåíèÿ èòåðàöèîííîãî ìå-
òîäà ïóòåì ñïåöèàëüíîãî âûáîðà ìàòðèöû B â êàíîíè÷åñêîé ôîðìå çàïèñè
èòåðàöèîííîãî ïðîöåññà.

Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ìàòðèöà ñèñòåìû óðàâíåíèé Ay = f ñèì-
ìåòðè÷íà è ïîëîæèòåëüíî îïðåäåëåíà. Ââåäåì ìàòðèöó

R = (rij), rij =

 aij, i > j;
0,5 aij, i = j;
0, i < j;

i, j = 1, 2, . . . , n.

Ìàòðèöà R ÿâëÿåòñÿ íèæíåé òðåóãîëüíîé ìàòðèöåé, à òðàíñïîíèðîâàííàÿ
ïî îòíîøåíèþ ê íåé ìàòðèöà RT � âåðõíåé òðåóãîëüíîé. Ìàòðèöà A ïðåä-
ñòàâèìà â âèäå A = R +RT , ïðè÷åì

0 < (Av, v) = ((R +RT )v, v) = 2(Rv, v), ∀ v 6= 0⇒ R,RT > 0.

Äëÿ ïîïåðåìåííî�òðåóãîëüíîãî èòåðàöèîííîãî ìåòîäà ìàòðèöà B îïðåäå-
ëÿåòñÿ êàê ïðîèçâåäåíèå

B = (E + ωRT )(E + ωR),

ãäå E � åäèíè÷íàÿ ìàòðèöà, à ω > 0 � ÷èñëîâîé ïàðàìåòð. Òàêîé âûáîð
ìàòðèöû B îáóñëîâëåí ñëåäóþùèìè îáñòîÿòåëüñòâàìè.

1) Èñïîëüçóÿ âñïîìîãàòåëüíîå ïðîìåæóòî÷íîå çíà÷åíèå yk+1/2, ãäå

(E + ωRT ) (E + ωR)yk+1︸ ︷︷ ︸
yk+1/2

= (B − τA)yk + τf︸ ︷︷ ︸
ϕk

,

ðåøåíèå íà íîâîé èòåðàöèè ëåãêî íàõîäèòñÿ â äâà ýòàïà:

(E + ωRT )yk+1/2 = ϕk � ñèñòåìà ñ âåðõíåé òðåóãîëüíîé ìàòðèöåé;

(E + ωR)yk+1 = yk+1/2 � ñèñòåìà ñ íèæíåé òðåóãîëüíîé ìàòðèöåé.

Çàìå÷àíèå. Îòñþäà íàçâàíèå ìåòîäà.

2) Ïîñêîëüêó BT = B > 0, òàê êàê

B = E + ωA+ ω2RTR ⇒ BT = B,

(Bv, v) = ((E + ωR)v, (E + ωR)v) > 0 ⇒ B > 0,

òî äëÿ ïîïåðåìåííî-òðåóãîëüíîãî èòåðàöèîííîãî ìåòîäà ìîæíî èñïîëüçîâàòü
ïîëó÷åííûå ðàíåå îöåíêè ñõîäèìîñòè.
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Ëåììà 1.4. Ïóñòü ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå δ è ∆ òà-
êèå, ÷òî âûïîëíåíû ìàòðè÷íûå íåðàâåíñòâà A > δE, 4RTR 6 ∆A. Òîãäà
äëÿ ìàòðèö A = R+RT è B(ω) = (E+ωRT )(E+ωR) ñïðàâåäëèâû íåðàâåí-
ñòâà

γ1B 6 A 6 γ2B, ãäå γ1 =

(
1

δ
+ ω +

ω2∆

4

)−1

, γ2 =
1

2ω
.

H Äîê à ç à ò å ë ü ñ ò â î.

B(ω) = E + ωA+ ω2RTR 6

(
1

δ
+ ω +

ω2∆

4

)
A;

B(ω) = E + ωA+ ω2RTR = E − ωA+ ω2RTR + 2ωA =

= (E − ωRT )(E − ωR) + 2ωA⇒ B(ω) > 2ωA.

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Çàìå÷àíèå. Òåì ñàìûì ïîêàçàíî, ÷òî íàõîæäåíèå ïîñòîÿííûõ γ1 è γ2 ñâî-
äèòñÿ ê íàõîæäåíèþ ïîñòîÿííûõ δ è ∆. Ïðè âûïîëíåíèè íåðàâåíñòâ A > δE,
4RTR 6 ∆A äëÿ ïðîèçâîëüíîãî âåêòîðà v 6= 0 èìååì

δ‖v‖2 6 (Av, v) =
(Av, v)2

(Av, v)
=

4(Rv, v)2

(Av, v)
6

4‖Rv‖2‖v‖2

(Av, v)
=

=
4(RTRv, v)‖v‖2

(Av, v)
6

∆(Av, v)‖v‖2

(Av, v)
= ∆‖v‖2.

Îòñþäà ñëåäóåò, ÷òî δ 6 ∆. Â êà÷åñòâå êîíñòàíòû δ ìîæíî âçÿòü ìè-
íèìàëüíîå ñîáñòâåííîå çíà÷åíèå λmin(A) ìàòðèöû A. Òàêæå îòìåòèì, ÷òî,
ïîñêîëüêó (Av, v) 6 ∆‖v‖2, òî âûïîëíÿåòñÿ íåðàâåíñòâî ∆ > λmax(A), ãäå
λmax(A) � ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû A.

Òåîðåìà 1.6. Ïðåäïîëîæèì, ÷òî äëÿ ñèììåòðè÷íîé è ïîëîæèòåëüíî
îïðåäåëåííîé ìàòðèöû A = R + RT èçâåñòíû ïîëîæèòåëüíûå ïîñòîÿííûå
δ è ∆, ïðè êîòîðûõ âûïîëíåíû íåðàâåíñòâà A > δE, 4RTR 6 ∆A. Ïóñòü

ω =
2√
δ∆

, τ =
2

γ1 + γ2
, ãäå γ1 =

δ

2(1 +
√
η)
, γ2 =

δ

4
√
η
, η =

δ

∆
.

Òîãäà ïîïåðåìåííî�òðåóãîëüíûé èòåðàöèîííûé ìåòîä ñõîäèòñÿ è äëÿ
åãî ïîãðåøíîñòè ñïðàâåäëèâà îöåíêà

‖yk − y‖A 6 ρk‖y0 − y‖A, ãäå ρ =
1−√η
1 + 3

√
η
.
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H Äîê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî òåîðåìå 1.5 äëÿ âûïîëíåíèÿ òðåáóåìîé îöåí-
êè ïîãðåøíîñòè ñ êîíñòàíòîé

ρ(ω) =
1− ξ
1 + ξ

= 1− 2ξ

1 + ξ
= 1− 2

1 + ξ−1
, ξ(ω) =

γ1(ω)

γ2(ω)

äîñòàòî÷íî ïîëîæèòü τ = 2/(γ1 +γ2). Âûáåðåì ïàðàìåòð ω > 0 òàê, ÷òîáû
ìèíèìèçèðîâàòü ρ(ω). Äëÿ ýòîãî äîñòàòî÷íî íàéòè çíà÷åíèå ω = ω0, ïðè
êîòîðîì ôóíêöèÿ ξ−1(ω) äîñòèãàåò ìèíèìóìà. Ñîãëàñíî ëåììå 1.4

ξ−1(ω) =
γ2(ω)

γ1(ω)
=

1

2ω

(
1

δ
+ ω +

ω2∆

4

)
=

1

2
+

1

2

(
1

ωδ
+
ω∆

4

)
=

=
1

2
+

1

2

(
1√
ωδ
−
√
ω∆

2

)2

+
1

2

√
∆

δ
.

Îòñþäà íàõîäèì òî÷êó ìèíèìóìà ω0 = 2/
√
δ∆. Ïîäñòàâëÿÿ ýòî çíà÷åíèå

ω0 â âûðàæåíèÿ äëÿ γ1 è γ2, ïîëó÷èì

γ1(ω0) =

(
1

δ
+

2√
δ∆

+
1

δ

)−1

=
1

2

(√
δ +
√

∆

δ
√

∆

)−1

=
δ

2(1 +
√
η)
,

γ2(ω0) =

√
δ∆

4
=

δ

4
√
η
, ãäå η =

δ

∆
∈ (0; 1].

Òîãäàξ(ω0) =
γ1

γ2
=

2
√
η

1 +
√
η
, ρ(ω0) =

1− ξ
1 + ξ

=
1−√η
1 + 3

√
η
∈ [0; 1).

N Óòâ å ðæä å í è å ä î ê à ç à í î.

Ïðèìåíåíèå ïîïåðåìåííî�òðåóãîëüíîãî ìåòîäà ê ìîäåëüíîé
çàäà÷å.

Îáñóäèì ïðèìåíåíèå ïîïåðåìåííî�òðåóãîëüíîãî èòåðàöèîííîãî ìåòîäà ê
ìîäåëüíîé çàäà÷å (1.14). Íàïîìíèì, ÷òî äëÿ ìîäåëüíîé çàäà÷è AT = A > 0.

Äëÿ òîãî, ÷òîáû ïðèìåíèòü ïîïåðåìåííî�òðåóãîëüíûé èòåðàöèîííûé ìå-
òîä íåîáõîäèìî çíàòü ïîñòîÿííûå δ è ∆, îïðåäåëÿþùèå ïàðàìåòðû ìåòîäà.
Êàê óæå îòìå÷àëîñü, â êà÷åñòâå δ è ∆ ìîæíî âçÿòü ìèíèìàëüíîå ñîáñòâåííîå
çíà÷åíèå ìàòðèöû A è, ñîîòâåòñòâåííî, ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå
ìàòðèöû A, òî åñòü

δ = λmin(A) =
4

h2
sin2 πh

2
, ∆ = λmax(A) =

4

h2
cos2 πh

2
.

33



� 1.4 Ïîïåðåìåííî�òðåóãîëüíûé èòåðàöèîííûé ìåòîä �

Ñîãëàñíî òåîðåìå 1.6 ïðè âûáîðå ïàðàìåòðîâ ìåòîäà

ω =
2√
δ∆

, τ =
2

γ1 + γ2
, ãäå

γ1 =
δ

2(1 +
√
η)
, γ2 =

δ

4
√
η
, η =

δ

∆
= tg2 πh

2
,

ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè ñ ïîñòîÿííîé

ρ =
1−√η
1 + 3

√
η

=
1− tg πh

2

1 + 3 tg πh
2

≈
(

1− πh

2

)(
1− 3

πh

2

)
≈ 1− 2πh.

Îòñþäà ìèíèìàëüíîå ÷èñëî èòåðàöèé, íåîáõîäèìîå äëÿ äîñòèæåíèÿ çà-
äàííîé òî÷íîñòè ε, ðàâíî

k0(ε) =
ln(1/ε)

ln(1/ρ)
≈ ln(1/ε)

− ln(1− 2πh)
≈ ln(1/ε)

2πh
=
N

2π
ln

1

ε
.

Ïðè ε = 0, 5 · 10−4 ïîëó÷àåì, ÷òî k0(ε) ≈ 1, 6N .

Çàìå÷àíèå. Íàïîìíèì, ÷òî äëÿ ìåòîäà ïðîñòîé èòåðàöèè ÷èñëî èòåðàöèé
ïðè áîëüøèõ N îöåíèâàëîñü êàê O(N 2). Òî åñòü ïîïåðåìåííî�òðåóãîëüíûé
èòåðàöèîííûé ìåòîä îáåñïå÷èâàåò íà ïîðÿäîê áîëåå áûñòðóþ ñõîäèìîñòü.

1.4.2 ×åáûøåâñêèé íàáîð èòåðàöèîííûõ ïàðàìåòðîâ

Èñïîëüçóåì äëÿ ðåøåíèÿ óðàâíåíèÿ Ay = f ñëåäóþùóþ íåñòàöèîíàðíóþ
èòåðàöèîííóþ ñõåìó

B
yl − yl−1

τl
+ Ayl−1 = f, l = 1, 2, . . . , k.

Ïîâûñèòü ñêîðîñòü ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà ìîæíî çà ñ÷åò èñ-
ïîëüçîâàíèÿ ïåðåìåííîãî èòåðàöèîííîãî ïàðàìåòðà τl, çàâèñÿùåãî îò íîìåðà
èòåðàöèè. Ïðè ôèêñèðîâàííîì ÷èñëå èòåðàöèé k ìîæíî óêàçàòü íàáîð èòå-
ðàöèîííûõ ïàðàìåòðîâ τ1, τ2, . . ., τk , îáåñïå÷èâàþùèé íàèëó÷øóþ ñêîðîñòü
ñõîäèìîñòè âíå çàâèñèìîñòè îò âûáîðà íà÷àëüíîãî ïðèáëèæåíèÿ.

Ïåðåéäåì îò yl-ãî èòåðàöèîííîãî ïðèáëèæåíèÿ ê ïîãðåøíîñòè zl = yl− y.
Òîãäà ïîëó÷èì ñëåäóþùåå ðàâåíñòâî

B
zl − zl−1

τl
+ Azl−1 = 0.

Îòñþäà âûðàçèì ïîãðåøíîñòü íà l-é èòåðàöèè zl

zl = (E − τlB−1A)zl−1, l = 1, k.
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Ðåêóðñèâíî ïðèìåíÿÿ ýòó ôîðìóëó äëÿ zk, ïîëó÷èì âûðàæåíèå äëÿ zk

zk = (E − τkB−1A)(E − τk−1B
−1A) . . . (E − τ1B

−1A)z0.

Ôèêñèðóåì ÷èñëî èòåðàöèé (k) è ïîñòàðàåìñÿ âûáðàòü τl òàê, ÷òîáû ïî-
ãðåøíîñòü íà k-é èòåðàöèè áûëà áû ìèíèìàëüíî âîçìîæíîé:

||zk|| −→ inf
τl
.

Ýòà çàäà÷à èìååò òî÷íîå ðåøåíèå (ñì. [2]). Ñîîòâåòñòâóþùèé íàáîð èòåðà-
öèîííûõ ïàðàìåòðîâ τl ïðèíÿòî íàçûâàòü ÷åáûøåâñêèì íàáîðîì èòåðàöèîííûõ
ïàðàìåòðîâ.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà (äîêàçàòåëüñòâî ñì. â [2]).

Òåîðåìà 1.7. Ïóñòü AT = A > 0, BT = B > 0, à τl âû÷èñëÿþòñÿ ïî
ôîðìóëå:

τl =
τ0

1 + ρ0tl
, ãäå τ0 =

2

λmin(B−1A) + λmax(B−1A)
, ρ0 =

1− ξ
1 + ξ

,

ξ =
λmin(B

−1A)

λmax(B−1A)
, tl = cos

(2l − 1)π

2k
, l = 1, k.

Òîãäà ïîãðåøíîñòü ||yk − y||A áóäåò ìèíèìàëüíî âîçìîæíîé, è äëÿ íåå
ñïðàâåäëèâà îöåíêà

||yk − y||A 6 qk||y0 − y||A,

ãäå qk =
ρk1

1 + ρ2k
1

, ρ1 =
1−
√
ξ

1 +
√
ξ
.

Çàìå÷àíèå. Âûÿñíèì, ïðè êàêèõ çíà÷åíèÿõ k âûïîëíÿåòñÿ óñëîâèå âûõîäà
èç èòåðàöèîííîãî ïðîöåññà ||yk − y||A 6 ε||y0 − y||A.

Èç ïðåäûäóùåé òåîðåìû ñëåäóåò, ÷òî ýòî óñëîâèå áóäåò âûïîëíåíî, åñëè
qk 6 ε. Òî åñòü,

ρk1
1 + ρ2k

1

6 ε ⇐⇒ ε(ρk1)2 − ρk1 + ε > 0.

Êîðíÿìè ýòîãî êâàäðàòíîãî íåðàâåíñòâà áóäóò

ρk1 =
1±
√

1− 4ε2

2ε
≈ 1± (1− 2ε2)

2ε
=

 ρk1 = ε;

ρk1 =
1

ε
− ε.
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Îòñþäà ñëåäóåò, ÷òî qk 6 ε ïðè ρk1 6 ε;

ρk1 >
1

ε
− ε.

Èç óñëîâèé ïðåäûäóùåé òåîðåìû ñëåäóåò, ÷òî ρk1 ìåíüøå åäèíèöû. Ïîýòî-
ìó

qk 6 ε ⇐⇒ ρk1 6 ε.

Òàêèì îáðàçîì, óñëîâèå âûõîäà èç èòåðàöèîííîãî ïðîöåññà âûïîëíåíî ïðè

k > k0(ε) =

[
ln 1

ε

ln 1
ρ1

]
.

Äëÿ ñêîðîñòè ñõîäèìîñòè (ln 1
ρ1
) âåðíà îöåíêà

ln
1

ρ1
= ln

1 +
√
ξ

1−
√
ξ
≈ ln(1 + 2

√
(ξ)) ≈ 2

√
ξ.

Ïðèìåíåíèå ìåòîäà Ðè÷àðäñîíà ê ìîäåëüíîé çàäà÷å.

Âîñïîëüçóåìñÿ ñôîðìóëèðîâàííîé òåîðåìîé äëÿ îöåíêè ÷èñëà èòåðàöèé
k0(ε) â ñëó÷àå ïðèìåíåíèÿ ìåòîäà Ðè÷àðäñîíà (B = E ) ñ ÷åáûøåâñêèìè
èòåðàöèîííûìè ïàðàìåòðàìè äëÿ ðåøåíèÿ ìîäåëüíîé çàäà÷è.

Â ðàññìàòðèâàåìîì ñëó÷àå ñîáñòâåííûå çíà÷åíèÿ λmin(B
−1A) è λmax(B

−1A)
ðàâíû

λmin(B
−1A) = λmin(A) =

4

h2
sin2(

πh

2
), λmax(B

−1A) = λmax(A) =
4

h2
cos2(

πh

2
),

ïîýòîìó ξ = λmin

λmax
= tg2(πh2 ).

Ïóñòü, êàê è ïðåæäå, ε = 0, 5 · 10−4 ≈ e−10. Â ýòîì ñëó÷àå, â ñîîòâåòñòâèè
ñ çàìå÷àíèåì ê òåîðåìå, ïîëó÷àåì, ÷òî

k0(ε) =
ln 1

ε

ln 1
ρ1

≈ 10

2 tg(πh2 )
≈ 10

πh
= {h =

1

N
} =

10

π
N ≈ 3, 2N.

Òîãäà ïðè N = 10 íàì ïîíàäîáèòñÿ 32 èòåðàöèè, à â ñëó÷àå N = 100 � 320
èòåðàöèé, ÷òî ñîïîñòàâèìî ñ ñîîòâåòñòâóþùèìè âåëè÷èíàìè äëÿ ïîïåðåìåííî�
òðåóãîëüíîãî èòåðàöèîííîãî ìåòîäà.

36



� 1.4 Ïîïåðåìåííî�òðåóãîëüíûé èòåðàöèîííûé ìåòîä �

Óïîðÿäî÷åííûé íàáîð ÷åáûøåâñêèõ ïàðàìåòðîâ.

Çàìå÷àíèå. Îöåíêà ÷èñëà èòåðàöèé k0(ε) íå çàâèñèò îò ïîðÿäêà, â êîòîðîì
ïðèìåíÿþòñÿ èòåðàöèîííûå ïàðàìåòðû τl, îäíàêî ýòîò ïîðÿäîê ñóùåñòâåí-
íî âëèÿåò íà âû÷èñëèòåëüíóþ óñòîé÷èâîñòü àëãîðèòìà. Ïðè ïðàêòè÷åñêîì
ïðèìåíåíèè äàííîãî ìåòîäà èñïîëüçóåòñÿ ñïåöèàëüíûé àëãîðèòì ïîñòðîåíèÿ
óïîðÿäî÷åííîãî íàáîðà èòåðàöèîííûõ ïàðàìåòðîâ, îáåñïå÷èâàþùèé óñòîé÷è-
âîñòü âû÷èñëåíèé.

Îïèñàííûé â ïðåäûäóùåì ðàçäåëå èòåðàöèîííûé ïðîöåññ ãàðàíòèðóåò ìè-
íèìàëüíîå çíà÷åíèå íîðìû ïîãðåøíîñòè èòåðàöèîííîãî ïðèáëèæåíèÿ íà k-é
èòåðàöèè. Ðàñ÷åò k-îãî èòåðàöèîííîãî ïðèáëèæåíèÿ îñóùåñòâëÿåòñÿ ïîñëåäî-
âàòåëüíî îò y0 äî yk â ñîîòâåòñòâèè ñ èñïîëüçóåìîé ðàñ÷åòíîé ñõåìîé èòåðà-
öèîííîãî ïðîöåññà. Äàííàÿ ðàñ÷åòíàÿ ñõåìà íå ãàðàíòèðóåò ìîíîòîííîãî ïî
èòåðàöèÿì óáûâàíèÿ íîðìû ïîãðåøíîñòè èòåðàöèîííîãî ïðèáëèæåíèÿ. Ïî-
ýòîìó, ïðè ðåàëèçàöèè èòåðàöèîííîãî ìåòîäà ñ ÷åáûøåâñêèì íàáîðîì ïàðà-
ìåòðîâ, âîçìîæåí ðîñò íîðìû ïîãðåøíîñòè íà íåñêîëüêèõ ñîñåäíèõ èòåðàöè-
ÿõ, ÷òî ìîæåò ïðèâîäèòü ê âîçíèêíîâåíèþ íåïðèÿòíûõ ñèòóàöèé (ïåðåïîëíå-
íèþ àðèôìåòè÷åñêèõ óñòðîéñòâ). Äëÿ ïðåäîòâðàùåíèÿ òàêèõ íåïðèÿòíîñòåé
ðåêîìåíäóåòñÿ èñïîëüçîâàòü, òàê íàçûâàåìûé, óïîðÿäî÷åííûé ÷åáûøåâñêèé
íàáîð èòåðàöèîííûõ ïàðàìåòðîâ.

Â ðàññìàòðèâàåìîì ìåòîäå ôîðìóëà äëÿ èòåðàöèîííîãî ïàðàìåòðà τl ñî-

äåðæèò ïàðàìåòð tl = cos( (2l−1)π
2k ). Çàïèøåì ýòî âûðàæåíèå ñëåäóþùèì îáðà-

çîì

tl = cos

(
(2l − 1)π

2k

)
= cos

( π
2k

θkl

)
, l = 1, k,

ãäå θkl íå÷åòíîå ÷èñëî èç ìíîæåñòâà θ
k, ñîñòîÿùåãî èç íå÷åòíûõ ÷èñåë îò

1 äî 2k − 1.

Ñôîðìóëèðóåì, êàê ïðèìåð, ïðàâèëî óïîðÿäî÷åâàíèÿ ýëåìåíòîâ ìíîæå-
ñòâà θk â îäíîì ÷àñòíîì ñëó÷àå. Äëÿ ïðîèçâîëüíîãî k ïðàâèëî óïîðÿäî÷åâà-
íèÿ ýëåìåíòîâ ìíîæåñòâà θk ìîæíî íàéòè â [2].

Ïóñòü k = 2p. Òîãäà ýëåìåíòû θkl áóäåì óïîðÿäî÷èâàòü èñïîëüçóÿ ñëåäóþ-
ùèå ðåêóððåíòíûå ôîðìóëû

θ1
1 = 1, θ2m

2i−1 = θmi , θ2m
2i = 4m− θ2m

2i−1, i = 1, m, m = 1, 2, 4, . . . , 2p−1.

Ïðîèëëþñòðèðóåì ýòè ôîðìóëû íà ïðèìåðå k = 23 = 8. Òàê êàê p = 3, òî
m = 1, 2, 4. Èòàê

θ1 =
{
θ1

1

}
= {1}

m = 1 : θ2 =
{
θ2

1, θ
2
2

}
=
{
θ2

1 = θ1
1 = 1, θ2

2 = 4− θ1
1 = 3

}
m = 2 : θ4 =

{
θ4

1, θ
4
2, θ

4
3, θ

4
4

}
=
{
θ4

1 = θ2
1 = 1, θ4

2 = 8− θ4
1 = 7,
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θ4
3 = θ2

2 = 3, θ4
4 = 8− θ4

3 = 5
}

m = 4 : θ8 =
{
θ8

1, θ
8
2, . . . , θ

8
8

}
=
{
θ8

1 = θ4
1 = 1, θ8

2 = 16− θ8
1 = 15,

θ8
3 = θ4

2 = 7, θ8
4 = 16− θ8

3 = 9, θ8
5 = θ4

3 = 3,

θ8
6 = 16− θ8

5 = 13, θ8
7 = θ4

4 = 5, θ8
8 = 16− θ8

7 = 11
}
.

1.4.3 Ïîïåðåìåííî�òðåóãîëüíûé èòåðàöèîííûé ìåòîä ñ

óïîðÿäî÷åííûì íàáîðîì ÷åáûøåâñêèõ ïàðàìåòðîâ

Ðàññìîòðèì èòåðàöèîííûé ìåòîä ñîåäèíÿþùèé â ñåáå äîñòîèíñòâà êàê
ïîïåðåìåííî�òðåóãîëüíîãî ìåòîäà, òàê è ìåòîäà ñ ÷åáûøåâñêèì íàáîðîì èòå-
ðàöèîííûõ ïàðàìåòðîâ. Ïóñòü ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
Ay = f èìååò ñèììåòðè÷íóþ è ïîëîæèòåëüíî îïðåäåëåííóþ ìàòðèöó A. Èñ-
ïîëüçóåì äëÿ åå ðåøåíèÿ ëèíåéíûé îäíîøàãîâûé íåñòàöèîíàðíûé íåÿâíûé
èòåðàöèîííûé ìåòîä, äëÿ êîòîðîãî ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1.8. Ïóñòü äëÿ ðåøåíèÿ óðàâíåíèÿ Ay = f èñïîëüçóåòñÿ èòå-
ðàöèîííàÿ ñõåìà

B
yl − yl−1

τl
+ Ayl−1 = f, l = 1, k,

ãäå B = (E+ωRT )(E+ωR), R+RT = A. Ïóñòü èçâåñòíû ïîëîæèòåëüíûå
ïîñòîÿííûå δ è ∆ òàêèå, ÷òî âûïîëíåíû ìàòðè÷íûå íåðàâåíñòâà

A > δE, ∆A > 4RTR.

Ïóñòü

τl =
τ0

1 + ρ0tl
, τ0 =

2

γ1 + γ2
, ρ0 =

γ2 − γ1

γ2 + γ1
,

γ1 =
δ

2(1 +
√
η)
, γ2 =

δ

4
√
η
, η =

δ

∆
,

tl = cos
( π

2k
θkl

)
, ω =

2√
δ∆

.

Òîãäà, äëÿ âûïîëíåíèÿ íà k-îé èòåðàöèè íåðàâåíñòâà

||A(yk − y)||B−1 6 ε||A(y0 − y)||B−1

äîñòàòî÷íî k > k0(ε) =
ln 2

ε

2
√

2 4
√
η
èòåðàöèé.

Çàìå÷àíèå. Äîêàçàòåëüñòâî òåîðåìû ïðèâåäåíî â [2].
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Ïðèìåíåíèå ê ìîäåëüíîé çàäà÷å.

Âîñïîëüçóåìñÿ ýòîé òåîðåìîé äëÿ îöåíêè ÷èñëà èòåðàöèé k0(ε) â ñëó÷àå
ïðèìåíåíèÿ ïîïåðåìåííî-òðåóãîëüíîãî ìåòîäà ñ ÷åáûøåâñêèìè èòåðàöèîí-
íûìè ïàðàìåòðàìè äëÿ ðåøåíèÿ ìîäåëüíîé çàäà÷è. Äëÿ ìîäåëüíîé çàäà÷è
δ = 4

h2 sin2 πh
2 è ∆ = 4

h2 cos2 πh
2 .

Òîãäà, ïðè ε = 0, 5 · 10−4 ≈ e−10 äëÿ ÷èñëà èòåðàöèé k0(ε) ñïðàâåäëèâà
ïðèáëèæåííàÿ îöåíêà

k0(ε) =
ln 2 + 10

2
√

2 4

√
tg2(πh2 )

≈ ln 2 + 10

2
√

2
√

πh
2

= {h =
1

N
} =

(ln 2 + 10)
√
N

2
√
π

≈ 3
√
N.

Òàêèì îáðàçîì, ïðè ðåøåíèè ñèñòåìû ñ ÷èñëîì óðàâíåíèé N = 10 ïîíà-
äîáèòñÿ 10 èòåðàöèé, à â ñëó÷àå N = 100 � 30 èòåðàöèé.

Ïðèâåäåì àñèìïòîòè÷åñêèå îöåíêè ïðè N →∞ ìèíèìàëüíîãî ÷èñëà èòå-
ðàöèé k0(ε), íåîáõîäèìîãî äëÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè ε, äëÿ ðàññìîò-
ðåííûõ èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ ìîäåëüíîé çàäà÷è:

k0(ε) ≈
2N 2

π2
ln

1

ε
− äëÿ ìåòîäà ïðîñòîé èòåðàöèè;

k0(ε) ≈
N

2π
ln

1

ε
− äëÿ ÏÒÈÌ;

k0(ε) ≈
√
N

2
√
π

ln
2

ε
− äëÿ ÏÒÈÌ ñ ÷åáûøåâñêèìè ïàðàìåòðàìè.

Çäåñü àááðåâèàòóðà ÏÒÈÌ ÿâëÿåòñÿ ñîêðàùåííûì îáîçíà÷åíèåì ïîïåðå-
ìåííî�òðåóãîëüíîãî èòåðàöèîííîãî ìåòîäà. Ïðåâîñõîäñòâî â ñêîðîñòè ñõîäè-
ìîñòè ÏÒÈÌ ñ ÷åáûøåâñêèìè ïàðàìåòðàìè íàä äðóãèìè ðàññìîòðåííûìè
èòåðàöèîííûìè ìåòîäàìè î÷åâèäíî.

1.5 Èòåðàöèîííûå ìåòîäû âàðèàöèîííîãî òèïà

1.5.1 Îäíîøàãîâûå èòåðàöèîííûå ìåòîäû

âàðèàöèîííîãî òèïà

Ðàññìîòðèì íåñòàöèîíàðíûé îäíîøàãîâûé èòåðàöèîííûé ìåòîä ðåøåíèÿ
ñèñòåìû Ay = f âèäà

B
yk+1 − yk

τk+1
+ Ayk = f, k = 0, 1, . . . . (1.16)

Çäåñü íåâûðîæäåííàÿ ìàòðèöà B íå çàâèñèò îò íîìåðà èòåðàöèè k.
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Ïóñòü, êàê è ðàíåå, zk = yk − y åñòü ïîãðåøíîñòü íà k−îé èòåðàöèè,
óäîâëåòâîðÿþùàÿ ñîîòíîøåíèþ

zk+1 = (E − τk+1B
−1A)zk.

Ïóñòü D � íåêîòîðàÿ ìàòðèöà, óäîâëåòâîðÿþùàÿ óñëîâèÿì DT = D > 0.
Áóäåì âûáèðàòü èòåðàöèîííûå ïàðàìåòðû τk+1, ìèíèìèçèðóþùèå ýíåðãåòè-
÷åñêóþ íîðìó (ñì. ïóíêò 1.3.2) ïîãðåøíîñòè ‖zk+1‖D. Òàêîé ñïîñîá ïîñòðîå-
íèÿ èòåðàöèîííîãî ïðîöåññà íàçûâàåòñÿ ëîêàëüíîé ìèíèìèçàöèåé.

Îáîçíà÷èì wk+1 = D1/2zk+1, òîãäà

‖zk+1‖D =
√

(Dzk+1, zk+1) =
√

(D1/2zk+1, D1/2zk+1) = ‖wk+1‖,

è ìèíèìèçàöèÿ ýíåðãåòè÷åñêîé íîðìû ‖zk+1‖D ýêâèâàëåíòíà ìèíèìèçàöèè
íîðìû ‖wk+1‖. Ïåðåïèøåì óðàâíåíèå äëÿ ïîãðåøíîñòè â ñëåäóþùåé ôîðìå

D1/2zk+1 = D1/2(E − τk+1B
−1A)D−1/2D1/2zk ⇔

⇔ wk+1 = (E − τk+1D
1/2B−1AD−1/2)wk ⇔ wk+1 = (E − τk+1C)wk.

Çäåñü C = D1/2B−1AD−1/2 � íåâûðîæäåííàÿ ìàòðèöà. Ñ÷èòàÿ ÷òî wk 6= 0
(èíà÷å íà k−îé èòåðàöèè íàéäåíî òî÷íîå ðåøåíèå), ïîëó÷èì

‖wk+1‖2 = ((E − τk+1C)wk, (E − τk+1C)wk) =

= ‖wk‖2 + τ 2
k+1(Cw

k, Cwk)− 2τk+1(Cw
k, wk) =

= ‖wk‖2 + (Cwk, Cwk)

(
τ 2
k+1 − 2τk+1

(Cwk, wk)

(Cwk, Cwk)

)
=

= ‖wk‖2 + (Cwk, Cwk)

(
τk+1 −

(Cwk, wk)

(Cwk, Cwk)

)2

− (Cwk, wk)2

(Cwk, Cwk)
.

Îòñþäà ñëåäóåò, ÷òî ìèíèìàëüíîå çíà÷åíèå ‖wk+1‖ äîñòèãàåòñÿ ïðè

τk+1 =
(Cwk, wk)

(Cwk, Cwk)
, ãäå τk+1 > 0, åñëè C > 0.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü óñëîâèå C > 0 âûïîëíåííûì. Îòìåòèì,
÷òî ïðè òàêîì âûáîðå τk+1 âåðíî ðàâåíñòâî

‖wk+1‖ = ρk+1‖wk‖, ãäå ρ2
k+1 = 1− (Cwk, wk)2

(Cwk, Cwk)(wk, wk)
< 1.

Ó÷èòûâàÿ, ÷òî Cwk = D1/2B−1Azk è wk = D1/2zk, ïîëó÷èì

τk+1 =
(DB−1Azk, zk)

(DB−1Azk, B−1Azk)
.
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Ïåðåïèøåì óðàâíåíèå èòåðàöèîííîãî ìåòîäà (1.16) â âèäå

yk+1 = yk − τk+1B
−1(Ayk − f) = yk − τk+1v

k.

Çäåñü âåêòîð vk = B−1(Ayk − f) = B−1rk íàçûâàåòñÿ ïîïðàâêîé, à âåêòîð
rk = Ayk − f = Azk � íåâÿçêîé íà k−oé èòåðàöèè. Ïîñêîëüêó vk = B−1Azk,
ïðèõîäèì ê ðàâåíñòâó

τk+1 =
(Dvk, zk)

(Dvk, vk)
. (1.17)

Ýòî âûðàæåíèå ñîäåðæèò ïîãðåøíîñòü zk, êîòîðóþ íåëüçÿ âû÷èñëèòü, ïî-
ñêîëüêó íåèçâåñòíî òî÷íîå ðåøåíèå y çàäà÷è Ay = f . Îäíàêî çà ñ÷åò âûáîðà
ìàòðèöû D ìîæíî âûðàçèòü τk+1 ÷åðåç çíà÷åíèÿ v

k è rk, êîòîðûå ìîãóò áûòü
âû÷èñëåíû íà êàæäîé èòåðàöèè. Íàïðèìåð, åñëè AT = A > 0, òî ìîæíî
âûáðàòü ìàòðèöó D = A. Â ýòîì ñëó÷àå

τk+1 =
(Avk, zk)

(Avk, vk)
=

(vk, Azk)

(Avk, vk)
=

(vk, rk)

(Avk, vk)
.

Òàêèì îáðàçîì, ïóòåì âûáîðà ìàòðèö B èD ìîæíî ñòðîèòü ðàçëè÷íûå îä-
íîøàãîâûå èòåðàöèîííûå ìåòîäû âàðèàöèîííîãî òèïà. Äàëåå áóäåì íàçûâàòü
òàêèå ìåòîäû ãðàäèåíòíûìè.

Çàìå÷àíèå. Ðàññìîòðèì âûðàæåíèå äëÿ èòåðàöèîííîãî ïàðàìåòðà τ1. Ñî-
ãëàñíî (1.17) â ãðàäèåíòíûõ ìåòîäàõ

τ1 =
(Dv0, z0)

(Dv0, v0)
=

(DB−1r0, z0)

(DB−1r0, B−1r0)
=

(DB−1Az0, z0)

(DB−1Az0, B−1Az0)
.

Îòìåòèì, ÷òî åñëè â ãðàäèåíòíûõ ìåòîäàõ â êà÷åñòâå ìàòðèöû B âçÿòü
ìàòðèöó A, îïðåäåëÿþùóþ ðåøàåìóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé, òî ïîëó÷èì, ÷òî

τ1 =
(Dz0, z0)

(Dz0, z0)
= 1.

Òîãäà äëÿ èòåðàöèîííîãî ïðèáëèæåíèÿ y1 âåðíî óðàâíåíèå

A
y1 − y0

1
+ Ay0 = f ⇔ Ay1 = f.

Òî åñòü, y1 áóäåò ñîâïàäàòü ñ òî÷íûì ðåøåíèåì èñõîäíîé ñèñòåìû ëèíåé-
íûõ óðàâíåíèé. Ýòî îçíà÷àåò ñõîäèìîñòü ãðàäèåíòíûõ ìåòîäîâ ñ ìàòðèöåé
B = A çà îäíó èòåðàöèþ ê òî÷íîìó ðåøåíèþ çàäà÷è.
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Ïðèìåðû ãðàäèåíòíûõ ìåòîäîâ áóäóò ïðèâåäåíû â ñëåäóþùèõ ïóíêòàõ.
Çäåñü æå áóäåì ïðåäïîëàãàòü, ÷òî âûáîð ìàòðèö D è B ïîçâîëÿåò âû÷èñëÿòü
ïàðàìåòðû τk+1 íà êàæäîé èòåðàöèè.

Äàëåå îáñóäèì ñõîäèìîñòü ãðàäèåíòíûõ ìåòîäîâ. Îãðàíè÷èìñÿ òàê íàçû-
âàåìûì ñàìîñîïðÿæåííûì ñëó÷àåì, êîãäà ìàòðèöà CT = C > 0. Òîãäà ñóùå-
ñòâóþò òàêèå ïîëîæèòåëüíûå ïîñòîÿííûå γ1 è γ2, ÷òî

γ1E 6 C 6 γ2E, ãäå C = D1/2B−1AD−1/2 = D−1/2(DB−1A)D−1/2.

Îòñþäà ïîëó÷èì, ÷òî òðåáîâàíèå CT = C > 0 ðàâíîñèëüíî óñëîâèÿì

(DB−1A)T = DB−1A > 0, γ1D 6 DB−1A 6 γ2D, γ1 > 0. (1.18)

Áóäåì ñ÷èòàòü, ÷òî γ1 è γ2 � ìèíèìàëüíîå è ìàêñèìàëüíîå ñîáñòâåííîå
çíà÷åíèå ìàòðèöû C, ñîîòâåòñòâåííî. Ýòî íàèáîëåå òî÷íûå çíà÷åíèÿ ïîñòî-
ÿííûõ γ1 è γ2, ïðè êîòîðûõ âûïîëíåíû íåðàâåíñòâà â (1.18).

Òåîðåìà 1.9. Ïóñòü âûïîëíåíû óñëîâèÿ (1.18). Òîãäà èòåðàöèîííûé ìå-
òîä (1.16), (1.17) ñõîäèòñÿ è äëÿ åãî ïîãðåøíîñòè ñïðàâåäëèâà îöåíêà

‖zk‖D 6 ρk‖z0‖D, ãäå ρ =
1− ξ
1 + ξ

, ξ =
γ1

γ2
.

H Äîê à ç à ò å ë ü ñ ò â î. Íàïîìíèì, ÷òî âåêòîðû wk = D1/2zk ïðè êàæäîì
k = 0, 1, . . . óäîâëåòâîðÿþò ñîîòíîøåíèþ wk+1 = (E − τk+1C)wk. Ñîïîñòàâèì
ýòîìó ðàâåíñòâó óðàâíåíèå

wk+1 − wk

τ0
+ Cwk = 0, ãäå τ0 =

2

γ1 + γ2
,

â êîòîðîì ïàðàìåòð τk+1 çàìåíåí çíà÷åíèåì τ0. Ïîñëåäíåå ðàâåíñòâî ñîâïà-
äàåò ñ óðàâíåíèåì äëÿ ïîãðåøíîñòè ìåòîäà ïðîñòîé èòåðàöèè, ïðèìåíåííîãî
äëÿ ðåøåíèÿ ëèíåéíîé ñèñòåìû ñ ìàòðèöåé C, ãäå CT = C > 0, è îïòèìàëü-
íûì ïàðàìåòðîì τ . Ïîýòîìó â ñèëó ñëåäñòâèÿ èç òåîðåìû 1.5 ñïðàâåäëèâà
îöåíêà

‖wk+1‖
∣∣
τ=τ0

6 ρ‖wk‖.

Ïîñêîëüêó â èòåðàöèîííîì ìåòîäå (1.16) ïàðàìåòð τk+1 âûáèðàåòñÿ èñõîäÿ
èç ìèíèìèçàöèè ‖wk+1‖, òàêæå âåðíî íåðàâåíñòâî

‖wk+1‖
∣∣
τ=τk+1

= min
τ>0
‖wk+1‖ 6 ‖wk+1‖

∣∣
τ=τ0

.

Ïðèõîäèì ê òîìó, ÷òî ïðè êàæäîì k = 0, 1, . . . ñïðàâåäëèâà îöåíêà

‖wk+1‖
∣∣
τ=τk+1

6 ρ‖wk‖ ⇒ ‖zk‖D 6 ρk‖z0‖D.
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N Óòâ å ðæä å í è å ä î ê à ç à í î.

Òàêèì îáðàçîì ïîêàçàíî, ÷òî â ñàìîñîïðÿæåííîì ñëó÷àå ëþáîé ãðàäèåíò-
íûé ìåòîä ñõîäèòñÿ íå õóæå, ÷åì ñîîòâåòñòâóþùèé åìó ìåòîä ïðîñòîé èòåðà-
öèè ñ ñèììåòðè÷íîé ìàòðèöåé C. Ýòî íå îçíà÷àåò, ÷òî ñêîðîñòü ãðàäèåíòíî-
ãî ìåòîäà íå ìîæåò îêàçàòüñÿ âûøå. Íàïðèìåð, åñëè â êà÷åñòâå íà÷àëüíîãî
ïðèáëèæåíèÿ âûáðàòü âåêòîð y0 òàêîé, ÷òî ñîîòâåòñòâóþùåå åìó çíà÷åíèå
w0 = D1/2z0 = D1/2(y0 − y) = µ, ãäå µ � ïðîèçâîëüíûé ñîáñòâåííûé âåêòîð
ìàòðèöû C, îòâå÷àþùèé ñîáñòâåííîìó çíà÷åíèþ λ, òî ïîëó÷èì

τ1 =
(Cµ, µ)

(Cµ,Cµ)
=

1

λ
, ρ2

1 = 1− (Cµ, µ)2

(Cµ,Cµ)(µ, µ)
= 0.

Îòñþäà ‖w1‖ = ρ1‖w0‖ = 0, ÷òî ðàâíîñèëüíî ðàâåíñòâó y1 = y, êîòîðîå
îçíà÷àåò ñõîäèìîñòü ìåòîäà çà îäíó èòåðàöèþ. Òàêèì îáðàçîì, ïðè ¾óäà÷-
íîì¿ âûáîðå íà÷àëüíîãî ïðèáëèæåíèÿ ãðàäèåíòíûå ìåòîäû ìîãóò èìåòü ñó-
ùåñòâåííî áîëåå âûñîêóþ ñêîðîñòü ñõîäèìîñòè ïî ñðàâíåíèþ ñ ñîîòâåòñòâóþ-
ùèìè èì ìåòîäàìè ïðîñòîé èòåðàöèè.

Çàìå÷àíèå. Àíàëîãè÷íî ìîæíî ïîêàçàòü (ñì. [8]), ÷òî ïðè ¾íåóäà÷íîì¿
âûáîðå w0 äëÿ âñåõ k = 0, 1, . . . áóäåò âåðíûì ðàâåíñòâî ‖wk+1‖ = ρ‖wk‖. Ýòî
îçíà÷àåò ñõîäèìîñòü ñî ñêîðîñòüþ ln(1/ρ) è íåóëó÷øàåìîñòü îöåíêè, äîêàçàí-
íîé â ïðåäûäóùåé òåîðåìå.

Ðàññìîòðèì ñëó÷àé, êîãäà AT = A > 0, BT = B > 0, D = A. Òîãäà
ìàòðèöà DB−1A ñèììåòðè÷íà è íåðàâåíñòâà (1.18) ïðèíèìàþò âèä

γ1A 6 AB−1A 6 γ2A ⇔ γ1E 6 A1/2B−1A1/2 6 γ2E ⇔
⇔ γ1A

−1 6 B−1 6 γ2A
−1 ⇔ γ1B 6 A 6 γ2B.

Îòñþäà âûòåêàåò (ñì. òåîðåìó 1.5), ÷òî ãðàäèåíòíûé ìåòîä áóäåò ñõîäèòü-
ñÿ íå õóæå ñòàöèîíàðíîãî ìåòîäà (1.11) ñ òåìè æå ìàòðèöàìè A, B è îïòè-
ìàëüíûì èòåðàöèîííûì ïàðàìåòðîì. Ïðè ýòîì äëÿ çàäàíèÿ îïòèìàëüíîãî
ïàðàìåòðà íåîáõîäèìî íàõîäèòü ìèíèìàëüíîå è ìàêñèìàëüíîå ñîáñòâåííûå
çíà÷åíèÿ γ1 è γ2 ìàòðèöû B−1A. Äëÿ ñîîòâåòñòâóþùåãî ãðàäèåíòíîãî ìåòîäà
ýòè äàííûå íå òðåáóþòñÿ, õîòÿ è ìîãóò áûòü èñïîëüçîâàíû äëÿ àïðèîðíûõ
îöåíîê ñêîðîñòè ñõîäèìîñòè.

Çàìå÷àíèå. Íàïðèìåð, åñëè ìàòðèöà B âûáèðàåòñÿ òàê æå, êàê â ïîïåðå-
ìåííî�òðåóãîëüíîì èòåðàöèîííîì ìåòîäå, äëÿ ñõîäèìîñòè ñîîòâåòñòâóþùåãî
ãðàäèåíòíîãî ìåòîäà ìîæíî ïîëó÷èòü àïðèîðíóþ îöåíêó ñõîäèìîñòè íà îñ-
íîâå òåîðåìû 1.6.

Â çàêëþ÷åíèå îòìåòèì, ÷òî ìèíèìàëüíûìè òðåáîâàíèÿìè, íåîáõîäèìû-
ìè äëÿ ïîñòðîåíèÿ ãðàäèåíòíûõ ìåòîäîâ, ÿâëÿþòñÿ óñëîâèÿ DT = D > 0,
C = D1/2B−1AD−1/2 > 0, à òàêæå âîçìîæíîñòü íàõîæäåíèÿ ïàðàìåòðîâ τk+1
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ïî ôîðìóëå (1.17). Ýòè óñëîâèÿ íå ïðåäïîëàãàþò, ÷òî ìàòðèöà A èñõîäíîé ñè-
ñòåìû Ay = f íåïðåìåííî äîëæíà áûòü ñèììåòðè÷íîé è(èëè) ïîëîæèòåëüíî
îïðåäåëåííîé.

1.5.2 Ïðèìåðû îäíîøàãîâûõ èòåðàöèîííûõ ìåòîäîâ

âàðèàöèîííîãî òèïà

Ìåòîä ñêîðåéøåãî ñïóñêà.

Ìåòîä ñêîðåéøåãî ñïóñêà ïðèìåíèì äëÿ ñëó÷àÿ ñèììåòðè÷íîé è ïîëîæè-
òåëüíî îïðåäåëåííîé ìàòðèöû ñèñòåìû Ay = f , òî åñòü AT = A > 0. Òîãäà
ìîæíî âûáðàòü ìàòðèöó D = A è, êàê óæå îòìå÷àëîñü,

τk+1 =
(Avk, zk)

(Avk, vk)
=

(vk, Azk)

(Avk, vk)
=

(vk, rk)

(Avk, vk)
.

Óñëîâèå Ñ > 0 ïðèâîäèò ê îãðàíè÷åíèþ B > 0, ïîñêîëüêó

(Cy, y) = (A1/2B−1A1/2y, y) = (B−1A1/2y, A1/2y) > 0 ⇒ B > 0.

Ïóñòü B = E, òîãäà ïîïðàâêà vk = B−1rk ñîâïàäàåò ñ íåâÿçêîé rk =
Ayk − f , ìåòîä ÿâëÿåòñÿ ÿâíûì è ðàñ÷åòíûå ôîðìóëû ïðèíèìàþò âèä

yk+1 = yk − τk+1r
k, τk+1 =

(rk, rk)

(Ark, rk)
, k = 0, 1, . . . .

Ìåòîä ìèíèìàëüíûõ íåâÿçîê.

Â ìåòîäå ìèíèìàëüíûõ íåâÿçîê âûáèðàåòñÿ D = ATA, òåì ñàìûì DT =
D > 0. Èòåðàöèîííûå ïàðàìåòðû âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì:

τk+1 =
(ATAvk, zk)

(ATAvk, vk)
=

(Avk, Azk)

(Avk, Avk)
=

(Avk, rk)

(Avk, Avk)
.

Óñëîâèå Ñ > 0 ïðèâîäèò ê ñëåäóþùåìó îãðàíè÷åíèþ ïðèìåíèìîñòè ìåòî-
äà:

(Cy, y) = (D1/2B−1AD−1/2y, y) = {ȳ = D−1/2y} = (D1/2B−1Aȳ,D1/2ȳ) =

= (DB−1Aȳ, ȳ) = (ATAB−1Aȳ, ȳ) = (AB−1Aȳ, Aȳ) = {ỹ = B−1Aȳ} =

= (Aỹ,Bỹ) = (BTAỹ, ỹ) > 0 ⇒ BTA > 0.

Åñëè ìàòðèöà A > 0, ìîæíî èñïîëüçîâàòü ÿâíûé ìåòîä, âûáèðàÿ B = E.
Â ïðîòèâíîì ñëó÷àå íåîáõîäèìî ïîäáèðàòü ëåãêî îáðàòèìóþ ìàòðèöó B, äëÿ
êîòîðîé óñëîâèå BTA > 0 âûïîëíÿåòñÿ.
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Íàçâàíèå äàííîãî ìåòîäà îáúÿñíÿåòñÿ òåì, ÷òî ýíåðãåòè÷åñêàÿ íîðìà ïî-
ãðåøíîñòè

‖zk+1‖D =
√

(ATAzk+1, zk+1) =
√

(Azk+1, Azk+1) = ‖rk+1‖.

Ïîýòîìó ìèíèìèçàöèÿ íîðìû ‖zk+1‖D â ðàññìàòðèâàåìîì ìåòîäå ýêâèâà-
ëåíòíà ìèíèìèçàöèè íîðìû íåâÿçêè ‖rk+1‖.

Ìåòîä ìèíèìàëüíûõ ïîïðàâîê.

Â ìåòîäå ìèíèìàëüíûõ ïîïðàâîê âûáèðàåòñÿD = ATB−1A. ÓñëîâèåDT =
D > 0 ïðèâîäèò ê îãðàíè÷åíèÿì íà âûáîð ìàòðèöû B, à èìåííî BT = B > 0.
Èòåðàöèîííûå ïàðàìåòðû âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì:

τk+1 =
(ATB−1Avk, zk)

(ATB−1Avk, vk)
=

(Avk, B−1Azk)

(B−1Avk, Avk)
=

(Avk, vk)

(B−1Avk, Avk)
.

Óñëîâèå Ñ > 0 ïðèâîäèò ê äîïîëíèòåëüíîìó îãðàíè÷åíèþ:

(Cy, y) = (D1/2B−1AD−1/2y, y) = {ȳ = D−1/2y} = (D1/2B−1Aȳ,D1/2ȳ) =

= (DB−1Aȳ, ȳ) = (ATB−1AB−1Aȳ, ȳ) = (AB−1Aȳ,B−1Aȳ) =

= {ỹ = B−1Aȳ} = (Aỹ, ỹ) > 0 ⇒ A > 0.

Èòàê, ìåòîä ïðèìåíèì äëÿ ñëó÷àÿ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû
A.

Äëÿ ýíåðãåòè÷åñêîé íîðìû ïîãðåøíîñòè ñïðàâåäëèâû ðàâåíñòâà

‖zk+1‖2
D = (ATB−1Azk+1, zk+1) = (B−1rk+1, rk+1) = (vk+1, Bvk+1) = ‖vk+1‖2

B.

Ïîýòîìó ìèíèìèçàöèÿ íîðìû ‖zk+1‖D â ðàññìàòðèâàåìîì ìåòîäå ýêâèâà-
ëåíòíà ìèíèìèçàöèè íîðìû ïîïðàâêè ‖vk+1‖B. Îòñþäà è íàçâàíèå ìåòîäà.

Ìåòîä ìèíèìàëüíûõ ïîãðåøíîñòåé.

Ìåòîä ìèíèìàëüíûõ ïîãðåøíîñòåé îïðåäåëÿåòñÿ ñëåäóþùèì âûáîðîì
ìàòðèö D è B:

D = B0, B = (AT )−1B0, ãäå B
T
0 = B0 > 0.

Çäåñü â êà÷åñòâå B0 ìîæíî âûáðàòü ïðîèçâîëüíóþ ñèììåòðè÷íóþ ïîëî-
æèòåëüíî îïðåäåëåííóþ ìàòðèöó, êîòîðàÿ ëåãêî îáðàòèìà, íàïðèìåð, äèàãî-
íàëüíóþ. Èòåðàöèîííûå ïàðàìåòðû âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì

τk+1 =
(B0v

k, zk)

(B0vk, vk)
=

(B0B
−1rk, zk)

(B0B−1rk, vk)
=

(B0B
−1
0 ATrk, zk)

(B0B
−1
0 ATrk, vk)

=
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=
(rk, Azk)

(rk, Avk)
=

(rk, rk)

(rk, Avk)
.

Ïðîâåðèì âûïîëíåíèå óñëîâèÿ Ñ > 0:

(Cy, y) = (D1/2B−1AD−1/2y, y) = {ȳ = D−1/2y} = (D1/2B−1Aȳ,D1/2ȳ) =

= (DB−1Aȳ, ȳ) = (B0B
−1
0 ATAȳ, ȳ) = (Aȳ, Aȳ) > 0.

Ìåòîä ïðèìåíèì äëÿ ïðîèçâîëüíîé íåâûðîæäåííîé ìàòðèöû A.

Íàçâàíèå ìåòîäà îáúÿñíÿåòñÿ òåì, ÷òî íà êàæäîé èòåðàöèè ìèíèìèçèðó-
åòñÿ íîðìà ïîãðåøíîñòè ‖zk+1‖D = ‖zk+1‖B0

.

1.6 Ìåòîäû ñîïðÿæåííûõ íàïðàâëåíèé

Ìåòîäû ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, â êîòîðûõ
âåêòîð íåèçâåñòíûõ ïðåäñòàâëÿåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè âåêòîðîâ,
ñîïðÿæåííûõ (îðòîãîíàëüíûõ) â êàêîé-ëèáî ìåòðèêå, ñâÿçàííîé ñ ìàòðèöåé
ðåøàåìîé ñèñòåìû óðàâíåíèé, íàçûâàþò ìåòîäàìè ñîïðÿæåííûõ íàïðàâëåíèé
[7]. Îäíèì èç òàêèõ ìåòîäîâ ÿâëÿåòñÿ ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ.

1.6.1 Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ

Ïóñòü íåâûðîæäåííàÿ êâàäðàòíàÿ ìàòðèöà A = (aij) (i, j = 1, 2, . . . , n)
ÿâëÿåòñÿ ñèììåòðè÷íîé è ïîëîæèòåëüíî îïðåäåëåííîé

(
A = AT > 0

)
. Ïî-

ïðåæíåìó ðàññìàòðèâàåòñÿ ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé

Ay = f, (1.19)

ãäå f =
(
f1 f2 . . . fn

)T
çàäàííûé âåêòîð (f 6= 0), à âåêòîð

y =
(
y1 y2 . . . yn

)T
- èñêîìîå ðåøåíèå ñèñòåìû óðàâíåíèé (1.19).

Êàê óæå îòìå÷àëîñü, ïðè A = AT > 0 áèëèíåéíûé ôóíêöèîíàë

(Au, v) = (u,Av) óäîâëåòâîðÿåò âñåì àêñèîìàì ñêàëÿðíîãî ïðîèçâåäåíèÿ,
÷òî ïîçâîëÿåò èñïîëüçîâàòü îáîçíà÷åíèÿ (u, v)A := (Au, v) è ‖u‖A :=

√
(u, u)A

äëÿ ïîä÷èíåííîé ýòîìó ñêàëÿðíîìó ïðîèçâåäåíèþ íîðìû.

Ïóñòü íåêîòîðûå n-ìåðíûå âåêòîðû b0, b1, . . . , bn−1 ÿâëÿþòñÿ ëèíåéíî íåçà-
âèñèìûìè. Èñïîëüçóÿ ýòè âåêòîðû, ïî àíàëîãèè ñ ïðîöåäóðîé îðòîãîíàëè-
çàöèè Ãðàììà-Øìèäòà (ñì. [5]), ïîñòðîèì âåêòîðû e1, e2, . . . , en ñëåäóþùèì
îáðàçîì:

e1 =
s1

‖s1‖A
, ãäå s1 = b0;
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e2 =
s2

‖s2‖A
, ãäå s2 = b1 −

(
b1, e1

)
A
e1;

ek =
sk

‖sk‖A
, ãäå sk = bk−1 −

k−1∑
m=1

(
bk−1, em

)
A
em; k = 3, 4, . . . , n. (1.20)

Ïîêàæåì ïî èíäóêöèè, ÷òî ñèñòåìà âåêòîðîâ å1, å2, . . . , ån ÿâëÿåòñÿ A-
îðòîíîðìèðîâàííîé, òî åñòü

(
ei, ej

)
A

= δij, ãäå δij � ñèìâîë Êðîíåêåðà (i, j =

1, 2, . . . , n), à, ñëåäîâàòåëüíî, ñèñòåìà âåêòîðîâ s1, s2, . . . , sn ÿâëÿåòñÿ

A-îðòîãîíàëüíîé, òî åñòü
(
si, sj

)
A

= 0 ïðè i 6= j.

Ïî ïîñòðîåíèþ
∥∥ei∥∥

A
= 1, (i = 1, 2, . . . , n). Êðîìå òîãî (áàçèñ èíäóêöèè)(

e2, e1
)
A

=
1

‖s2‖A

(
b1 −

(
b1, e1

)
A
e1, e1

)
A

=

=
1

‖s2‖A

(b1, e1
)
A
−
(
b1, e1

)
A

∥∥e1
∥∥2

A︸ ︷︷ ︸
=1

 = 0.

Ïóñòü ñèñòåìà âåêòîðîâ å1, å2, . . . , åk ÿâëÿåòñÿA-îðòîíîðìèðîâàííîé (ïðåä-
ïîëîæåíèå èíäóêöèè). Ïîêàæåì, ÷òî òîãäà âåêòîð åk+1 A-îðòîãîíàëåí êàæäî-
ìó âåêòîðó ýòîé ñèñòåìû (øàã èíäóêöèè). Äëÿ ïðîèçâîëüíîãî i ∈ {1, 2, . . . , k}

(
ek+1, ei

)
A

=
1

‖sk+1‖A

(
bk −

k∑
m=1

(
bk, em

)
A
em, ei

)
A

=

=
1

‖sk+1‖A

(bk, ei)A − (bk, ei)A ∥∥ei∥∥2

A︸ ︷︷ ︸
=1

−
k∑

m=1
m6=i

(
bk, em

)
A

(
em, ei

)
A︸ ︷︷ ︸

=0

 = 0.

Òàêèì îáðàçîì, äîêàçàíî, ÷òî ñèñòåìà âåêòîðîâ å1, å2, . . . , ån ÿâëÿåòñÿ A-
îðòîíîðìèðîâàííîé, îòêóäà âûòåêàåò ëèíåéíàÿ íåçàâèñèìîñòü ýòèõ âåêòîðîâ.
Äåéñòâèòåëüíî, åñëè èõ ëèíåéíàÿ êîìáèíàöèÿ α1e

1 + α2e
2 + · · · + αne

n = 0,
òî ïîñëå ñêàëÿðíîãî óìíîæåíèÿ ýòîãî ðàâåíñòâà íà âåêòîð Aei ïîëó÷èì, ÷òî
αi = 0 äëÿ ëþáîãî i = 1, 2, . . . , n.

Ëèíåéíàÿ íåçàâèñèìîñòü ñèñòåìû âåêòîðîâ å1, å2, . . . , ån ïîçâîëÿåò èñêàòü

ðåøåíèå çàäà÷è (1.19) â âèäå y =
n∑
i=1

cie
i, ãäå ci ÷èñëîâûå êîýôôèöèåíòû. Ïîä-

ñòàâëÿÿ óêàçàííîå ïðåäñòàâëåíèå â óðàâíåíèå (1.19) è óìíîæàÿ ïîëó÷åííîå
ðàâåíñòâî ñêàëÿðíî íà âåêòîðû ej (j = 1, 2, . . . , n), ïîëó÷èì

n∑
i=1

ci
(
ej, Aei

)
=

n∑
i=1

ci
(
ej, ei

)
A

=
n∑
i=1

ciδij = cj =
(
ej, f

)
.
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Òî åñòü, ðåøåíèåì óðàâíåíèÿ (1.19) ÿâëÿåòñÿ âåêòîð y =
n∑
i=1

(
ei, f

)
ei.

Ââåä¼ì â ðàññìîòðåíèå âñïîìîãàòåëüíûå âåêòîðû

yk =
k∑
i=1

(
ei, f

)
ei, k = 1, 2, . . . , n,

êîòîðûå òàêæå ìîæíî îïðåäåëèòü ðåêóððåíòíûì ñîîòíîøåíèåì

yk = yk−1 +
(
ek, f

)
ek, k = 1, 2, . . . , n, y0 = 0. (1.21)

Òîãäà ðåøåíèå óðàâíåíèÿ (1.19) y = yn. Óìíîæàÿ ñîîòíîøåíèå (1.21) íà
ìàòðèöó A ñëåâà è âû÷èòàÿ èç îáåèõ ÷àñòåé ïîëó÷åííîãî ðàâåíñòâà âåêòîð f ,
ïîëó÷èì

Ayk − f = Ayk−1 − f +
(
ek, f

)
Aek.

Âåêòîð rk = Ayk− f ïðåäñòàâëÿåò ñîáîé íåâÿçêó ïðèáëèæåííîãî ðåøåíèÿ
yk ñèñòåìû óðàâíåíèé (1.19). Ïðè ýòîì r0 = Ay0 − f = −f . Òàêèì îáðàçîì,
äëÿ íåâÿçîê rk âåðíî ðåêóððåíòíîå ñîîòíîøåíèå

rk = rk−1 −
(
ek, r0

)
Aek, k = 1, 2, . . . , n− 1, rn = 0, r0 = −f. (1.22)

Ïðåäïîëàãàÿ ëèíåéíóþ íåçàâèñèìîñòü ñèñòåìû âåêòîðîâ r0, r1, . . . , rn−1

(äîêàçàíà äàëåå), âûáåðåì ýòè âåêòîðû â êà÷åñòâå b0, b1, . . . , bn−1 â ôîðìóëàõ
(1.20). Òîãäà

sk = rk−1−
k−1∑
m=1

(
rk−1, em

)
A
em, k = 2, 3, . . . , n, s1 = r0, ek =

sk

‖sk‖A
. (1.23)

Äîêàæåì, ÷òî âåêòîðû rk è ek, çàäàâàåìûå ðåêóððåíòíûìè ñîîòíîøåíèÿìè
(1.22), (1.23), îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:

1. Âåðíû ðàâåíñòâà(
ek, rj

)
=
(
ek, r0

)
, k = 1, 2, . . . , n, j = 0, 1, . . . , k − 1 (1.24)

è óñëîâèÿ îðòîãîíàëüíîñòè

(ek, rk) = 0, k = 1, 2, . . . , n; (1.25)

2. Âûïîëíåíû óñëîâèÿ îðòîãîíàëüíîñòè(
rk, rj

)
= 0, k = 1, 2, . . . , n− 1, j = 0, 1, . . . , k − 1 (1.26)
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è (
rk, ej

)
A

= 0, k = 2, 3, . . . , n− 1, j = 1, 2, . . . , k − 1. (1.27)

Çàìå÷àíèå. 1. Âûïîëíåíèå (1.26) îçíà÷àåò, ÷òî âåêòîðû r0, r1, . . . , rn−1

ïîïàðíî îðòîãîíàëüíû è, ñëåäîâàòåëüíî, ëèíåéíî íåçàâèñèìû. 2. Èç (1.27)
ñëåäóåò, ÷òî âåêòîð rk (k = 1, 2, . . . , n − 1) À-îðòîãîíàëåí ëþáîé ëèíåéíîé
êîìáèíàöèè âåêòîðîâ ej (j = 1, 2, . . . , k−1) è ñîîòíîøåíèå (1.23) äëÿ âåêòîðîâ
sk (k = 1, 2, . . . , n) óïðîùàåòñÿ è ïðèíèìàåò âèä

sk = rk−1−
(
rk−1, ek−1

)
A
ek−1, k = 2, 3, . . . , n, s1 = r0, ek =

sk

‖sk‖A
. (1.28)

Óñòàíîâèì ñïðàâåäëèâîñòü ïåðâîé ãðóïïû ñâîéñòâ. Ïðè j < k(
ek, rj

)
=
(
ek, rj−1 −

(
ej, r0

)
Aej
)

=
(
ek, rj−1

)
= · · · =

(
ek, r0

)
.

Ó÷èòûâàÿ äàííîå ðàâåíñòâî,(
ek, rk

)
=
(
ek, rk−1 −

(
ek, r0

)
Aek

)
=
(
ek, rk−1

)
−
(
ek, r0

)
=

=
(
ek, r0

)
−
(
ek, r0

)
= 0.

Âòîðóþ ãðóïïó ñâîéñòâ äîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè (èñ-
ïîëüçóÿ ñîîòíîøåíèÿ (1.22), (1.23) è (1.25)). Ïðîâåðèì èõ âûïîëíåíèå äëÿ
k = 2 (áàçèñ èíäóêöèè):(

r1, r0
)

=
(
r0 −

(
e1, r0

)
Ae1, r0

)
=
(
r0, r0

)
−
(
r0, r0

)
= 0;(

r2, r0
)

=
(
r1 −

(
e2, r0

)
Ae2, r0

)
= −

(
e2, r0

) (
Ae2,

∥∥s1
∥∥
A
e1
)

= 0;(
r2, r1

)
=
(
r2,
∥∥s2
∥∥
A
e2 +

(
r1, e1

)
A
e1
)

=
(
r1, e1

)
A

(
r2, e1

)
=

=
(
r1, e1

)
A

(
r1 −

(
e2, r0

)
Ae2, e1

)
= 0;(

r2, e1
)
A

=
(
r2, Ae1

)
=

(
r2,

r0 − r1

(e1, r0)

)
= 0.

Çíàìåíàòåëü
(
e1, r0

)
=

(
r0

‖r0‖A
, r0

)
=
{
r0 = −f, f 6= 0

}
6= 0.

Ïóñòü âòîðàÿ ãðóïïà ñâîéñòâ ñïðàâåäëèâà äëÿ íåêîòîðîãî k ≥ 2 (ïðåäïî-
ëîæåíèå èíäóêöèè).

Äîñòàòî÷íî äîêàçàòü (øàã èíäóêöèè), ÷òî(
rk+1, rj

)
= 0, j = 0, 1, . . . , k;(

rk+1, ej
)
A

= 0, j = 1, 2, . . . , k.

49



� 1.6 Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ �

Ïîêàæåì ñïðàâåäëèâîñòü ýòèõ ðàâåíñòâ:(
rk+1, rj

)
=
(
rk −

(
ek+1, r0

)
Aek+1, rj

)
= −

(
ek+1, r0

) (
Aek+1, rj

)
=

= −
(
ek+1, r0

) (
Aek+1,

∥∥sj+1
∥∥
A
ej+1 +

(
rj, ej

)
A
ej
)

= 0, äëÿ j < k;(
rk+1, rk

)
=
(
rk −

(
ek+1, r0

)
Aek+1,

∥∥sk+1
∥∥
A
ek+1 +

(
rk, ek

)
A
ek
)

=

=
∥∥sk+1

∥∥
A

(
rk, ek+1

)
−
∥∥sk+1

∥∥
A

(
ek+1, r0

)
= 0, äëÿ j = k;(

rk+1, ej
)
A

=
(
rk+1, Aej

)
=

(
rk+1,

rj−1 − rj

(ej, r0)

)
= 0.

Çàìå÷àíèå. Åñëè
(
ej, r0

)
= 0, òî rj = rj−1. Òîãäà, óñëîâèå îðòîãîíàëüíàëüíî-

ñòè
(
rj, rj−1

)
= 0 âûïîëíåíî òîëüêî ïðè rj−1 = 0. Ýòî îçíà÷àåò, ÷òî ðåøåíèå

çàäà÷è (1.19) y = yj−1 íàéäåíî íà (j − 1)-îì øàãå ïðèìåíåíèÿ ðåêóððåíòíîé
ôîðìóëû (1.21) (â ñîâîêóïíîñòè ñ (1.22), (1.23)). Â ýòîì ñëó÷àå âûïîëíåíèÿ
ñâîéñòâà (1.27) äëÿ k + 1 > j íå òðåáóåòñÿ.

Èç ñîîòíîøåíèé (1.21), (1.22), (1.28) ñëåäóåò, ÷òî âåêòîð y, ÿâëÿþùèéñÿ
ðåøåíèåì ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (1.19), ìîæåò áûòü
âû÷èñëåí ïî ñëåäóþùåìó àëãîðèòìó.

Ïóñòü y0 = 0. Òîãäà r0 = Ay0 − f = −f. Ïóñòü s1 = r0.

Äàëåå, ïîñëåäîâàòåëüíî, âû÷èñëÿþòñÿ

yk = yk−1 −
(
sk, r0

)
(sk, Ask)

sk,

rk = rk−1 −
(
sk, r0

)
(sk, Ask)

Ask èëè rk = Ayk − f äëÿ k = 1, 2, . . . , n ,

sk+1 = rk −
(
rk, Ask

)
(sk, Ask)

sk äëÿ k = 1, 2, . . . , (n− 1).

(1.29)

Âåêòîð yn = y ÿâëÿåòñÿ èñêîìûì ðåøåíèåì ñèñòåìû (1.19).

Ïðåîáðàçóåì ôîðìóëû (1.29) ê âèäó, êîòîðûé, êàê ïîêàçàëà ïðàêòèêà
âû÷èñëåíèé, ìåíåå ÷óâñòâèòåëåí ê îøèáêàì ìàøèííîãî îêðóãëåíèÿ ÷èñåë.
Èç (1.24) è (1.28) ñëåäóåò, ÷òî ïðè k = 1, 2, . . . , n

(
sk, r0

)
=
(
sk, rk−1

)
=

(
rk−1 −

(
rk−1, Ask−1

)
(sk−1, Ask−1)

sk−1, rk−1

)
=

=
(
rk−1, rk−1

)
−
(
rk−1, Ask−1

)
(sk−1, Ask−1)

(
sk−1, rk−1

)︸ ︷︷ ︸
=0 (1.25)

=
(
rk−1, rk−1

)
.

(1.30)

Ðàññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå
(
rk, rk

)
. Â ñèëó (1.22), (1.26) è (1.30),

èìååì
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(
rk, rk

)
=

(
rk−1 −

(
sk, r0

)
(sk, Ask)

Ask, rk

)
=
(
rk−1, rk

)︸ ︷︷ ︸
=0 (1.26)

−

−
(
sk, r0

)
(sk, Ask)

(
Ask, rk

)
= −

(
rk−1, rk−1

)
(sk, Ask)

(
Ask, rk

)
,

ãäå k = 1, 2, . . . , n.

Ñëåäîâàòåëüíî(
rk, Ask

)
(sk, Ask)

= −
(
rk, rk

)
(rk−1, rk−1)

(1.31)

ïðè k = 1, 2, . . . , n.

Ââåä¼ì â ðàññìîòðåíèå âåêòîð pk, ñâÿçàííûé ñ âåêòîðîì sk+1 ñîîòíîøåíè-
åì (ñì. [11])

sk+1 = pk
(
rk, rk

)
(1.32)

ïðè k = 0, 1, . . . , (n− 1).

Âåêòîðà p0, p1, . . . , pn−1 ÿâëÿþòñÿ A-îðòîãîíàëüíûìè âåêòîðàìè.

Â ðåçóëüòàòå ïîäñòàíîâêè (1.30), (1.31) è (1.32) â (1.29) ïîëó÷èì ñëåäóþ-
ùèå ðàññ÷¼òíûå ôîðìóëû ìåòîäà ñîïðÿæ¼ííûõ ãðàäèåíòîâ:

y0 = 0, r0 = −f, p0 =
r0

(r0, r0)
, äàëåå

yk = yk−1 − pk−1

(pk−1, Apk−1)
,

rk = rk−1 − Apk−1

(pk−1, Apk−1)
èëè rk = Ayk − f

äëÿ k = 1, 2, . . . , n ,

pk = pk−1 +
rk

(rk, rk)
äëÿ k = 1, 2, . . . , (n− 1).

(1.33)

Ïðè ðåàëèçàöèè àëãîðèòìà (1.33) òðåáóåòñÿ âûïîëíèòü O(n3) îïåðàöèé
óìíîæåíèÿ.

Ìèíèìèçàöèîííûå ñâîéñòâà ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ

Ïóñòü âåêòîð y = (y1, . . . , yn)
T ÿâëÿåòñÿ èñêîìûì ðåøåíèåì ñèñòåìû ëè-

íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé Ay = f (1.19), ãäå ìàòðèöà A = AT > 0, à

x = (x1, . . . , xn)
T - ïðîèçâîëüíûé âåêòîð. Âåêòîð z = x− y ÿâëÿåòñÿ îøèá-

êîé (ïîãðåøíîñòüþ) îïðåäåëåíèÿ âåêòîðà y. Ïðè íàëè÷èè ïîëîæèòåëüíîé
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îïðåäåëåííîñòè ó ìàòðèöû A, óäîáíîé êîëè÷åñòâåííîé ìåðîé òî÷íîñòè ðåøå-
íèÿ ñèñòåìû (1.19) ÿâëÿåòñÿ ôóíêöèÿ ìíîãèõ ïåðåìåííûõ f (z) = (Az, z) ≥ 0,
êîòîðóþ íàçûâàþò ôóíêöèåé îøèáîê.

Ôóíêöèÿ îøèáîê ïðèíèìàåò ïîëîæèòåëüíûå çíà÷åíèÿ ïðè ëþáûõ x 6= y è
èìååò ìèíèìàëüíîå çíà÷åíèå ðàâíîå íóëþ ïðè x = y. Ñëåäîâàòåëüíî, ðåøåíèå
ñèñòåìû (1.19) ýêâèâàëåíòíî ïîèñêó âåêòîðà x, ïðè êîòîðîì ôóíêöèÿ îøèáîê
ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå ðàâíîå íóëþ.

Ïðåîáðàçóåì âûðàæåíèå äëÿ ôóíêöèè îøèáîê ê âèäó

f (z) = (Az, z) = (Ax− Ay, x− y) = {Ay = f} =

= (Ax− f, x− y) = (Ax, x)− (Ax, y)− (f, x) + (f, y) =

= {(Ax, y) = (x, Ay) = (x, f)} = (Ax, x)− 2 (f, x) + (f, y) =

= J(x) + (f, y) ,

ãäå ôóíêöèÿ J(x) = (Ax, x)− 2 (f, x) .

Èòàê, ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (1.19) ýêâè-
âàëåíòíî ïîèñêó âåêòîðà x, äîñòàâëÿþùåãî ìèíèìóì ôóíêöèè

J(x) = (Ax, x)− 2 (f, x) =
∑n

i=1

∑n
j=1 aijxixj − 2

∑n
i=1 fixi.

Ðàññìîòðèì âåêòîð grad J(x) =
(
∂J
∂x1
, ∂J
∂x2
, . . . , ∂J

∂xn

)T
, îïðåäåëÿþùèé íà-

ïðàâëåíèå ñàìîãî áûñòðîãî ðîñòà çíà÷åíèé ôóíêöèè J(x). Êîìïîíåíòà ∂J(x)
∂xl

(l = 1, 2, . . . , n) ýòîãî âåêòîðà ðàâíà

∂J(x1, . . . , xn)

∂xl
=

∂

∂xl

(
n∑
i=1

n∑
j=1

aijxixj − 2
n∑
i=1

fixi

)
=

=
∂

∂xl

n∑
i=1

xi

 l−1∑
j=1

aijxj + ailxl +
n∑

j=l+1

aijxj − 2fi

 =

=
∂

∂xl

 l−1∑
i=1

xi

 l−1∑
j=1

aijxj + ailxl +
n∑

j=l+1

aijxj − 2fi

+

+xl

 l−1∑
j=1

aljxj + allxl +
n∑

j=l+1

aljxj − 2fl

+
n∑

i=l+1

xi

(
l−1∑
j=1

aijxj+

+ailxl +
n∑

j=l+1

aijxj − 2fi

 =
∂

∂xl

(
xl

l−1∑
i=1

ailxi + xl

l−1∑
j=1

aljxj+

+xlallxl + xl

n∑
j=l+1

aljxj − xl2fl + xl

n∑
i=l+1

xiail

 =
l−1∑
i=1

ailxi+
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+
l−1∑
j=1

aljxj + 2allxl +
n∑

j=l+1

aljxj − 2fl +
n∑

i=l+1

ailxi =
n∑
i=1

ailxi+

+
n∑
j=1

aljxj − 2fl =
{
A = AT

}
= 2

(
n∑
j=1

aljxj − fl

)
=

= 2 ((Ax)l − fl) = 2 (Ax− f)l = 2rl,

ãäå r = Ax− f âåêòîð íåâÿçêè â ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé (1.19).

Òî åñòü, âåêòîð grad J(x) = 2r. Ñëåäîâàòåëüíî, âåêòîð (−r) îïðåäåëÿåò
íàïðàâëåíèå ñàìîãî áûñòðîãî óáûâàíèÿ çíà÷åíèé ôóíêöèè J â òî÷êå x.

Ðàññìîòðèì ôóíêöèþ J îò àðãóìåíòà x− τr, ïðèíàäëåæàùåãî íàïðàâëå-
íèþ àíòèãðàäèåíòà ôóíêöèè J(x) ïðè çíà÷åíèÿõ ÷èñëîâîãî ïàðàìåòðà τ > 0 :

J (x− τr) = (A(x− τr), x− τr)− 2 (f, x− τr) = (Ax, x)−
− 2τ (Ax, r) + τ 2 (Ar, r)− 2 (f, x) + 2τ (f, r) = (Ax, x)− 2 (f, x)−

− 2τ (r, r) + τ 2 (Ar, r) = J (x) + (Ar, r)

(
τ 2 − 2τ

(r, r)

(Ar, r)

)
=

= J (x) + (Ar, r)

(
τ − (r, r)

(Ar, r)

)2

− (r, r)2

(Ar, r)
.

Ïóñòü äëÿ ïàðàìåòðà τ âûïîëíåíî óñëîâèå

τ =
(r, r)

(Ar, r)
. (1.34)

Òîãäà ôóíêöèÿ J â òî÷êå x − (r, r)
(Ar, r)r áóäåò èìåòü ìèíèìàëüíîå çíà÷åíèå

âäîëü íàïðàâëåíèÿ (−r).
Âûðàæåíèå (1.34) ñîâïàäàåò ñ ôîðìóëîé äëÿ èòåðàöèîííîãî ïàðàìåòðà

τk+1 â ìåòîäå ñêîðåéøåãî ñïóñêà (ñì. n.1.5.2).

Ðàññìîòðèì ÷àñòíûé ñëó÷àé x = (x1, x2)
T (n = 2). Ïðè n = 2 ïîâåðõíîñòü

J(x) áóäåò èìåòü âèä ýëëèïñîèäà. Ëèíèÿ J(x) = const ïðåäñòàâëÿåò ñîáîé
ýëëèïñ, êîòîðûé ìîæåò áûòü ñèëüíî âûòÿíóò âäîëü îáíîé èç ïîëóîñåé. Åñëè
òî÷êà x, ÿâëÿþùàÿñÿ àðãóìåíòîì ôóíêöèè J(x), ðàñïîëîæåíà áëèçêî ê êîí-

öó áîëüøåé ïîëóîñè ýëëèïñà, òî è ñëåäóþùåå ïðèáëèæåíèå, òî÷êà x− (r, r)
(Ar, r)r,

áóäåò ðàñïîëîæåíî áëèçêî ê êîíöó áîëüøåé ïîëóîñè ýëëèïñà. Òî åñòü, âû-
áîð íàïðàâëåíèÿ àíòèãðàäèåíòà ôóíêöèè J(x) íå ÿâëÿåòñÿ îïòèìàëüíûì äëÿ
ïðèáëèæåíèÿ ê èñêîìîìó ðåøåíèþ y.

Â ìåòîäå ñîïðÿæ¼ííûõ ãðàäèåíòîâ î÷åðåäíîå ïðèáëèæåíèå
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yk = yk−1− pk−1

(pk−1, Apk−1)
(1.33) ê èñêîìîìó ðåøåíèþ ðàñïîëîæåíî íà íàïðàâ-

ëåíèè
(
−pk−1

)
, íå ñîâïàäàþùåì ñ íàïðàâëåíèåì àíòèãðàäèåíòà ôóíêöèè J.

Äëÿ çíà÷åíèÿ ôóíêöèè J(yk) âåðíà ñëåäóþùàÿ îöåíêà:

J
(
yk
)

=
(
Ayk, yk

)
− 2

(
f, yk

)
=

{
yk = yk−1 − pk−1

(pk−1, Apk−1)
(1.33)

}
=

=

(
A

(
yk−1 − pk−1

(pk−1, Apk−1)

)
, yk−1 − pk−1

(pk−1, Apk−1)

)
−

− 2

(
f, yk−1 − pk−1

(pk−1, Apk−1)

)
=
(
Ayk−1, yk−1

)
−

− 1

(pk−1, Apk−1)

(
Ayk−1, pk−1

)
− 1

(pk−1, Apk−1)

(
Apk−1, yk−1

)
+

+
1

(pk−1, Apk−1)
2

(
Apk−1, pk−1

)
−2
(
f, yk−1

)
+

2

(pk−1, Apk−1)

(
f, pk−1

)
=

= J
(
yk−1

)
− 2

(pk−1, Apk−1)

(
Ayk−1 − f, pk−1

)
+

1

(pk−1, Apk−1)
=

= J
(
yk−1

)
− 2

(pk−1, Apk−1)

(
rk−1, pk−1

)
+

1

(pk−1, Apk−1)
=

= J
(
yk−1

)
− 1

(pk−1, Apk−1)

(
2
(
rk−1, pk−1

)
− 1
)

=

=
{(
rk−1, pk−1

)
=
(
pk−1, r0

)
(1.24)

}
= J

(
yk−1

)
−

− 1

(pk−1, Apk−1)

(
2
(
pk−1, r0

)
− 1
)

=
{

2
(
pk−1, r0

)
− 1 =

= 2

pk−2 +
rk−1

(rk−1, rk−1)︸ ︷︷ ︸
(1.33)

, r0

− 1 = 2
(
pk−2, r0

)
+

+
2

(rk−1, rk−1)

(
rk−1, r0

)︸ ︷︷ ︸
=0 (1.26)

−1 = 2
(
pk−2, r0

)
− 1 = . . . = 2

(
p0, r0

)
− 1 =

= 2

(
r0

(r0, r0)
, r0

)
− 1 = 1

}
= J

(
yk−1

)
− 1

(pk−1, Apk−1)
< J

(
yk−1

)
.

Òî åñòü, àëãîðèòì ìåòîäà ñîïðÿæ¼ííûõ ãðàäèåíòîâ ãàðàíòèðóåò ìîíîòîí-
íîå óáûâàíèå çíà÷åíèé ôóíêöèè J.
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1.6.2 Ìåòîä Êðåéãà

Ìåòîä Êðåéãà ïðèìåíèì äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé

Ay = f (1.35)

ñ íåâûðîæäåííîé ìàòðèöåé A.

Áóäåì èñêàòü âåêòîð y, èñïîëüçóÿ âñïîìîãàòåëüíûé âåêòîð x òàêîé, ÷òî
y = ATx. Òîãäà èñõîäíàÿ ñèñòåìà (1.35) ïðèìåò âèä AATx = f . Ìàòðèöà AAT

ïðåîáðàçîâàííîé ñèñòåìû ÿâëÿåòñÿ ñèììåòðè÷íîé è ïîëîæèòåëüíî îïðåäå-
ëåííîé. Ïîýòîìó, äëÿ ðåøåíèÿ ïðåîáðàçîâàííîé ñèñòåìû ìîæíî èñïîëüçîâàòü
ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ.

Àëãîðèòì ìåòîäà ñîïðÿæ¼ííûõ ãðàäèåíòîâ (1.33) äëÿ ïðåîáðàçîâàííîé ñè-
ñòåìû èìååò âèä:

x0 = 0, r0 = −f, p0 =
r0

(r0, r0)
, äàëåå

xk = xk−1 − pk−1

(pk−1, AATpk−1)
,

rk = AATxk − f äëÿ k = 1, 2, . . . , n ,

pk = pk−1 +
rk

(rk, rk)
äëÿ k = 1, 2, . . . , (n− 1).

Óìíîæàÿ ñîîòíîøåíèå äëÿ î÷åðåäíîãî ïðèáëèæåíèÿ xk ñëåâà íà ìàòðèöó
AT è ó÷èòûâàÿ, ÷òî y = ATx, ïîëó÷èì ñëåäóþùèé àëãîðèòì ðåøåíèÿ ñèñòå-
ìû (1.35) :

y0 = 0, r0 = −f, p0 =
r0

(r0, r0)
, äàëåå

yk = yk−1 − ATpk−1

(ATpk−1, ATpk−1)
,

rk = Ayk − f äëÿ k = 1, 2, . . . , n ,

pk = pk−1 +
rk

(rk, rk)
äëÿ k = 1, 2, . . . , (n− 1).

(1.36)

Àëãîðèòì (1.36) ìîæíî èñïîëüçîâàòü è äëÿ ðåøåíèÿ íåäîîïðåäåëåííûõ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.

1.6.3 Ñèììåòðèçîâàííûå ñîïðÿæ¼ííûå ãðàäèåíòû

Ìåòîä ïðèìåíèì äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
Ay = f ñ íåâûðîæäåííîé ìàòðèöåé A.
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Óìíîæèì èñõîäíóþ ñèñòåìó Ay = f ñëåâà íà ìàòðèöó AT . Äëÿ ðåøåíèÿ
ïðåîáðàçîâàííîé ñèñòåìû ATAy = ATf èñïîëüçóåì ìåòîä ñîïðÿæ¼ííûõ ãðà-
äèåíòîâ. Âû÷èñëèòåëüíûé àëãîðèòì ðåøåíèÿ ïðåîáðàçîâàííîé ñèñòåìû èìååò
âèä:

y0 = 0, R0 = −ATf, p0 =
R0

(R0, R0)
, äàëåå

yk = yk−1 − pk−1

(Apk−1, Apk−1)
,

Rk = AT
(
Ayk − f

)
äëÿ k = 1, 2, . . . , n è

pk = pk−1 +
Rk

(Rk, Rk)
äëÿ k = 1, 2, . . . , (n− 1).

(1.37)

Àëãîðèòì (1.37) ìîæíî èñïîëüçîâàòü è äëÿ ðåøåíèÿ ïåðåîïðåäåëåííûõ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.
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Ãëàâà 2

Çàäà÷è íà ñîáñòâåííûå
çíà÷åíèÿ

Ïóñòü A = (aij) � ìàòðèöà ðàçìåðà n×n, à y = (y1, y2, . . . , yn)
T � âåêòîð

íåèçâåñòíûõ. Òîãäà ïîèñê òàêèõ êîíñòàíò λ è âåêòîðîâ y 6= 0, ÷òî

Ay = λy,

íàçûâàåòñÿ çàäà÷åé íà ñîáñòâåííûå çíà÷åíèÿ. Ýòà çàäà÷à ýêâèâàëåíòíà ïî-
èñêó òàêèõ y, äëÿ êîòîðûõ

(A− λE)y = 0.

Ïðè ýòîì λ íàçûâàþò ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû A, à ñîîòâåòñòâó-
þùèå èì âåêòîðà y � ñîáñòâåííûìè âåêòîðàìè.

Èçâåñòíî, ÷òî åñëè det(A− λE) = 0, òî ðåøåíèå çàäà÷è ñóùåñòâóåò. Ýòîò
îïðåäåëèòåëü ÿâëÿåòñÿ ïîëèíîìîì ñòåïåíè n îò λ ñ êîýôôèöèåíòàìè ñîñòàâ-
ëåííûìè èç ýëåìåíòîâ ìàòðèöû A. Êîðíè ïîëèíîìà ëåãêî íàéòè ïðè n ≤ 3
èëè åñëè ìàòðèöà A ÿâëÿåòñÿ äèàãîíàëüíîé ëèáî òðåóãîëüíîé.

Çàäà÷ó íàõîæäåíèÿ âñåõ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A íàçûâàþò ïîë-
íîé ïðîáëåìîé ñîáñòâåííûõ çíà÷åíèé. Åñëè íóæíî íàéòè ëèøü íåêîòîðûå λ,
òî òàêóþ çàäà÷ó íàçûâàþò ÷àñòè÷íîé ïðîáëåìîé ñîáñòâåííûõ çíà÷åíèé.

2.1 Ïîèñê ñîáñòâåííûõ çíà÷åíèé ìåòîäîì

âðàùåíèé

Ìåòîä âðàùåíèé, ïðåäëîæåííûé Ê. ßêîáè â 1846 ãîäó, ïîçâîëÿåò íàéòè
âñå ñîáñòâåííûå çíà÷åíèÿ (ðåøàåò ïîëíóþ ïðîáëåìó ñîáñòâåííûõ çíà÷åíèé)
âåùåñòâåííîé ñèììåòðè÷íîé ìàòðèöû A = AT .

57



� 2.1 Ïîèñê ñîáñòâåííûõ çíà÷åíèé ìåòîäîì âðàùåíèé �

Äëÿ ìàòðèöû A = AT ñïðàâåäëèâî ïðåäñòàâëåíèå âèäà

A = QTΛQ, (2.1)

ãäå Q � îðòîãîíàëüíàÿ ìàòðèöà (QT = Q−1), à Λ � äèàãîíàëüíàÿ ìàòðè-
öà, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A, Λ =
diag (λ1, . . . , λn).

Åñëè óìíîæèòü ðàâåíñòâî (2.1) íà (QT )−1 = Q ñëåâà è íà ìàòðèöó Q−1 =
QT ñïðàâà, òî ïîëó÷èì

QAQT = Λ.

Èòàê, äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A íåîáõîäèìî ïî-
ñòðîèòü îðòîãîíàëüíóþ ìàòðèöó Q è ïðîâåñòè äâà ìàòðè÷íûõ óìíîæåíèÿ.

Çàìåòèì, ÷òî ïðîèçâåäåíèå íåñêîëüêèõ îðòîãîíàëüíûõ ìàòðèö ÿâëÿåòñÿ
îðòîãîíàëüíîé ìàòðèöåé. Ìàòðèöó Q áóäåì ñòðîèòü èòåðàöèîííî, ïðîâîäÿ ñ
ïîìîùüþ ñïåöèàëüíûõ îðòîãîíàëüíûõ ìàòðèö ïðåîáðàçîâàíèÿ ìàòðèöû A ñ
öåëüþ óìåíüøåíèÿ àáñîëþòíûõ çíà÷åíèé åå íåäèàãîíàëüíûõ ýëåìåíòîâ.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ìàòðèö

A1 = V 1
ij A (V 1

ij)
T ,

A2 = V 2
ij A1 (V 2

ij)
T , · · · ,

Ak = V k
ij Ak−1 (V k

ij)
T , · · · .

Çäåñü V k
ij � îðòîãîíàëüíûå ìàòðèöû ñëåäóþùåãî âèäà

V k
ij =



1 0
...

1
cosϕ − sinϕ

1 0
0 ... 0

0 1
sinϕ cosϕ

1
...

0 1


.

Ýëåìåíòû ìàòðèöû V k
ij = (vlm) çàäàþòñÿ ñëåäóþùèì îáðàçîì. Äèàãîíàëü-

íûå ýëåìåíòû vll = 1 ïðè l 6= i , j è vll = cosϕ ïðè l = i, j. Âíå äèàãîíàëè
vij = − sinϕ , vji = sinϕ, à âñå îñòàëüíûå ýëåìåíòû ðàâíû íóëþ. Çäåñü ϕ � ïî-
êà ñâîáîäíûé ïàðàìåòð. Ìàòðèöû V k

ij ÿâëÿþòñÿ îðòîãîíàëüíûìè ìàòðèöàìè,

òàê êàê V k
ij (V k

ij)
T = E. Èíäåêñ k � íîìåð èòåðàöèè. Èíäåêñû i è j âûáèðàþòñÿ

íà êàæäîé èòåðàöèè k ðàâíûìè ñîîòâåòñòâóþùèì èíäåêñàì ìàêñèìàëüíîãî
ïî ìîäóëþ ýëåìåíòà ìàòðèöû Ak−1 = (ak−1

lm ), ÿâëÿþùåéñÿ (k − 1)-ûì èòåðà-
öèîííûì ïðèáëèæåíèåì ê ìàòðèöå Λ. Èòàê

|ak−1
ij | = max

l,m
l 6=m

|ak−1
lm | .
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Åñëè ìàêñèìàëüíûõ ïî ìîäóëþ ýëåìåíòîâ ìàòðèöû Ak−1 íåñêîëüêî, òî
èñïîëüçóåòñÿ ëþáîé èç íèõ. Åñëè âñå íåäèàãîíàëüíûå ýëåìåíòû ìàòðèöû Ak−1

ðàâíû íóëþ, òî èòåðàöèîííûé ïðîöåññ ïîñòðîåíèÿ ìàòðèö Ak ïðåêðàùàåòñÿ.

Â êà÷åñòâå êîëè÷åñòâåííîé õàðàêòåðèñòèêè äèàãîíàëüíîñòè ìàòðèöû Ak âû-
áåðåì ÷èñëî

t(Ak) =
n∑

m=1

n∑
s=1
s6=m

(akms)
2 .

Åñëè ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü t(Ak)
k→∞−→ 0, òî ïîñëåäîâàòåëüíîñòü

ìàòðèö Ak ñõîäèòñÿ ê äèàãîíàëüíîé ìàòðèöå.

Óñòàíîâèì ñîîòíîøåíèÿ, ñâÿçûâàþùèå ýëåìåíòû ìàòðèö Ak+1 è Ak. Èòàê

Ak+1 = V k+1
ij Ak (V k+1

ij )T .

Ââåäåì âñïîìîãàòåëüíûå îáîçíà÷åíèÿ B = Ak (V k+1
ij )T = (bms) è (V k+1

ij )T =
(vlm). Òîãäà, ïî îïðåäåëåíèþ ïðîèçâåäåíèÿ ìàòðèö,

bms =
n∑
p=1

akmp vps =


akms, s 6= i, j;

akmi cosϕ− akmj sinϕ, s = i;

akmi sinϕ+ akmj cosϕ, s = j.

(2.2)

Òî åñòü, â ìàòðèöàõ B è Ak íå ñîâïàäàþò ýëåìåíòû òîëüêî â ñòîëáöå ñ
íîìåðîì i è â ñòîëáöå ñ íîìåðîì j.

Äëÿ ýëåìåíòîâ ìàòðèöû Ak+1 = V k+1
ij B âåðíû ñîîòíîøåíèÿ

ak+1
ms =

n∑
p=1

vmp bps =


bms, m 6= i, j;

bis cosϕ− bjs sinϕ, m = i;

bis sinϕ+ bjs cosϕ, m = j.

(2.3)

Â ìàòðèöàõ Ak+1 è B íå ñîâïàäàþò ýëåìåíòû òîëüêî â ñòðîêå ñ íîìåðîì i è
â ñòðîêå ñ íîìåðîì j.

Èñïîëüçóÿ (2.3), ïîëó÷àåì, ÷òî

ak+1
ij = bij cosϕ− bjj sinϕ.

Ïîäñòàâëÿÿ â ýòî ñîîòíîøåíèå bij è bjj, âçÿòûå èç (2.2), è ïðîâîäÿ ðÿä
ïðåîáðàçîâàíèé ïðèõîäèì ê ñëåäóþùåìó âûðàæåíèþ

ak+1
ij = (akii sinϕ+ akij cosϕ) cosϕ− (akji sinϕ+ akjj cosϕ) sinϕ =

= {A = AT ⇒ Ak = AT
k } = (akii − akjj) sinϕ cosϕ+ akij(cos2 ϕ− sin2 ϕ) =

=
(akii − akjj) sin 2ϕ

2
+ akij cos 2ϕ.
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Ýëåìåíò akij ÿâëÿåòñÿ ìàêñèìàëüíûì ïî ìîäóëþ âíåäèàãîíàëüíûì ýëåìåí-

òîì ìàòðèöû Ak. Ïîòðåáóåì âûïîëíåíèÿ ðàâåíñòâà ak+1
ij = 0. Òîãäà ïðåäûäó-

ùåå âûðàæåíèå ïðåâðàùàåòñÿ â óðàâíåíèå îòíîñèòåëüíî ϕ. Ðåøàÿ åãî, íàõî-
äèì çíà÷åíèå ïàðàìåòðà ϕ, èñïîëüçóåìîãî äëÿ âû÷èñëåíèÿ ýëåìåíòîâ ìàòðè-
öû V k+1

ij

ϕ =
1

2
arctg

2akij
akjj − akii

.

Âû÷èñëèì êîëè÷åñòâåííóþ õàðàêòåðèñòèêó äèàãîíàëüíîñòè ìàòðèöûAk+1

t(Ak+1) =
n∑

m=1

n∑
s=1
s6=m

(ak+1
ms )2.

Ñîãëàñíî ôîðìóëàì (2.2) è (2.3), ýëåìåíòû ìàòðèöû Ak+1 îòëè÷àþòñÿ îò
ýëåìåíòîâ ìàòðèöû Ak òîëüêî â i-õ è j-õ ñòðîêàõ è ñòîëáöàõ.

Âûäåëèì â t(Ak+1) ñîâïàäàþùèå ýëåìåíòû ìàòðèö Ak+1 è Ak â îòäåëüíóþ
ñóììó è ïðîâåäåì ñëåäóþùèå ïðåîáðàçîâàíèÿ

t(Ak+1) =
n∑

m=1
m6=i,j

n∑
s=1

s6=i,j,m

(akms)
2 +

n∑
m=1
m6=i,j

[
b2
mi + b2

mj

]
+

+
n∑
s=1
s6=i,j

[
(ak+1
is )2 + (ak+1

js )2
]

=
n∑

m=1
m 6=i,j

n∑
s=1

s6=i,j,m

(akms)
2+

+
n∑

m=1
m6=i,j

[
(akmi)

2 cos2 ϕ+ (akmj)
2 sin2 ϕ− 2akmia

k
mj sinϕ cosϕ+

+(akmi)
2 sin2 ϕ+ (akmj)

2 cos2 ϕ+ 2akmia
k
mj sinϕ cosϕ

]
+

+
n∑
s=1
s6=i,j

[
b2
is cos2 ϕ+ b2

js sin2 ϕ− 2bisbjs sinϕ cosϕ+

+b2
is sin2 ϕ+ b2

js cos2 ϕ+ 2bisbjs sinϕ cosϕ
]

=

=
n∑

m=1
m6=i,j

n∑
s=1

s6=i,j,m

(akms)
2 +

n∑
m=1
m6=i,j

[
(akmi)

2 + (akmj)
2
]

+
n∑
s=1
s6=i,j

[
(akis)

2 + (akjs)
2
]

+

+2(akij)
2 − 2(akij)

2 = t(Ak)− 2(akij)
2.

Òî åñòü t(Ak+1) < t(Ak). Óìåíüøåíèå êîëè÷åñòâåííîé õàðàêòåðèñòèêè äèà-
ãîíàëüíîñòè ïðîèñõîäèò ìîíîòîííî ñ ðîñòîì íîìåðà èòåðàöèè k íà âåëè÷èíó
ðàâíóþ 2(akij)

2 � óäâîåííûé êâàäðàò ìàêñèìàëüíîãî âíåäèàãîíàëüíîãî ýëå-
ìåíòà ìàòðèöû Ak. Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü ìàòðèö Ak ñõîäèòñÿ
ê äèàãîíàëüíîé ìàòðèöå.
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Ïîëó÷èì îöåíêó íà êîëè÷åñòâåííóþ õàðàêòåðèñòèêó äèàãîíàëüíîñòè ìàò-
ðèöû Ak. Òàê êàê a

k
ij � ìàêñèìàëüíûé ïî ìîäóëþ âíåäèàãîíàëüíûé ýëåìåíò,

òî âåðíî íåðàâåíñòâî
t(Ak) 6 n(n− 1)(akij)

2.

Îòñþäà ñëåäóåò, ÷òî (akij)
2 >

t(Ak)

n(n− 1)
äëÿ n > 2. Ïîäñòàâëÿÿ ýòî íåðàâåí-

ñòâî â ñîîòíîøåíèå, ñâÿçûâàþùåå t(Ak) è t(Ak+1), èìååì

t(Ak+1) = t(Ak)− 2(akij)
2 6 t(Ak)−

2

n(n− 1)
t(Ak) = ρt(Ak),

ãäå ρ = 1− 2

n(n− 1)
< 1.

Ïðèìåíèâ ýòó îöåíêó k ðàç, ïîëó÷èì

t(Ak) 6 ρkt(A).

Èòàê, ïîñëåäîâàòåëüíîñòü ìàòðèö Ak ñõîäèòñÿ ê äèàãîíàëüíîé ìàòðèöå Λ
ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì ρ.

Çàìå÷àíèå. Ðåàëèçàöèÿ ïðàâèëà âûáîðà èíäåêñîâ i è j â ìàòðèöå V k
ij òðåáó-

åò ñðàâíåíèÿ n2/2 ÷èñåë. Âîçìîæíà íåêîòîðàÿ îïòèìèçàöèÿ âû÷èñëèòåëüíûõ
çàòðàò. Íàïðèìåð, ñíà÷àëà âûáèðàåòñÿ ñòðîêà i ñ ìàêñèìàëüíîé ñóììîé êâàä-
ðàòîâ çíà÷åíèé íåäèàãîíàëüíûõ ýëåìåíòîâ. Çàòåì â ýòîé ñòðîêå âûáèðàåòñÿ
ìàêñèìàëüíûé ïî ìîäóëþ ýëåìåíò akij.

2.2 Ñòåïåííîé ìåòîä ïîèñêà ñîáñòâåííûõ

çíà÷åíèé

Ðàññìîòðèì çàäà÷ó ïîèñêà ìàêñèìàëüíîãî ïî ìîäóëþ ñîáñòâåííîãî çíà÷å-
íèÿ ñèììåòðè÷íîé ìàòðèöû A = AT (λ(A) � âåùåñòâåííûå ÷èñëà).

Ïóñòü âñå ñîáñòâåííûå ÷èñëà λ(A) ðàçëè÷íû è ïðîíóìåðîâàíû òàê, ÷òî
|λ1| > |λ2| > |λ3| > . . . > |λn|.
Ïðèìå÷àíèå. Òàê êàê íåò ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé, òî âñå ñîá-
ñòâåííûå âåêòîðà ξi, i = 1, . . . , n ìàòðèöû A îðòîãîíàëüíû è îáðàçóþò áà-
çèñ, êîòîðûé áóäåì ñ÷èòàòü îðòîíîðìèðîâàííûì - (ξi, ξj) = 1 ïðè i = j è
(ξi, ξj) = 0 åñëè i 6= j.

Âûáåðåì ïðîèçâîëüíûé âåêòîð y0, îòëè÷íûé îò íóëÿ, è ïîñòðîèì ïîñëå-
äîâàòåëüíîñòü âåêòîðîâ yk

yk+1 = Ayk, k = 0, 1, . . . . (2.4)
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Èñïîëüçóåì âåêòîðà yk äëÿ âû÷èñëåíèÿ ýëåìåíòîâ ÷èñëîâîé ïîñëåäîâà-
òåëüíîñòè {Λk

1}

Λk
1 =

(yk+1, yk)

(yk, yk)
.

Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {Λk
1} ñõîäèòüñÿ ê λ1.

Ïðåäñòàâèì íà÷àëüíîå ïðèáëèæåíèå y0 â âèäå ðàçëîæåíèÿ ïî áàçèñó èç

ñîáñòâåííûõ âåêòîðîâ ìàòðèöû A. Òî åñòü y0 =
n∑
i=1

αiξi.

Èç (2.4) ñëåäóåò, ÷òî yk = Ayk−1 = . . . = Aky0.

Òîãäà âåðíî ñëåäóþùåå

yk = Ak
n∑
i=1

αiξi = Ak−1
n∑
i=1

αiAξi = Ak−1
n∑
i=1

αiλiξi = . . . =
n∑
i=1

αiλ
k
i ξi.

Âû÷èñëèì äâà ñêàëÿðíûõ ïðîèçâåäåíèÿ :

(yk, yk) = (
n∑
i=1

αiλ
k
i ξi,

n∑
j=1

αjλ
k
j ξj) =

n∑
i=1

n∑
j=1

αiαjλ
k
i λ

k
j (ξi, ξj) =

=
n∑
i=1

α2
iλ

2k
i = α2

1λ
2k
1 +

n∑
i=2

α2
iλ

2k
i ;

(yk+1, yk) = (
n∑
i=1

αiλ
k+1
i ξi,

n∑
j=1

αjλ
k
j ξj) = . . . =

=
n∑
i=1

α2
iλ

2k+1
i = α2

1λ
2k+1
1 +

n∑
i=2

α2
iλ

2k+1
i .

Òîãäà, äëÿ ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè Λk
1, ïîëó÷àåì

Λk
1 =

(yk+1, yk)

(yk, yk)
=

α2
1λ

2k+1
1 +

n∑
i=2

α2
iλ

2k+1
i

α2
1λ

2k
1 +

n∑
i=2

α2
iλ

2k
i

=

=

α2
1λ

2k+1
1

(
1 +

n∑
i=2

(
αi
α1

)2(
λi
λ1

)2k+1
)

α2
1λ

2k
1

(
1 +

n∑
i=2

(
αi
α1

)2(
λi
λ1

)2k
) =
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= λ1

1 +O

((
λ2

λ1

)2k+1
)

1 +O

((
λ2

λ1

)2k
) = λ1

(
1 +O

((
λ2

λ1

)2k
))
−→ λ1

ïðè k →∞ .

Ïîñëåäîâàòåëüíîñòü Λk
1 ñõîäèòñÿ ê λ1 - èñêîìîìó ìàêñèìàëüíîìó ïî ìî-

äóëþ ñîáñòâåííîìó çíà÷åíèþ ìàòðèöû A.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü âåêòîðîâ yk

||yk|| . Âåðíû ñëåäóþùèå ïðåîá-
ðàçîâàíèÿ

yk

||yk||
=

α1λ
k
1ξ1 +

n∑
i=2

αiλ
k
i ξi√√√√α2

1λ
2k
1 +

n∑
i=2

α2
iλ

2k
i

=

α1λ
k
1ξ1 +

n∑
i=2

αiλ
k
i ξi

|α1||λ1|k
(

1 +O

(∣∣∣λ2λ1 ∣∣∣2k)) =

= ±ξ1 +
n∑
i=2

αi
|α1|

O

((
λi
λ1

)k)
ξi.

Òî åñòü, âåêòîð yk

||yk|| ñ ðîñòîì èòåðàöèîííîãî èíäåêñà k ïðèáëèæàåòñÿ ê

íàïðàâëåíèþ ñîáñòâåííîãî âåêòîðà ξ1 .

2.2.1 Ïîèñê ìàêñèìàëüíîãî è ìèíèìàëüíîãî

ñîáñòâåííîãî çíà÷åíèÿ

Àëãîðèòì âû÷èñëåíèÿ ìàêñèìàëüíîãî ïî ìîäóëþ ñîáñòâåííîãî çíà÷åíèÿ
ìàòðèöû A = AT ìîæíî èñïîëüçîâàòü äëÿ ïîèñêà ìàêñèìàëüíîãî è ìèíè-
ìàëüíîãî ñîáñòâåííîãî çíà÷åíèÿ ìàòðèöû A. Îáîçíà÷èì ÷åðåç Λ(A) ìàêñè-
ìàëüíîå ïî ìîäóëþ ñîáñòâåííîå çíà÷åíèå ìàòðèöû A, âû÷èñëåííîå ñ èñïîëü-
çîâàíèåì ðàññìîòðåííîãî àëãîðèòìà. Ñôîðìèðóåì âñïîìîãàòåëüíóþ ìàòðèöó
D = A−Λ(A)E. Ñîáñòâåííûå ÷èñëà ìàòðèöû D ðàâíû λi(D) = λi(A)−Λ(A),
i = 1, . . . , n.

Ïóñòü âû÷èñëåííîå Λ(A) < 0. Òîãäà λmin(A) = Λ(A) è âñå ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû D óäîâëåòâîðÿþò óñëîâèþ λi(D) ≥ 0. Ñëåäîâàòåëüíî, âû-
÷èñëèâ ìàêñèìàëüíîå ïî ìîäóëþ ñîáñòâåííîå çíà÷åíèå ìàòðèöû D, ïîëó÷èì
Λ(D) = λmax(A)− Λ(A). Îòñþäà λmax(A) = Λ(D) + Λ(A).

Ïóñòü âûïîëíåíî óñëîâèå Λ(A) > 0. Òîãäà λmax(A) = Λ(A) è ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû D óäîâëåòâîðÿþò óñëîâèþ λi(D) ≤ 0. Ñëåäîâàòåëüíî, äëÿ
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ìàêñèìàëüíîãî ïî ìîäóëþ ñîáñòâåííîãî çíà÷åíèÿ ìàòðèöû D âåðíî ðàâåíñòâî
Λ(D) = λmin(A)− Λ(A). Îòñþäà λmin(A) = Λ(D) + Λ(A).

2.2.2 Ïîèñê ñîáñòâåííîãî çíà÷åíèÿ áëèæàéøåãî

ê çàäàííîìó ÷èñëó

Ðàññìîòðèì çàäà÷ó î ïîèñêå òàêîãî λ, ÷òî

|λ− a| = min
i
|λi(A)− a|,

ãäå a � çàäàííîå ÷èñëî. Ïîñòðîèì âñïîìîãàòåëüíóþ ìàòðèöó D = E −
c(A − aE)2, â êîòîðîé ÷èñëîâîé ïàðàìåòð c > 0 ïîäáèðàåòñÿ òàê, ÷òîáû âû-
ïîëíÿëîñü íåðàâåíñòâî Λ(−c(A − aE)2) > −1. Òîãäà ñïðàâåäëèâî óðàâíåíèå
Λ(D) = 1− c(λ− a)2, ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ èñêîìîå ñîáñòâåííîå çíà-
÷åíèå λ.

2.3 Ìåòîä îáðàòíûõ èòåðàöèé

Ïóñòü äëÿ íåâûðîæäåííîé ìàòðèöû A èçâåñòíî ïðèáëèæåííîå çíà÷åíèå
λ ñîáñòâåííîãî ÷èñëà λ(A). Òðåáóåòñÿ íàéòè ñîáñòâåííûé âåêòîð ìàòðèöû A,
ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ λ(A).

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó óðàâíåíèé

(A− λE)y = b, (2.5)

ãäå ïðîèçâîëüíûé âåêòîð b 6= 0.

Ïîêàæåì, ÷òî ðåøåíèå ýòîé ñèñòåìû áóäåò ïðèáëèæåííî ðàâíÿòüñÿ èñ-
êîìîìó ñîáñòâåííîìó âåêòîðó ìàòðèöû A. Ïóñòü ìàòðèöà A òàêîâà, ÷òî åå

ñîáñòâåííûå âåêòîðà {ξi} îáðàçóþò áàçèñ. Ïóñòü b =
∑
j

βjξj è y =
∑
j

αjξj �

ðàçëîæåíèÿ âåêòîðà b è èñêîìîãî âåêòîðà y ïî ýòîìó áàçèñó. Ïîäñòàâèì äàí-
íûå ðàçëîæåíèÿ â (2.5)

(A− λE)
∑
j

αjξj =
∑
j

βjξj,∑
j

(αjλj − αjλ)ξj =
∑
j

βjξj,∑
j

[αj(λj − λ)− βj]ξj = 0.
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Êîýôôèöèåíòû, ðàâíûå íóëþ, îáðàùàþò ëèíåéíóþ êîìáèíàöèþ áàçèñíûõ
âåêòîðîâ â íóëü. Ñëåäîâàòåëüíî, ïîëó÷àåì âûðàæåíèå äëÿ αj :

αj =
βj

λj − λ
.

Òî åñòü, â ðàçëîæåíèè âåêòîðà y ïî áàçèñó èç ñîáñòâåííûõ âåêòîðîâ ìàò-
ðèöû A êîýôôèöèåíò αj ïðè áàçèñíîì âåêòîðå ξj áóäåò ïðåâîñõîäèòü ïî àá-
ñîëþòíîé âåëè÷èíå âñå äðóãèå êîýôôèöèåíòû, åñëè λj áëèçêî ê çíà÷åíèþ λ.
Ïîýòîìó ãîâîðÿò, ÷òî âåêòîð y áëèçîê ê ñîáñòâåííîìó âåêòîðó ξj ïî íàïðàâ-
ëåíèþ.

Äëÿ óñèëåíèÿ ýòîãî ýôôåêòà ñòðîèòñÿ ïîñëåäîâàòåëüíîñòü âåêòîðîâ yk ïî
ñëåäóþùåìó ïðàâèëó

(A− λE)yk+1 = yk, k = 0, 1, . . . ,

ãäå y0 = b. Äàííûé èòåðàöèîííûé ïðîöåññ íàçûâàåòñÿ ìåòîäîì îáðàòíûõ
èòåðàöèé.
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Ãëàâà 3

×èñëåííûå ìåòîäû ðåøåíèÿ
íåëèíåéíûõ óðàâíåíèé

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà è íåïðåðûâíà íà îòðåçêå [a; b]. Òðåáóåòñÿ
íàéòè êîðíè óðàâíåíèÿ f(x) = 0 íà çàäàííîì îòðåçêå.

Ðåøåíèå çàäà÷è ìîæíî ðàçáèòü íà äâà ýòàïà. Íà ïåðâîì ýòàïå ïðîâîäèòñÿ
ðàçäåëåíèå êîðíåé. Òî åñòü, âûäåëÿþòñÿ ó÷àñòêè îáëàñòè îïðåäåëåíèÿ, ñîäåð-
æàùèå òîëüêî îäèí êîðåíü. Çàòåì íà êàæäîì èç ýòèõ ó÷àñòêîâ, ñ èñïîëü-
çîâàíèåì èòåðàöèîííîãî ïðîöåññà, ïðîâîäèòñÿ óòî÷íåíèå çíà÷åíèÿ èñêîìîãî
êîðíÿ.

3.1 Ìåòîäû ðàçäåëåíèÿ êîðíåé

Îäèí èç ñïîñîáîâ ðàçäåëåíèÿ èëè ëîêàëèçàöèè êîðíåé ñîñòîèò â ñëåäóå-
ùåì. Îòðåçîê [a; b] ïðîèçâîëüíûì îáðàçîì ðàçáèâàåòñÿ íàN ÷àñòåé [xj; xj+1] :

a = x0 < x1 < x2 < . . . < xN = b.

Âû÷èñëÿþòñÿ çíà÷åíèÿ ôóíêöèè f(x) â òî÷êàõ xj : f(xj) = fj, j =
0, 1, . . . N . Îòáèðàþòñÿ òå îòðåçêè [xj; xj+1], äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëî-
âèå

fj · fj+1 < 0,

îçíà÷àþùåå, ÷òî íåïðåðûâíàÿ ôóíêöèÿ f(x) èìååò íà îòðåçêå [xj; xj+1]
êîðåíü.

Çàòåì, êàæäûé èç âûäåëåííûõ îòðåçêîâ, âíîâü ðàçáèâàåòñÿ íà ÷àñòè, äëÿ
êîòîðûõ ïîâòîðÿåòñÿ ïðåäûäóùàÿ ïðîöåäóðà. Â ðåçóëüòàòå óäàåòñÿ íàéòè
ó÷àñòêè äîñòàòî÷íî ìàëîé äëèíû, ñîäåðæàùèå èñêîìûå êîðíè.

Âàðèàíòîì ïðåäûäóùåãî ñïîñîáà ÿâëÿåòñÿ ìåòîä áèñåêöèè. Ïóñòü f(a) ·
f(b) < 0 � ýòî îçíà÷àåò, ÷òî âíóòðè [a; b] åñòü êîðåíü óðàâíåíèÿ f(x) = 0.
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Âûáåðåì x0 = a+b
2 � ñåðåäèíà îòðåçêà [a; b]. Åñëè x0 íå ÿâëÿåòñÿ êîðíåì, òî

ëèáî f(a)·f(x0) < 0, ëèáî f(x0)·f(b) < 0. Ïóñòü âûïîëíÿåòñÿ íåðàâåíñòâî äëÿ
îòðåçêà [a; x0]. Òîãäà âûáèðàåì x1 = a+x0

2 è ïðîâåðÿåì âûïîëíåíèå íåðàâåñòâà
f(a)·f(x1) < 0 èëè f(x1)·f(x0) < 0. Ïðîöåññ äåëåíèÿ îòðåçêîâ ïîïîëàì çàêàí-
÷èâàåòñÿ, êîãäà äëèíà î÷åðåäíîãî îòðåçêà ñòàíåò ìåíüøå çàäàííîé âåëè÷èíû.
Äàííûé ïðîöåññ ñõîäèòñÿ ê îäíîìó èç êîðíåé ôóíêöèè f(x)íà îòðåçêå [a; b].

3.2 Ïðèìåðû èòåðàöèîííûõ ìåòîäîâ

âû÷èñëåíèÿ êîðíåé

3.2.1 Ìåòîä ïðîñòîé èòåðàöèè

Ðàññìîòðèì óðàâíåíèå f(x) = 0. Ïóñòü x∗ ∈ [a; b] � êîðåíü óðàâíåíèÿ.
Ïóñòü âñïîìîãàòåëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ τ(x) > 0 íà îòðåçêå [a; b]. Òî-
ãäà

f(x) = 0 ⇐⇒ −τ(x)f(x) = 0 ⇐⇒ x− τ(x)f(x) = x.

Ââåä¼ì îáîçíà÷åíèå S(x) = x− τ(x)f(x). Èòàê

f(x) = 0 ⇐⇒ S(x) = x.

Ïîñòðîèì ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü {xk} ïî ñëåäóþùåìó ïðàâèëó

xk+1 = S(xk), k = 0, 1, . . . ,

íà÷àëüíîå ïðèáëèæåíèå x0 � çàäàíî.

Åñëè ïðåäåë ïîñëåäîâàòåëüíîñòè {xk} ñóùåñòâóåò è lim
k→∞

xk = x∗ òî, â

ñèëó íåïðåðûâíîñòè S(x), âåðíî ðàâåíñòâî x∗ = S(x∗) è, ñëåäîâàòåëüíî, x∗

ÿâëÿåòñÿ êîðíåì èñõîäíîãî óðàâíåíèÿ.

Íà ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè {xk} âëèÿåò ôóíêöèÿ S(x), êîòîðàÿ
ñîäåðæèò ïàðàìåòð τ(x).

Ïðîâåä¼ì íåêîòîðûå ãåîìåòðè÷åñêèå ïîñòðîåíèÿ. Èñêîìîìó êîðíþ x∗ ñî-
îòâåòñòâóåò òî÷êà ïåðåñå÷åíèÿ ëèíèé y(x) = x è y(x) = S(x). Ïóñòü ôóíêöèÿ
S(x) ÿâëÿåòñÿ äèôôåðåíöèðóåìîé ôóíêöèåé è â íåêîòîðîé îêðåñòíîñòè èñêî-
ìîãî êîðíÿ x∗ âûïîëíåíî óñëîâèå 0 < S ′(x) < 1. Òîãäà â äàííîé îêðåñòíîñòè
ëèíèè y(x) = x è y(x) = S(x) ðàñïîëîãàþòñÿ, íàïðèìåð, òàê, êàê èçîáðàæåíî
íà ðèñóíêå (Ðèñ.3.1).
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Âèäíî, ÷òî âûáðàâ íà÷àëüíîå ïðèáëèæåíèå x0 âáëèçè èñêîìîãî êîðíÿ x∗,
ïîëó÷àåì ïîñëåäîâàòåëüíîñòü {xk}, ñõîäÿùóþñÿ ê êîðíþ.

Ïóñòü â îêðåñòíîñòè èñêîìîãî êîðíÿ x∗ âûïîëíåíî óñëîâèå−1 < S ′(x) < 0.
Òîãäà, â îêðåñòíîñòè êîðíÿ ëèíèè y(x) = x è y(x) = S(x) ðàñïîëîãàþòñÿ òàê,
êàê èçîáðàæåíî íà Ðèñ.3.2. Âèäíî, ÷òî è â ýòîì ñëó÷àå âûáðàâ íà÷àëüíîå
ïðèáëèæåíèå x0 âáëèçè êîðíÿ, ïîëó÷àåì ñõîäÿùóþñÿ ê ýòîìó êîðíþ ïîñëåäî-
âàòåëüíîñòü {xk}.

Â äðóãèõ ñèòóàöèÿõ ïîñëåäîâàòåëüíîñòü {xk} îêàçûâàåòñÿ ðàñõîäÿùåéñÿ.
Ïóñòü â îêðåñòíîñòè êîðíÿ x∗ âûïîëíåíî óñëîâèå 1 < S ′(x). Òîãäà â äàííîé
îêðåñòíîñòè ëèíèè y(x) = x è y(x) = S(x) ðàñïîëîãàþòñÿ òàê, êàê ïîêàçàíî
íà Ðèñ.3.3.
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Òî åñòü, äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ x0, ïîëó÷àåì ðàñõîäÿùóþñÿ
ïîñëåäîâàòåëüíîñòü èòåðàöèîííûõ ïðèáëèæåíèé {xk}.

Ïóñòü â îêðåñòíîñòè êîðíÿ x∗ âûïîëíåíî óñëîâèå S ′(x) < −1. Òîãäà, â
îêðåñòíîñòè êîðíÿ ëèíèè y(x) = x è y(x) = S(x) ðàñïîëîãàþòñÿ òàê, êàê èçîá-
ðàæåíî íà Ðèñ.3.4. Â ýòîì ñëó÷àå, âûáðàâ íà÷àëüíîå ïðèáëèæåíèå x0 âáëèçè
êîðíÿ, ïîëó÷àåì ðàñõîäÿùóþñÿ èòåðàöèîííóþ ïîñëåäîâàòåëüíîñòü {xk}.

Ìîæíî ñäåëàòü ïðåäïîëîæåíèå, ÷òî äîñòàòî÷íûì óñëîâèåì ñõîäèìîñòè ìå-
òîäà ïðîñòîé èòåðàöèè ÿâëÿåòñÿ âûïîëíåíèå íåðàâåíñòâà |S ′(x)| < 1 â îêðåñò-
íîñòè êîðíÿ x∗.
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3.2.2 Ìåòîä Íüþòîíà

Ïóñòü x∗ � êîðåíü ôóíêöèè f(x), òî åñòü f(x∗) = 0. Ïóñòü f ′(x) ñóùåñòâó-
åò, íåïðåðûâíà è îòëè÷íà îò íóëÿ â íåêîòîðîé îêðåñòíîñòè êîðíÿ. Çàïèøåì
èñõîäíîå óðàâíåíèå â âèäå f(xk + (x∗ − xk)) = 0, ãäå xk � çàäàííîå èòåðàöè-
îííîå ïðèáëèæåíèå äëÿ êîðíÿ x∗. Ïðèìåíèì ê äàííîìó âûðàæåíèþ ôîðìóëó
Ëàãðàíæà

f(xk) + f ′(x)(x∗ − xk) = 0, x ∈ [x∗; xk].

Çàìåíèì â ýòîì ñîîòíîøåíèè x íà xk, à x∗ íà xk+1 � ñëåäóþùåå èòåðàöè-
îííîå ïðèáëèæåíèå, êîòîðîå óäîâëåòâîðÿåò óðàâíåíèþ f(xk) + f ′(xk)(xk+1 −
xk) = 0. Òîãäà, ýëåìåíòû ÷èñëîâîé ïîñëåäîâàòåëüíîñòè èòåðàöèîííûõ ïðè-
áëèæåíèé, ïîñòðîåííûõ ïî ìåòîäó Íüþòîíà, âû÷èñëÿþòñÿ ïî ôîðìóëå

xk+1 = xk − f(xk)

f ′(xk)
, k = 0, 1, . . . , (3.1)

íà÷àëüíîå ïðèáëèæåíèå x0 � çàäàíî.

Ìåòîä Íüþòîíà íàçûâàþò òàêæå ìåòîäîì êàñàòåëüíûõ. Ïîÿñíÿåò òàêîå íà-
çâàíèå ñëåäóþùèé ðèñóíîê (Ðèñ.3.5). Íà Ðèñ.3.5 â íåêîòîðîé îêðåñòíîñòè èñ-
êîìîãî êîðíÿ x∗ ïðåäñòàâëåí ãðàôèê ôóíêöèè f(x).
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Ïóñòü xk � çàäàííîå èòåðàöèîííîå ïðèáëèæåíèå ê êîðíþ x∗. ×åðåç òî÷êó
ïëîñêîñòè ñ êîîðäèíàòàìè x = xk è y = f(xk) ïðîâåäåíà ïðÿìàÿ Y (x), ÿâ-
ëÿþùàÿñÿ êàñàòåëüíîé ê ãðàôèêó ôóíêöèè f(x) â òî÷êå x = xk. Óðàâíåíèå
ïðÿìîé Y (x) èìååò âèä

Y (x) = f
′
(xk)x+

(
f(xk)− f ′(xk)xk

)
= (x− xk)f ′(xk) + f(xk).

Òî÷êó ïåðåñå÷åíèÿ ïðÿìîé Y (x) ñ îñüþ x ïðèìåì çà xk+1 èòåðàöèîííîå
ïðèáëèæåíèå ê èñêîìîìó êîðíþ x∗. Òîãäà óñëîâèå Y (xk+1) = 0 ïðèâîäèò ê
óðàâíåíèþ îòíîñèòåëüíî xk+1 âèäà (xk+1− xk)f ′(xk) + f(xk) = 0, èç êîòîðîãî
ñëåäóåò ôîðìóëà (3.1) äëÿ xk+1.
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Çàìå÷àíèå. 1. Ìåòîä Íüþòîíà ôîðìàëüíî ìîæíî ñ÷èòàòü ìåòîäîì ïðî-
ñòîé èòåðàöèè ñ ôóíêöèåé S(x) ñïåöèàëüíîãî âèäà

S(x) = x− τ(x)f(x) =

{
τ(x) =

1

f ′(x)

}
= x− f(x)

f ′(x)
.

Âûïîëíåíèå â îêðåñòíîñòè êîðíÿ x∗ íåðàâåíñòâà |S ′(x)| < 1 ÿâëÿåòñÿ äî-
ñòàòî÷íûì óñëîâèåì äëÿ ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè èòåðàöèîííûõ ïðè-
áëèæåíèé ê êîðíþ x∗. Â ñëó÷àå ìåòîäà Íüþòîíà äîñòàòî÷íîå óñëîâèå ñõîäè-
ìîñòè ïðèíèìàåò âèä

|S ′(x)| =
∣∣∣∣1− (f ′(x))2 − f(x)f ′′(x)

(f ′(x))2

∣∣∣∣ =

∣∣∣∣f(x)f ′′(x)

(f ′(x))2

∣∣∣∣ < 1.

Â ìàëîé îêðåñòíîñòè êîðíÿ x∗ çíà÷åíèå ôóíêöèè f(x) áëèçêî ê íóëþ è
óñëîâèå ñõîäèìîñòè ìîæåò âûïîëíÿòüñÿ.

2. Îñîáåííîñòüþ ìåòîäà Íüþòîíà ÿâëÿåòñÿ êâàäðàòè÷íàÿ ñêîðîñòü ñõî-
äèìîñòè èòåðàöèîííûõ ïðèáëèæåíèé ê êîðíþ x∗. Òî åñòü,

∣∣xk+1 − x∗
∣∣ =

O
(∣∣xk − x∗∣∣2) .

3.2.3 Ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà

Â ñëó÷àå, êîãäà âû÷èñëåíèå íà êàæäîé èòåðàöèè ïðîèçâîäíîé f
′
(xk) ÿâ-

ëÿåòñÿ òðóäîåìêîé îïåðàöèåé, ìîæíî èñïîëüçîâàòü ìîäèôèöèðîâàííûé ìåòîä
Íüþòîíà, ðàñ÷¼òíàÿ ôîðìóëà êîòîðîãî èìååò âèä

xk+1 = xk − f(xk)

f ′(x0)
, k = 0, 1, . . . ,

ãäå x0 � çàäàííîå íà÷àëüíîå ïðèáëèæåíèå.

Ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà ìîæíî íàçâàòü ìåòîäîì îäíîé êàñà-
òåëüíîé (Ðèñ.3.6). ×åðåç òî÷êó x = x0 è y = f(x0) ïðîâîäèòñÿ ïðÿìàÿ, êà-
ñàòåëüíàÿ ê ãðàôèêó ôóíêöèè y = f(x). Òî÷êó ïåðåñå÷åíèÿ ýòîé ïðÿìîé ñ
îñüþ x ïðèíèìàþò çà x1 èòåðàöèîííîå ïðèáëèæåíèå. Ñëåäóþùèìè èòåðàöè-
îííûìè ïðèáëèæåíèÿìè ÿâëÿþòñÿ òî÷êè ïåðåñå÷åíèÿ ïàðàëëåëüíûõ ïðÿìûõ
Y (x) = (x− xk)f ′(x0) + f(xk), k = 0, 1, . . . , ñ îñüþ x.

Çàìå÷àíèå. Ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà èìååò ëèíåéíóþ ñêî-
ðîñòü ñõîäèìîñòè, òî åñòü

∣∣xk+1 − x∗
∣∣ = O(

∣∣xk − x∗∣∣).
3.2.4 Ìåòîä ñåêóùèõ

Â ñëó÷àå, êîãäà íåò âîçìîæíîñòè âû÷èñëèòü ïðîèçâîäíóþ f
′
(xk), çàìåíèì

åå â ôîðìóëå (3.1) íà ðàçíîñòíîå îòíîøåíèå f ′(xk) ≈ f(xk)− f(xk−1)

xk − xk−1
.
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Òîãäà ïîëó÷èì ôîðìóëó, îïðåäåëÿþùóþ ìåòîä ñåêóùèõ

xk+1 = xk − xk − xk−1

f(xk)− f(xk−1)
f(xk), k = 1, 2, . . . . (3.2)

Äëÿ íà÷àëà ðàñ÷¼òà ïî ôîðìóëå (3.2) íåîáõîäèìî çàäàòü x0 è x1 � äâà íà-
÷àëüíûõ ïðèáëèæåíèÿ.

Èñïîëüçóåì Ðèñ.3.7 äëÿ ïîÿñíåíèÿ íàçâàíèÿ ìåòîäà.
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Óðàâíåíèå ïðÿìîé Y (x), ïðîõîäÿùåé ÷åðåç òî÷êè (xk−1, f(xk−1)) è

(xk, f(xk)) èìååò âèä

Y (x)− f(xk)

x− xk
=
f(xk)− f(xk−1)

xk − xk−1
.

Ïðÿìóþ Y (x) ìîæíî ñ÷èòàòü ñåêóùåé äëÿ ãðàôèêà y = f(x). Òî÷êó ïå-
ðåñå÷åíèÿ ïðÿìîé Y (x) ñ îñüþ x ïðèìåì çà xk+1 èòåðàöèîííîå ïðèáëèæåíèå
ê êîðíþ x∗. Èòàê, ïóñòü â ïðåäûäóùåì ñîîòíîøåíèè Y (x) = 0 è x = xk+1.
Òîãäà, äëÿ âû÷èñëåíèÿ xk+1 ïîëó÷èì ôîðìóëó (3.2).

Çàìå÷àíèå. 1. Ìåòîä ñåêóùèõ èìååò ëèíåéíóþ ñêîðîñòü ñõîäèìîñòè, òî
åñòü

∣∣xk+1 − x∗
∣∣ = O(

∣∣xk − x∗∣∣).
2. Ìåòîä ñåêóùèõ ïðèìåíèì, íàïðèìåð, â ñëåäóþùåé ñèòóàöèè. Ïóñòü åñòü

êîìïüþòåðíàÿ ïðîãðàììà P (x), âû÷èñëÿþùàÿ ïî çàäàííîìó âõîäíîìó ïà-
ðàìåòðó x íåêîòîðóþ âûõîäíóþ âåëè÷èíó y = P (x). Ïðåäñòàâëÿåò èíòåðåñ
ïîëó÷åíèå êîíêðåòíîãî âûõîäíîãî çíà÷åíèÿ y = y∗. Íåîáõîäèìî îïðåäåëèòü
çíà÷åíèå ïàðàìåòðà x = x∗, ïðè êîòîðîì P (x∗) = y∗.

Ðàññìîòðèì ôóíêöèþ f(x) = y∗ − P (x). Êîðåíü ýòîé ôóíêöèè ÿâëÿåòñÿ
èñêîìûì ïàðàìåòðîì x∗. Âû÷èñëèòü êîðåíü ìîæíî ñ ïîìîùüþ ìåòîäà ñåêó-
ùèõ.
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3.3 Ñõîäèìîñòü ìåòîäà ïðîñòîé èòåðàöèè

Â ìåòîäå ïðîñòîé èòåðàöèè ýëåìåíòû ïîñëåäîâàòåëüíîñòè èòåðàöèîííûõ
ïðèáëèæåíèé {xk} âû÷èñëÿþòñÿ ïî ôîðìóëå xk+1 = S(xk), k = 0, 1, . . . .
Íà÷àëüíîå ïðèáëèæåíèå x0 � çàäàíî.

Ââåäåì îáîçíà÷åíèå Ur(a) = {x : |x− a| 6 r}.
Âåðíî ñëåäóþùåå óòâåðæäåíèå î ñõîäèìîñòè ìåòîäà ïðîñòîé èòåðàöèè.

Òåîðåìà 3.1. Ïóñòü äëÿ ôóíêöèè S(x) íà ìíîæåñòâå Ur(a) âûïîëíÿåòñÿ íåðà-
âåíñòâî |S(x′) − S(x′′)| 6 q|x′ − x′′| äëÿ ëþáûõ x′, x′′ ∈ Ur(a) ñ êîíñòàíòîé
q ∈ (0; 1). Ïàðàìåòð a âûáðàí òàê, ÷òî |S(a)− a| 6 (1− q)r.

Òîãäà óðàâíåíèå x = S(x) èìååò íà ìíîæåñòâå Ur(a) åäèíñòâåííûé êîðåíü
x∗ è ïîñëåäîâàòåëüíîñòü {xk} ñõîäèòñÿ ê x∗ ïðè ëþáîì íà÷àëüíîì ïðèáëèæå-
íèè x0 ∈ Ur(a). Äëÿ ïîãðåøíîñòè èòåðàöèîííîãî ïðèáëèæåíèÿ ñïðàâåäëèâà
îöåíêà |xk − x∗| 6 qk|x0 − x∗|.

Äîêàçàòåëüñòâî. Âûáåðåì íà÷àëüíîå ïðèáëèæåíèå x0 ∈ Ur(a). Ïóñòü xj ∈
Ur(a). Ïîêàæåì, ÷òî ñëåäóþùåå èòåðàöèîííîå ïðèáëèæåíèå xj+1 ∈ Ur(a).

Âåðíû ñëåäóþùèå ïðåîáðàçîâàíèÿ:

|xj+1 − a| = |S(xj)− a| = |S(xj)− S(a) + S(a)− a| 6
6 |S(xj)− S(a)|+ |S(a)− a| 6 q|xj − a|+ (1− q)r 6

6 qr + (1 − q)r = r.

Îöåíèì ðàçíîñòü äâóõ ñîñåäíèõ èòåðàöèîííûõ ïðèáëèæåíèé:

|xj+1 − xj| = |S(xj)− S(xj−1)| 6 q|xj − xj−1| =
= q|S(xj−1)− S(xj−2)| 6 q2|xj−1 − xj−2| 6 . . . 6 qj|x1 − x0|.

Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {xk} èìååò ïðåäåë. Èñïîëüçóåì êðèòå-
ðèé Êîøè ñõîäèìîñòè ÷èñëîâîé ïîñëåäîâàòåëüíîñòè:

|xk+p − xk| =

∣∣∣∣∣
p∑
j=1

(
xk+j − xk+j−1

)∣∣∣∣∣ 6
p∑
j=1

∣∣xk+j − xk+j−1
∣∣ 6

6
p∑
j=1

qk+j−1|x1 − x0| = qk|x1 − x0|
p∑
j=1

qj−1 <

< qk|x1 − x0|
∞∑
j=1

qj−1 =
qk

1− q
|x1 − x0|.
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Äëÿ ëþáîãî ε > 0 âûðàæåíèå
qk

1− q
|x1 − x0| áóäåò ìåíüøå ýòîãî ε åñëè

k > k0(ε) =

 ln |S(x0)−x0|
ε(1−q)

ln(1/q)

 .
Òàêèì îáðàçîì, ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {xk} ñõîäèòñÿ ïðè k →∞ ê

íåêîòîðîìó x∗ ∈ Ur(a).Ïîêàæåì, ÷òî x∗ ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ x = S(x).

Âåðíî íåðàâåíñòâî |S(xk) − S(x∗)| 6 q|xk − x∗|, èç êîòîðîãî ñëåäóåò, ÷òî
S(xk) −−−→

k→∞
S(x∗). Ïåðåéä¼ì â ñîîòíîøåíèè xk+1 = S(xk) ê ïðåäåëó ïðè

k →∞. Â ðåçóëüòàòå ïîëó÷èì, ÷òî x∗ = S(x∗).

Ïîêàæåì åäèíñòâåííîñòü êîðíÿ x∗. Ïóñòü ñóùåñòâóþò äâà ðàçëè÷íûõ êîð-
íÿ x∗ è x∗. Òîãäà |x∗ − x∗| = |S(x∗) − S(x∗)| 6 q|x∗ − x∗|, ÷òî ïðîòèâîðå÷èò
íåðàâåíñòâó q < 1. Ñëåäîâàòåëüíî, x∗ = x∗.

Äëÿ ïîãðåøíîñòè èòåðàöèîííîãî ïðèáëèæåíèÿ âåðíà ñëåäóþùàÿ îöåíêà

|xk − x∗| = |S(xk−1)− S(x∗)| 6 q|xk−1 − x∗| =
= q|S(xk−2)− S(x∗)| 6 q2|xk−2 − x∗| 6 · · · 6 qk|x0 − x∗|.

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå. 1. Áûëà ïîëó÷åíà îöåíêà |xk+p−xk| 6 qk

1− q
|x1−x0|, âåðíàÿ

äëÿ ëþáîãî íàòóðàëüíîãî p. Ïåðåõîäÿ ê ïðåäåëó ïðè p→∞, èìååì |x∗−xk| 6
qk

1− q
|S(x0)− x0|.

Ïîòðåáóåì, ÷òîáû
qk

1− q
|S(x0)− x0| 6 ε. Òîãäà, xk áóäåò îòëè÷àòüñÿ îò x∗

íå áîëåå ÷åì íà ε. Òî åñòü, |x∗ − xk| 6 ε ïðè

k ≥ k(ε) =

 ln |S(x0)−x0|
ε(1−q)

ln(1/q)

 .
2. Ïóñòü ó ôóíêöèè S(x) ñóùåñòâóåò ïðîèçâîäíàÿ, êîòîðàÿ óäîâëåòâîðÿ-

åò íåðàâåíñòâó |S ′(x)| ≤ q äëÿ ëþáîãî x ∈ Ur(a). Òîãäà |S(x′) − S(x′′)| =
|S ′(ξ)||x′ − x′′| 6 q|x′ − x′′| äëÿ ëþáûõ x′, x′′ ∈ Ur(a). Òî åñòü, âûïîëíÿåòñÿ
îäíî èç ïðåäïîëîæåíèé òåîðåìû î ñõîäèìîñòè ìåòîäà ïðîñòîé èòåðàöèè.
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3.4 Ìåòîä Ýéòêåíà

Ïóñòü xk+1, xk è xk−1 òðè ïîñëåäîâàòåëüíûõ èòåðàöèîííûõ ïðèáëèæå-
íèÿ, âû÷èñëåííûõ ñ ïîìîùüþ èòåðàöèîííîãî ìåòîäà, èìåþùåãî ëèíåéíóþ
ñêîðîñòü ñõîäèìîñòè. Íàïðèìåð, ñ èñïîïîëüçîâàíèåì ìåòîäà ïðîñòîé èòåðà-
öèè. Ðàñïîëîæåíèå ýòèõ èòåðàöèîííûõ ïðèáëèæåíèé â îêðåñòíîñòè êîðíÿ x∗

â ñëó÷àå âûïîëíåíèÿ íåðàâåíñòâà 0 < S ′(x) < 1 äëÿ ìåòîäà ïðîñòîé èòåðàöèè
èëëþñòðèðóåò Ðèñ.3.8.

-

6

x

y(x)

Ðèñ.3.8

y = x

y = S(x)

y = Y (x)

x∗

u

xk−1

rS(xk−1) r

xk

rS(xk) r

xk+1x

rx

Ïðîâåä¼ì ÷åðåç äâå òî÷êè (xk−1, S(xk−1)) è (xk, S(xk)) ïðÿìóþ y = Y (x).
Óðàâíåíèå ïðÿìîé Y (x) ìîæíî çàïèñàòü, íàïðèìåð, â âèäå

S(xk−1)− S(xk)

xk−1 − xk
=
S(xk−1)− Y (x)

xk−1 − x
.

Òî÷êà ïåðåñå÷åíèÿ ïðÿìûõ y = Y (x) è y = x èìååò êîîðäèíàòû x = x,
y = x. Ïîäñòàâëÿÿ â óðàâíåíèå ïðÿìîé Y (x) çíà÷åíèÿ x = x, Y (x) = x è
S(xk−1) = xk, S(xk) = xk+1 èìååì óðàâíåíèå äëÿ îïðåäåëåíèÿ x

xk − xk+1

xk−1 − xk
=

xk − x
xk−1 − x

.

Îòñþäà ïîëó÷àåì, ÷òî

x =
xk+1xk−1 − (xk)2

xk+1 − 2xk + xk−1
.

Çíà÷åíèå x áëèæå ê èñêîìîìó êîðíþ x∗, ÷åì xk+1. Ïðèìåì âû÷èñëåííîå x
â êà÷åñòâå íîâîãî íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ èñïîëüçóåìîãî èòåðàöèîííî-
ãî ìåòîäà. Ïåðèîäè÷åñêîå ïîâòîðåíèå äàííîé ïðîöåäóðû íàçûâàåòñÿ ìåòîäîì
Ýéòêåíà óñêîðåíèÿ ñõîäèìîñòè ëèíåéíî ñõîäÿùèõñÿ èòåðàöèîííûõ ìåòîäîâ.
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3.5 Ñõîäèìîñòü ìåòîäà Íüþòîíà

Â ìåòîäå Íüþòîíà èòåðàöèîííûå ïðèáëèæåíèÿ âû÷èñëÿþòñÿ ïî ôîðìóëå

xk+1 = xk − f(xk)

f ′(xk)
, k = 0, 1, . . . ,

x0 �çàäàíî. Äëÿ ïîñëåäîâàòåëüíîñòè èòåðàöèîííûõ ïðèáëèæåíèé {xk}
âåðíî ñëåäóþùåå óòâåðæäåíèå î ñõîäèìîñòè.

Òåîðåìà 3.2. Ïóñòü x∗ � ïðîñòîé âåùåñòâåííûé êîðåíü óðàâíåíèÿ f(x) = 0.
Ôóíêöèÿ f(x) � äâàæäû äèôôåðåíöèðóåìà â íåêîòîðîé îêðåñòíîñòè Ur(x

∗)
è f ′(x) 6= 0 ïðè x ∈ Ur(x

∗). Ïóñòü 0 < m = infx∈Ur(x∗) |f ′(x)| è M =
supx∈Ur(x∗) |f ′′(x)|, à íà÷àëüíîå ïðèáëèæåíèå x0 ∈ Ur(x

∗) âûáðàíî òàê, ÷òî
êîìáèíàöèÿ

M |x0 − x∗|
2m

= q < 1.

Òîãäà èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü

xk+1 = xk − f(xk)

f ′(xk)
, k = 0, 1, . . .

ñõîäèòüñÿ ê x∗ è äëÿ ïîãðåøíîñòè èòåðàöèîííîãî ïðèáëèæåíèÿ âåðíà îöåí-
êà

|xk − x∗| 6 q2k−1|x0 − x∗|. (3.3)

Äîêàçàòåëüñòâî. Ïîãðåøíîñòü (k + 1)-îãî èòåðàöèîííîãî ïðèáëèæåíèÿ çà-
ïèøåì â âèäå

xk+1 − x∗ = xk − f(xk)

f ′(xk)
− x∗ =

(xk − x∗)f ′(xk)− f(xk)

f ′(xk)
=
F (xk)

f ′(xk)
,

ãäå F (x) = (x− x∗)f ′(x)− f(x).

Òàê êàê F (x∗) = f(x∗) = 0, òî

F (xk) =

xk∫
x∗

F ′(ξ)dξ =

xk∫
x∗

(ξ − x∗)f ′′(ξ)dξ = f ′′(ξk)
(xk − x∗)2

2
,

ãäå ξk ∈ [x∗; xk] ∈ Ur(x∗).
Òî åñòü, ïîãðåøíîñòü ïðåäñòàâèìà â âèäå

xk+1 − x∗ = f ′′(ξk)
(xk − x∗)2

2f ′(xk)
. (3.4)
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Äîêàæåì îöåíêó äëÿ ïîãðåøíîñòè èòåðàöèîííûõ ïðèáëèæåíèé èç óñëîâèé
òåîðåìû ïî èíäóêöèè.

Áàçà èíäóêöèè. Ðàññìîòðèì ñîîòíîøåíèå (3.4) ïðè k = 0

|x1 − x∗| = |f ′′(ξ0)|
|x0 − x∗|2

2|f ′(x0)|
6
M |x0 − x∗|

2m
|x0 − x∗| = q|x0 − x∗|.

Òàêèì îáðàçîì, íåðàâåíñòâî (3.3), â êîòîðîì k = 1, âûïîëíÿåòñÿ è áàçà
èíäóêöèè âåðíà.

Ïðåäïîëîæåíèå èíäóêöèè. Ïóñòü îöåíêà (3.3) âûïîëíÿåòñÿ äëÿ íåêîòîðîãî

k, òî åñòü |xk − x∗| 6 q2k−1|x0 − x∗|.
Èíäóêòèâíûé ïåðåõîä. Ïîêàæåì, ÷òî îöåíêà (3.3) âûïîëíÿåòñÿ è äëÿ (k+

1)-îãî èòåðàöèîííîãî ïðèáëèæåíèÿ. Èç (3.4) ñëåäóåò, ÷òî

|xk+1 − x∗| = |f ′′(ξk)| |x
k − x∗|2

2|f ′(xk)|
6

M

2m
|xk − x∗|2 6

6
M

2m
(q2k−1)2|x0 − x∗|2 =

M |x0 − x∗|
2m

q2k+1−2|x0 − x∗| =

=

{
M |x0 − x∗|

2m
= q

}
= q2k+1−1|x0 − x∗|.

Îöåíêà (3.3) âåðíà. Âûïîëíèâ â (3.3) ïðåäåëüíûé ïåðåõîä ïðè k → ∞
ïîëó÷èì, ÷òî, òàê êàê q < 1, ïðàâàÿ ÷àñòü ñòðåìèòñÿ ê íóëþ è, ñëåäîâàòåëüíî,
ïîñëåäîâàòåëüíîñòü {xk} ñõîäèòñÿ ê x∗.

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Â óñëîâèÿõ òåîðåìû ïðåäïîëàãàëîñü âûïîëíåííûì íåðàâåí-

ñòâî
M |x0 − x∗|

2m
< 1. Äîáèòüñÿ ýòîãî ìîæíî ñëåäóþùèì îáðàçîì.

Çàïèøåì f(x0) â âèäå f(x0) = f(x0)− f(x∗) = f ′(x)(x0 − x∗).

Òîãäà |x0 − x∗| = |f(x0)|
|f ′(x)|

6
|f(x0)|
m

.

Ñëåäîâàòåëüíî
M |x0 − x∗|

2m
6
M |f(x0)|

2m2
.

Òàêèì îáðàçîì, çíàÿ m è M , íóæíî ïîäîáðàòü x0 ∈ Ur(x
∗) òàê, ÷òîáû

áûëî âåðíî íåðàâåíñòâî
M |f(x0)|

2m2
< 1.
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3.6 Ðåøåíèå ñèñòåì íåëèíåéíûõ óðàâíåíèé

Ïóñòü èìååòñÿ n íåëèíåéíûõ óðàâíåíèé

fi(x1, x2, . . . , xn) = 0, i = 1, n.

Ïîèñê êîðíåé ñèñòåìû íåëèíåéíûõ óðàâíåíèé îñóùåñòâëÿåòñÿ â äâà ýòàïà.
Íà ïåðâîì ýòàïå ïðîâîäÿò ëîêàëèçàöèþ êîðíåé, à çàòåì, èñïîëüçóÿ èòåðàöè-
îííûå ìåòîäû, âû÷èñëÿþò êîðíè ñ òðåáóåìîé òî÷íîñòüþ.

Ìåòîä Íüþòîíà

Ïóñòü x∗ = (x∗1, x
∗
2, . . . , x

∗
n)
T êîðåíü ñèñòåìû íåëèíåéíûõ óðàâíåíèé

fi(x
∗
1, x

∗
2, . . . , x

∗
n) = 0, i = 1, n. (3.5)

Ïîëó÷èì ðàñ÷åòíûå ôîðìóëû ìåòîäà Íüþòîíà äëÿ ðåøåíèÿ ñèñòåìû íåëè-
íåéíûõ óðàâíåíèé. Ïóñòü èçâåñòíî k-îå èòåðàöèîííîå ïðèáëèæåíèå xk =
(xk1, x

k
2, . . . , x

k
n)
T äëÿ èñêîìîãî êîðíÿ x∗ = (x∗1, x

∗
2, . . . , x

∗
n)
T . Çàïèøåì àðãó-

ìåíòû ôóíêöèé fi èç (3.5) â âèäå

fi(x
k
1 + (x∗1 − xk1), xk2 + (x∗2 − xk2), . . . , xkn + (x∗n − xkn)) = 0, i = 1, n.

Ïóñòü ó ôóíêöèé fi(x1, x2, . . . , xn) ñóùåñòâóþò íåïðåðûâíûå ÷àñòíûå ïðî-
èçâîäíûå ïåðâîãî ïîðÿäêà ïî âñåì àðãóìåíòàì. Òîãäà, èñïîëüçóÿ ôîðìóëó
Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà, ïîëó÷èì

fi(x
k
1, x

k
2, . . . , x

k
n) +

n∑
l=1

∂fi(ξ
k
1 , ξ

k
2 , . . . , ξ

k
n)

∂xl
(x∗l − xkl ) = 0, i = 1, n.

Â ýòèõ ñîîòíîøåíèÿõ íåèçâåñòíû çíà÷åíèÿ ξk = (ξk1 , ξ
k
2 , . . . , ξ

k
n)T è x∗ =

(x∗1, x
∗
2, . . . , x

∗
n)
T . Çàìåíèì ξk íà xk, à x∗ íà xk+1, êîòîðîå ïðèìåì çà ñëåäóþ-

ùåå (k + 1)-îå èòåðàöèîííîå ïðèáëèæåíèå ê êîðíþ x∗. Â ðåçóëüòàòå ïîëó÷èì

fi(x
k
1, x

k
2, . . . , x

k
n)+

n∑
l=1

∂fi(x
k
1, x

k
2, . . . , x

k
n)

∂xl
(xk+1

l −xkl ) = 0, i = 1, n. (3.6)

Ñèñòåìà (3.6) ÿâëÿåòñÿ ëèíåéíîé ñèñòåìîé àëãåáðàè÷åñêèõ óðàâíåíèé îò-
íîñèòåëüíî xk+1 = (xk+1

1 , xk+1
2 , . . . , xk+1

n )T . Ââåä¼ì îáîçíà÷åíèå ∆xkl = xk+1
l −

xkl è çàïèøåì (3.6) â âèäå

n∑
l=1

∂fi(x
k
1, x

k
2, . . . , x

k
n)

∂xl
∆xkl = −fi(xk1, xk2, . . . , xkn), i = 1, n.
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Ðåøèâ ýòó ñèñòåìó, íàõîäèì âåêòîð ∆xk = (∆xk1, ∆xk2, . . . , ∆xkn)
T . Çàòåì

âû÷èñëÿåì ñëåäóþùåå èòåðàöèîííîå ïðèáëèæåíèå xk+1 = xk + ∆xk.

Çàìå÷àíèå. Ñèñòåìà ëèíåéíûõ óðàâíåíèé (3.6) èìååò ðåøåíèå åñëè â
íåêîòîðîé îêðåñòíîñòè èñêîìîãî êîðíÿ x∗ îïðåäåëèòåëü ìàòðèöû, ñîñòàâëåí-
íîé èç ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèé fi(x1, x2, . . . , xn) ïî âñåì èõ àðãóìåí-
òàì, îòëè÷åí îò íóëÿ.

Ïîñëåäîâàòåëüíîñòü âåêòîðîâ xk áûñòðî ñõîäèòñÿ ê êîðíþ x∗, òàê êàê ìå-
òîä Íüþòîíà èìååò êâàäðàòè÷íóþ ñêîðîñòü ñõîäèìîñòè.

3.7 Ïðèìåðû

3.7.1 Ðåøåíèå íåëèíåéíîãî óðàâíåíèÿ

Ïóñòü f(x) = x3 − x − 1. Íàéäåì êîðåíü óðàâíåíèÿ x3 − x − 1 = 0, ðàñ-
ïîëîæåííûé íà îòðåçêå [−2; 3]. Ïðîâåäåì ëîêàëèçàöèþ êîðíÿ. Âûáåðåì íà
îòðåçêå [−2; 3] íàáîð òî÷åê xi è âû÷èñëèì çíà÷åíèÿ ôóíêöèè â òî÷êàõ xi:

xi −2 −1 0 1 2 3
f(xi) −7 −1 −1 −1 5 23

Òàê êàê f(1)f(2) < 0, òî êîðåíü óðàâíåíèÿ íàõîäèòñÿ íà îòðåçêå [1; 2].
Èñêîìûé êîðåíü x∗ ≈ 1.324717957.

1. Ìåòîä ïðîñòîé èòåðàöèè.

Èñïîëüçóåì ìåòîä ïðîñòîé èòåðàöèè äëÿ âû÷èñëåíèÿ êîðíÿ.

1.1

Ïðåîáðàçóåì óðàâíåíèå f(x) = 0 ê âèäó x = S(x), ãäå S(x) = x−τ(x)f(x).
Âûáåðåì τ(x) = τ > 0. Òîãäà S(x) = x− τ(x3 − x− 1).

Äîñòàòî÷íûì óñëîâèåì ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè èòåðàöèîííûõ
ïðèáëèæåíèé ÿâëÿåòñÿ âûïîëíåíèå íåðàâåíñòâà |S ′(x)| < 1 ïðè x ∈ [1; 2].
Ýòî íåðàâåíñòâî ïðèâîäèò ê îãðàíè÷åíèÿì

|S ′(x)| < 1 ⇐⇒ |1− τ(3x2 − 1)| < 1 ⇐⇒ −1 < 1− τ(3x2 − 1) < 1.

Ïðè x ∈ [1; 2] è τ > 0 ïðàâîå íåðàâåíñòâî âåðíî âñåãäà. Ëåâîå íåðàâåíñòâî

ïðèíèìàåò âèä τ <
2

3x2 − 1
. Çíàìåíàòåëü äðîáè äîñòèãàåò ìàêñèìóìà ïðè

x = 2. Ñëåäîâàòåëüíî, τ äîëæíî óäîâëåòâîðÿòü óñëîâèþ τ <
2

3 · 22 − 1
=

2

11
.
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Ïóñòü τ =
1

11
. Â ýòîì ñëó÷àå S(x) = x − x3 − x− 1

11
è ýëåìåíòû ïîñëåäî-

âàòåëüíîñòè èòåðàöèîííûõ ïðèáëèæåíèé âû÷èñëÿþòñÿ ïî ôîðìóëå

xk+1 = xk − (xk)3 − xk − 1

11
k = 0, 1, . . . .

Ðåçóëüòàòû ðàñ÷¼òîâ ïðèâåäåíû â òàáëèöå

k xk |xk − x∗|
0 1.1 0.225
1 1.16991 0.155
2 1.22161 0.103
3 1.25784 0.067
4 1.28218 0.043
5 1.29802 0.027

Õàðàêòåð èçìåíåíèÿ âåëè÷èí èòåðàöèîííûõ ïðèáëèæåíèé îïðåäåëÿåòñÿ
ñëåäóþùèì ôàêòîì. Ïîãðåøíîñòü èòåðàöèîííûõ ïðèáëèæåíèé, âû÷èñëåííûõ
ñ èñïîëüçîâàíèåì ìåòîäà ïðîñòîé èòåðàöèè, óäîâëåòâîðÿåò óñëîâèþ |xk+1 −
x∗| ≤ q|xk − x∗|, â êîòîðîì êîíñòàíòà

q = max
x∈[1; 2]

|S ′(x)| = max
x∈[1; 2]

∣∣∣∣1− 3x2 − 1

11

∣∣∣∣ =
12− 3x2

11

∣∣∣∣
x=1

=
9

11
≈ 0.8.

Çíà÷åíèå q ≈ 0.8 áëèçêî ê åäèíèöå è ïîãðåøíîñòè èòåðàöèîííûõ ïðèáëè-
æåíèé óìåíüøàþòñÿ ìåäëåííî.

1.2

Ïðèâîäèòü óðàâíåíèå f(x) = 0 ê âèäó x = S(x) ìîæíî ñ ó÷åòîì âèäà
ôóíêöèè f(x) = x3 − x− 1. Íàïðèìåð,

x3 − x− 1 = 0 =⇒ x = 3
√
x+ 1.

Òîãäà S(x) = 3
√
x+ 1. Â ýòîì ñëó÷àå ñêîðîñòü ñõîäèìîñòè èòåðàöèîííûõ

ïðèáëèæåíèé xk ê êîðíþ x∗ áóäåò âûøå, òàê êàê ïðè x ∈ [1; 2]

S ′(x) =
1

3(x+ 1)
2
3

≤ 1

3(x+ 1)
2
3

∣∣∣∣
x=1

≈ 0.2 = q.

1.3

Äëÿ ôóíêöèè f(x) = x3 − x− 1 âîçìîæíî ïðåîáðàçîâàíèå âèäà

x3 − x− 1 = 0 ⇐⇒ x = x3 − 1.
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Òî åñòü, S(x) = x3 − 1 è S ′(x) = 3x2 > 1 ïðè x ∈ [1; 2]. Â ýòîì ñëó÷àå
ïîñëåäîâàòåëüíîñòü èòåðàöèîííûõ ïðèáëèæåíèé xk áóäåò ðàñõîäÿùåéñÿ.

2. Ìåòîä Ýéòêåíà.

Âîñïîëüçóåìñÿ ìåòîäîì Ýéòêåíà äëÿ óñêîðåíèÿ ñõîäèìîñòè ëèíåéíî ñõî-
äÿùèõñÿ èòåðàöèîííûõ ïðîöåññîâ. Â ñîîòâåòñòâèè ñ ìåòîäîì Ýéòêåíà, ïî òð¼ì
ïîñëåäîâàòåëüíûì èòåðàöèîííûì ïðèáëèæåíèÿì xk+1, xk è xk−1 âû÷èñëÿåòñÿ

çíà÷åíèå êîìáèíàöèè x =
xk+1xk−1 − (xk)2

xk+1 − 2xk + xk−1
, êîòîðîé çàìåíÿåòñÿ èòåðàöèîí-

íîå ïðèáëèæåíèå xk+1.

Èñïîëüçóåì èòåðàöèîííûå ïðèáëèæåíèÿ x3, x2 è x1 äëÿ êîððåêòèðîâêè

çíà÷åíèÿ x3. Èòàê, xk+1 = x3, xk = x2 è xk−1 = x1. Òîãäà x =
x3x1 − (x2)2

x3 − 2x2 + x1
≈

1.34269 è ïîãðåøíîñòü x, ðàâíàÿ |x− x∗| ≈ 0.018, ìåíüøå ïîãðåøíîñòè èòå-
ðàöèîííîãî ïðèáëèæåíèÿ x3, êîòîðàÿ ðàâíà

∣∣x3 − x∗
∣∣ ≈ 0.067.

3. Ìåòîä Íüþòîíà.

Èñïîëüçóåì ìåòîä Íüþòîíà äëÿ íàõîæäåíèÿ êîðíÿ x∗ óðàâíåíèÿ x3− x−
1 = 0. Ôîðìóëà äëÿ âû÷èñëåíèÿ ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè èòåðàöèîííûõ
ïðèáëèæåíèé èìååò âèä

xk+1 = xk − (xk)3 − xk − 1

3(xk)2 − 1
, k = 0, 1, . . . .

Ðåçóëüòàòû ðàñ÷¼òîâ ïðèâåäåíû â òàáëèöå

k xk |xk − x∗|
0 1.1 0.23
1 1.39239544 0.07
2 1.32862605 0.004
3 1.32473211 0.00001
4 1.32471796 0.000000002
5 1.324717957

Èçìåíåíèÿ çíà÷åíèé ïîãðåøíîñòè èòåðàöèîííûõ ïðèáëèæåíèé ñîîòâåò-
ñòâóþò êâàäðàòè÷íîé ñêîðîñòè ñõîäèìîñòè èòåðàöèîííûõ ïðèáëèæåíèé ê
êîðíþ x∗ â ìåòîäå Íüþòîíà.
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3.7.2 Ðåøåíèå ñèñòåìû íåëèíåéíûõ óðàâíåíèé

Ðàññìîòðèì ñèñòåìó äâóõ íåëèíåéíûõ óðàâíåíèé âèäà{
F (x, y) = x2 + y2 − 4 = 0;
G(x, y) = xy − 1 = 0.

(3.7)

Íà Ðèñ.3.9 èçîáðàæåíû ëèíèè x2 + y2 − 4 = 0 è xy − 1 = 0. Ñèñòåìà
íåëèíåéíûõ óðàâíåíèé (3.7) èìååò 4 êîðíÿ.

-

6

x

y

Ðèñ.3.9

u
u

u
u 2

r−2r
2
r

−2r

Èñïîëüçóÿ ìåòîä Íüþòîíà, âû÷èñëèì îäèí èç ýòèõ êîðíåé. Âûáåðåì â
êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ x0 = 2 è y0 = 0.

Ëèíåàðèçîâàííûå óðàâíåíèÿ (3.7) â îáùåé ôîðìå çàïèñè èìåþò âèä
∂F (xk, yk)

∂x
∆xk +

∂F (xk, yk)

∂y
∆yk = −F (xk, yk),

∂G(xk, yk)

∂x
∆xk +

∂G(xk, yk)

∂y
∆yk = −G(xk, yk),

k = 0, 1, . . . .

×àñòíûå ïðîèçâîäíûå ôóíêöèé F (x, y) è G(x, y) ðàâíû, ñîîòâåòñòâåííî,
∂F

∂x
= 2x,

∂F

∂y
= 2y,

∂G

∂x
= y,

∂G

∂y
= x.

Ñëåäîâàòåëüíî, íà êàæäîé èòåðàöèè äëÿ íàõîæäåíèÿ ïðèðàùåíèé ∆xk è
∆yk íóæíî ðåøàòü ñèñòåìó äâóõ ëèíåéíûõ óðàâíåíèé{

2xk∆xk + 2yk∆yk = 4− (xk)2 − (yk)2,
yk∆xk + xk∆yk = 1− xkyk.

Ñëåäóþùåå èòåðàöèîííîå ïðèáëèæåíèå âû÷èñëÿåòñÿ ïî ôîðìóëàì xk+1 =
xk + ∆xk è yk+1 = yk + ∆yk.

Ðåçóëüòàòû ðàñ÷¼òîâ ïðèâåäåíû â òàáëèöå
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k xk yk F (xk, yk) G(xk, yk) ∆xk ∆yk

0 2 0 0 −1 0 0.5
1 2 0.5 0.25 0 −0.67 0.017
2 1.93 0.517 −0.0077 −0.0022 . . . . . .

Çíà÷åíèÿ ôóíêöèé F (xk, yk) è G(xk, yk) ñâèäåòåëüñòâóþò î áûñòðîé ñõî-
äèìîñòè èòåðàöèîííîãî ïðîöåññà.
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Ãëàâà 4

Èíòåðïîëèðîâàíèå è
ïðèáëèæåíèå ôóíêöèé

Ïóñòü íà îòðåçêå [a; b] çàäàí íàáîð òî÷åê xk, k = 0, n, êîòîðûå íàçûâàþò-
ñÿ óçëàìè èíòåðïîëèðîâàíèÿ. Â ýòèõ òî÷êàõ a = x0 < x1 < . . . < xn = b ïóñòü
çàäàíû çíà÷åíèÿ íåêîòîðîé ôóíêöèè f(xk) = fk, k = 0, n. Çàäà÷à ñîñòîèò â
òîì, ÷òîáû ïîñòðîèòü òàêóþ ëåãêî âû÷èñëÿåìóþ ôóíêöèþ Φ(x), êîòîðàÿ ïðè-
áëèæàåò ñ çàäàííîé òî÷íîñòüþ çíà÷åíèÿ ôóíêöèè f(x) äëÿ ëþáîãî x ∈ [a; b].
Ôóíêöèþ Φ(x) íàçûâàþò èíòåðïîëÿíòîé.

Èíòåðïîëÿíòó Φ(x) ïðåäñòàâèì â âèäå ëèíåéíîé êîìáèíàöèè áàçèñíûõ
ôóíêöèé ϕl(x), l = 0, m, òî åñòü

Φ(x) =
m∑
l=0

alϕl(x).

Â êà÷åñòâå áàçèñíûõ ôóíêöèé ìîæíî èñïîëüçîâàòü, íàïðèìåð, ñòåïåííûå
ôóíêöèè ϕl(x) = xl.

4.1 Èíòåðïîëèðîâàíèå àëãåáðàè÷åñêèìè

ìíîãî÷ëåíàìè

Ïóñòü ÷èñëî èñïîëüçóåìûõ áàçèñíûõ ôóíêöèé ϕl(x) = xl ðàâíî ÷èñëó
çàäàííûõ çíà÷åíèé ôóíêöèè f(x), òî åñòü âûïîëíåíî ðàâåíñòâî n = m, îçíà-
÷àþùåå ÷òî èíòåðïîëÿíòà Φ(x) ÿâëÿåòñÿ ïîëèíîìîì ñòåïåíè n. Ïîòðåáóåì,
÷òîáû â óçëàõ èíòåðïîëèðîâàíèÿ, òî åñòü â òî÷êàõ xk, çíà÷åíèÿ èíòåðïîëÿí-
òû Φ(xk) ñîâïàäàëè ñî çíà÷åíèÿìè ôóíêöèè f(xk). Òîãäà, äëÿ îïðåäåëåíèÿ
êîýôôèöèåíòîâ al, ÿâëÿþùèõñÿ ïàðàìåòðàìè èíòåðïîëÿíòû, ïîëó÷àåì ñëå-
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äóþùóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

n∑
l=0

alϕl(xk) = f(xk), k = 0, n. (4.1)

Ðåøåíèå ñèñòåìû (4.1) ñóùåñòâóåò è åäèíñòâåííî, åñëè îïðåäåëèòåëü ìàò-
ðèöû, ñîñòàâëåííîé èç êîýôôèöèåíòîâ ϕl(xk), îòëè÷åí îò íóëÿ. Òî åñòü,∣∣∣∣∣∣∣∣

ϕ0(x0) ϕ1(x0) . . . ϕn(x0)
ϕ0(x1) ϕ1(x1) . . . ϕn(x1)

. . . . . .
ϕ0(xn) ϕ1(xn) . . . ϕn(xn)

∣∣∣∣∣∣∣∣ 6= 0. (4.2)

Òàê êàê ϕl(x) = xl, òî (4.2) ñîâïàäàåò ñ îïðåäåëèòåëåì Âàíäåðìîíäà∣∣∣∣∣∣∣∣
1 x0 x2

0 . . . xn0
1 x1 x2

1 . . . xn1
. . . . . .

1 xn x2
n . . . xnn

∣∣∣∣∣∣∣∣ =
∏

06k<l6n

(xl − xk) 6= 0.

Îòñþäà ñëåäóåò, ÷òî âñå óçëû èíòåðïîëèðîâàíèÿ äîëæíû áûòü ðàçëè÷íû-
ìè. Òîãäà ðåøåíèå ñèñòåìû (4.1) ñóùåñòâóåò è åäèíñòâåííî.

Èñïîëüçóþòñÿ ðàçëè÷íûå ôîðìû çàïèñè èíòåðïîëÿíòû Φ(x). Ïðåäñòàâëå-
íèå, â êîòîðîì âûäåëåíû çíà÷åíèÿ fk = f(xk), íàçûâàþò èíòåðïîëÿöèîííûì
ìíîãî÷ëåíîì Ëàãðàíæà:

Φ(x) = Ln(x) =
n∑
k=0

Ck(x)fk,

ãäå

Ck(x) =

n∏
i=0
i6=k

(x− xi)

n∏
i=0
i6=k

(xk − xi)
.

Èíòåðïîëèðîâàíèå ñ êðàòíûìè óçëàìè

Ïóñòü â óçëàõ èíòåðïîëèðîâàíèÿ xk èçâåñòíû íå òîëüêî çíà÷åíèÿ ôóíêöèè
fk = f(xk), íî è çíà÷åíèÿ âñåõ å¼ ïðîèçâîäíûõ f (i)(xk) äî (Nk − 1) ïîðÿäêà

(k = 0, n, i = 0, Nk − 1). Îáùåå ÷èñëî çàäàííûõ äàííûõ ðàâíî
n∑
k=0

Nk.
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Â ïîëèíîìåHm(x) = a0+a1x+. . .+amx
m ÷èñëî êîýôôèöèåíòîâ a0, . . . , am

ðàâíî (m + 1). Âûáåðåì ïàðàìåòðû a0, a1, . . . , am òàê, ÷òîáû âûïîëíÿëèñü
ðàâåíñòâà:

H(i)
m (xk) = f (i)(xk), ïðè k = 0, n, i = 0, Nk − 1, (4.3)

ãäå m = N0 +N1 + . . .+Nn − 1.

Ìíîãî÷ëåí, ïîëó÷åííûé â ðåçóëüòàòå ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé (4.3), íàçûâàåòñÿ èíòåðïîëÿöèîííûì ïîëèíîìîì Ýðìèòà.

Ïîêàæåì, ÷òî ñèñòåìà (4.3) ðàçðåøèìà åäèíñòâåííûì îáðàçîì. Ðàññìîò-
ðèì îäíîðîäíóþ ñèñòåìó óðàâíåíèé:

H(i)
m (xk) = 0, ïðè k = 0, n, i = 0, Nk − 1, (4.4)

ãäå m = N0 +N1 + . . .+Nn − 1.

Èç óðàâíåíèé (4.4) ñëåäóåò, ÷òî xk ÿâëÿþòñÿ êîðíÿìè êðàòíîñòè Nk ïî-
ëèíîìà Ýðìèòà Hm(x). Îáùåå ÷èñëî êîðíåé ñ ó÷åòîì èõ êðàòíîñòè ðàâíî
N0 +N1 + . . .+Nn, ÷òî íà åäèíèöó áîëüøå ñòåïåíè m = N0 +N1 + . . .+Nn−1
ïîëèíîìàHm(x). Ýòî âîçìîæíî òîëüêî â ñëó÷àå, êîãäà ïîëèíîì òîæäåñòâåííî
ðàâåí íóëþ, òî åñòü a0 = a1 = . . . = am = 0 � ðàâíû íóëþ âñå åãî êîýôôè-
öèåíòû. Èòàê, îäíîðîäíàÿ ñèñòåìà (4.4) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.
Ñëåäîâàòåëüíî, ðåøåíèå íåîäíîðîäíîé ñèñòåìû (4.3) ñóùåñòâóåò è åäèíñòâåí-
íî.

Ôîðìóëà, îïðåäåëÿþùàÿ èíòåðïîëÿöèîííûé ïîëèíîì Ýðìèòà, èìååò âèä
(ñì. [6]):

Hm(x) =
n∑
k=0

Nk−1∑
i=0

Nk−1−i∑
l=0

f (i)(xk)

i!l!

(x− xk)i+l
n∏
j=0
j 6=k

(x− xj)Nj

 ·

·

 dl

dxl

n∏
j=0
j 6=k

(x− xj)−Nj


x=xk

.

Åñëè âñå ïàðàìåòðûNk = 1, òî äâå âíóòðåííèå ñóììû äàþò îäíî ñëàãàåìîå
ñ i = l = 0 è Hm(x) ïåðåõîäèò â èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà.

Åñëè âñå Nk = 2, òî Hm(x) ïðèíèìàåò âèä

Hm(x) =
n∑
k=0


(x− xk)f (1)(xk) +

1− 2
n∑
j=0
j 6=k

x− xk
xk − xj

 fk

 ·
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·
n∏
j=0
j 6=k

(
x− xj
xk − xj

)2

 .

Ñõîäèìîñòü èíòåðïîëÿöèîííîãî ïðîöåññà

Ââåäåì íà îòðåçêå [a; b] ïîñëåäîâàòåëüíîñòü íàáîðîâ óçëîâ èíòåðïîëèðî-

âàíèÿ Ωn = {x(n)
k ,Ñk = 0, n} : Ω1 = {x1

0, x
1
1}, . . . , Ωn = {xn0 , . . . , xnn}, . . . .

Ïóñòü äëÿ êàæäîãî Ωn èìååòñÿ ñîîòâåòñòâóþùèé íàáîð çíà÷åíèé ïðèáëèæà-
åìîé ôóíêöèè f(xk) = fk, k = 0, n. Äëÿ êàæäîãî èç íàáîðîâ óçëîâ èíòåðïî-
ëèðîâàíèÿ Ωn ïîñòðîèì èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà Ln(x).

Ââåä¼ì îïðåäåëåíèÿ.

Îïðåäåëåíèå. Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà ñõîäèòñÿ â òî÷êå
x ê ôóíêöèè f(x), åñëè ñóùåñòâóåò ïðåäåë lim

n→∞
Ln(x) = f(x).

Îïðåäåëåíèå. Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà ñõîäèòñÿ ðàâíî-
ìåðíî ê ôóíêöèè f(x) íà îòðåçêå [a; b], åñëè max

x∈[a; b]
|Ln(x)− f(x)| n→∞−→ 0.

Ïðèìåð 4.1. Ðàññìîòðèì ôóíêöèþ f(x) = |x| íà îòðåçêå [−1; 1]. Ââåä¼ì
íà ýòîì îòðåçêå íàáîð óçëîâ èíòåðïîëèðîâàíèÿ Ωn = {xk = ±k

n , k = 0, n}.
Âû÷èñëèì f(xk) è ïîñòðîèì èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà L2n(x).

Èçâåñòíî [6], ÷òî äëÿ ëþáîé òî÷êè x ∈ (−1; 1) êðîìå x = 0 íåò ñõîäèìîñòè
èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà ê ôóíêöèè f(x), òî åñòü

lim
n→∞
|L2n(x)− f(x)|9 0.

Âåðíî, òàêæå, ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 4.1. Äëÿ ëþáîé íåïðåðûâíîé íà îòðåçêå [a; b] ôóíêöèè f(x) ñóùå-
ñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü óçëîâ èíòåðïîëèðîâàíèÿ Ωn, ÷òî ñîîòâåò-
ñòâóþùàÿ ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ Ëàãðàíæà ñõîäèòñÿ ðàâíîìåðíî
ê ôóíêöèè f(x) íà îòðåçêå [a; b].

Èç-çà òàêîé íåîäíîçíà÷íîñòè ïîâåäåíèÿ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ
Ëàãðàíæà, êàê ïðàâèëî, íå èñïîëüçóþò èíòåðïîëèðîâàíèå ìíîãî÷ëåíàìè âû-
ñîêîé ñòåïåíè. Ïðè íåîáõîäèìîñòè èíòåðïîëèðîâàíèÿ íà ïðîòÿæåííîì îòðåç-
êå [a; b] åãî äåëÿò íà ÷àñòè÷íûå ñåãìåíòû è íà êàæäîì ñåãìåíòå ñòðîÿò èí-
òåðïîëÿöèîííûå ìíîãî÷ëåíû íå âûñîêîé ñòåïåíè. Òàêóþ ïðîöåäóðó íàçûâàþò
êóñî÷íî-ïîëèíîìèàëüíûì èíòåðïîëèðîâàíèåì.
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4.2 Èíòåðïîëèðîâàíèå ñïëàéíàìè

Ðàçîáüåì îòðåçîê [a; b] òî÷êàìè a = x0 < x1 < . . . < xn = b íà n ñåãìåíòîâ
[xi−1; xi], i = 1, n.

Ïóñòü, â óçëàõ èíòåðïîëèðîâàíèÿ xi çàäàíû çíà÷åíèÿ íåêîòîðîé ôóíêöèè
f(xi) = fi, i = 0, n.

Ðàññìîòðèì ôóíêöèþ Sm(x), êîòîðàÿ íà êàæäîì ñåãìåíòå [xi−1; xi] ÿâëÿ-
åòñÿ ïîëèíîìîì ñòåïåíè m :

Sm(x) = Pim(x) = ai0 + ai1x+ . . .+ aimx
m, x ∈ [xi−1; xi], i = 1, n.

Ïîòðåáóåì, ÷òîáû â òî÷êàõ xi(i = 1, n) ïðîèçâîäíûå äî (m − 1) ïîðÿäêà
ôóíêöèè Sm(x) áûëè íåïðåðûâíû:

P
(l)
im(xi) = P

(l)
(i+1)m(xi), l = 0, m− 1, i = 1, n− 1,

è çíà÷åíèÿ ôóíêöèè Sm(x) â òî÷êàõ xi(i = 0, n) áûëè ðàâíû çíà÷åíèÿì
ôóíêöèè f(x):

Sm(xi) = f(xi), i = 0, n.

Ôóíêöèþ Sm(x), óäîâëåòâîðÿþùóþ âñåì ýòèì óñëîâèÿì, íàçûâàþò èíòåð-
ïîëÿöèîííûì ñïëàéíîì ñòåïåíè m íà îòðåçêå [a; b].

Ôóíêöèÿ Sm(x) îïðåäåëÿåòñÿ çàäàíèåì êîýôôèöèåíòîâ aij(i = 1, n, j =
0, m), ÷èñëî êîòîðûõ ðàâíî nm+ n. Êîëè÷åñòâî óñëîâèé â òî÷êàõ xi íà ïðî-
èçâîäíûå è çíà÷åíèÿ èíòåðïîëÿöèîííîãî ñïëàéíà ñòåïåíè m ðàâíî nm+ n−
(m− 1). Äîïîëíèòåëüíûå (m− 1) óñëîâèÿ, îáû÷íî, çàäàþò íà êîíöàõ îòðåçêà
[a; b].

Â èòîãå, äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ aij, ïîëó÷àþò ñèñòåìó èç n(m+
1) ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.

4.2.1 Èíòåðïîëèðîâàíèå êóáè÷åñêèìè ñïëàéíàìè

Ðàññìîòðèì ôóíêöèþ S3(x), êîòîðóþ íàçûâàþò êóáè÷åñêèì ñïëàéíîì. Çà-
ïèøåì S3(x) â âèäå:

S3(x) = Pi3(x) = ai + bi(x− xi) +
ci
2

(x− xi)2 +
di
6

(x− xi)3,

x ∈ [xi−1; xi], i = 1, n. (4.5)

Êîýôôèöèåíòû ai, bi, ci, di, i = 1, n ÿâëÿþòñÿ ïàðàìåòðàìè êóáè÷åñêîãî
ñïëàéíà S3(x). Êîëè÷åñòâî ïàðàìåòðîâ ðàâíî 4n. Çàäàíèå ÷èñëîâûõ çíà÷åíèé
ýòèõ êîýôôèöèåíòîâ îïðåäåëÿåò êóáè÷åñêèé ñïëàéí.
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Ñëåäñòâèåì óñëîâèÿ ñîâïàäåíèÿ çíà÷åíèé ôóíêöèè f(x) è êóáè÷åñêîãî
ñïëàéíà S3(x) â óçëàõ èíòåðïîëèðîâàíèÿ xi (i = 1, n), ÿâëÿþòñÿ ðàâåíñòâà
ai = fi, i = 1, n.

Ïåðâàÿ ïðîèçâîäíàÿ êóáè÷åñêîãî ñïëàéíà ðàâíà S
′

3(x) = bi + ci(x − xi) +
di
2

(x− xi)2. Óñëîâèå íåïðåðûâíîñòè S
′

3(x) âî âíóòðåííèõ óçëàõ èíòåðïîëèðî-
âàíèÿ ïðèâîäèò ê ðàâåíñòâàì:

bi = bi+1 − ci+1hi+1 +
di+1

2
h2
i+1, i = 1, n− 1,

ãäå hi+1 = xi+1 − xi, i = 0, n− 1. (4.6)

Âòîðàÿ ïðîèçâîäíàÿ êóáè÷åñêîãî ñïëàéíà ðàâíà S
′′

3(x) = ci + di(x − xi).
Óñëîâèå íåïðåðûâíîñòè S

′′

3(x) âî âíóòðåííèõ óçëàõ èíòåðïîëèðîâàíèÿ äàåò
ñèñòåìó ðàâåíñòâ:

ci = ci+1 − di+1hi+1, i = 1, n− 1. (4.7)

Óñëîâèå íåïðåðûâíîñòè S3(x) âî âíóòðåííèõ óçëàõ èíòåðïîëèðîâàíèÿ ïðè-
âîäèò ê ðàâåíñòâàì:

fi = fi+1 − bi+1hi+1 +
ci+1

2
h2
i+1 −

di+1

6
h3
i+1, i = 1, n− 1. (4.8)

Èòàê, âñåãî èìååì (4n−2) óðàâíåíèé äëÿ îïðåäåëåíèÿ 4n êîýôôèöèåíòîâ
ai, bi ci di, i = 1, n.

Â êà÷åñòâå äâóõ äîïîëíèòåëüíûõ óñëîâèé èñïîëüçóåì òðåáîâàíèå íóëå-
âîé êðèâèçíû êóáè÷åñêîãî ñïëàéíà íà êîíöàõ îòðåçêà èíòåðïîëèðîâàíèÿ:
S ′′3 (x0) = S ′′3 (xn) = 0. Èñïîëüçóÿ âûðàæåíèå äëÿ S

′′

3(x) = ci + di(x − xi), ïî-
ëó÷èì, ÷òî óñëîâèå S ′′3 (xn) = 0 ïðèâîäèò ê ðàâåíñòâó cn = 0, à èç óñëîâèÿ
S ′′3 (x0) = 0 ñëåäóåò ðàâåíñòâî c1 − d1h1 = 0, êîòîðîå ñîâïàäàåò ñ (4.7) ïðè
i = 0, åñëè ââåñòè äîïîëíèòåëüíûé êîýôôèöèåíò c0 = 0.

Èñêëþ÷èì èç ðàâåíñòâ (4.8) êîýôôèöèåíòû bi è di. Äëÿ ýòîãî ïðèâåä¼ì
(4.8) ê âèäó:

bi+1 −
ci+1

2
hi+1 +

di+1

6
h2
i+1 =

fi+1 − fi
hi+1

, i = 1, n− 1. (4.9)

Çàìåíèì â (4.9) èíäåêñ i íà i− 1:

bi −
ci
2
hi +

di
6
h2
i =

fi − fi−1

hi
, i = 1, n− 1. (4.10)

Âû÷òåì (4.10) èç (4.9). Çàìåíèì â ðàçíîñòè êîìáèíàöèþ bi+1−bi, èñïîëüçóÿ
(4.6), è âñå êîýôôèöèåíòû di, èñïîëüçóÿ (4.7). Â ðåçóëüòàòå ïîëó÷èì ñëåäóþ-
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ùóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ âû÷èñëåíèÿ êîýôôè-
öèåíòîâ ci : hici−1 + 2(hi + hi+1)ci + hi+1ci+1 = 6

(
fi+1 − fi
hi+1

− fi − fi−1

hi

)
, i = 1, n− 1;

c0 = cn = 0.

(4.11)

Ðåøèâ ìåòîäîì ïðîãîíêè ñèñòåìó óðàâíåíèé (4.11), êîýôôèöèåíòû bi è di
âû÷èñëÿþò ïî ôîðìóëàì:

di =
ci − ci−1

hi
;

bi =
cihi
2
− dih

2
i

6
+
fi − fi−1

hi
, i = 1, n.

Îòìåòèì, ÷òî ïðè èçìåíåíèè îäíîãî çíà÷åíèÿ fi ïðèáëèæàåìîé ôóíêöèè
ìåíÿþòñÿ âñå êîýôôèöèåíòû êóáè÷åñêîãî ñïëàéíà.

4.2.2 Ñõîäèìîñòü ïðîöåññà èíòåðïîëèðîâàíèÿ

êóáè÷åñêèìè ñïëàéíàìè

Ïîêàæåì [3], ÷òî èíòåðïîëèðîâàíèå êóáè÷åñêèìè ñïëàéíàìè S3(x) ÿâëÿåò-
ñÿ ñõîäÿùèìñÿ ïðîöåññîì, òî åñòü ñ óâåëè÷åíèåì ÷èñëà óçëîâ èíòåðïîëèðîâà-
íèÿ, ñîîòâåòñòâóþùàÿ ïîñëåäîâàòåëüíîñòü ñïëàéíîâ S3(x) ñõîäèòñÿ ê ôóíê-
öèè f(x).

Ïóñòü óçëàìè èíòåðïîëèðîâàíèÿ ÿâëÿþòñÿ òî÷êè Ωn = {xi = a + ih, i =

0, n, h =
b− a
n
}, ðàâíîìåðíî ðàñïðåäåë¼ííûå íà îòðåçêå [a; b].

Ââåäåì îáîçíà÷åíèÿ ||g(x)||C[a; b] = max
x∈[a; b]

|g(x)|, ||gi||C(Ωn) = max
i
|gi|

è M = ||f (4)(x)||C[a; b].

Äîêàæåì âñïîìîãàòåëüíóþ ëåììó.

Ëåììà. Ïóñòü ôóíêöèÿ f(x) ∈ C4[a; b] è f ′′(a) = f ′′(b) = 0. Ïóñòü S3(x) ñîîò-
âåòñòâóþùèé ôóíêöèè f(x) êóáè÷åñêèé ñïëàéí, ïîñòðîåííûé íà ìíîæåñòâå
Ωn. Òîãäà âåðíî íåðàâåíñòâî

||f ′′(xi)− S ′′3 (xi)||C(Ωn) 6
3

4
Mh2. (4.12)

Äîêàçàòåëüñòâî. Ñèñòåìà óðàâíåíèé (4.11) íà ìíîæåñòâå Ωn ïðèíèìàåò âèä:{
ci−1 + 4ci + ci+1 = 6fxx,i, i = 1, n− 1;
c0 = cn = 0,

(4.13)
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ãäå fxx,i = fi+1−2fi+fi−1
h2 � âòîðàÿ ðàçíîñòíàÿ ïðîèçâîäíàÿ ôóíêöèè f(x) â

òî÷êå xi.

Ââåä¼ì îáîçíà÷åíèå zi = S ′′3 (xi) − f ′′(xi). Èç ñîîòíîøåíèÿ S
′′

3(x) = ci +
di(x−xi) ñëåäóåò, ÷òî S ′′3 (xi) = ci. Òîãäà ci ìîæíî çàïèñàòü â âèäå ci = zi+f ′′i .
Ïîäñòàâèâ ýòî âûðàæåíèå äëÿ ci â (4.13), ïîëó÷èì:{

zi−1 + 4zi + zi+1 = ψi, i = 1, n− 1;
z0 = zn = 0,

ãäå ψi = 6fxx,i − (f ′′i−1 + 4f ′′i + f ′′i−1).

Çàïèøåì óðàâíåíèå äëÿ zi â âèäå

4zi = −zi−1 − zi+1 + ψi, i = 1, n− 1.

Âçÿâ çíà÷åíèÿ zi ïî ìîäóëþ, ïîëó÷èì:

4|zi| 6 |zi−1|+ |zi+1|+ |ψi| 6 2 max
i=0, n

|zi|+ max
i=1, n−1

|ψi| =

= 2||zi||C(Ωn) + ||ψi||C(Ωn), i = 1, n− 1.

Âûáðàâ â ëåâîé ÷àñòè íåðàâåíñòâà ìàêñèìàëüíîå çíà÷åíèå |zi|, ïðèõîäèì
ê íåðàâåíñòâó

4||zi||C(Ωn) 6 2||zi||C(Ωn) + ||ψi||C(Ωn).

Îòñþäà ñëåäóåò, ÷òî

||zi||C(Ωn) 6
1

2
||ψi||C(Ωn). (4.14)

Òåïåðü ïîëó÷èì îöåíêó äëÿ ||ψi||C(Ωn).

Çàïèøåì ψi â âèäå

ψi = 6fxx,i − (f ′′i−1 + 4f ′′i + f ′′i−1) = 6(fxx,i − f ′′i )−
f ′′i−1 − 2f ′′i + f ′′i+1

h2
h2 =

= 6(fxx,i − f ′′i ) − f ′′xx,ih2.

Âòîðàÿ ðàçíîñòíàÿ ïðîèçâîäíàÿ fxx,i ðàâíà

fxx,i =
1

h2
(fi−1 − 2fi + fi+1) =

{
fi±1 = f(xi ± h) = fi ± f ′ih+ f ′′i

h2

2
±

±f (3)
i

h3

6
+ f (4)(ξ±i )

h4

24
, ξ+

i , ξ
−
i ∈ [xi−1; xi+1]

}
=

= f ′′i + f (4)(ξ−i )
h2

24
+ f (4)(ξ+

i )
h2

24
.
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Àíàëîãè÷íî ïîëó÷àåì, ÷òî f ′′xx,i ïðåäñòàâèìà â âèäå

f ′′xx,i =
1

h2
(f ′′i−1 − 2f ′′i + f ′′i+1) =

{
f ′′i±1 = f ′′(xi ± h) = f ′′i ± f

(3)
i h+

+f (4)(ζ±i )
h2

2
, ζ+

i , ζ
−
i ∈ [xi−1; xi+1]

}
=

1

2
f (4)(ζ−i ) +

1

2
f (4)(ζ+

i ).

Ïîäñòàâèâ ïîëó÷åííûå âûðàæåíèÿ äëÿ fxx,i è f
′′
xx,i â ψi, ïîëó÷èì

ψi = f (4)(ξ−i )
h2

4
+ f (4)(ξ+

i )
h2

4
− f (4)(ζ−i )

h2

2
− f (4)(ζ+

i )
h2

2
, ξ±i , ζ

±
i ∈ [xi−1; xi+1].

Îòñþäà ñëåäóåò, ÷òî

|ψi| 6 |f (4)(ξ−i )|h
2

4
+ |f (4)(ξ+

i )|h
2

4
+ |f (4)(ζ−i )|h

2

2
+ |f (4)(ζ+

i )|h
2

2
6

6
3

2
max
x∈[a; b]

|f (4)(x)|h2 =
3

2
Mh2, i = 1, n− 1.

Âûáðàâ â ëåâîé ÷àñòè ìàêñèìóì |ψi|, èìååì íåðàâåíñòâî

||ψi||C(Ωn) 6
3

2
Mh2.

Ïîäñòàâëÿÿ ýòî íåðàâåíñòâî â (4.14), ïîëó÷àåì (4.12).

Äîêàæåì òåîðåìó î ñõîäèìîñòè ïðîöåññà èíòåðïîëèðîâàíèÿ êóáè÷åñêèìè
ñïëàéíàìè.

Òåîðåìà 4.2. Ïóñòü f(x) ∈ C4[a; b] è f ′′(a) = f ′′(b) = 0. Ïóñòü S3(x) ñîîòâåò-
ñòâóþùèé ôóíêöèè f(x) êóáè÷åñêèé ñïëàéí, ïîñòðîåííûé íà ìíîæåñòâå Ωn.
Òîãäà âåðíû íåðàâåíñòâà:

||f(x)− S3(x)||C[a; b] < Mh4; (4.15)

||f ′(x)− S ′3(x)||C[a; b] 6Mh3; (4.16)

||f ′′(x)− S ′′3 (x)||C[a; b] 6Mh2. (4.17)

Äîêàçàòåëüñòâî. (1). Ïîêàæåì, ÷òî âåðíî íåðàâåíñòâî (4.17). Èç (4.5) è (4.7)
ïîëó÷àåì, ÷òî:

91



� 4.2 Èíòåðïîëèðîâàíèå ñïëàéíàìè �

S ′′3 (x) = ci + di(x− xi) = ci +
ci − ci−1

h
(x− xi) = ci

x− (xi − h)

h
−

− ci−1
x− xi
h

= ci
x− xi−1

h
+ ci−1

xi − x
h

, x ∈ [xi−1; xi], i = 1, n.

Òîãäà,

f ′′(x)− S ′′3 (x) = f ′′(x)− ci
x− xi−1

h
− ci−1

xi − x
h

= f ′′(x)
x− xi−1

h
+

+ f ′′(x)
xi − x
h
− f ′′i

x− xi−1

h
+ (f ′′i − ci)

x− xi−1

h
− f ′′i−1

xi − x
h

+

+ (f ′′i−1 − ci−1)
xi − x
h

= (f ′′(x)− f ′′i )
x− xi−1

h
+ (f ′′(x)− f ′′i−1)

xi − x
h

+

+ (f ′′i − ci)
x− xi−1

h
+ (f ′′i−1 − ci−1)

xi − x
h

.

Îòñþäà ñëåäóåò, ÷òî

|f ′′(x)− S ′′3 (x)| 6
∣∣∣∣(f ′′(x)− f ′′i )

x− xi−1

h
+ (f ′′(x)− f ′′i−1)

xi − x
h

∣∣∣∣+
+
x− xi−1

h
|f ′′i − ci| +

xi − x
h
|f ′′i−1 − ci−1| . (4.18)

Äëÿ äâóõ ñëàãàåìûõ èç (4.18), ñ ó÷¼òîì (4.12), âåðíà îöåíêà

x− xi−1

h
|f ′′i − ci|+

xi − x
h
|f ′′i−1 − ci−1| 6

(
x− xi−1

h
+
xi − x
h

)
·

·max
i
|f ′′i − ci| = ||f ′′(xi)− S ′′3 (xi)||C(Ωn) 6

3

4
Mh2. (4.19)

Ïðåäñòàâèì ðàçíîñòü f ′′(x)− f ′′(xi) â ñëåäóþùåì âèäå

f ′′(x)− f ′′(xi) = f ′′(x)−
(
f ′′(x) + f (3)(x)(xi − x) + f (4)(ξi)

(xi − x)2

2

)
=

= −f (3)(x)(xi − x)− f (4)(ξi)
(xi − x)2

2
, ξi ∈ [xi−1; xi].

Äëÿ f ′′(x)− f ′′(xi−1) âåðíî àíàëîãè÷íîå ïðåäñòàâëåíèå

f ′′(x)− f ′′(xi−1) = f ′′(x)−
(
f ′′(x) + f (3)(x)(xi−1 − x) + f (4)(ζi)·

·(xi−1 − x)2

2

)
= −f (3)(x)(xi−1−x)−f (4)(ζi)

(xi−1 − x)2

2
, ζi ∈ [xi−1; xi].

Òîãäà:

92



� 4.2 Èíòåðïîëèðîâàíèå ñïëàéíàìè �∣∣∣∣(f ′′(x)− f ′′i )
x− xi−1

h
+ (f ′′(x)− f ′′i−1)

xi − x
h

∣∣∣∣ =

∣∣∣∣−f (3)(x)
(x− xi−1)

h
·

·(xi − x)− f (3)(x)
(xi−1 − x)(xi − x)

h
− f (4)(ξi)

(x− xi−1)(xi − x)2

2h
−

−f (4)(ζi)
(xi − x)(xi−1 − x)2

2h

∣∣∣∣ =

∣∣∣∣f (4)(ξi)
(x− xi−1)(xi − x)2

2h
+

+f (4)(ζi)
(xi − x)(xi−1 − x)2

2h

∣∣∣∣ = (x− xi−1)(xi − x)

∣∣∣∣f (4)(ξi)
xi − x

2h
+

+f (4)(ζi)
x− xi−1

2h

∣∣∣∣ 6 max((x− xi−1)(xi − x)) ·max

(∣∣∣∣f (4)(ξi)
xi − x

2h

∣∣∣∣+
+

∣∣∣∣f (4)(ζi)
x− xi−1

2h

∣∣∣∣) 6

(
xi−1 + xi

2
− xi−1

)(
xi −

xi−1 + xi
2

)
M =

Mh2

4
.

(4.20)

Ïîäñòàâëÿÿ (4.20) è (4.19) â (4.18), èìååì

|f ′′(x)− S ′′3 (x)| 6Mh2, ∀ x ∈ [xi−1; xi], i = 1, (n− 1).

Âûáèðàÿ x, ïðè êîòîðîì äîñòèãàåòñÿ ìàêñèìóì, ïîëó÷àåì íåðàâåíñòâî
(4.17)

||f ′′(x)− S ′′3 (x)||C[a; b] 6Mh2.

(2). Äîêàæåì íåðàâåíñòâî (4.16). Ðàññìîòðèì ðàçíîñòü f(x) − S3(x).
Òàê êàê f(xi) − S3(xi) = 0, i = 0, n, òî ñóùåñòâóþò òàêèå òî÷êè ξi ∈
[xi−1; xi], i = 1, n, ÷òî f ′(ξi)− S ′3(ξi) = 0 (òåîðåìà Ðîëëÿ).

Òîãäà, èñïîëüçóÿ ôîðìóëó Ëàãðàíæà, ïîëó÷àåì

f ′(x)−S ′3(x) = (f ′(x)−S ′3(x))−(f ′(ξi)−S ′3(ξi)) = (f ′′(ζi)−S ′′3 (ζi))·(x−ξi),
x, ξi, ζi ∈ [xi−1; xi], i = 1, n.

Îòñþäà, ñ ó÷¼òîì (4.17), ñëåäóåò, ÷òî

|f ′(x)− S ′3(x)| 6 |f ′′(ζi)− S ′′3 (ζi)| · h 6Mh3.

Âçÿâ â ëåâîé ÷àñòè x ∈ [a; b], â êîòîðîì äîñòèãàåòñÿ ìàêñèìóì, ïîëó÷èì
íåâåíñòâî (4.16)

||f ′(x)− S ′(x)||C[a; b] 6Mh3.

(3). Ðàññìîòðèì íà îòðåçêå [xi−1; xi], i = 1, n âñïîìîãàòåëüíóþ ôóíê-
öèþ

g(t) = f(t)− S3(t)−K(t− xi−1)(t− xi), t ∈ [xi−1; xi],

ãäå K � êîíñòàíòà.
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Âûáåðåì ïðîèçâîëüíîå x ∈ (xi−1; xi). Ïîäáåð¼ì K òàê, ÷òîáû g(x) = 0, òî
åñòü

f(x)− S3(x)−K(x− xi−1)(x− xi) = 0.

Îòñþäà ïîëó÷àåì, ÷òî K =
f(x)− S3(x)

(x− xi−1)(x− xi)
.

Èòàê,

g(t) = f(t)− S3(t)−
f(x)− S3(x)

(x− xi−1)(x− xi)
(t− xi−1)(t− xi).

Ôóíêöèÿ g(t) äâàæäû äèôôåðåíöèðóåìà íà (xi−1; xi) è g(xi−1) = g(xi) =
g(x) = 0 � îáðàùàåòñÿ â íóëü â òðåõ òî÷êàõ. Ñëåäîâàòåëüíî (òåîðåìà Ðîëëÿ),
íåïðåðûâíàÿ ïåðâàÿ ïðîèçâîäíàÿ ðàâíà íóëþ â äâóõ òî÷êàõ è ñóùåñòâóåò
òàêàÿ òî÷êà ξi ∈ (xi−1; xi), ÷òî g

′′(ξi) = 0.

Òàê êàê g′′(t) = f ′′(t)− S ′′3 (t)− 2K, òî

g′′(ξi) = f ′′(ξi)− S ′′3 (ξi)− 2
f(x)− S3(x)

(x− xi−1)(x− xi)
= 0.

Îòñþäà ñëåäóåò, ÷òî

f(x)− S3(x) =
f ′′(ξi)− S ′′3 (ξi)

2
(x− xi−1)(x− xi).

Ïåðåõîäÿ ê ìîäóëþ, ïîëó÷èì

|f(x)− S3(x)| = 1

2
|f ′′(ξi)− S ′′3 (ξi)| · |(x− xi−1)(x− xi)| 6

1

2
·Mh2 · h

2

4
.

Â ñèëó ïðîèçâîëüíîñòè âûáîðà i = 1, n è x, íåðàâåíñòâî âåðíî äëÿ x ∈
[a; b], â êîòîðîì äîñòèãàåòñÿ ìàêñèìóì ëåâîé ÷àñòè. Ñëåäîâàòåëüíî,

||f(x)− S3(x)||C[a; b] 6
Mh4

8

è âåðíî íåðàâåíñòâî (4.15). Òåîðåìà äîêàçàíà.

4.3 Íàèëó÷øåå ïðèáëèæåíèå â

ãèëüáåðòîâîì ïðîñòðàíñòâå

Ïóñòü H � ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî ôóíêöèé, à ϕi (i =
0, n) � ëèíåéíî íåçàâèñèìûå ýëåìåíòû H. Çàäàííîìó ýëåìåíòó f ∈ H ñî-
ïîñòàâèì ëèíåéíóþ êîìáèíàöèþ

ϕ = c0ϕ0 + . . .+ cnϕn, ci = const, i = 0, n.
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Îïðåäåëåíèå. Ýëåìåíò ϕ, äîñòàâëÿþùèé ìèíèìóì íîðìå ‖f − ϕ‖H , íà-
çûâàåòñÿ ýëåìåíòîì íàèëó÷øåãî ïðèáëèæåíèÿ.

Ïîêàæåì íà ïðèìåðå ïðîñòðàíñòâà L2[a; b], ÷òî ýëåìåíò íàèëó÷øåãî ïðè-
áëèæåíèÿ ñóùåñòâóåò è åäèíñòâåíåí. Îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå
ôóíêöèé f è g â L2 êàê

(g, f)L2
=

b∫
a

f(x)g(x) dx è, ñîîòâåòñòâåííî, ‖f‖L2
=

 b∫
a

f 2(x) dx


1
2

.

Ïðåîáðàçóåì âûðàæåíèå äëÿ ‖f − ϕ‖L2
:

‖f − ϕ‖2
L2

= (f − ϕ, f − ϕ)L2
=

(
f −

n∑
l=0

clϕl, f −
n∑
k=0

ckϕk

)
L2

=

= (f, f)L2
−

n∑
l=0

cl (ϕl, f)L2
−

n∑
k=0

ck (ϕk, f)L2
+

n∑
l=0

n∑
k=0

clck (ϕl, ϕk)L2
=

= ‖f‖2
L2
− 2

n∑
l=0

cl (ϕl, f)L2
+

n∑
l=0

n∑
k=0

clck (ϕl, ϕk)L2
.

Ââåäåì îáîçíà÷åíèÿ fl = (ϕl, f)L2
=

b∫
a

f(x)ϕl(x) dx è alk = (ϕl, ϕk)L2
=

b∫
a

ϕl(x)ϕk(x) dx. Ïóñòü cl, fl (l = 0, n) ÿâëÿþòñÿ êîìïîíåíòàìè âåêòîðîâ c =

(c0, c1, . . . , cn)
T , f = (f0, f1, . . . , fn)

T è alk (l, k = 0, n) ÿâëÿþòñÿ ýëåìåíòàìè
ìàòðèöû A.

Òîãäà

‖f − ϕ‖2
L2

= ‖f‖2
L2
− 2

n∑
l=0

clfl +
n∑
l=0

n∑
k=0

clckalk = ‖f‖2
L2
− 2

(
f, c

)
+

+ (Ac, c) = ‖f‖2
L2

+ J (c) , (4.21)

ãäå J (c) = (Ac, c)− 2
(
f, c

)
.

Òàêèì îáðàçîì, ìèíèìèçàöèÿ ‖f − ϕ‖L2
ñâîäèòñÿ ê ïîèñêó ìèíèìóìà

J(c) � ôóíêöèè ìíîãèõ ïåðåìåííûõ.

Èç îïðåäåëåíèÿ ýëåìåíòîâ alk ñëåäóåò, ÷òî ìàòðèöû A ñèììåòðè÷íà, òî
åñòü alk = akl. Ïîêàæåì, ÷òî ìàòðèöû A ïîëîæèòåëüíî îïðåäåëåíà, òî åñòü
(Ac, c) > 0, ∀c 6= 0.
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Åñëè âçÿòü f ≡ 0, òî ðàâåíñòâî (4.21) ïðèìåò âèä 0 ≤ ‖ϕ‖2
L2

= (Ac, c) .

Ïóñòü ñóùåñòâóåò âåêòîð c = (c0, c1, . . . , cn)
T 6= 0 òàêîé, ÷òî (Ac, c) = 0.

Òîãäà ‖ϕ‖2
L2

= 0 è, ñëåäîâàòåëüíî, êîìáèíàöèÿ ϕ = c0ϕ0 + . . . + cnϕn = 0,

â êîòîðîé âñå ϕi (i = 0, n) � ëèíåéíî íåçàâèñèìû. Ýòî âîçìîæíî òîëüêî â
ñëó÷àå c0 = c1 = . . . = cn = 0. Òàêèì îáðàçîì, ìàòðèöà A = AT > 0.

Âåðíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 4.3. Ïóñòü ìàòðèöà A = AT > 0 è f � çàäàííûé âåêòîð. Òîãäà ó
ôóíêöèè J(c) = (Ac, c)− 2

(
f, c

)
ìèíèìóì ñóùåñòâóåò, åäèíñòâåíåí è âåêòîð

c ðåàëèçóåò ýòîò ìèíèìóì òîãäà è òîëüêî òîãäà, êîãäà ÿâëÿåòñÿ ðåøåíèåì
ñèñòåìû ëèíåéíûõ óðàâíåíèé Ac = f.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå îá ýêâèâàëåíòíîñòè ïîèñêà ìèíèìóìà ôóíê-
öèè J(c) è ðåøåíèÿ ñèñòåìû Ac = f áûëî äîêàçàíî ðàíåå (ñì. n.1.6.1). Òàê
êàê ìàòðèöà A > 0, òî ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
Ac = f ñóùåñòâóåò è åäèíñòâåííî. Òåîðåìà äîêàçàíà.

Àëãîðèòì ïîñòðîåíèÿ ýëåìåíòà íàèëó÷øåãî ïðèáëèæåíèÿ

Àëãîðèòì ïîñòðîåíèÿ ýëåìåíòà íàèëó÷øåãî ïðèáëèæåíèÿ äëÿ ôóíêöèè
f ∈ L2[a; b] ñîñòîèò â ñëåäóþùåì.

(1). Âûáèðàåì íàáîð èç (n+ 1) ëèíåéíî íåçàâèñèìûõ ôóíêöèé ϕk, k = 0, n
èç L2[a; b].

(2). Âû÷èñëÿåì ýëåìåíòû ìàòðèöû A = (akl):

akl =

b∫
a

ϕk(x)ϕl(x) dx, k, l = 0, n.

(3). Âû÷èñëÿåì êîìïîíåíòû f = (f0, f1, . . . , fn)
T :

fk =

b∫
a

f(x)ϕk(x) dx, k = 0, n.

(4). Ðåøàåì ñèñòåìó ëèíåéíûõ óðàâíåíèé Ac = f.

(5). Ñòðîèì ýëåìåíò íàèëó÷øåãî ïðèáëèæåíèÿ:

ϕ = c0ϕ0 + c1ϕ1 + . . .+ cnϕn.
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Ïîãðåøíîñòü ýëåìåíòà íàèëó÷øåãî ïðèáëèæåíèÿ

Îöåíèì âåëè÷èíó îòêëîíåíèÿ ‖f − ϕ‖L2
. Äëÿ ýòîãî äîêàæåì ëåììó.

Ëåììà. Ïóñòü ϕ � ýëåìåíò íàèëó÷øåãî ïðèáëèæåíèÿ äëÿ f.

Òîãäà (f − ϕ, ϕ)L2
= (f, ϕ)L2

− ‖ϕ‖2
L2

= 0.

Äîêàçàòåëüñòâî. Ïðåîáðàçóåì ñêàëÿðíîå ïðîèçâåäåíèå

(f − ϕ, ϕ)L2
=

(
f −

n∑
k=0

ckϕk,
n∑
l=0

clϕl

)
L2

=
n∑
l=0

cl (f, ϕl)L2
−

−
n∑
k=0

n∑
l=0

ckcl (ϕk, ϕl)L2
=

n∑
l=0

clfl −
n∑
k=0

n∑
l=0

ckclakl =

=
(
f, c

)
− (Ac, c) =

(
f − Ac, c

)
.

Òàê êàê c ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû Ac = f, òî (f − ϕ, ϕ)L2
= 0. Ëåììà

äîêàçàíà.

Âåëè÷èíà îòêëîíåíèÿ ‖f − ϕ‖2
L2

ðàâíà:

‖f − ϕ‖2
L2

= (f − ϕ, f − ϕ)L2
= (f − ϕ, f)L2

− (f − ϕ, ϕ)L2
=

= (f − ϕ, f)L2
= (f, f)L2

−(ϕ, f)L2
= (f, f)L2

−(ϕ, ϕ)L2
= ‖f‖2

L2
−‖ϕ‖2

L2
.

Çàìå÷àíèå. Åñëè ýëåìåíòû ϕk � îáðàçóþò îðòîíîðìèðîâàííóþ ñèñòåìó,
òî åñòü (ϕk, ϕl) = δkl, òî A = E. Òîãäà ck = fk = (f, ϕk)L2

è íàèëó÷øåå

ïðèáëèæåíèå èìååò âèä ϕ =
n∑
k=0

fkϕk.

Â ýòîì ñëó÷àå êîýôôèöèåíòû ck íàçûâàþò êîýôôèöèåíòàìè Ôóðüå, à ýëå-
ìåíò ϕ � ìíîãî÷ëåíîì Ôóðüå.

Ïðèìåð 4.1.

Ïóñòü ôóíêöèÿ f(x) çàäàíà â òî÷êàõ x0, x1 = x0 +h, x2 = x0 +2h. Ïîñòðî-
èì äëÿ ýòîé ôóíêöèè ýëåìåíò íàèëó÷øåíî ïðèáëèæåíèÿ. Ââåä¼ì îáîçíà÷åíèÿ
F0 = f(x0), F1 = f(x1), F2 = f(x2).

Ðåàëèçóåì àëãîðèòì ïîñòðîåíèÿ ýëåìåíòà íàèëó÷øåãî ïðèáëèæåíèÿ.

(1). Âûáåðåì ϕ0(x) = 1 è ϕ1(x) = x− x1, x ∈ [x1 − h; x1 + h].

(2). Âû÷èñëèì akl =

x1+h∫
x1−h

ϕk(x)ϕl(x) dx, k, l = 0, 1 :
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a00 = 2h;

a10 = a01 =

x1+h∫
x1−h

(x− x1) dx =
(x− x1)

2

2

∣∣∣∣x1+h

x1−h
= 0;

a11 =

x1+h∫
x1−h

(x− x1)
2 dx =

(x− x1)
3

3

∣∣∣∣x1+h

x1−h
=

2h3

3
.

Èòàê, ìàòðèöà A =

2h 0

0
2h3

3

 .

(3). Âû÷èñëèì fk =

x1+h∫
x1−h

f(x)ϕk(x) dx, k = 0, 1. Èñïîëüçóÿ êâàäðàòóðíóþ

ôîðìóëó Ñèìïñîíà ïîëó÷èì:

f0 =

x1+h∫
x1−h

f(x) dx =


b∫

a

G(x) dx ≈ b− a
6

(G0 + 4G1 +G2)

 ≈
≈ h

3
(F0 + 4F1 + F2) ;

f1 =

x1+h∫
x1−h

f(x)(x− x1) dx =


b∫

a

G(x) dx ≈ b− a
6

(G0 + 4G1 +G2)

 ≈
≈ h

3
(F0 · (−h) + 4F1 · 0 + F2 · h) =

h2

3
(F2 − F0) .

(4). Ñèñòåìà óðàâíåíèé Ac = f èìååò âèä
2hc0 =

h

3
(F0 + 4F1 + F2) ;

2h3

3
c1 =

h2

3
(F2 − F0) .

Îòñþäà íàõîäèì 
c0 =

F0 + 4F1 + F2

6
;

c1 =
F2 − F0

2h
.

(5). Ýëåìåíòîì íàèëó÷øåãî ïðèáëèæåíèÿ ÿâëÿåòñÿ ôóíêöèÿ

ϕ(x) =
F0 + 4F1 + F2

6
+
F2 − F0

2h
(x− x1).
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Êâàäðàò îòêëîíåíèÿ ïîñòðîåííîãî ýëåìåíòà íàèëó÷øåãî ïðèáëèæåíèÿ îò
ïðèáëèæàåìîé ôóíêöèè ðàâåí

‖f − ϕ‖2
L2

= ‖f‖2
L2
− ‖ϕ‖2

L2
=

x1+h∫
x1−h

f 2(x) dx−
x1+h∫
x1−h

ϕ2(x) dx =

=


b∫

a

G(x) dx ≈ b− a
6

(G0 + 4G1 +G2)

 ≈ h

3

(
F 2

0 + 4F 2
1 + F 2

2

)
−

−
x1+h∫
x1−h

(
F0 + 4F1 + F2

6
+
F2 − F0

2h
(x− x1)

)2

dx =
h

3

(
F 2

0 + 4F 2
1 + F 2

2

)
−

− h

9

(
2F 2

0 + 8F 2
1 + 2F 2

2 − 2F0F2 + 4F0F1 + 4F1F2

)
=

=
h

9
(F0 − 2F1 + F2)

2 =
h5

9
f 2
xx(x1).
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Ãëàâà 5

×èñëåííîå ðåøåíèå çàäà÷è
Êîøè äëÿ îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî
óðàâíåíèÿ

Ïóñòü çàäàíà çàäà÷à Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ 

du(t)

dt
= f(t, u(t)), 0 < t;

u(0) = u0.

Áóäåì ïðåäïîëàãàòü, ÷òî ðåøåíèå çàäà÷è Êîøè ñóùåñòâóåò è åäèíñòâåííî.
Ðàññìîòðèì ìåòîäû ÷èñëåííîãî ðåøåíèÿ ýòîé çàäà÷è íà îòðåçêå t ∈ [0; T ].

Ââåäåì íà ñåãìåíòå [0; T ] íàáîð òî÷åê

ωτ =

{
tn = nτ, τ =

T

N
, n = 0, 1, . . . , N

}
, êîòîðûé íàçîâ¼ì äèñêðåòíîé

ñåòêîé. Òî÷êè tn �óçëû äèñêðåòíîé ñåòêè. Ïàðàìåòð τ > 0, ðàâíûé ðàññòî-
ÿíèþ ìåæäó ñîñåäíèìè óçëàìè, íàçîâåì øàãîì äèñêðåòíîé ñåòêè. Çíà÷åíèå
ôóíêöèè u(t), ÿâëÿþùåéñÿ òî÷íûì ðåøåíèåì çàäà÷è Êîøè, â óçëå tn îáîçíà-
÷èì ÷åðåç un = u(tn). Ïðèáëèæåííîå çíà÷åíèå äëÿ un, êîòîðîå âû÷èñëåíî ñ
èñïîëüçîâàíèåì êàêîãî-ëèáî ÷èñëåííîãî ìåòîäà, îáîçíà÷èì ÷åðåç yn.

Ðàçíîñòü zn = yn − un íàçîâåì ïîãðåøíîñòüþ ïðèáëèæåííîãî ðåøåíèÿ yn
â óçëå tn.

Ââåä¼ì ïîíÿòèå ñõîäèìîñòè ïðèáëèæåííîãî ðåøåíèÿ ê òî÷íîìó. Ôèêñè-
ðóåì òî÷êó tn è ïîñòðîèì ïîñëåäîâàòåëüíîñòü äèñêðåòíûõ ñåòîê {ωτ} òàêóþ,
÷òî òî÷êà tn ÿâëÿåòñÿ óçëîì äëÿ êàæäîé èç äèñêðåòíûõ ñåòîê ïîñëåäîâàòåëü-
íîñòè {ωτ} . Øàã äèñêðåòíûõ ñåòîê ó ýëåìåíòîâ â ïîñëåäîâàòåëüíîñòè {ωτ}
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ìîíîòîííî ñòðåìèòñÿ ê íóëþ (τ −→ 0). Íà êàæäîé èç ýòèõ äèñêðåòíûõ ñåòîê
âû÷èñëÿåòñÿ ïðèáëèæåííîå ðåøåíèå yn.

Îïðåäåëåíèå. Ïðèáëèæåííîå ðåøåíèå yn ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ

un â óçëå tn, åñëè |zn|
τ→0−→ 0.

Îïðåäåëåíèå. Ïóñòü |zn| = O(τ p), ãäå p > 0. Òîãäà ïðèáëèæåííîå ðåøå-
íèå yn èìååò p-é ïîðÿäîê òî÷íîñòè â óçëå tn.

Íà ñåãìåíòå t ∈ [tn; tn+1] ïðîèçâîäíàÿ u
′(t) ìîæåò áûòü çàïèñàíà â âèäå

u′(t) =
un+1 − un

τ
+O(τ).

Çàìåíèì èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå â óçëå tn àëãåáðàè÷åñêèì
óðàâíåíèåì

yn+1 − yn
τ

= f(tn, yn), n = 0, 1, . . . , (N − 1) .

Äîïîëíèâ åãî íà÷àëüíûì óñëîâèåì y0 = u0, ïîëó÷èì ÿâíîå ðàçíîñòíîå
óðàâíåíèå, êîòîðîå ïîçâîëÿåò âû÷èñëèòü âñå yn ïî ðåêóðåíòíîé ôîðìóëå{

yn+1 = yn + τf(tn, yn), n = 0, 1, . . . , (N − 1);
y0 = u0.

Âîçìîæåí è äðóãîé âàðèàíò ïðè çàìåíå äèôôåðåíöèàëüíîãî óðàâíåíèÿ â
óçëå tn+1 àëãåáðàè÷åñêèì óðàâíåíèåì

yn+1 − yn
τ

= f(tn+1, yn+1), n = 0, 1, . . . , (N − 1) .

Â ýòîì ñëó÷àå ïîÿâëÿåòñÿ íåÿâíîå ðàçíîñòíîå óðàâíåíèå{
yn+1 − τf(tn+1, yn+1) = yn, n = 0, 1, . . . , (N − 1);

y0 = u0.

Äëÿ îïðåäåëåíèÿ yn+1 íåîáõîäèìî ðåøàòü íåëèíåéíîå àëãåáðàè÷åñêîå
óðàâíåíèå ïðè êàæäîì n = 0, 1, . . . , (N − 1) .

ßâíîå èëè íåÿâíîå ðàçíîñòíîå óðàâíåíèå èñïîëüçóåòñÿ äëÿ âû÷èñëåíèÿ
yn (n = 1, 2, . . . , (N − 1)), êîòîðîå ïðèíèìàåòñÿ çà ïðèáëèæ¼ííîå ðåøåíèå
çàäà÷è Êîøè. Ïðèáëèæåííîå ðåøåíèå yn ìîæåò íå ñîâïàäàòü ñ çíà÷åíèåì
òî÷íîãî ðåøåíèÿ un â óçëå tn. Ïîýòîìó, ôîðìàëüíàÿ ïîäñòàíîâêà â ðàçíîñò-
íîå óðàâíåíèå òî÷íîãî ðåøåíèÿ çàäà÷è Êîøè ìîæåò íàðóøàòü ðàâåíñòâî â
ðàçíîñòíîì óðàâíåíèè. Âîçíèêàþùèé äèñáàëàíñ â ðàçíîñòíîì óðàâíåíèè íà-
çûâàåòñÿ ïîãðåøíîñòüþ àïïðîêñèìàöèè (íåâÿçêîé) èñõîäíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ ðàçíîñòíûì óðàâíåíèåì. Ïîãðåøíîñòü àïïðîêñèìàöèè â óçëå
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tn áóäåì îáîçíà÷àòü ÷åðåç ψn. Íàïðèìåð, äëÿ ÿâíîãî ðàçíîñòíîãî óðàâíåíèÿ

ïîãðåøíîñòü àïïðîêñèìàöèè â óçëå tn ðàâíà ψn = −un+1 − un
τ

+ f(tn, un).

Îïðåäåëåíèå. Ðàçíîñòíîå óðàâíåíèå àïïðîêñèìèðóåò èñõîäíîå äèôôå-

ðåíöèàëüíîå óðàâíåíèå â óçëå tn, åñëè |ψn|
τ→0−→ 0 .

Îïðåäåëåíèå. Ðàçíîñòíîå óðàâíåíèå èìååò p-é ïîðÿäîê àïïðîêñèìàöèè â
óçëå tn, åñëè |ψn| = O(τ p).

5.1 Ìåòîäû Ðóíãå-Êóòòà

Ìåòîäàìè Ðóíãå-Êóòòà íàçûâàåòñÿ ñåìåéñòâî ðàçíîñòíûõ óðàâíåíèé âèäà:

yn+1 − yn
τ

=
m∑
i=1

σiKi(y), n = 0, 1, . . . , y0 = u0, (5.1)

ãäå âåëè÷èíû Ki(y) âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì:

K1(y) = f(tn, yn);
K2(y) = f(tn + τa2, yn + τb21K1(y));
K3(y) = f(tn + τa3, yn + τb31K1(y) + τb32K2(y));

. . .

Km(y) = f(tn + τam, yn + τ

m−1∑
i=1

bmiKi(y)).

Âûáîð ÷èñëîâûõ çíà÷åíèé ïàðàìåòðîâm, σi, ai, bij çàäàåò êîíêðåòíûé ìå-
òîä Ðóíãå-Êóòòà.

Ðàçíîñòíîå óðàâíåíèå (5.1) èñïîëüçóåòñÿ äëÿ îïðåäåëåíèÿ yn+1. Îñîáåííî-
ñòüþ ìåòîäîâ Ðóíãå-Êóòòà ÿâëÿåòñÿ òî, ÷òî ïðè êàæäîì n = 0, 1, . . . íåîáõî-
äèìî m ðàç âû÷èñëèòü ôóíêöèþ f îò ðàçëè÷íûõ çíà÷åíèé àðãóìåíòîâ. Ïî-
ýòîìó, ýòè ìåòîäû ïðèíÿòî íàçûâàòü m-ýòàïíûìè ìåòîäàìè.

Ñõîäèìîñòü yn (n = 1, 2, . . .) â óçëàõ äèñêðåòíîé ñåòêè ê çíà÷åíèþ òî÷íîãî
ðåøåíèÿ çàäà÷è Êîøè îáóñëîâëåíà ñëåäóþùåé òåîðåìîé.

Òåîðåìà 5.1 (Î ñõîäèìîñòè ìåòîäîâ Ðóíãå-Êóòòà). Ïóñòü ìåòîä Ðóíãå-Êóòòà
àïïðîêñèìèðóåò çàäàííîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå. Òîãäà
ïðèáëèæåííîå ðåøåíèå yn ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ un è ïîðÿäîê òî÷íîñòè
ïðèáëèæåííîãî ðåøåíèÿ ñîâïàäàåò ñ ïîðÿäêîì àïïðîêñèìàöèè ðàçíîñòíûì
óðàâíåíèåì îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Äîêàçàòåëüñòâî. Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ f(t, u) Ëèïøèö íåïðå-
ðûâíà ïî âòîðîìó àðãóìåíòó ñ êîíñòàíòîé L, òî åñòü äëÿ ëþáûõ u1, u2 âåðíî
íåðàâåíñòâî |f(t, u1)− f(t, u2)| 6 L|u1 − u2|.
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Ïîãðåøíîñòü ïðèáëèæåííîãî ðåøåíèÿ ðàâíà zn = yn − un. Ïðåäñòàâèì yn
â âèäå yn = zn + un è ïîäñòàâèì â (5.1). Â ðåçóëüòàòå ïîëó÷èì

zn+1 − zn
τ

= −un+1 − un
τ

+
m∑
i=1

σiKi(u) +
m∑
i=1

σi(Ki(y)−Ki(u)).

Çàìåòèì, ÷òî êîìáèíàöèÿ −un+1 − un
τ

+
m∑
i=1

σiKi(u) = ψn ÿâëÿåòñÿ ïî-

ãðåøíîñòüþ àïïðîêñèìàöèè ðàçíîñòíûì óðàâíåíèåì èñõîäíîãî îáûêíîâåííî-

ãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ââåä¼ì îáîçíà÷åíèå ψn =
m∑
i=1

σi(Ki(y) −

Ki(u)). Òîãäà (5.1) ïðèìåò âèä

zn+1 − zn
τ

= ψn − ψn.

Ïîëó÷èì îöåíêó íà
∣∣ψn∣∣ . Ñíà÷àëà ðàññìîòðèì âûðàæåíèå |Ki(y)−Ki(u)|

äëÿ çíà÷åíèé i = 1, 2, 3.

i = 1 : |K1(y)−K1(u)| = |f(tn, yn)− f(tn, un)| 6 L|yn − un| = L|zn|.
i = 2 : |K2(y)−K2(u)| = |f(tn + τa2, yn + τb21K1(y))− f(tn + τa2, un+

+τb21K1(u))| 6 L|yn − un + τb21(K1(y)−K1(u))| 6 L(|zn|+ τ |b21||K1(y)−
−K1(u)|) 6 L|zn|(1 + τbL),

ãäå b = max
i=2,m

j=1, (i−1)

|bij| .

i = 3 : |K3(y)−K3(u)| = |f(tn + τa3, yn + τb31K1(y) + τb32K2(y))−
−f(tn + τa3, un + τb31K1(u) + τb32K2(u))| 6 L|yn − un + τb31(K1(y)−
−K1(u)) + τb32(K2(y)−K2(u))| 6 L(|zn|+ τ |b31||K1(y)−K1(u)|+ τ |b32|·
·|K2(y)−K2(u)|) 6 L(|zn|+ τbL|zn|+ τbL|zn|(1 + τbL)) = L|zn|(1 + τbL)2.

Íåðàâåíñòâî |Ki(y)−Ki(u)| 6 L|zn|(1+τbL)i−1 âåðíî ïðè i = 1, 2, 3. Ïóñòü
ýòî íåðàâåíñòâî âûïîëíÿåòñÿ äëÿ èíäåêñà i ≥ 3. Ïîêàæåì, ÷òî îíî âåðíî è
äëÿ ñëåäóþùåãî èíäåêñà (i+ 1) :

|Ki+1(y)−Ki+1(u)| =

∣∣∣∣∣f
(
tn + τai+1, yn + τ

i∑
j=1

b(i+1)jKj(y)

)
−
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−f

(
tn + τai+1, un + τ

i∑
j=1

b(i+1)jKj(u)

)∣∣∣∣∣ 6
6 L

∣∣∣∣∣yn − un + τ

(
i∑

j=1

b(i+1)j(Kj(y)−Kj(u))

)∣∣∣∣∣ 6
6 L

(
|zn|+ τb

i∑
j=1

|Kj(y)−Kj(u)|

)
6 L (|zn|+ τbL|zn|·

·
i∑

j=1

(1 + τbL)j−1

)
= L|zn|

(
1 + τbL

1− (1 + τbL)i

1− (1 + τbL)

)
= L|zn|(1+τbL)i.

Òåïåðü ïîëó÷èì îöåíêó íà |ψn| :

|ψn| 6
m∑
i=1

|σi||Ki(y)−Ki(u)| 6 |zn|Lσ
m∑
i=1

(1 + τbL)i−1 6 |zn|Lσ(1 + τbL)m−1m,

ãäå σ = max
i=1,m

|σi|.

Òàê êàê

(1 + τbL)m−1 6 {(1 + x)s 6 esx} 6 eτbL(m−1) 6 {τ 6 T} 6 eTbL(m−1),

òî ïîëó÷àåì ðàâíîìåðíóþ ïî τ îöåíêó |ψn| 6 |zn|Lσα, ãäå α = meTbL(m−1).

Âåðí¼ìñÿ ê óðàâíåíèþ äëÿ ïîãðåøíîñòè ïðèáëèæ¼ííîãî ðåøåíèÿ
zn+1 − zn

τ
= ψn − ψn, èç êîòîðîãî ñëåäóåò íåðàâåíñòâî

|zn+1| 6 |zn|+ τ |ψn|+ τ |ψn| 6 |zn|+ τ |ψn|+ τ |zn|σLα = |zn|(1 + τσLα) +

+τ |ψn|,

âåðíîå äëÿ ëþáîãî n = 0, 1, . . . .

Èñïîëüçóåì ýòî íåðàâåíñòâî ïðè ïîëó÷åíèè îöåíêè íà |zn| :

|zn| 6 |zn−1|(1 + τσLα) + τ |ψn−1| 6
6 (|zn−2|(1 + τσLα) + τ |ψn−2|) (1 + τσLα) + τ |ψn−1| =
= |zn−2|(1 + τσLα)2 + τ |ψn−2|(1 + τσLα) + τ |ψn−1| 6 . . . 6

6 |z0|(1 + τσLα)n + τ

n−1∑
j=0

|ψn−1−j|(1 + τσLα)j =

= {z0 = y0 − u0 = 0} = τ
n−1∑
j=0

|ψn−1−j|(1 + τσLα)j.
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Ââåä¼ì îáîçíà÷åíèå Ψ = max
j=0, n−1

|ψj|. Òîãäà

|zn| 6 Ψτ
n−1∑
j=0

(1 + τσLα)j 6 Ψτn(1 + τσLα)n−1 6 ΨTeTσLα,

òàê êàê τn 6 T.

Îòñþäà ñëåäóåò, ÷òî åñëè ðàçíîñòíîå óðàâíåíèå àïïðîêñèìèðóåò âî âñåõ
óçëàõ äèñêðåòíîé ñåòêè îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, òî åñòü

|Ψ| τ→0−→ 0, òî ïðèáëèæ¼ííîå ðåøåíèå yn ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ un,

òî åñòü |zn|
τ→0−→ 0. Êðîìå òîãî, åñëè ðàçíîñòíîå óðàâíåíèå àïïðîêñèìèðóåò

îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ p-ì ïîðÿäêîì (|Ψ| = O(τ p)) ,
òî ïðèáëèæ¼ííîå ðåøåíèå èìååò p-é ïîðÿäîê òî÷íîñòè (|zn| = O(τ p)) .

Òåîðåìà äîêàçàíà.

Äâóõýòàïíûå ìåòîäû Ðóíãå-Êóòòà âòîðîãî ïîðÿäêà àïïðîêñèìàöèè

Äëÿ îïðåäåëåíèÿ ÷èñëîâûõ çíà÷åíèé ïàðàìåòðîâ ìåòîäîâ Ðóíãå-Êóòòà
êîíñòðóêòèâíûì ÿâëÿåòñÿ óñëîâèå, ÷òî m-ýòàïíûé ìåòîä Ðóíãå-Êóòòà èìå-
åò m-ûé ïîðÿäîê àïïðîêñèìàöèè.

Ðàññìîòðèì äâóõýòàïíûå ìåòîäû Ðóíãå-Êóòòà (m = 2). Ðàçíîñòíîå óðàâ-
íåíèå äëÿ âû÷èñëåíèÿ ïðèáëèæåííîãî ðåøåíèÿ yn+1 èìååò âèä:

yn+1 − yn
τ

= σ1K1(y) + σ2K2(y), n = 0, 1, . . . , y0 = u0;

K1(y) = f(tn, yn);
K2(y) = f(tn + τa2, yn + τb21K1(y)).

Ïîãðåøíîñòü àïïðîêñèìàöèè äëÿ äâóõýòàïíûõ ìåòîäîâ Ðóíãå-Êóòòà ðàâíà

ψn = −un+1 − un
τ

+ σ1K1(u) + σ2K2(u).

Âûáåðåì ïàðàìåòðû σ1, σ2, a2 è b21 òàê, ÷òîáû äâóõýòàïíûé ìåòîä Ðóíãå-
Êóòòà èìåë áû âòîðîé ïîðÿäîê àïïðîêñèìàöèè, òî åñòü ψn = O(τ 2).

Ïðîâåäåì ðÿä ïðîìåæóòî÷íûõ ïðåîáðàçîâàíèé. Çàïèøåì ðàçíîñòíóþ ïðî-
èçâîäíóþ â âèäå

un+1 − un
τ

=
1

τ
(u(tn + τ)− un) =

1

τ
(un + u′nτ + u′′n

τ 2

2
+O(τ 3)− un) =

= u′n + u′′n
τ

2
+O(τ 2).
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Òàê êàê u′ = f(t, u), òî, ïðåäïîëàãàÿ äîñòàòî÷íóþ ãëàäêîñòü ó ôóíêöèé
u(t) è f(t, u), ïîëó÷èì, ÷òî u′′ = ft(t, u) + fu(t, u)u′ = ft(t, u) + fu(t, u)f(t, u).

Òîãäà

un+1 − un
τ

= f(tn, un) + (ft(tn, un) + fu(tn, un)f(tn, un))
τ

2
+O(τ 2).

Ôóíêöèÿ K1(u) = f(tn, un), à äëÿ K2(u) âåðíî ïðåäñòàâëåíèå

K2(u) = f(tn + τa2, un + τb21f(tn, un)) = f(tn, un) + ft(tn, un)τa2+

+ fu(tn, un)f(tn, un)τb21 + O(τ 2).

Ñ ó÷åòîì ïðåäûäóùèõ ïðåîáðàçîâàíèé, âûðàæåíèå äëÿ ψn ïðèíèìàåò âèä

ψn = −f(tn, un)− (ft(tn, un) + fu(tn, un)f(tn, un))
τ

2
+ σ1f(tn, un)+

+ σ2(f(tn, un) + ft(tn, un)a2τ + fu(tn, un)f(tn, un)τb21) +O(τ 2) =

= f(tn, un)(−1 + σ1 + σ2) + ft(tn, un)(−
1

2
+ σ2a2)τ+

+ fu(tn, un)f(tn, un)(−
1

2
+ σ2b21)τ + O(τ 2).

Äëÿ òîãî, ÷òîáû ψn = O(τ 2), ïîòðåáóåì âûïîëíåíèÿ ñèñòåìû óðàâíåíèé
σ1 + σ2 = 1;

σ2a2 =
1

2
;

σ2b21 =
1

2
.

Èç ýòèõ óðàâíåíèé ñëåäóåò, ÷òî a2 = b21. Ââåä¼ì îáîçíà÷åíèÿ σ2 = σ è
a2 = a. Òîãäà ïðåäûäóùàÿ ñèñòåìà óðàâíåíèé ïðèíèìàåò âèä

σ1 = 1− σ;

σa =
1

2
.

Ñëåäîâàòåëüíî, ðàçíîñòíîå óðàâíåíèå

yn+1 − yn = τ((1− σ)f(tn, yn) + σf(tn + aτ, yn + τaf(tn, yn)))

èìååò 2-é ïîðÿäîê àïïðîêñèìàöèè è ïðèáëèæ¼ííîå ðåøåíèå

yn (n = 1, 2, . . .) èìååò 2-é ïîðÿäîê òî÷íîñòè, åñëè ïàðàìåòðû σ è a óäî-

âëåòâîðÿþò óñëîâèþ σa =
1

2
.
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Ðàññìîòðèì äâà ÷àñòíûõ ñëó÷àÿ. Ïóñòü σ = 1, a =
1

2
. Òîãäà ðàçíîñòíîå

óðàâíåíèå ïðèíèìàåò âèä

yn+1 − yn = τf(tn +
τ

2
, yn +

τ

2
f(tn, yn)).

Âûáîðó σ =
1

2
, a = 1 ñîîòâåòñòâóåò ðàçíîñòíîå óðàâíåíèå

yn+1 − yn =
τ

2
(f(tn, yn) + f(tn + τ, yn + τf(tn, yn)) .

Ãðàôè÷åñêàÿ èëëþñòðàöèÿ ðàçíîñòíîãî óðàâíåíèÿ

yn+1 − yn
τ

=
m∑
i=1

σiKi(y), êîòîðîå èñïîëüçóåòñÿ â ìåòîäàõ Ðóíãå-Êóòòà äëÿ

îïðåäåëåíèÿ yn+1, ïðåäñòàâëåíà íà ðèñ.5.1. Ïóñòü êîîðäèíàòû òî÷êè â ïëîñ-
êîñòè çàäàþòñÿ ïåðåìåííûìè t è u(t). Ïîñòðîèì ïðÿìîóãîëüíûé òðåóãîëüíèê
∆ABC, ó êîòîðîãî òî÷êà A èìååò êîîðäèíàòû (tn, yn), òî÷êà B èìååò êîîð-

äèíàòû (tn+1, yn) è óãîë α çàäà¼òñÿ èç óñëîâèÿ tg α =
m∑
i=1

σiKi(y).

-

6

Ðèñ.5.1
t

u(t)

yn

yn+1

tn tn+1

uA uB

uC

τ

(yn+1−
−yn)

α

-

6

Ðèñ.5.2
t

u(t)

yn

yn+1

tn tn+1

uA u
B

uC

uC ′
τ/2

arctg f(A)

α = arctg f(C ′)

Òîãäà, òî÷êà C áóäåò èìåòü êîîðäèíàòû (tn+1, yn+1).

Â ñëó÷àå äâóõýòàïíîãî, âòîðîãî ïîðÿäêà àïïðîêñèìàöèè ìåòîäà Ðóíãå-

Êóòòà ñ ïàðàìåòðàìè σ = 1 è a =
1

2
óãîë α îïðåäåëÿåòñÿ èç óñëîâèÿ, ÷òî

tg α ðàâåí çíà÷åíèþ ôóíêöèè f îò àðãóìåíòîâ, ñîîòâåòñòâóþùèõ êîîðäèíà-

òàì òî÷êè C ′
(
tn +

τ

2
, yn +

τ

2
f(tn, yn)

)
(ðèñ.5.2), òî åñòü tg α = f(C ′).

Åñëè âûáðàíû ïàðàìåòðû σ =
1

2
è a = 1, òî tg α ðàâåí ïîëóñóììå çíà-

÷åíèé ôóíêöèè f îò àðãóìåíòîâ, ñîîòâåòñòâóþùèõ çíà÷åíèÿì êîîðäèíàò
òî÷êè A (tn, yn) è òî÷êè C ′′ (tn+1, yn + τf(tn, yn)) (ðèñ.5.3), òî åñòü tg α =
1

2
(f(A) + f(C ′′)) .
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-

6

Ðèñ.5.3
t

u(t)

yn

yn+1

tn tn+1

uA u
B

uC
u
C ′′ (tn+1, yn + τf(A))

τ

arctg f(A)

arctg f(C ′′)

α

Ìåòîäû Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè

Ìåòîäû Ðóíãå-Êóòòà ñ ïàðàìåòðîì m ≥ 5 â âû÷èñëèòåëüíîé ïðàêòèêå
èñïîëüçóþòñÿ ðåäêî. Íàèáîëåå ÷àñòî ïðèìåíÿþòñÿ ðàçíîñòíûå óðàâíåíèÿ ñî-
îòâåòñòâóþùèå 4-õ ýòàïíûì ìåòîäàì Ðóíãå-Êóòòà 4-îãî ïîðÿäêà àïïðîêñè-
ìàöèè. Â êà÷åñòâå ïðèìåðà ïðèâåäåì îäíî èç òàêèõ ðàçíîñòíûõ óðàâíåíèé,
îáëàäàþùåå ñâîéñòâîì âû÷èñëèòåëüíîé óñòîé÷èâîñòè ïî îòíîøåíèþ ê îøèá-
êàì ìàøèííîãî îêðóãëåíèÿ ÷èñåë. Ýòî ðàçíîñòíîå óðàâíåíèå, èñïîëüçóåìîå â
ñòàíäàðòíûõ ïðîãðàììàõ, èìååò âèä :

yn+1 − yn
τ

=
1

6
(K1(y) + 2K2(y) + 2K3(y) +K4(y)), n = 0, 1, . . . , y0 = u0;

K1(y) = f(tn, yn);

K2(y) = f(tn +
τ

2
, yn +

τ

2
K1(y));

K3(y) = f(tn +
τ

2
, yn +

τ

2
K2(y));

K4(y) = f(tn + τ, yn + τK3(y)).

5.2 Ìíîãîøàãîâûå ìåòîäû

Ïðè ðåàëèçàöèè ìåòîäîâ Ðóíãå-Êóòòà íåîáõîäèìî âû÷èñëÿòü ôóíêöèþ
f(t, u) îò ïðîèçâîëüíûõ çíà÷åíèé å¼ àðãóìåíòîâ. Ýòî âîçìîæíî, íàïðèìåð,
ïðè ÿâíîì çàäàíèè ôóíêöèè ôîðìóëîé.

Ðàññìîòðèì ìåòîäû, â êîòîðûõ çíà÷åíèÿ ôóíêöèè f(t, u) äîñòàòî÷íî
çíàòü ëèøü â ôèêñèðîâàííûõ óçëàõ äèñêðåòíîé ñåòêè.
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Îïðåäåëåíèå. Áóäåì íàçûâàòü m-øàãîâûì ìåòîäîì ðàñ÷åòíóþ ñõåìó
ñëåäóþùåãî âèäà

a0yn + a1yn−1 + . . .+ amyn−m
τ

= b0fn + b1fn−1 + . . .+ bmfn−m, n ≥ m, (5.2)

ãäå m, ai, bi (i = 0, m) � ÷èñëîâûå ïàðàìåòðû ìåòîäà, à yn−i = y(tn−i) è
fn−i = f(tn−i, yn−i).

Ñîîòíîøåíèå (5.2) ÿâëÿåòñÿ óðàâíåíèåì îòíîñèòåëüíî yn. Äëÿ íà÷àëà ðàñ-
÷¼òà ïî ñõåìå (5.2) íåîáõîäèìî çíàòü çíà÷åíèÿ y0, y1, . . . , ym−1. Çíà÷åíèå y0 =
u0 � íà÷àëüíîå óñëîâèå äèôôåðåíöèàëüíîé çàäà÷è. Îñòàëüíûå íà÷àëüíûå
äàííûå, à èìåííî y1, . . . , ym−1 íåîáõîäèìî ïîäãîòîâèòü èñïîëüçóÿ äðóãèå ÷èñ-
ëåííûå ìåòîäû, íàïðèìåð, ìåòîäû Ðóíãå-Êóòòà ñîîòâåòñòâóþùåãî ïîðÿäêà
òî÷íîñòè.

Â ñëó÷àå, êîãäà â (5.2) êîýôôèöèåíò b0 ðàâåí íóëþ, òî åñòü â ïðàâîé ÷àñòè
çàâèñèìîñòü îò yn îòñóòñòâóåò, ñîîòâåòñòâóþùèé ìåòîä íàçûâàåòñÿ ÿâíûì. Åñ-
ëè b0 6= 0, òî (5.2) ïðåäñòàâëÿåò ñîáîé íåëèíåéíîå óðàâíåíèå îòíîñèòåëüíî yn,
êîòîðîå íóæíî ðåøàòü, èñïîëüçóÿ, íàïðèìåð, èòåðàöèîííûé ìåòîä Íþòîíà.
Â ýòîì ñëó÷àå ìåòîä (5.2) íàçûâàåòñÿ íåÿâíûì.

Çàìåòèì, ÷òî åñëè óðàâíåíèå (5.2) óìíîæèòü íà êàêóþ-íèáóäü íåíóëåâóþ
êîíñòàíòó, òî yn íå èçìåíèòñÿ. Óñòðàíèì íåîäíîçíà÷íîñòü çíà÷åíèé êîýôôè-

öèåíòîâ ai è bi. Äëÿ ýòîãî ââåä¼ì óñëîâèå íîðìèðîâêè
m∑
i=0

bi = 1.

Ïîêàæåì, ÷òî ïðè âûïîëíåíèè ýòîãî óñëîâèÿ ïðàâàÿ ÷àñòü óðàâíåíèÿ (5.2)
àïïðîêñèìèðóåò ïðàâóþ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ðàññìîòðèì
ðàçíîñòü ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ è ïðàâîé ÷àñòè (5.2)
íà òî÷íîì ðåøåíèè äèôôåðåíöèàëüíîé çàäà÷è:

f(tn, un)−
m∑
i=0

bif(tn − iτ, u(tn − iτ)) = f(tn, un)−
m∑
i=0

bi (f(tn, un) +O(τ)) =

= fn ·

(
1−

m∑
i=0

bi

)
+O(τ) = O(τ)

Òåïåðü ïîëó÷èì äîñòàòî÷íûå óñëîâèÿ äëÿ ¾k-îãî¿ ïîðÿäêà àïïðîêñèìàöèè
ðàñ÷¼òíîé ñõåìîé (5.2) äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ðàññìîòðèì âûðàæå-
íèå äëÿ íåâÿçêè:

ψn = −1

τ

m∑
i=0

aiun−i +
m∑
i=0

bif(tn−i, un−i).
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Âåðíû ñëåäóþùèå ðàçëîæåíèÿ â ðÿä Òåéëîðà:

un−i = u(tn − iτ) =
k∑
j=0

u
(j)
n

j!
(−iτ)j +O(τ k+1);

f(tn−i, un−i) = {u′ = f(t, u)} = u′n−i = u′(tn − iτ) =
k−1∑
j=0

u
(j+1)
n

j!
(−iτ)j +O(τ k).

Ïîäñòàâèâ ýòè ðàçëîæåíèÿ â âûðàæåíèå äëÿ íåâÿçêè, ïîëó÷èì

ψn = −1

τ

m∑
i=0

ai

k∑
j=0

(−1)j
u

(j)
n

j!
ijτ j +

m∑
i=0

bi

k−1∑
j=0

(−1)j
uj+1
n

j!
ijτ j +O(τ k).

Èçìåíèì â äâîéíûõ ñóììàõ ïîðÿäîê ñóììèðîâàíèÿ. Ïîñëå ýòîãî, èç ïåðâîé
äâîéíîé ñóììû âûäåëèì ñëàãàåìîå ñ j = 0, à âî âòîðîé äâîéíîé ñóììå ñäåëàåì
çàìåíó èíäåêñà ñóììèðîâàíèÿ j = j′−1. Òîãäà âûðàæåíèå äëÿ íåâÿçêè ïðèìåò
âèä:

ψn = −1

τ

m∑
i=0

unai −
1

τ

k∑
j=1

(−1)j
u

(j)
n

j!
τ j

m∑
i=0

aii
j+

+
k∑

j′=1

(−1)j
′−1 u

(j′)
n

(j′ − 1)!
τ (j′−1)

m∑
i=0

bii
j′−1 +O(τ k) =

= −un
τ

m∑
i=0

ai +
k∑
j=1

(−1)j−1u
(j)
n

j!
τ j−1

m∑
i=0

ij−1(iai + jbi) +O(τ k).

Ñëåäîâàòåëüíî, äëÿ òîãî ÷òîáû ψn = O(τ k), äîñòàòî÷íî ïîòðåáîâàòü âû-
ïîëíåíèÿ ñèñòåìû ðàâåíñòâ:

m∑
i=0

ai = 0;

m∑
i=0

ij−1(iai + jbi) = 0, j = 1, k.

(5.3)

Âòîðîå óðàâíåíèå â (5.3) ïðè j = 1 èìååò âèä
m∑
i=0

iai +
m∑
i=0

bi = 0. Òàê

êàê
m∑
i=0

bi = 1, òî
m∑
i=0

iai = −1. Ïåðâîå ñëàãàåìîå â ýòîé ñóììå ðàâíî íóëþ.

Ïîýòîìó
m∑
i=1

iai = −1.
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Îáúåäèíÿÿ âìåñòå ïîñëåäíåå ðàâåíñòâî, óñëîâèå íîðìèðîâêè è (5.3), ïîëó-
÷àåì ñëåäóþùóþ ñèñòåìó óñëîâèé, îáåñïå÷èâàþùèõ k-ûé ïîðÿäîê àïïðîêñè-
ìàöèè:

m∑
i=0

bi = 1;

m∑
i=0

ai = 0;

m∑
i=1

iai = −1;

m∑
i=1

ij−1(iai + jbi) = 0, j = 2, k.

(5.4)

Ðàâåíñòâà (5.4) ïðåäñòàâëÿþò ñîáîé ñèñòåìó èç (k + 2) ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ ai, bi (i = 0, m). Êîëè÷åñòâî
íåèçâåñòíûõ ðàâíî 2m + 2. Ñèñòåìà (5.4) èìååò ðåøåíèå (âîçìîæíî íå åäèí-
ñòâåííîå), åñëè âûïîëíåíî íåðàâåíñòâî k + 2 6 2m+ 2.

Òàêèì îáðàçîì, k � ïîðÿäîê àïïðîêñèìàöèè m-øàãîâîãî ìåòîäà íå ìîæåò
ïðåâûøàòü çíà÷åíèÿ 2m (äëÿ íåÿâíîãî ìåòîäà). Åñëè âûïîëíåíî äîïîëíè-
òåëüíîå óñëîâèå b0 = 0, òî â ñèñòåìå (5.4) íåèçâåñòíûõ íà åäèíèöó ìåíüøå, è
ìàêñèìàëüíî âîçìîæíûé ïîðÿäîê àïïðîêñèìàöèè áóäåò ðàâåí (2m− 1).

5.3 Ìåòîäû Àäàìñà è Ãèðà

Â âû÷èñëèòåëüíîé ïðàêòèêå ïðåèìóùåñòâåííî èñïîëüçóþò ÷àñòíûå ñëó-
÷àè m-øàãîâûõ ìåòîäîâ. Ïåðåéä¼ì ê èõ ðàññìîòðåíèþ.

5.3.1 Ìíîãîøàãîâûå ìåòîäû Àäàìñà

Îïðåäåëåíèå. Ìåòîäàìè Àäàìñà íàçûâàþò m-øàãîâûå ìåòîäû, â êîòî-
ðûõ a0 = 1, a1 = −1, a2 = a3 = . . . = am = 0.

Òàêèì îáðàçîì, â ìåòîäàõ Àäàìñà ðàñ÷¼òíàÿ ñõåìà äëÿ âû÷èñëåíèÿ yn
èìååò âèä

yn − yn−1

τ
= b0fn + b1fn−1 + . . .+ bmfn−m, n ≥ m. (5.5)

Ïîäñòàâèâ çíà÷åíèÿ ai, îïðåäåëÿþùèå ìåòîäû Àäàìñà, â (5.4), ïîëó÷èì
ñëåäóþùóþ ñèñòåìó óñëîâèé, îáåñïå÷èâàþùèõ k-ûé ïîðÿäîê àïïðîêñèìàöèè
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äëÿ ìåòîäîâ Àäàìñà:

m∑
i=0

bi = 1;

j
m∑
i=1

ij−1bi = 1, j = 2, k.

(5.6)

Ñèñòåìà (5.6) ÿâëÿåòñÿ ñèñòåìîé ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îò-
íîñèòåëüíî bi (i = 0, m). Ñèñòåìà (5.6) ñîñòîèò èç k óðàâíåíèé è ñîäåðæèò
(m+ 1) íåèçâåñòíûõ. Ñèñòåìà íå ÿâëÿåòñÿ ïåðåîïðåäåë¼ííîé, åñëè k 6 m+ 1.

Òàêèì îáðàçîì, ïîðÿäîê àïïðîêñèìàöèè â íåÿâíûõ ìåòîäàõ Àäàìñà íå
ìîæåò ïðåâûøàòü çíà÷åíèÿ (m+1). Â ÿâíûõ ìåòîäàõ Àäàìñà (b0 = 0) ïîðÿäîê
àïïðîêñèìàöèè íå ìîæåò áûòü áîëüøå m (k 6 m).

Ðàññìîòðèì íåêîòîðûå ïðèìåðû.

Ïðèìåð 5.1. Ìåòîä Àäàìñà ÿâíûé (b0 = 0), îäíîøàãîâûé (m = 1), ìàê-
ñèìàëüíîãî ïîðÿäêà àïïðîêñèìàöèè (k = 1).

Äîñòàòî÷íûå óñëîâèÿ k-îãî ïîðÿäêà àïïðîêñèìàöèè, òî åñòü ñèñòåìà (5.6),
â äàííîì ñëó÷àå èìååò âèä b1 = 1.

Òîãäà, ðàñ÷åòíàÿ ñõåìà (5.5) çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

yn − yn−1

τ
= f(tn−1, yn−1), n > 1.

Äëÿ íà÷àëà âû÷èñëåíèé íåîáõîäèìî îäíî íà÷àëüíîå óñëîâèå y0 = u0.

Ïðèìåð 5.2. Ìåòîä Àäàìñà ÿâíûé (b0 = 0), òðåõøàãîâûé (m = 3), ìàê-
ñèìàëüíîãî ïîðÿäêà àïïðîêñèìàöèè (k = 3).

Ñèñòåìà óðàâíåíèé (5.6) èìååò ñëåäóþùèé âèä:

 b1 + b2 + b3 = 1;
2(b1 + 2b2 + 3b3) = 1;
3(b1 + 4b2 + 9b3) = 1;

⇐⇒


b1 =

23

12
;

b2 = −4

3
;

b3 =
5

12
.

Ðàñ÷åòíàÿ ñõåìà ýòîãî ìåòîäà òàêîâà:

yn − yn−1

τ
=

23fn−1 − 16fn−2 + 5fn−3

12
, n > 3.

Äëÿ íà÷àëà ðàñ÷¼òà íóæíû äîïîëíèòåëüíûå äàííûå y0, y1 è y2. Äëÿ âñåõ
ðàñ÷åòíûõ ñõåì y0 = u0. Çíà÷åíèÿ y1 è y2 ðàññ÷èòûâàþòñÿ ñ èñïîëüçîâàíèåì
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ìåòîäîâ, íàïðèìåð, Ðóíãå-Êóòòà, êîòîðûå äîëæíû áûòü íå ìåíåå, ÷åì òðåòüå-
ãî ïîðÿäêà òî÷íîñòè, òàê êàê k = 3. Îøèáêà â íà÷àëüíûõ äàííûõ íå äîëæíà
áûòü áîëüøå ïîãðåøíîñòè ðàñ÷åòíîé ñõåìû.

Ïðèìåð 5.3. Ìåòîä Àäàìñà íåÿâíûé (b0 6= 0), îäíîøàãîâûé (m = 1),
ìàêñèìàëüíîãî ïîðÿäêà àïïðîêñèìàöèè (k = 2).

Ñèñòåìà óðàâíåíèé (5.6) â äàííîì ñëó÷àå ïðèíèìàåò âèä:

{
b0 + b1 = 1;
2b1 = 1;

⇐⇒


b1 =

1

2
;

b2 =
1

2
.

Òîãäà, ðàñ÷¼òíàÿ ñõåìà ìåòîäà èìååò âèä:

yn − yn−1

τ
=
fn + fn−1

2
, n > 1.

Äëÿ íà÷àëà âû÷èñëåíèé íåîáõîäèìî îäíî íà÷àëüíîå óñëîâèå y0 = u0.

Ïðè êàæäîì n > 1, äëÿ íàõîæäåíèÿ yn íóæíî ðåøàòü íåëèíåéíîå àëãåá-
ðàè÷åñêîå óðàâíåíèå

yn −
τ

2
f(tn, yn) = yn−1 +

τ

2
fn−1.

Ýôôåêòèâíûì ìåòîäîì ðåøåíèÿ ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ èòåðàöèîííûé
ìåòîä Íüþòîíà. Ïóñòü

F (x) = x− τ

2
f(tn, x)− yn−1 −

τ

2
fn−1.

Òîãäà, èñêîìîå yn ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ F (x) = 0. Äëÿ ïðèáëèæ¼í-
íîãî âû÷èñëåíèÿ çíà÷åíèÿ ýòîãî êîðíÿ ñòðîèòñÿ ïîñëåäîâàòåëüíîñòü èòåðà-
öèîííûõ ïðèáëèæåíèé

xs+1 = xs − F (xs)

F ′(xs)
, s = 0, 1, . . . ,

ãäå F ′(xs) = 1− τ

2
fu(tn, x

s) è x0 = yn−1.

Ïðèìåð 5.4. Ìåòîä Àäàìñà íåÿâíûé (b0 6= 0), äâóõøàãîâûé (m = 2),
ìàêñèìàëüíîãî ïîðÿäêà àïïðîêñèìàöèè (k = 3).

Ñèñòåìà óðàâíåíèé (5.6) â äàííîì ñëó÷àå òàêîâà:

 b0 + b1 + b2 = 1;
2(b1 + 2b2) = 1;
3(b1 + 4b2) = 1;

⇐⇒


b0 =

5

12
;

b1 =
2

3
;

b2 = − 1

12
.
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Ðàñ÷åòíàÿ ñõåìà ìåòîäà èìååò âèä:

yn − yn−1

τ
=

5fn + 8fn−1 − fn−2

12
, n > 2.

Äëÿ âû÷èñëåíèé ïî ýòîé ñõåìå íóæíî çíàòü y0 è y1. Íà÷àëüíîå óñëîâèå
y0 = u0, à y1 ðàññ÷èòûâàåòñÿ, íàïðèìåð, ïî ìåòîäó Ðóíãå-Êóòòà 3-ãî ïîðÿäêà
òî÷íîñòè.

Ïðè êàæäîì n > 2 çíà÷åíèå yn ÿâëÿåòñÿ êîðíåì íåëèíåéíîãî àëãåáðàè÷å-
ñêîãî óðàâíåíèÿ, êîòîðîå ðåøàåòñÿ ñ èñïîëüçîâàíèåì èòåðàöèîííîãî ìåòîäà
Íüþòîíà.

5.3.2 Ìíîãîøàãîâûå ìåòîäû Ãèðà

Îïðåäåëåíèå. Ìåòîäàìè Ãèðà íàçûâàþò m-øàãîâûå ìåòîäû, â êîòîðûõ
b0 = 1, b1 = b2 = . . . = bm = 0.

Â ìåòîäàõ Ãèðà ðàñ÷åòíàÿ ñõåìà äëÿ âû÷èñëåíèÿ yn èìååò âèä

a0yn + a1yn−1 + . . .+ amyn−m
τ

= fn, n ≥ m.

Îòìåòèì, ÷òî âñå ìåòîäû Ãèðà ÿâëÿþòñÿ íåÿâíûìè è äëÿ ëþáîãî n ≥ m
çíà÷åíèå yn íàõîäèòñÿ â ðåçóëüòàòå ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ

a0yn − τf(tn, yn) =
m∑
i=1

aiyn−i.

Ïîäñòàâèâ çíà÷åíèÿ bi, îïðåäåëÿþùèå ìåòîäû Ãèðà, â (5.4), ïîëó÷èì ñëå-
äóþùóþ ñèñòåìó óñëîâèé, îáåñïå÷èâàþùèõ k-ûé ïîðÿäîê àïïðîêñèìàöèè äëÿ
ìåòîäîâ Ãèðà:

m∑
i=0

ai = 0;

m∑
i=1

iai = −1;

m∑
i=1

ijai = 0, j = 2, k.

(5.7)

Ñèñòåìà (5.7) ñîñòîèò èç (k+1) óðàâíåíèé îòíîñèòåëüíî (m+1) íåèçâåñò-
íûõ, êîòîðûìè ÿâëÿþòñÿ ai. Ñèñòåìà (5.7) íå ïåðåîïðåäåëåíà, åñëè âûïîëíÿ-
åòñÿ íåðàâåíñòâî k + 1 ≤ m+ 1. Òî åñòü ïîðÿäîê àïïðîêñèìàöèè k â ìåòîäàõ
Ãèðà íå áîëüøå ÷åì m.
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Ðàññìîòðèì íåêîòîðûå ïðèìåðû.

Ïðèìåð 5.5. Ìåòîä Ãèðà îäíîøàãîâûé (m = 1), ìàêñèìàëüíîãî ïîðÿäêà
àïïðîêñèìàöèè (k = 1).

Ñèñòåìà óðàâíåíèé (5.7) â äàííîì ñëó÷àå ïðèíèìàåò âèä:{
a0 + a1 = 0;
a1 = −1;

⇐⇒
{
a0 = 1;
a1 = −1.

Ðàñ÷¼òíàÿ ñõåìà ìåòîäà èìååò âèä:

yn − yn−1

τ
= f(tn, yn), n > 1.

Äëÿ âû÷èñëåíèé ïî ýòîé ñõåìå íåîáõîäèìî îäíî íà÷àëüíîå óñëîâèå y0 = u0.

Ïðè êàæäîì n > 1 çíà÷åíèå yn ÿâëÿåòñÿ êîðíåì íåëèíåéíîãî àëãåáðàè÷å-
ñêîãî óðàâíåíèÿ, êîòîðîå ðåøàåòñÿ ñ èñïîëüçîâàíèåì èòåðàöèîííîãî ìåòîäà
Íüþòîíà.

Ïðèìåð 5.6. Ìåòîä Ãèðà äâóõøàãîâûé (m = 2), ìàêñèìàëüíîãî ïîðÿäêà
àïïðîêñèìàöèè (k = 2).

Ñèñòåìà óðàâíåíèé (5.7) èìååò ñëåäóþùèé âèä:

 a0 + a1 + a2 = 0;
a1 + 2a2 = −1;
a1 + 4a2 = 0;

⇐⇒


a0 =

3

2
;

a1 = −2;

a2 =
1

2
.

Ðàñ÷åòíàÿ ñõåìà ýòîãî ìåòîäà òàêîâà:

3yn − 4yn−1 + yn−2

2τ
= f(tn, yn), n > 2.

Äëÿ íà÷àëà ðàñ÷¼òà íóæíû äîïîëíèòåëüíûå äàííûå y0 = u0 è y1. Çíà-
÷åíèå y1 ðàññ÷èòûâàåòñÿ ñ èñïîëüçîâàíèåì ìåòîäîâ, íàïðèìåð, Ðóíãå-Êóòòà,
êîòîðûå äîëæíû áûòü íå ìåíåå, ÷åì âòîðîãî ïîðÿäêà òî÷íîñòè.

Ïðè êàæäîì n > 2 çíà÷åíèå yn ÿâëÿåòñÿ êîðíåì íåëèíåéíîãî àëãåáðàè÷å-
ñêîãî óðàâíåíèÿ

3

2
yn − τf(tn yn) = 2yn−1 −

1

2
yn−2,

êîòîðîå ðåøàåòñÿ ñ èñïîëüçîâàíèåì èòåðàöèîííîãî ìåòîäà Íüþòîíà.

Ïðèìåð 5.7. Ìåòîä Ãèðà òðåõøàãîâûé (m = 3), ìàêñèìàëüíîãî ïîðÿäêà
àïïðîêñèìàöèè (k = 3).
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Ñèñòåìà óðàâíåíèé (5.7) â äàííîì ñëó÷àå ïðèíèìàåò âèä:


a0 + a1 + a2 + a3 = 0;
a1 + 2a2 + 3a3 = −1;
a1 + 4a2 + 9a3 = 0;
a1 + 8a2 + 27a3 = 0;

⇐⇒



a0 =
11

6
;

a1 = −3;

a2 =
3

2
;

a3 = −1

3
.

Ðàñ÷åòíàÿ ñõåìà ìåòîäà èìååò âèä:

11yn − 18yn−1 + 9yn−2 − 2yn−3

6τ
= f(tn, yn), n > 3.

Äëÿ íà÷àëà ðàñ÷åòà íóæíû äîïîëíèòåëüíûå äàííûå y0 = u0, y1 è y2. Çíà-
÷åíèÿ y1 è y2 ðàññ÷èòûâàþòñÿ ñ èñïîëüçîâàíèåì, íàïðèìåð, ìåòîäîâ Ðóíãå-
Êóòòà, êîòîðûå äîëæíû áûòü íå ìåíåå, ÷åì òðåòüåãî ïîðÿäêà òî÷íîñòè.

Ïðè êàæäîì n > 3 çíà÷åíèå yn ÿâëÿåòñÿ êîðíåì íåëèíåéíîãî àëãåáðàè÷å-
ñêîãî óðàâíåíèÿ, êîòîðîå ðåøàåòñÿ ñ èñïîëüçîâàíèåì èòåðàöèîííîãî ìåòîäà
Íüþòîíà.

Çàìå÷àíèå. Â âû÷èñëèòåëüíîé ïðàêòèêå èñïîëüçóþòñÿ ìåòîäû Ãèðà,
èìåþùèå äåñÿòûé ïîðÿäîê àïïðîêñèìàöèè è îáëàäàþùèå ñâîéñòâîì âû÷èñ-
ëèòåëüíîé óñòîé÷èâîñòè.

5.4 Óñòîé÷èâîñòü ÷èñëåííûõ ìåòîäîâ

ðåøåíèÿ çàäà÷è Êîøè

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ïåðâîãî ïîðÿäêà ñëåäóþùåãî âèäà

du(t)

dt
= λu, t > 0, λ = const < 0;

u(0) = u0.

(5.8)

Ðåøåíèå ýòîé çàäà÷è èìååò âèä u(t) = u0 exp(λt). Ïðè λ < 0 ôóíêöèÿ u(t)
ñ ðîñòîì t ìîíîòîííî ñòðåìèòñÿ ê íóëþ, òî åñòü äëÿ ëþáîãî t ≥ 0 âûïîëíÿåòñÿ
íåðàâåíñòâî |u(t)| ≤ |u0| .

Â âû÷èñëèòåëüíîé ïðàêòèêå ïðèíÿòî, â ñèëó ðÿäà ïðè÷èí, èñïîëüçîâàòü
çàäà÷ó (5.8) â êà÷åñòâå òåñòà äëÿ ïðîâåðêè ñâîéñòâ ðàçëè÷íûõ ÷èñëåííûõ ìå-
òîäîâ ðåøåíèÿ çàäà÷è Êîøè. Äîëæíî âûïîëíÿòüñÿ óñëîâèå, ÷òî |yn| � ìîäóëü
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ïðèáëèæ¼ííîãî ÷èñëåííîãî ðåøåíèÿ çàäà÷è (5.8), ïîëó÷åííîãî ñ èñïîëüçîâà-
íèåì êîíêðåòíîãî ÷èñëåííîãî ìåòîäà, ìîíîòîííî ñòðåìèòñÿ ê íóëþ ñ ðîñòîì
n.

Ïðèìåíèì äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (5.8) ÿâíûé îäíîøàãîâûé ìå-
òîä Àäàìñà (ñì. Ïðèìåð 5.1.). Ðàñ÷¼òíàÿ ñõåìà ìåòîäà èìååò âèä

yn+1 − yn
τ

= f(tn, yn),

ãäå ïðàâàÿ ÷àñòü f(tn, yn) = λyn.

Îòñþäà ñëåäóåò ñîîòíîøåíèå yn+1 = (1 + τλ)yn, âåðíîå ïðè ëþáîì n ≥
0. Ââåä¼ì îáîçíà÷åíèå µ = τλ < 0. Çíà÷åíèå λ < 0 ÿâëÿåòñÿ ïàðàìåòðîì
äèôôåðåíöèàëüíîé çàäà÷è (5.8), à τ åñòü ïàðàìåòð ðàñ÷¼òíîé ñõåìû Àäàìñà.
Óñëîâèå ìîíîòîííîãî ñòðåìëåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ ê íóëþ (|yn+1| <
|yn|) áóäåò âûïîëíÿòüñÿ, åñëè |1 + µ| < 1. Ðåøèâ ýòî íåðàâåíñòâî, ïîëó÷àåì
óñëîâèå −2 < µ < 0.

Íåðàâåíñòâî −2 < µ < 0, òàê êàê µ = τλ < 0, ïðèíèìàåò âèä −2 < τλ.

Îòñþäà ñëåäóåò, ÷òî τ < −2

λ
=

2

|λ|
.

Òî åñòü, óñëîâèå ìîíîòîííîãî ïî n ñòðåìëåíèÿ ê íóëþ ïðèáëèæåííîãî ðå-
øåíèÿ, ïîëó÷åííîãî ïî ìåòîäó Àäàìñà, áóäåò âûïîëíåíî, åñëè τ � ïàðàìåòð

ðàñ÷¼òíîé ñõåìû íå ïðåâûøàåò çíà÷åíèÿ
2

|λ|
, îïðåäåëÿåìîãî ïàðàìåòðîì äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ.

Ðàñ÷¼òíûå ñõåìû, â êîòîðûõ âåëè÷èíà øàãà äèñêðåòíîé ñåòêè, ïàðàìåòð
τ, ñâÿçàíà ñ çíà÷åíèÿìè ïàðàìåòðîâ äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ïðèíÿòî
íàçûâàòü óñëîâíî óñòîé÷èâûìè. Èòàê, ÿâíûé îäíîøàãîâûé ïåðâîãî ïîðÿäêà
àïïðîêñèìàöèè ìåòîä Àäàìñà ÿâëÿåòñÿ óñëîâíî óñòîé÷èâûì.

Òåïåðü ïðèìåíèì äëÿ ðåøåíèÿ çàäà÷è (5.8) îäíîøàãîâûé ìåòîä Ãèðà ïåð-
âîãî ïîðÿäêà àïïðîêñèìàöèè (ñì. Ïðèìåð 5.5.).

Ðàñ÷¼òíàÿ ñõåìà ìåòîäà èìååò âèä

yn+1 − yn
τ

= f(tn+1, yn+1),

ãäå ïðàâàÿ ÷àñòü f(tn+1, yn+1) = λyn+1.

Îòñþäà ñëåäóåò ñîîòíîøåíèå yn+1(1− τλ) = yn, âåðíîå ïðè ëþáîì n ≥ 0.
Èñïîëüçóåì îáîçíà÷åíèå µ = τλ < 0. Â äàííîì ñëó÷àå, óñëîâèå ìîíîòîííîãî
ñòðåìëåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ ê íóëþ (|yn+1| < |yn|) âûïîëíÿåòñÿ ïðè
ëþáîì n ≥ 0, òàê êàê |1− µ| > 1.

Òî åñòü, ïðè èñïîëüçîâàíèè îäíîøàãîâîãî ìåòîäà Ãèðà äëÿ ðåøåíèÿ ìî-
äåëüíîé çàäà÷è (5.8) óñëîâèå ìîíîòîííîñòè yn âûïîëíåíî ïðè ëþáûõ çíà-
÷åíèÿõ τ è, ñëåäîâàòåëüíî, êîìáèíàöèÿ µ = τλ ìîæåò áûòü ðàâíà ëþáûì
çíà÷åíèÿì íà îòðèöàòåëüíîé ïîëóîñè µ.
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Åñëè, ïðè ïðèìåíåíèè êîíêðåòíîé ðàñ÷¼òíîé ñõåìû äëÿ ðåøåíèÿ ìîäåëü-
íîé çàäà÷è (5.8), óñëîâèå ìîíîòîííîãî ïî n ñòðåìëåíèÿ ê íóëþ ïðèáëèæåííî-
ãî ðåøåíèÿ âûïîëíåíî äëÿ ëþáûõ çíà÷åíèé ïàðàìåòðà τ (òî åñòü êîìáèíàöèÿ
µ = τλ ìîæåò ïðèíèìàòü ëþáûå çíà÷åíèÿ íà îòðèöàòåëüíîé ïîëóîñè), òî òà-
êóþ ðàñ÷¼òíóþ ñõåìó ïðèíÿòî íàçûâàòü àáñîëþòíî óñòîé÷èâîé (À-óñòîé÷èâîé).

Èòàê, îäíîøàãîâûé ìåòîä Ãèðà ïåðâîãî ïîðÿäêà àïïðîêñèìàöèè ÿâëÿåòñÿ
À-óñòîé÷èâûì èëè àáñîëþòíî óñòîé÷èâûì ìåòîäîì.

Ïðîâîäèòü èññëåäîâàíèå m-øàãîâûõ ìåòîäîì ïðè m ≥ 2 íà óñòîé÷èâîñòü
óäîáíî íà ìîäåëüíîé çàäà÷å (5.8), â êîòîðîé ïàðàìåòð λ ÿâëÿåòñÿ ïðîèçâîëü-
íûì êîìïëåêñíûì ÷èñëîì. Òîãäà, êîìáèíàöèÿ µ = τλ òàêæå åñòü êîìïëåêñ-
íîå ÷èñëî è â ýòîì ñëó÷àå èñïîëüçóåòñÿ ñëåäóþùåå îïðåäåëåíèå óñòîé÷èâîñòè
ðàñ÷¼òíûõ ñõåì.

Îïðåäåëåíèå. Ðàñ÷åòíàÿ ñõåìà íàçûâàåòñÿ À(α)-óñòîé÷èâîé, åñëè äîïó-
ñòèìûå äëÿ ýòîãî ìåòîäà çíà÷åíèÿ µ ïðèíàäëåæàò îáëàñòè |arg(−µ)| < α.

Ñëåäóþùèå ïðåîáðàçîâàíèÿ è ðèñóíîê èëëþñòðèðóþò äàííîå îïðåäåëåíèå:

µ = |µ| exp(i arg µ) =⇒ −µ = |µ| exp(i(arg µ− π)) =⇒
|arg(−µ)| = |arg µ− π| < α =⇒ π − α < arg µ < π + α

-

6

Ðèñ.5.4

< µ

= µ

α

α

6

6
?

?

Âåðíî óòâåðæäåíèå (ñì. [3]):

Óòâåðæäåíèå 5.1. Ñðåäè ÿâíûõ m-øàãîâûõ ìåòîäîâ íåò À(α)-óñòîé÷èâûõ.

Ñðåäè íåÿâíûõm-øàãîâûõ ìåòîäîâ ñóùåñòâóþò À(α)-óñòîé÷èâûå ìåòîäû.
Íàïðèìåð (ñì. [3]), ÷åòûðåõøàãîâûé ìåòîä Ãèðà ÷åòâåðòîãî ïîðÿäêà àïïðîê-
ñèìàöèè:

1

12
(25yn − 48yn−1 + 36yn−2 − 16yn−3 + 3yn−4) = τf(tn, yn), n ≥ 4.
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5.5 ×èñëåííîå ðåøåíèå çàäà÷è Êîøè

äëÿ ñèñòåìû îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé âèäà: {

ut = f(t, u), t > 0;

u|
t=0

= u0,

ãäå u = (u1, u2, . . . , ul)
T è f = (f1, f2, . . . , fl)

T .

Ðàñ÷åòíûå ñõåìû ìåòîäîâ Ðóíãå-Êóòòà (5.1) è m-øàãîâûõ ìåòîäîâ (5.2)
ïðèìåíèìû è äëÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé. Ïðîäåìîíñòðèðóåì ýòî íà êîíêðåòíîì ïðèìåðå. Ïóñòü çàäàíà
çàäà÷à Êîøè äëÿ äâóõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

ut = f(t, u, v);
vt = g(t, u, v), t > 0;

u(0) = u0;
v(0) = v0.

Ïðèìåíèì äëÿ ðåøåíèÿ ýòîé çàäà÷è ÷èñëåííûé ìåòîä Ðóíãå-Êóòòà ÷åòâåð-
òîãî ïîðÿäêà àïïðîêñèìàöèè (ñì. ïóíêò 5.1). Ââåäåì îáîçíà÷åíèÿ u(tn) = yn
è v(tn) = wn. Òîãäà, ðàñ÷åòíûå ôîðìóëû äëÿ âû÷èñëåíèÿ yn è wn áóäóò èìåòü
âèä: 

yn+1 − yn
τ

=
1

6
(K1 + 2K2 + 2K3 +K4);

wn+1 − wn
τ

=
1

6
(M1 + 2M2 + 2M3 +M4),

à ïàðàìåòðû Ki, Mi, i = 1, 2, 3, 4 âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì:

K1 = f(tn, yn, wn), M1 = g(tn, yn, wn);
K2 = f(tn + τ

2 , yn + τ
2K1, wn + τ

2M1), M2 = g(tn + τ
2 , yn + τ

2K1, wn + τ
2M1);

K3 = f(tn + τ
2 , yn + τ

2K2, wn + τ
2M2), M3 = g(tn + τ

2 , yn + τ
2K2, wn + τ

2M2);
K4 = f(tn + τ, yn + τK3, wn + τM3), M4 = g(tn + τ, yn + τK3, wn + τM3).

Ïðè ÷èñëåííîì ðåøåíèè ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïðîÿâëÿåòñÿ ñóùåñòâåííîå ðàçëè÷èå ñâîéñòâ àáñîëþòíî è óñëîâíî óñòîé-
÷èâûõ ìåòîäîâ. Ïóñòü äèôôåðåíöèàëüíàÿ çàäà÷à Êîøè èìååò âèä: u′1 + a1u1 = 0, a1 > 0;

u′2 + a2u2 = 0, a2 > 0, t > 0;
u1(0) = u2(0) = u0.
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Òî÷íûìè ðåøåíèÿìè ýòîé çàäà÷è ÿâëÿþòñÿ ôóíêöèè u1(t) = u0 exp(−a1t)
è u2(t) = u0 exp(−a2t). Ïóñòü âûïîëíÿåòñÿ íåðàâåíñòâî a1 � a2 (â ýòîì ñëó-
÷àå äàííàÿ ñèñòåìà ÿâëÿåòñÿ ïðèìåðîì æåñòêîé ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé). Òîãäà, äàæå äëÿ t = 1 çíà÷åíèå ôóíêöèè u1(1) áóäåò ìíîãî ìåíü-
øå çíà÷åíèÿ ôóíêöèè u2(1) è áëèçêî ê íóëþ. Åñëè ïðè ÷èñëåííîì ðåøåíèè
ýòîé çàäà÷è èñïîëüçîâàòü óñëîâíî óñòîé÷èâûé ìåòîä, íàïðèìåð, ÿâíûé îä-
íîøàãîâûé ìåòîä Àäàìñà, òî ïàðàìåòð ðàñ÷¼òíîé ñõåìû äîëæåí áûòü ìà-
ëîé âåëè÷èíîé, à èìåííî τ < 2

a1
� 2

a2
. Ñëåäîâàòåëüíî, äëÿ ïîëó÷åíèÿ èí-

ôîðìàöèè î çíà÷åíèè ôóíêöèè u2(t) íóæíî áóäåò âûïîëíèòü áîëüøîé îáú¼ì
¾ëèøíåé¿ âû÷èñëèòåëüíîé ðàáîòû. Ïîýòîìó, ïðè ÷èñëåííîì ðåøåíèè æåñòêèõ
ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðåêîìåíäóåòñÿ ïîëüçî-
âàòüñÿ À(α)-óñòîé÷èâûìè ðàñ÷¼òíûìè ñõåìàìè.

Âñïîìíèì îïðåäåëåíèå æåñòêîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé. Ïóñòü èìååòñÿ çàäà÷à:{

ut = f(t, u), t > 0;

u|
t=0

= u0,

Ïîñòàâèì â ñîîòâåòñòâèå ýòîé ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ìàòðèöó, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ ÷àñòíûå ïðîèçâîäíûå âñåõ
ïðàâûõ ÷àñòåé óðàâíåíèé ïî âñåì íåèçâåñòíûì ôóíêöèÿì (ÿêîáèàí)

A(t, u) =

(
∂fj(t, u)

∂ui

)
, i, j = 1, 2, . . . , l.

Ïóñòü λk(t), t ∈ [0; T ] � ñîáñòâåííûå çíà÷åíèÿ ýòîé ìàòðèöû.

Îïðåäåëåíèå. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé íàçûâàåòñÿ æåñò-
êîé, åñëè âûïîëíåíû óñëîâèÿ:

Re λk(t) < 0 ∀ k, t ∈ [0; T ];

sup
t∈[0;T ]

max
k
|Re λk(t)|

min
k
|Re λk(t)|

� 1.
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Ãëàâà 6

×èñëåííîå ðåøåíèå êðàåâîé
çàäà÷è äëÿ îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî
óðàâíåíèÿ

Ðàññìîòðèì ñïåöèôèêó ÷èñëåííîãî ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ îáûêíî-
âåííûõ äèôôðåíöèàëüíûõ óðàâíåíèé íà ïðèìåðå ñëåäóþùåé êðàåâîé çàäà÷è: (k(x)u′(x))′ − q(x)u(x) + f(x) = 0, 0 < x < l;

−k(0)u′(0) + βu(0) = µ1;
u(l) = µ2.

(6.1)

Çäåñü k(x), q(x), f(x) − çàäàííûå ãëàäêèå ôóíêöèè, äëÿ êîòîðûõ âû-
ïîëíÿþòñÿ óñëîâèÿ k(x) > k0 > 0, q(x) > 0, β > 0, à µ1, µ2 − çàäàííûå
÷èñëà. Ïðè òàêèõ óñëîâèÿõ ðåøåíèå çàäà÷è (6.1) ñóùåñòâóåò è åäèíñòâåííî.

Äåéñòâèÿ äëÿ ïîëó÷åíèå ÷èñëåííîãî ðåøåíèÿ çàäà÷è (6.1) ìîæíî ðàçäå-
ëèòü íà íåñêîëüêî ýòàïîâ. Ñíà÷àëà äèôôåðåíöèàëüíîé çàäà÷å ñîïîñòàâëÿåòñÿ
å¼ àëãåáðàè÷åñêèé àíàëîã (ðàçíîñòíàÿ ñõåìà).

6.1 Ðàçíîñòíàÿ ñõåìà

Ñóùåñòâóþò ðàçëè÷íûå ìåòîäû ïîñòðîåíèÿ ðàçíîñòíûõ ñõåì. Ïåðâûì ðàñ-
ñìîòðèì èíòåãðî-èíòåðïîëÿöèîííûé ìåòîä.
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6.1.1 Èíòåãðî-èíòåðïîëÿöèîííûé ìåòîä ïîñòðîåíèÿ

ðàçíîñòíîé ñõåìû

Íàçâàíèå ìåòîäà ñâÿçàíî ñòåì, ÷òî ïðè ïîñòðîåíèè ðàçíîñòíîé ñõåìû îñó-
ùåñòâëÿåòñÿ ïåðåõîä îò äèôôåðåíöèàëüíîãî óðàâíåíèÿ ê åãî èíòåãðàëüíîìó
àíàëîãó, êîòîðûé çàìåíÿåòñÿ ïðèáëèæ¼ííûìè êâàäðàòóðíûìè ôîðìóëàìè.

Ïðåæäå âñåãî íà îòðåçêå x ∈ [0; l] ââåäåì ðàâíîìåðíóþ äèñêðåòíóþ ñåòêó

ωh = {xi = ih, i = 0, N, h =
l

N
}.

Ñðåäíèå òî÷êè ìåæäó óçëàìè äèñêðåòíîé ñåòêè îáîçíà÷èì êàê xi± 1
2

=

xi ±
h

2
. Ïóñòü W (x) = k(x)u′(x).

Ôèêñèðóåì ïðîèçâîëüíîå i ∈ [1; N − 1] è èíòåãðèðóåì äèôôåðåíöèàëüíîå
óðàâíåíèå â çàäà÷å (6.1) íà îòðåçêå x ∈ [xi− 1

2
; xi+ 1

2
] :

x
i+1

2∫
x
i− 1

2

((k(x)u′(x))′ − q(x)u(x) + f(x)) dx = 0 ⇐⇒

Wi+ 1
2
−Wi− 1

2
−

x
i+1

2∫
x
i− 1

2

q(x)u(x) dx+

x
i+1

2∫
x
i− 1

2

f(x) dx = 0, (6.2)

ãäå Wi± 1
2

= W (xi± 1
2
).

Èñïîëüçóÿ òåîðåìó î ñðåäíåì çíà÷åíèè, èíòåãðàë

x
i+1

2∫
x
i− 1

2

q(x)u(x) dx ìîæíî

ïðèáëèæåííî çàìåíèòü âûðàæåíèåì ui

x
i+1

2∫
x
i− 1

2

q(x) dx, ãäå ui = u(xi). Ââåäåì îáî-

çíà÷åíèÿ ϕi =
1

h

x
i+1

2∫
x
i− 1

2

f(x) dx è di =
1

h

x
i+1

2∫
x
i− 1

2

q(x) dx. Òîãäà, (6.2) ïåðåõîäèò â

ïðèáëèæåííîå ðàâåíñòâî

Wi+ 1
2
−Wi− 1

2
− hdiui + hϕi ≈ 0. (6.3)
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Òàê êàê u′(x) =
W (x)

k(x)
, òî èíòåãðèðóÿ ýòî ðàâåíñòâî íà îòðåçêå x ∈

[xi; xi+1], ïîëó÷èì ui+1 − ui =

xi+1∫
xi

W (x)

k(x)
dx. Èñïîëüçóÿ òåîðåìó î ñðåäíåì

çíà÷åíèè, çàìåíèì ðàâåíñòâî ïðèáëèæåííûì ñîîòíîøåíèåì

ui+1 − ui ≈ Wi+ 1
2

xi+1∫
xi

dx

k(x)
. Ââåä¼ì îáîçíà÷åíèå ai+1 =

1

h

xi+1∫
xi

dx

k(x)

−1

.

Òîãäà ïðèáëèæåííîå ðàâåíñòâî ïðèìåò âèäWi+ 1
2
≈ ai+1

ui+1 − ui
h

. Ïîäñòàâëÿÿ

ïðèáëèæåííîå âûðàæåíèå äëÿ Wi+ 1
2
è Wi− 1

2
â (6.3), ïîëó÷èì

ai+1
ui+1 − ui

h
− ai

ui − ui−1

h
− hdiui + hϕi ≈ 0. (6.4)

Îáîçíà÷èì ÷åðåç yi çíà÷åíèÿ ñåòî÷íîé ôóíêöèè, êîòîðûå ïðåâðàùàþò
(6.4) â òî÷íîå ðàâåíñòâî

ai+1
yi+1 − yi

h
− ai

yi − yi−1

h
− hdiyi + hϕi = 0. (6.5)

Ýòè yi áóäåì ñ÷èòàòü ïðèáëèæåííûìè çíà÷åíèÿìè èñêîìîé ôóíêöèè u(x)
â òî÷êàõ xi.

Çàïèøåì (6.5) â êîìïàêòíîì ñòàíäàðòíîì âèäå. Èñïîëüçóÿ îáîçíà÷åíèÿ

yx,i+1 =
yi+1 − yi

h
è yx,i =

yi − yi−1

h
, ïðèâîäèì (6.5) ê âèäó ai+1yx,i+1 − aiyx,i −

hdiyi + hϕi = 0 èëè (ayx)i+1 − (ayx)i − hdiyi + hϕi = 0. Ðàçäåë¼ííàÿ ðàç-

íîñòü
(ayx)i+1 − (ayx)i

h
= (ayx)x,i � ÿâëÿåòñÿ ðàçíîñòíîé ïðîèçâîäíîé âïåðåä

êîìáèíàöèè (ayx) â òî÷êå xi.

Òîãäà (6.5) ïðèíèìàåò âèä

(ayx)x,i − diyi + ϕi = 0. (6.6)

Óðàâíåíèÿ (6.6), çàïèñàííûå äëÿ âñåõ i = 1, N − 1, ïðåäñòàâëÿþò ñîáîé
àëãåáðàè÷åñêèé àíàëîã äèôôåðåíöèàëüíîãî óðàâíåíèÿ â çàäà÷å (6.1) è ÿâëÿ-
þòñÿ ñèñòåìîé ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî

yi, i = 0, N.

Ýòà ñèñòåìà ñîñòîèò èç (N − 1) óðàâíåíèé îòíîñèòåëüíî (N + 1) íåèç-
âåñòíûõ. Äâà äîïîëíèòåëüíûõ óðàâíåíèÿ, íåîáõîäèìûõ äëÿ ôîðìàëüíîãî çà-
ìûêàíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïîëó÷èì èñïîëüçóÿ
êðàåâûå óñëîâèÿ â çàäà÷å (6.1).

123



� 6.1 Ðàçíîñòíàÿ ñõåìà �

Êðàåâîå óñëîâèå u(l) = µ2 äàåò îäíî äîïîëíèòåëüíîå óðàâíåíèå

yN = µ2. (6.7)

Äëÿ ïîëó÷åíèÿ âòîðîãî äîïîëíèòåëüíîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ ïðî-
èíòåãðèðóåì äèôôåðåíöèàëüíîå óðàâíåíèå çàäà÷è (6.1) ïî îòðåçêó x ∈ [0; h

2 ].

Â ðåçóëüòàòå ïîëó÷èì

W 1
2
− k(0)u′(0)− u0

h
2∫

0

q(x) dx+

h
2∫

0

f(x) dx ≈ 0. (6.8)

Ââåä¼ì îáîçíà÷åíèÿ ϕ0 =
1
h
2

h
2∫

0

f(x) dx, d0 =
1
h
2

h
2∫

0

q(x) dx. Òàê êàê W 1
2
≈

a1
u1 − u0

h
è k(0)u′(0) = βu0 − µ1, òî, òðåáóÿ òî÷íîãî âûïîëíåíèÿ ðàâåíñòâà â

(6.8), ïîëó÷èì

a1yx,0 − βy0 + µ1 −
h

2
d0y0 +

h

2
ϕ0 = 0

èëè

−a1yx,0 + βy0 = µ1, (6.9)

ãäå β = β +
h

2
d0, µ1 = µ1 +

h

2
ϕ0.

Ñîâîêóïíîñòü óðàâíåíèé (6.6), (6.7) è (6.9) ïðåäñòàâëÿåò ñîáîé ðàçíîñòíóþ
ñõåìó, ñîîòâåòñòâóþùóþ èñõîäíîé êðàåâîé çàäà÷å (6.1) äëÿ îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Äàííàÿ ðàçíîñòíàÿ ñõåìà ÿâëÿåòñÿ ñèñòåìîé
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, êîòîðóþ ìîæíî êîìïàêòíî çàïèñàòü â
âèäå

Ry = g, (6.10)

ãäå R � êâàäðàòíàÿ ìàòðèöà, â êîòîðîé (N + 1) ñòîëáöîâ è (N + 1) ñòðîê,

y = (y0, y1, . . . , yi, . . . , yN−1, yN)T � âåêòîð íåèçâåñòíûõ

è g = (µ1, ϕ1, . . . , ϕi, . . . , ϕN−1, µ2)
T � âåêòîð çàäàííûõ ïðàâûõ ÷àñòåé.

6.1.2 Ìåòîä àïïðîêñèìàöèè êâàäðàòè÷íîãî

ôóíêöèîíàëà

Ðàññìîòðèì åùå îäèí ìåòîä ïîñòðîåíèÿ ðàçíîñòíûõ ñõåì. Ïóñòü â êðàåâîé
çàäà÷å (6.1) çàäàíû ïàðàìåòðû l = 1, β = 1, µ1 = µ2 = k(0) = 0. Ââåä¼ì îáî-
çíà÷åíèå äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà Lu = −(k(x)u′(x))′ + q(x)u(x).
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Òîãäà (6.1) ïðèíèìàåò âèä{
Lu(x) = f(x), 0 < x < 1;
u(0) = u(1) = 0.

(6.11)

Ïóñòü äëÿ ôóíêöèé u(x) è v(x), çàäàííûõ íà îòðåçêå x ∈ [0; 1], ñêà-

ëÿðíîå ïðîèçâåäåíèå (u, v) =

1∫
0

u(x)v(x) dx. Òîãäà, ñêàëÿðíîå ïðîèçâåäåíèå

(Lu, u) =

1∫
0

(
k(x)(u′(x))2 + q(x)u2(x)

)
dx > 0 ïðè u(0) = u(1) = 0 äëÿ ëþáîé

ôóíêöèè u(x) íå ðàâíîé òîæäåñòâåííî íóëþ íà îòðåçêå x ∈ [0; 1].

Â ñèëó ïîëîæèòåëüíîñòè äèôôåðåíöèàëüíîãî îïåðàòîðà L, ðåøåíèå êðà-
åâîé çàäà÷è (6.11) ýêâèâàëåíòíî ïîèñêó ôóíêöèè u(x), ìèíèìèçèðóþùåé
ôóíêöèîíàë

J (u) = (Lu, u)− 2 (f, u) =

1∫
0

(
k(x)(u′(x))2 + q(x)u2(x)− 2f(x)u(x)

)
dx.

Ââåä¼ì íà îòðåçêå x ∈ [0; 1] ðàâíîìåðíóþ äèñêðåòíóþ ñåòêó ωh = {xi =

ih, i = 0, N, h =
1

N
}. Òîãäà

J (u) =
N∑
i=1

xi∫
xi−1

(
k(x)(u′(x))2 + q(x)u2(x)− 2f(x)u(x)

)
dx.

Íà êàæäîì îòðåçêå x ∈ [xi−1; xi] ïðîèçâîäíóþ u′(x) ïðèáëèæ¼ííî çàìå-
íèì êîíñòàíòîé ux,i, ðàâíîé ïåðâîé ðàçíîñòíîé ïðîèçâîäíîé íàçàä â òî÷êå xi.

Ââåäåì îáîçíà÷åíèå ai =
1

h

xi∫
xi−1

k(x) dx. Ïðè ýòîì

J (u) ≈
N∑
i=1

aiu2
x,ih+

xi∫
xi−1

(
q(x)u2(x)− 2f(x)u(x)

)
dx

 .

Âû÷èñëèì îñòàâøèåñÿ èíòåãðàëû ïðèáëèæ¼ííî, èñïîëüçóÿ êâàäðàòóðíóþ
ôîðìóëó òðàïåöèé. Â ðåçóëüòàòå ïîëó÷èì

J (u) ≈ Jh(u0 = 0, u1, . . . , uN−1, uN = 0) =
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=
N∑
i=1

(
aiu

2
x,ih+

1

2
(qiu

2
i − 2fiui + qi−1u

2
i−1 − 2fi−1ui−1)h

)
=

=
N∑
i=1

aiu
2
x,ih+

N−1∑
i=1

(qiu
2
i − 2fiui)h.

Èòàê, ìèíèìèçàöèÿ ôóíêöèîíàëà J (u) ñâåäåíà ê ïîèñêó ìèíèìóìà Jh �
ôóíêöèè ìíîãèõ ïåðåìåííûõ. Íåîáõîäèìûì óñëîâèåì ìèíèìóìà ÿâëÿåòñÿ ðà-

âåíñòâî íóëþ ÷àñòíûõ ïðîèçâîäíûõ
∂Jh
∂ui

äëÿ âñåõ i = 1, N − 1. Âû÷èñëèì

ïðîèçâîäíûå:

∂Jh
∂ui

= 2ai+1ux,i+1(−
1

h
)h+ 2aiux,i(

1

h
)h+ (2qiui − 2fi)h =

= −2h

(
ai+1ux,i+1 − aiux,i

h
− qiui + fi

)
= −2h ((aux)x,i − qiui + fi) .

Ïðèðàâíèâàÿ ýòè âûðàæåíèÿ ê íóëþ, ïîëó÷èì ñèñòåìó àëãåáðàè÷åñêèõ
óðàâíåíèé îòíîñèòåëüíî yi (i = 0, N) ñëåäóþùåãî âèäà:{

(ayx)x,i − qiyi + fi = 0, i = 1, N − 1
y0 = yN = 0.

Äàííàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ïðåäñòàâëÿåò ñîáîé
ðàçíîñòíóþ ñõåìó, ñîîòâåòñòâóþùóþ êðàåâîé çàäà÷å (6.11).

6.2 Ýëåìåíòû òåîðèè ðàçíîñòíûõ ñõåì

Ïîñëå ïîñòðîåíèÿ äëÿ êðàåâîé çàäà÷è (6.1) ðàçíîñòíîé ñõåìû (6.6), (6.7),
(6.9) ïîÿâëÿþòñÿ âîïðîñû î ñóùåñòâîâàíèè, åäèíñòâåííîñòè ðåøåíèÿ ðàçíîñò-
íîé ñõåìû, âûáîðå ìåòîäà îòûñêàíèÿ ýòîãî ðåøåíèÿ è ñâÿçè ìåæäó ðåøåíèåì
ðàçíîñòíîé ñõåìû ñ òî÷íûì ðåøåíèåì êðàåâîé çàäà÷è (6.1).

6.2.1 Ðåøåíèå ðàçíîñòíîé ñõåìû

Ðàññìàòðèâàåìàÿ ðàçíîñòíàÿ ñõåìà ïðåäñòàâëÿåò ñîáîé ñèñòåìó ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé, êîòîðóþ ìîæíî çàïèñàòü â âèäå

Aiyi−1 − Ciyi +Biyi+1 = −Fi, i = 1, N − 1,

y0 = κ1y1 + ν1, yN = µ2,
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ãäå

Ai = ai, Bi = ai+1, Ci = ai + ai+1 + dih
2, Fi = ϕih

2,

κ1 =
a1

a1 + βh
, ν1 =

µ1

a1 + βh
.

Îïòèìàëüíûì ìåòîäîì ðåøåíèÿ òàêèõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ÿâëÿåòñÿ ìåòîä ïðîãîíêè.

Äëÿ êîýôôèöèåíòîâ óðàâíåíèé âûïîëíåíû óñëîâèÿ |Ci| ≥ |Ai| + |Bi|,
Ai 6= 0, Bi 6= 0 (i = 1, N − 1), êîòîðûå ãàðàíòèðóþò ñóùåñòâîâàíèå, åäèí-
ñòâåííîñòü ðåøåíèÿ ðàçíîñòíîé ñõåìû è âîçìîæíîñòü ïðèìåíåíèÿ è óñòîé÷è-
âîñòü ìåòîäà ïðîãîíêè (ñì. [3]).

6.2.2 Ïîðÿäîê àïïðîêñèìàöèè

Ðàçíîñòíàÿ ñõåìà ïðåäñòàâëÿåò ñîáîé ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé,
êàæäîå èç êîòîðûõ ñîïîñòàâëÿåòñÿ äèôôåðåíöèàëüíîé çàäà÷è â êîíêðåòíîì
óçëå ðàçíîñòíîé ñåòêè. Âåëè÷èíà øàãà h (ðàññòîÿíèå ìåæäó ñîñåäíèìè óç-
ëàìè) ðàçíîñòíîé ñåòêè ôàêòè÷åñêè îïðåäåëÿåò ðàçìåðíîñòü àëãåáðàè÷åñêîé
ñèñòåìû. ×åì ìåíüøå h, òåì áîëüøå óçëîâ ðàçíîñòíîé ñåòêè è òåì âûøå ðàç-
ìåðíîñòü àëãåáðàè÷åñêîé ñèñòåìû.

Ðåøåíèå ðàçíîñòíîé ñõåìû (6.10), ñåòî÷íàÿ ôóíêöèÿ yi (i = 0, N), ñ÷èòà-
åòñÿ ïðèáëèæ¼ííûì çíà÷åíèåì äëÿ ui = u(xi) (i = 0, N) � òî÷íîãî ðåøåíèÿ
äèôôåðåíöèàëüíîé çàäà÷è (6.1). Ñåòî÷íàÿ ôóíêöèÿ yi ìîæåò íå ñîâïàäàòü ñ
çíà÷åíèåì òî÷íîãî ðåøåíèÿ ui â óçëå xi. Ïîýòîìó, ôîðìàëüíàÿ ïîäñòàíîâêà
â ðàçíîñòíóþ ñõåìó çíà÷åíèé ui âìåñòî yi ìîæåò íàðóøàòü òî÷íûå ðàâåíñòâà
â ðàçíîñòíîé ñõåìå. Âîçíèêàþùèé äèñáàëàíñ â êàæäîì àëãåáðàè÷åñêîì óðàâ-
íåíèè íàçûâàåòñÿ ïîãðåøíîñòüþ àïïðîêñèìàöèè (íåâÿçêîé) ðàçíîñòíîé ñõåìîé
äèôôåðåíöèàëüíîé çàäà÷è, âû÷èñëåííîé íà òî÷íîì ðåøåíèè äèôôåðåíöèàëü-
íîé çàäà÷è. Ïîãðåøíîñòü àïïðîêñèìàöèè â óçëå xi áóäåì îáîçíà÷àòü ÷åðåç ψi.
Âñþ ñîâîêóïíîñòü çíà÷åíèé ñåòî÷íîé ôóíêöèè ψi (i = 0, N) óäîáíî õàðàêòå-
ðèçîâàòü îäíîé êîëè÷åñòâåííîé âåëè÷èíîé, íàçûâàåìîé íîðìîé è îáîçíà÷àå-
ìîé ‖ψ‖ . Çà íîðìó ñåòî÷íîé ôóíêöèè ïðèíèìàåòñÿ íåîòðèöàòåëüíîå ÷èñëî,
îïðåäåëÿþùåå âåëè÷èíó îòêëîíåíèÿ ñåòî÷íîé ôóíêöèè îò òîæäåñòâåííîãî íó-
ëÿ. Ïðèìåðîì íîðìû ÿâëÿåòñÿ âåëè÷èíà

||ψ||h = max
i
|ψi|.

Îïðåäåëåíèå. Ðàçíîñòíàÿ ñõåìà àïïðîêñèìèðóåò äèôôåðåíöèàëüíóþ çà-
äà÷ó íà âñåé äèñêðåòíîé ñåòêå, åñëè íîðìà ïîãðåøíîñòè àïïðîêñèìàöèè ñòðå-
ìèòñÿ ê íóëþ ñ óìåíüøåíèåì h :
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||ψ||h = max
i
|ψi|

h→0−→ 0.

Åñëè, êðîìå òîãî, âûïîëíÿåòñÿ íåðàâåíñòâî ||ψ||h ≤ chp (||ψ||h = O(hp)) ,
ãäå c > 0 è p > 0 � íåêîòîðûå ïîñòîÿííûå íå çàâèñÿùèå îò h, òî èñïîëüçóåòñÿ
ñëåäóþùèé òåðìèí.

Îïðåäåëåíèå. Ðàçíîñòíàÿ ñõåìà àïïðîêñèìèðóåò äèôôåðåíöèàëüíóþ çà-
äà÷ó ñ p-ì ïîðÿäêîì àïïðîêñèìàöèè.

Ìîæíî ïîêàçàòü (ñì. [3]), ÷òî ðàçíîñòíàÿ ñõåìà, ïîñòðîåííàÿ ñ ïîìîùüþ
èíòåãðî-èíòåðïîëÿöèîííîãî ìåòîäà, àïïðîêñèìèðóåò äèôôåðåíöèàëüíóþ çà-
äà÷ó (6.1) ñ âòîðûì ïîðÿäêîì àïïðîêñèìàöèè. Èñïîëüçóÿ ýòîò ôàêò, äîïó-
ñòèìî ïðè âû÷èñëåíèè èíòåãðàëîâ, îïðåäåëÿþùèõ ai, ϕi è di, èñïîëüçîâàòü
ïðèáëèæ¼ííûå êâàäðàòóðíûå ôîðìóëû âòîðîãî ïîðÿäêà òî÷íîñòè.

Òàê, íàïðèìåð, èñïîëüçóÿ êâàäðàòóðíóþ ôîðìóëó ïðÿìîóãîëüíèêîâ, ïî-

ëó÷èì äëÿ ïàðàìåòðîâ ðàçíîñòíîé ñõåìû ñëåäóþùèå ôîðìóëû ai = k
(
xi− 1

2

)
,

di = q(xi) è ϕi = f(xi). Ïðèìåíÿÿ êâàäðàòóðíóþ ôîðìóëó òðàïåöèé, ïî-

ëó÷èì ñîîòíîøåíèÿ ai =
2k(xi)k(xi−1)

k(xi−1) + k(xi)
, di =

1

2

(
q
(
xi− 1

2

)
+ q

(
xi+ 1

2

))
è

ϕi =
1

2

(
f
(
xi− 1

2

)
+ f

(
xi+ 1

2

))
.

6.2.3 Óñòîé÷èâîñòü ðàçíîñòíîé ñõåìû

Ðàññìîòðèì, èñïîëüçóåìîå â òåîðèè ðàçíîñòíûõ ñõåì, ïîíÿòèå óñòîé÷èâî-
ñòè ðàçíîñòíîé ñõåìû. Ïóñòü ñåòî÷íàÿ ôóíêöèÿ yi (i = 0, N) ÿâëÿåòñÿ ðåøå-
íèåì ðàçíîñòíîé ñõåìû (6.10). Ýòî ðåøåíèå ñîîòâåòñòâóåò çàäàííûì çíà÷å-
íèÿì ñåòî÷íîé ôóíêöèè gi (i = 0, N). Âíåñåì âîçìóùåíèÿ δgi (i = 0, N) â
çíà÷åíèÿ ôóíêöèè gi (i = 0, N) è ðåøèì ðàçíîñòíóþ ñõåìó ñ âîçìóù¼ííîé
ñåòî÷íîé ôóíêöèåé gi+δgi, (i = 0, N). Ôóíêöèÿ yi+δyi (i = 0, N), ÿâëÿþùà-
ÿñÿ ðåøåíèåì âîçìóù¼ííîé ðàçíîñòíîé ñõåìû, ìîæåò îòëè÷àòüñÿ îò ôóíêöèè
yi (i = 0, N) � ðåøåíèÿ íåâîçìóù¼ííîé ðàçíîñòíîé ñõåìû.

Îïðåäåëåíèå. Ðàçíîñòíàÿ ñõåìà óñòîé÷èâà, åñëè âûïîëíåíî íåðàâåíñòâî

||δy|| 6 c||δg||, (6.12)

ãäå c > 0 � íåêîòîðàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò ïàðàìåòðîâ ðàçíîñòíîé
ñõåìû.

Íåðàâåíñòâî (6.12) îçíà÷àåò, ÷òî ìàëîå âîçìóùåíèå ïàðàìåòðîâ ðàçíîñò-
íîé ñõåìû âûçûâàåò ìàëîå âîçìóùåíèå ðåøåíèÿ ðàçíîñòíîé ñõåìû. Äàííîå
îïðåäåëåíèå óñòîé÷èâîñòè èñïîëüçóåòñÿ êàê äëÿ ëèíåéíûõ, òàê è äëÿ íåëè-
íåéíûõ ðàçíîñòíûõ ñõåì.
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Åñëè ðàçíîñòíàÿ ñõåìà ÿâëÿåòñÿ ëèíåéíîé ñèñòåìîé àëãåáðàè÷åñêèõ óðàâ-
íåíèé, òî ïðåäûäóùåå îïðåäåëåíèå óñòîé÷èâîñòè ýêâèâàëåíòíî ñëåäóþùåìó
îïðåäåëåíèþ.

Îïðåäåëåíèå. Ëèíåéíàÿ ðàçíîñòíàÿ ñõåìà (6.10) óñòîé÷èâà, åñëè âûïîë-
íåíî íåðàâåíñòâî

||y|| 6 c||g||, (6.13)

ãäå c > 0 � íåêîòîðàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò ïàðàìåòðîâ ðàçíîñòíîé
ñõåìû.

Ïîêàæåì ðàâíîñèëüíîñòü îáîèõ îïðåäåëåíèé óñòîé÷èâîñòè äëÿ ëèíåéíîé
ðàçíîñòíîé ñõåìû (6.10) ([4]).

Ïóñòü ëèíåéíàÿ ðàçíîñòíàÿ ñõåìà Ry = g èìååò åäèíñòâåííîå ðåøåíèå,
êîòîðîå óäîâëåòâîðÿåò íåðàâåíñòâó ||y|| 6 c||g|| (6.13). Îáîçíà÷èì ÷åðåç y1

ðåøåíèå ðàçíîñòíîé ñõåìû Ry1 = g + δg ñ âîçìóù¼ííîé ïðàâîé ÷àñòüþ. Ðàç-
íîñòü δy = y1 − y, â ñèëó ëèíåéíîñòè ðàçíîñòíîé ñõåìû, ÿâëÿåòñÿ ðåøåíèåì
ñèñòåìû Rδy = δg è äëÿ ýòîãî ðåøåíèÿ, â ñèëó (6.13), âûïîëíÿåòñÿ íåðàâåí-
ñòâî ||δy|| 6 c||δg|| (6.12).

Ïîêàæåì îáðàòíîå. Ïóñòü δy � âîçìóùåíèå ðåøåíèÿ ëèíåéíîé ðàçíîñòíîé
ñõåìû Ry = g. Ýòî âîçìóùåíèå ÿâëÿåòñÿ îòêëèêîì íà âíåñåíèå ïðîèçâîëüíîãî
âîçìóùåíèÿ δg â ïðàâóþ ÷àñòü ðàçíîñòíîé ñõåìû, òî åñòü R (y + δy) = g +
δg. Ïóñòü äëÿ δy è δg âûïîëíåíî íåðàâåíñòâî ||δy|| 6 c||δg|| (6.12). Òîãäà, â
ñèëó ëèíåéíîñòè ðàçíîñòíîé ñõåìû, δy ÿâëÿåòñÿ ðåøåíèåì ðàçíîñòíîé ñõåìû
Rδy = δg äëÿ ëþáîãî δg. Ïóñòü δg = g. Òîãäà δy = y è, â ñèëó (6.12), âåðíî
íåðàâåíñòâî ||y|| 6 c||g|| (6.13).

Èòàê, äëÿ ëèíåéíîé ðàçíîñòíîé ñõåìû, îáà îïðåäåëåíèÿ óñòîé÷èâîñòè ðàç-
íîñòíîé ñõåìû ýêâèâàëåíòíû.

Ìîæíî ïîêàçàòü (ñì. [3]), ÷òî ëèíåéíàÿ ðàçíîñòíàÿ ñõåìà (6.10), ïîñòðî-
åííàÿ ñ ïîìîùüþ èíòåãðî-èíòåðïîëÿöèîííîãî ìåòîäà, ÿâëÿåòñÿ óñòîé÷èâîé
ðàçíîñòíîé ñõåìîé, òàê êàê äëÿ å¼ ðåøåíèÿ âûïîëíÿåòñÿ íåðàâåíñòâî ||y||h 6
c||g||h.

6.2.4 Ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé ñõåìû

Ðåøåíèå ðàçíîñòíîé ñõåìû Ry = g (6.10), ñåòî÷íàÿ ôóíêöèÿ yi (i = 0, N),
ïðè óìåíüøåíèè øàãà äèñêðåòíîé ñåòêè (h −→ 0 (N −→ ∞)), ïðåäñòàâëÿåò
ñîáîé âñ¼ áîëåå ïîäðîáíóþ òàáëèöó ÷èñëîâûõ çíà÷åíèé yi. Íåîáõîäèìî óìåòü
ñîïîñòîâëÿòü ýòè ÷èñëîâûå äàííûå ñ òî÷íûì ðåøåíèåì äèôôåðåíöèàëüíîé
çàäà÷è (6.1).

Ñåòî÷íóþ ôóíêöèþ zi = yi− ui (i = 0, N) íàçîâ¼ì ïîãðåøíîñòüþ ðåøåíèÿ
ðàçíîñòíîé ñõåìû.
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Îïðåäåëåíèå. Ïðèáëèæåííîå ðåøåíèå yi ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ
äèôôåðåíöèàëüíîé çàäà÷è íà âñåé äèñêðåòíîé ñåòêå, åñëè íîðìà ïîãðåøíîñòè
ðåøåíèÿ ðàçíîñòíîé ñõåìû ñòðåìèòñÿ ê íóëþ ñ óìåíüøåíèåì h :

||z||h = max
i
|zi|

h→0−→ 0.

Åñëè, êðîìå òîãî, âûïîëíÿåòñÿ íåðàâåíñòâî ||z||h ≤ chp (||z||h = O(hp)) ,
ãäå c > 0 è p > 0 � íåêîòîðûå ïîñòîÿííûå íå çàâèñÿùèå îò h, òî èñïîëüçóåòñÿ
ñëåäóþùèé òåðìèí.

Îïðåäåëåíèå. Ðåøåíèå ðàçíîñòíîé ñõåìû èìååò p-ûé ïîðÿäîê òî÷íîñòè
(ñõîäèòñÿ ñ p-ì ïîðÿäêîì.)

Èññëåäóåì ðåøåíèå ðàçíîñòíîé ñõåìû (6.10) íà ñõîäèìîìòü. Ïîäñòàâèì â
ðàçíîñòíóþ ñõåìó Ry = g (6.10) å¼ ðåøåíèå, çàïèñàííîå â âèäå yi = ui+zi (i =
0, N). Òîãäà ïîëó÷èì, Rz = −Ry + g èëè Rz = ψ, ãäå ψ � ïîãðåøíîñòü
àïïðîêñèìàöèè. Òàê êàê ðàçíîñòíàÿ ñõåìà (6.10) óñòîé÷èâà (ñì. [3]), òî âåðíî
íåðàâåíñòâî ||z||h ≤ c||ψ||h.

Ðàçíîñòíàÿ ñõåìà (6.10) àïïðîêñèìèðóåò äèôôåðåíöèàëüíóþ çàäà÷ó (6.1)
ñ 2-ì ïîðÿäêîì ïî h (ñì. [3]), òî åñòü ||ψ||h ≤ c1h

2.

Òîãäà âåðíî íåðàâåíñòâî ||z||h ≤ cc1h
2.

Ñëåäîâàòåëüíî, ðåøåíèå ðàçíîñòíîé ñõåìû (6.10) ñõîäèòñÿ ê òî÷íîìó ðå-
øåíèþ çàäà÷è (6.1) è èìååò 2-îé ïîðÿäîê òî÷íîñòè ïî h.

Äëÿ ëþáîé ëèíåéíîé ðàçíîñòíîé ñõåìû ñïðàâåäëèâî ñëåäóþùåå óòâåðæäå-
íèå.

Òåîðåìà 6.1. Ïóñòü ëèíåéíàÿ ðàçíîñòíàÿ ñõåìà àïïðîêñèìèðóåò äèôôåðåí-
öèàëüíóþ çàäà÷ó è óñòîé÷èâà. Òîãäà ðåøåíèå ðàçíîñòíîé ñõåìû ñõîäèòñÿ ê
òî÷íîìó ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è è ïîðÿäîê òî÷íîñòè ðåøåíèÿ
ðàçíîñòíîé ñõåìû ñîâïàäàåò ñ ïîðÿäêîì àïïðîêñèìàöèè.

Äîêàçàòåëüñòâî. Òàê êàê ðàçíîñòíàÿ ñõåìà óñòîé÷èâà, òî âåðíî íåðàâåíñòâî
||y|| ≤ c||g||, ãäå y � ðåøåíèå ðàçíîñòíîé ñõåìû è g � âåêòîð ïðàâûõ ÷àñòåé
â ëèíåéíîé ðàçíîñòíîé ñõåìå. Â ñèëó ëèíåéíîñòè ðàçíîñòíîé ñõåìû, z � ïî-
ãðåøíîñòü ðåøåíèÿ ðàçíîñòíîé ñõåìû ÿâëÿåòñÿ ðåøåíèåì òîé æå ðàçíîñòíîé
ñõåìû ñ ïðàâîé ÷àñòüþ ðàâíîé ψ (ïîãðåøíîñòü àïïðîêñèìàöèè). Òîãäà, â ñèëó
óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû, âûïîëíÿåòñÿ íåðàâåíñòâî ||z|| ≤ c||ψ||.

Òàê êàê ðàçíîñòíàÿ ñõåìà àïïðîêñèìèðóåò äèôôåðåíöèàëüíóþ çàäà÷ó ñ
p-ûì ïîðÿäêîì, òî ||ψ|| ≤ c1h

p.

Òîãäà âåðíî íåðàâåíñòâî ||z|| ≤ cc1h
p.

Îòñþäà ñëåäóåò, ÷òî ðåøåíèå ðàçíîñòíîé ñõåìû ñõîäèòñÿ ê òî÷íîìó ðå-
øåíèþ äèôôåðåíöèàëüíîé çàäà÷è è ïîðÿäîê òî÷íîñòè ðåøåíèÿ ðàçíîñòíîé
ñõåìû ñîâïàäàåò ñ ïîðÿäêîì àïïðîêñèìàöèè.
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Ïðè èññëåäîâàíèè ñâîéñòâ ëþáîé ëèíåéíîé ðàçíîñòíîé ñõåìû, âî-ïåðâûõ,
óñòàíàâëèâàþò íàëè÷èå àïïðîêñèìàöèè. Âî-âòîðûõ, ïîêàçûâàþò óñòîé÷è-
âîñòü ðàçíîñòíîé ñõåìû, à çàòåì, èñïîëüçóÿ äîêàçàííóþ òåîðåìó, äåëàþò
âûâîä î íàëè÷èå ñõîäèìîñòè ðåøåíèÿ ðàçíîñòíîé ñõåìû ê òî÷íîìó ðåøå-
íèþ äèôôåðåíöèàëüíîé çàäà÷è è óñòàíàâëèâàþò ïîðÿäîê òî÷íîñòè ðåøåíèÿ
ðàçíîñòíîé ñõåìû.
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Ãëàâà 7

×èñëåííîå ðåøåíèå
êðàåâûõ çàäà÷ äëÿ
äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ

Â ýòîé ãëàâå îáñóæäàþòñÿ ÷èñëåííûå ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêè. Â îñ-
íîâå âñåõ ýòèõ ÷èñëåííûõ ìåòîäîâ ëåæèò ñîïîñòàâëåíèå äèôôåðåíöèàëüíûì
óðàâíåíèÿì ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Â ñîîòâåòñòâèè ñ
ïðèíÿòîé â óðàâíåíèÿõ ìàòåìàòè÷åñêîé ôèçèêè êëàññèôèêàöèåé äèôôåðåí-
öèàëüíûõ óðàâíåíèé, ðàññìàòðèâàþòñÿ ìåòîäû ÷èñëåííîãî ðåøåíèÿ êðàåâûõ
çàäà÷ äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî, ãèïåðáîëè÷åñêîãî è ýëëèïòè÷åñêîãî
òèïà.

7.1 Ðàçíîñòíûå ñõåìû äëÿ óðàâíåíèé

ïàðàáîëè÷åñêîãî òèïà

Äëÿ óñòðàíåíèÿ ëèøíèõ òåõíè÷åñêèõ ñëîæíîñòåé, ðàññìîòðèì ÷èñëåííîå
ðåøåíèå ïðîñòåéøèõ êðàåâûõ çàäà÷, äëÿ êîòîðûõ ðåøåíèå ìîæíî ïîëó÷èòü è
èçâåñòíûìè àíàëèòè÷åñêèìè ìåòîäàìè. Ðàññìàòðèâàåìàÿ òåõíèêà ÷èñëåííîãî
ðåøåíèÿ êðàåâûõ çàäà÷ ëåãêî îáîáùàåòñÿ íà ñëó÷àè, äëÿ êîòîðûõ íåïðèìå-
íèìû ñóùåñòâóþùèå àíàëèòè÷åñêèå ìåòîäû ðåøåíèÿ.
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7.1.1 ßâíàÿ ðàçíîñòíàÿ ñõåìà äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè

Â êà÷åñòâå ïðèìåðà êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà,
ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ îäíîìåðíîãî ïî ïðîñòðàíñòâó óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè.

Ïóñòü ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé êðàåâîé çàäà÷è:
ut(x, t) = uxx(x, t) + f(x, t), 0 < x < l, 0 < t;
u(x, 0) = v(x), 0 6 x 6 l;
u(0, t) = µ1(t), 0 < t;
u(1, t) = µ2(t), 0 < t.

(7.1)

Äëÿ ïîñòðîåíèÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (7.1) ââåä¼ì îãðàíè÷åíèå íà
ïåðåìåííóþ t. Ïóñòü 0 ≤ t ≤ T, ãäå T çàäàííîå ÷èñëî. Ïðîâåäåì äèñêðåòèçà-
öèþ îáëàñòè èçìåíåíèÿ íåçàâèñèìûõ ïåðåìåííûõ x è t. Íà îòðåçêàõ x ∈ [0; l]
è t ∈ [0; T ] ââåä¼ì äèñêðåòíûå íàáîðû òî÷åê ωh =

{
xj = jh, j = 0, N, h = l

N

}
è ωτ =

{
tn = nτ, n = 0, K, τ = T

K

}
. Çíà÷åíèÿ ïàðàìåòðîâ N è K õàðàêòåðè-

çóþò ¾ïîäðîáíîñòü¿ íîáîðîâ òî÷åê. Â ïëîñêîñòè ïåðåìåííûõ (x, t) ïðîâåä¼ì
ëèíèè x = xj (j = 0, N) è t = tn (n = 0, K) (ñì. Ðèñ.7.1). Òî÷êè ïåðåñå÷å-
íèÿ ýòèõ ëèíèé áóäåì íàçûâàòü óçëàìè äèñêðåòíîé ñåòêè è ïîäåëèì èõ íà
äâå ãðóïïû. Âíóòðåííèå óçëû (òî÷êè ïîìå÷åííûå êðóãàìè), ýòî òî÷êè â êîòî-
ðûõ âûïîëíÿåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå çàäà÷è (7.1). Ãðàíè÷íûå óçëû
(òî÷êè ïîìå÷åííûå êðåñòàìè), ýòî òî÷êè â êîòîðûõ âûïîëíÿþòñÿ íà÷àëüíîå
èëè ãðàíè÷íûå óñëîâèÿ çàäà÷è (7.1).

-

6

Ðèñ.7.1
x

t
T

tK−1

t1

tn+1
tn
tn−1

rrr

rrr
τ

l0 xjxj−1 xj+1

h
x1 xN−1

r r r r r r

u u u u uu u u u u
u u u u uu u u u uu u u u u
u u u u u

Ðèñ.7.2

tn+1

tn
xjxj−1 xj+1

u u u
u(à)

tn+1

tn
xjxj−1 xj+1

u u u
u u u(á )

Äèñêðåòíûå óçëû ñ îäèíàêîâûìè çíà÷åíèÿìè êîîðäèíàòû tn áóäåì íàçû-
âàòü âðåìåííûì ñëîåì.

Ââåä¼ì îáîçíà÷åíèÿ u(xj, tn) = unj , f(xj, tn) = fnj , v(xj) = vj, µ1(tn) = µn1
è µ2(tn) = µn2 . Â äèôôåðåíöèàëüíîì óðàâíåíèè çàäà÷è (7.1) ïðèñóòñòâóþò
ïðîèçâîäíûå ut(x, t) è uxx(x, t), ÷èñëîâûå çíà÷åíèÿ êîòîðûå âî âíóòðåííèõ
óçëàõ äèñêðåòíîé ñåòêè ïðèáëèæåííî ðàâíû çíà÷åíèÿì àëãåáðàè÷åñêèõ âûðà-
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æåíèé ut(xj, tn) ≈
un+1
j − unj
τ

è uxx(xj, tn) ≈
unj+1 − 2unj + unj−1

h2
. Êîìáèíàöèè,

ïðèáëèæàþùèå ïðîèçâîäíûå, èñïîëüçóþò çíà÷åíèÿ ôóíêöèè u(x, t) â òð¼õ óç-
ëàõ äèñêðåòíîé ñåòêè íà n−îì âðåìåííîì ñëîå è â îäíîì óçëå íà (n+ 1)−îì
âðåìåííîì ñëîå (ñì. Ðèñ.7.1).

Îïðåäåëåíèå. Ñîâîêóïíîñòü óçëîâ äèñêðåòíîé ñåòêè, íà áàçå êîòîðûõ
ïîñòðîåíî àëãåáðàè÷åñêîå ïðèáëèæåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ, íà-
çûâàåòñÿ øàáëîíîì ðàçíîñòíîé ñõåìû.

Â êàæäîì âíóòðåííåì óçëå äèñêðåòíîé ñåòêè çàïèøåì êîìáèíàöèþ àë-
ãåáðàè÷åñêèõ âûðàæåíèé äëÿ ïðîèçâîäíûõ, ïîâòîðÿþùóþ ñòðóêòóðó äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ, è ïîòðåáóåì òî÷íîãî âûïîëíåíèÿ ýòèõ àëãåáðàè÷å-
ñêèõ ñîîòíîøåíèé. Â ãðàíè÷íûõ óçëàõ çàïèøåì ñîîòâåòñòâóþùèå íà÷àëüíûå
è ãðàíè÷íûå óñëîâèÿ. Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùóþ ñèñòåìó ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé:

yn+1
j − ynj

τ
=

ynj+1 − 2ynj + ynj−1

h2
+ ϕnj , j = 1, N − 1, n = 0, K − 1;

y0
j = vj, j = 0, N ;

yn0 = µn1 , n = 1, K;

ynN = µn2 , n = 1, K.

(7.2)

Çäåñü ynj (j = 0, N, n = 0, K) èñêîìûå ïðèáëèæåííûå çíà÷åíèÿ ôóíêöèè
u(x, t), à ϕnj çàäàííûå ïðèáëèæ¼ííûå çíà÷åíèÿ ôóíêöèè f(x, t) âî âíóòðåííèõ
óçëàõ äèñêðåòíîé ñåòêè. Òî÷íîñòü âû÷èñëåíèÿ ϕnj îáñóäèì ïîçæå.

Ñèñòåìà (7.2) ïðåäñòàâëÿåò ñîáîé ðàçíîñòíóþ ñõåìó äëÿ çàäà÷è (7.1). Ýòà
ðàçíîñòíàÿ ñõåìà ïîñòðîåíà ñ èñïîëüçîâàíèåì 4-¼õ òî÷å÷íîãî øàáëîíà, ñîñòî-
ÿùåãî èç òð¼õ óçëîâ äèñêðåòíîé ñåòêè íà n−îì âðåìåííîì ñëîå è îäíîãî óçëà
íà (n+ 1)−îì âðåìåííîì ñëîå (ñì. Ðèñ.7.1).

Ñèñòåìà (7.2) ñîñòîèò èç ((N − 1)K + (N + 1) + 2K = NK +N +K + 1)
óðàâíåíèé. Íåèçâåñòíûìè â ýòîé àëãåáðàè÷åñêîé ñèñòåìå ÿâëÿþòñÿ ynj (j =

0, N, n = 0, K). Îáùåå ÷èñëî íåèçâåñòíûõ ðàâíî ((N + 1)(K + 1) = NK +
N +K + 1).

Ââåä¼ì â ðàññìîòðåíèå âåêòîð y, êîìïîíåíòàìè êîòîðîãî ÿâëÿþòñÿ íåèç-
âåñòíûå ynj , óïîðÿäî÷åííûå ïî âîçðîñòàíèþ íîìåðà âðåìåííîãî ñëîÿ è ïðè

îäèíàêîâîì n ïî âîçðàñòàþùåìó èíäåêñó j, òî åñòü y = (y0
0, y

0
1, . . . , y

0
N ,

y1
0, y

1
1, . . . , y

1
N , . . . . . . y

K−1
0 , yK−1

1 , . . . , yK−1
N , yK0 , y

K
1 , . . . , y

K
N )T . Òîãäà ñèñòåìà

óðàâíåíèé (7.2) â ìàòðè÷íîé ôîðìå çàïèñè ïðèìåò âèä

Ry = g, (7.3)
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ãäå âåêòîð ïðàâûõ ÷àñòåé ðàâåí g = (v0, v1, . . . , vN , µ1
1, ϕ

0
1, ϕ

0
2, . . . ,

ϕ0
N−1, µ

1
2, µ2

1, ϕ
1
1, ϕ

1
2, . . . , ϕ

1
N−1, µ

2
2, . . . . . . µK1 , ϕ

K−1
1 , ϕK−1

2 , . . . , ϕK−1
N−1, µ

K
2 )T ,

à êâàäðàòíàÿ ìàòðèöà R áîëüøîé ðàçìåðíîñòè èìååò ¾ëåíòî÷íûé¿ âèä (ñì.
Ðèñ.7.3), ñîîòâåòñòâóþùèé âûáðàííîìó ïîðÿäêó ðàñïîëîæåíèÿ íåèçâåñòíûõ
â êîìïîíåíòàõ âåêòîðà y.

Ðèñ.7.3

R =

0

0

0

N + 2

Ðèñ.7.4

tn+1
u

tn

tn−1

xjxj−1 xj+1

u u u
u

Íà ãëàâíîé äèàãîíàëè ìàòðèöû R íàõîäÿòñÿ ÷èñëà

(
1

τ

)
èëè åäèíèöà.

Íà îñòàëüíûõ òðåõ äèàãîíàëÿõ ðàñïîëîæåíû çíà÷åíèÿ êîìáèíàöèé

(
− 1

h2

)
,(

−1

τ
+

2

h2

)
è ðÿä íóëåé. Âíå ýòèõ ÷åòûðåõ äèàãîíàëåé âñå ýëåìåíòû ìàòðèöû

R ðàâíû íóëþ.

Òàê êàê ìàòðèöà R ÿâëÿåòñÿ íèæíåé òðåóãîëüíîé ìàòðèöåé, òî ðåøåíèå
ñèñòåìû (7.2) ïðîâîäèòñÿ ïî ÿâíûì ôîðìóëàì ïåðåñ÷åòà, íà÷èíàÿ ñ ïåðâî-
ãî óðàâíåíèÿ. Ïîýòîìó, ðàçíîñòíóþ ñõåìó (7.2) íàçûâàþò ÿâíîé ðàçíîñòíîé
ñõåìîé.

Ïðè èñïîëüçîâàíèè ëþáîé ðàçíîñòíîé ñõåìû íåîáõîäèìî ïîëó÷èòü îòâåòû
íà ñëåäóþùèå âîïðîñû:

1) åñòü ëè àïïðîêñèìàöèÿ ðàçíîñòíîé ñõåìîé èñõîäíîé äèôôåðåíöèàëüíîé
çàäà÷è è êàêîâ ïîðÿäîê àïïðîêñèìàöèè;

2) ñóùåñòâóåò ëè åäèíñòâåííîå ðåøåíèå ðàçíîñòíîé ñõåìû è êàê åãî íàéòè;

3) ÿâëÿåòñÿ ëè ðàçíîñòíàÿ ñõåìà óñòîé÷èâîé.

Ïîëó÷èâ óòâåðäèòåëüíûå îòâåòû íà ýòè âîïðîñû, ìîæíî äåëàòü âûâîäû î
ñõîäèìîñòè ðåøåíèÿ ðàçíîñòíîé ñõåìû ê òî÷íîìó ðåøåíèþ äèôôåðåíöèàëü-
íîé çàäà÷è è î ïîðÿäêå òî÷íîñòè ïîëó÷åííîãî ðåøåíèÿ ðàçíîñòíîé ñõåìû.

Èññëåäóåì àïïðîêñèìàöèþ, ðàçðåøèìîñòü è óñòîé÷èâîñòü ðàçíîñòíîé ñõå-
ìû (7.2).
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Ïîðÿäîê àïïðîêñèìàöèè.

Â ãðàíè÷íûõ óçëàõ äèñêðåòíîé ñåòêè íà÷àëüíîå è ãðàíè÷íûå óñëîâèÿ çà-
äà÷è âûïîëíÿþòñÿ òî÷íî. Âî âíóòðåííèõ óçëàõ ñåòêè íåâÿçêà â ðàçíîñòíîé
ñõåìå (7.2) èìååò âèä

ψnj = −
un+1
j − unj
τ

+
unj+1 − 2unj + unj−1

h2
+ϕnj , j = 1, N − 1, n = 0, K − 1. (7.4)

Ïðåäñòàâèì unj±1 è u
n+1
j â âèäå ðàçëîæåíèé â ðÿä Òåéëîðà

unj±1 = unj ± unx,jh+ unxx,j
h2

2 ± u
n
xxx,j

h3

6 +O(h4);

un+1
j = unj + unt,jτ +O(τ 2)

è ïîäñòàâèì â (7.4). Òîãäà âûðàæåíèå äëÿ íåâÿçêè ïðèìåò âèä

ψnj = (−unt,j + unxx,j) + ϕnj +O(τ + h2).

Ïðèáàâèì è âû÷òåì â ïðàâîé ÷àñòè çíà÷åíèå ôóíêöèè fnj . Â ðåçóëüòàòå

ψnj = (−unt,j + unxx,j + fnj ) + ϕnj − fnj +O(τ + h2).

Òàê êàê çíà÷åíèå unj ÿâëÿåòñÿ òî÷íûì ðåøåíèåì óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè (7.1), òî êîìáèíàöèÿ â ñêîáêàõ â ïðàâîé ÷àñòè ðàâíà íóëþ. Åñëè äëÿ ïðà-
âîé ÷àñòè ðàçíîñòíîé ñõåìû (7.2) âûïîëíåíî ñîîòíîøåíèå ϕnj = fnj +O(τ+h2),

òî íåâÿçêà áóäåò ðàâíà ψnj = O(τ + h2), j = 1, N − 1, n = 0, K − 1. Îòñþäà
ñëåäóåò, ÷òî

||ψ||τ,h = max
j,n
|ψnj | = O(τ + h2).

Èòàê, ðàçíîñòíàÿ ñõåìà (7.2) àïïðîêñèìèðóåò êðàåâóþ çàäà÷ó (7.1) ñ ïåð-
âûì ïîðÿäêîì ïî τ è âòîðûì ïîðÿäêîì àïïðîêñèìàöèè ïî h.

Ìåòîä ðåøåíèÿ ðàçíîñòíîé ñõåìû.

Ïðåîáðàçóåì ðàçíîñòíîå óðàâíåíèå (7.2) ê âèäó

yn+1
j = ynj +

τ

h2

(
ynj+1 − 2ynj + ynj−1

)
+ τϕnj , j = 1, N − 1, n = 0, K − 1 (7.5)

è áóäåì ñ÷èòàòü åãî óðàâíåíèåì îòíîñèòåëüíî yn+1
j .

Âûáðàâ â (7.5) çíà÷åíèå n = 0, ïîëó÷èì

y1
j = vj +

τ

h2
(vj+1 − 2vj + vj−1) + τϕ0

j , j = 1, N − 1.
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Ïî ýòîé ôîðìóëå äëÿ âñåõ j = 1, N − 1 âû÷èñëÿþòñÿ íà ïåðâîì âðåìåííîì
ñëîå t = τ èñêîìûå çíà÷åíèÿ y1

j .

Ïóñòü â (7.5) çíà÷åíèå n = 1. Òîãäà

y2
j = y1

j +
τ

h2

(
y1
j+1 − 2y1

j + y1
j−1

)
+ τϕ1

j , j = 1, N − 1.

Â ïðàâîé ÷àñòè ðàâåíñòâà çíà÷åíèÿ y1
j óæå íàéäåíû. Ïîýòîìó ìîæåì âû-

÷èñëèòü èñêîìûå y2
j íà âñåì âòîðîì âðåìåííîì ñëîå t = 2τ . Àíàëîãè÷íî ìîæíî

âû÷èñëèòü ynj íà òðåòüåì è âñåõ ïîñëåäóþùèõ âðåìåííûõ ñëîÿõ.

Òàêèì îáðàçîì, äàííàÿ ðàçíîñòíàÿ ñõåìà ðåøàåòñÿ ïî âðåìåííûì ñëîÿì è
ðåøåíèå ðàçíîñòíîé ñõåìû (7.2) ñóùåñòâóåò è åäèíñòâåííî.

Óñòîé÷èâîñòü ðàçíîñòíîé ñõåìû.

Ðàññìîòðèì âîïðîñ îá óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû (7.2). Èñïîëüçóåì
ìàòðè÷íóþ ôîðìó çàïèñè ðàçíîñòíîé ñõåìû, à èìåííî Ry = g (7.3), ãäå èñêî-
ìîå ðåøåíèå y = (y0

0, y
0
1, . . . , y

0
N , y

1
0, y

1
1, . . . , y

1
N , . . . . . . y

K−1
0 , yK−1

1 , . . . , yK−1
N ,

yK0 , y
K
1 , . . . , y

K
N )T è çàäàííûé âåêòîð ïðàâûõ ÷àñòåé g = (v0, v1, . . . , vN ,

µ1
1, ϕ

0
1, ϕ

0
2, . . . , ϕ

0
N−1, µ

1
2,

µ2
1, ϕ

1
1, ϕ

1
2, . . . , ϕ

1
N−1, µ

2
2, . . . . . . µ

K
1 , ϕ

K−1
1 , ϕK−1

2 , . . . , ϕK−1
N−1, µ

K
2 )T .

Ïðåäñòàâèì âåêòîð g â âèäå ñóììû ḡ + ¯̄g. Âåêòîð ḡ ïîëó÷åí èç âåêòîðà
g çàìåíîé ϕnj = 0 (j = 1, N − 1, n = 0, K − 1). Òî åñòü ḡ = (v0, v1, . . . , vN ,

µ1
1, 0, . . . , 0, µ1

2, µ
2
1, 0, . . . , 0, µ2

2, . . . . . . µ
K
1 , 0, . . . , 0, µK2 )T . Ïðè çàìåíå vj =

0, µn1 = 0, µn2 = 0 (j = 0, N, n = 1, K) â âåêòîðå g ïîÿâëÿåòñÿ âåêòîð ¯̄g =
(0, . . . , 0, ϕ0

1, ϕ
0
2, . . . , ϕ

0
N−1, 0, 0, ϕ1

1, ϕ
1
2, . . . , ϕ

1
N−1, 0, . . .

. . . 0, ϕK−1
1 , ϕK−1

2 , . . . , ϕK−1
N−1, 0)T .

Ðåøèì äâå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé Rȳ = ḡ è R ¯̄y = ¯̄g.
Òîãäà ñóììà ȳ + ¯̄y áóäåò ðåøåíèåì ðàçíîñòíîé ñõåìû Ry = g.

Âåêòîð ȳ ðàâåí ȳ = (v0, v1, . . . , vN , µ
1
1, 0, . . . , 0, µ1

2, µ
2
1, 0, . . . , 0, µ2

2, . . .
. . . µK1 , 0, . . . , 0, µK2 )T . Êîìïîíåíòû âåêòîðà ȳ óäîâëåòâîðÿþò ñëåäóþùèì
íåðàâåíñòâàì

|ȳnj | 6 max

(
max
j
|vj|, max

n
|µn1 |, max

n
|µn2 |

)
6

6 max
j
|vj|+ max

n
|µn1 |+ max

n
|µn2 | = ||v||h + ||µ1||τ + ||µ2||τ ,

êîòîðûå âåðíû äëÿ ëþáûõ j = 0, N è n = 1, K. Ñëåäîâàòåëüíî,

max
n j
|ȳnj | = ||ȳ||τ h 6 ||v||h + ||µ1||τ + ||µ2||τ . (7.6)

Êîìïîíåíòû âåêòîðà ¯̄y = (0, . . . , 0, ¯̄y1
1, ¯̄y1

2, . . . , ¯̄y1
N−1, 0,
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0, ¯̄y2
1, ¯̄y2

2, . . . , ¯̄y2
N−1, 0, . . . . . . 0, ¯̄yK1 , ¯̄yK2 , . . . , ¯̄yKN−1, 0)T ÿâëÿþòñÿ ðåøåíèåì

ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé

¯̄yn+1
j − ¯̄ynj

τ
=

¯̄ynj+1 − 2¯̄ynj + ¯̄ynj−1

h2
+ϕnj , j = 1, (N − 1), n = 0, (K − 1) , (7.7)

äîïîëíåííîé êðàåâûìè óñëîâèÿìè ¯̄y0
j = ¯̄yn0 = ¯̄ynN = 0, j = 0, N, n = 1, K .

Çàïèøåì óðàâíåíèå (7.7) â âèäå

¯̄yn+1
j =

(
1− 2τ

h2

)
¯̄ynj +

τ

h2
(¯̄ynj+1 + ¯̄ynj−1) + τϕnj .

Ïðè ëþáûõ äîïóñòèìûõ çíà÷åíèÿõ j è n âåðíû ñëåäóþùèå íåðàâåíñòâà

|¯̄yn+1
j | 6

∣∣∣∣1− 2τ

h2

∣∣∣∣ |¯̄ynj |+ τ

h2

(∣∣¯̄ynj+1

∣∣+
∣∣¯̄ynj−1

∣∣)+ τ
∣∣ϕnj ∣∣ 6

6

(∣∣∣∣1− 2τ

h2

∣∣∣∣+
2τ

h2

)
max
j

∣∣¯̄ynj ∣∣+ τ max
n j

∣∣ϕnj ∣∣ .
Ïóñòü âûïîëíåíî íåðàâåíñòâî

τ

h2
6

1

2
. (7.8)

Òîãäà, ðàñêðûâàÿ ìîäóëü, ïîëó÷èì íåðàâåíñòâî

|¯̄yn+1
j | 6 max

j

∣∣¯̄ynj ∣∣+ τ ‖ϕ‖τ h ,

âåðíîå ïðè ëþáûõ äîïóñòèìûõ çíà÷åíèÿõ j è n. Çäåñü

‖ϕ‖τ h = max
n j

∣∣ϕnj ∣∣ .
Ïðèìåíèì ýòî íåðàâåíñòâî ðåêóðñèâíî ïðè ïîëó÷åíèè îöåíêè ñâåðõó äëÿ

|¯̄ynj |:

|¯̄ynj | 6 maxj
∣∣¯̄yn−1
j

∣∣+ τ ‖ϕ‖τ h 6 maxj
∣∣¯̄yn−2
j

∣∣+ 2τ ‖ϕ‖τ h 6 . . . 6
6 maxj

∣∣¯̄y0
j

∣∣+ nτ ‖ϕ‖τ h =
{

¯̄y0
j = 0

}
= nτ ‖ϕ‖τ h 6

6 {nτ 6 T 6 c = constant} 6 c ‖ϕ‖τ h .

Èòàê, ïðè ëþáûõ j è n âåðíî íåðàâåíñòâî |¯̄ynj | 6 c ‖ϕ‖τ h . Ñëåäîâàòåëüíî

max
n j

∣∣¯̄ynj ∣∣ = ‖¯̄y‖τ h 6 c ‖ϕ‖τ h .
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Òîãäà, äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (7.2) âåðíà îöåíêà

‖y‖τ h = ‖ȳ + ¯̄y‖τ h 6 ‖ȳ‖τ h + ‖¯̄y‖τ h 6 ||v||h + ||µ1||τ + ||µ2||τ + c ‖ϕ‖τ h .

Âûïîëíåíèå ýòîãî íåðàâåíñòâà îçíà÷àåò, ÷òî ðàçíîñòíàÿ ñõåìà (7.2) óñòîé-
÷èâà ïî íà÷àëüíûì, êðàåâûì óñëîâèÿì è ïî ïðàâîé ÷àñòè. Òàê êàê íåðà-
âåíñòâî âåðíî ïðè äîïîëíèòåëüíîì óñëîâèè (7.8), òî ÿâíàÿ ðàçíîñòíàÿ ñõå-

ìà (7.2) íàçûâàåòñÿ óñëîâíî óñòîé÷èâîé. Îãðàíè÷åíèå
τ

h2
6

1

2
íà ïàðàìåòðû

ðàçíîñòíîé ñõåìû îçíà÷àåò, ÷òî ïðè èñïîëüçîâàíèè ýòîé ðàñ÷¼òíîé ñõåìû øàã
äèñêðåòíîé ñåòêè ïî ïåðåìåííîé t íóæíî áðàòü äîñòàòî÷íî ìåëêèì, ïîðÿäêà
êâàäðàòà øàãà äèñêðåòíîé ñåòêè ïî ïåðìåííîé x.

Èòàê, ÿâíàÿ ðàçíîñòíàÿ ñõåìà (7.2) àïïðîêñèìèðóåò äèôôåðåíöèàëüíóþ
çàäà÷ó (7.1), èìååò åäèíñòâåííîå ðåøåíèå è ÿâëÿåòñÿ óñëîâíî óñòîé÷èâîé. Ñëå-
äîâàòåëüíî (ñì. Òåîðåìà (6.1)), ðåøåíèå ðàçíîñòíîé ñõåìû ñõîäèòñÿ ê òî÷íîìó
ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è è èìååò ïåðâûé ïîðÿäîê òî÷íîñòè ïî τ
è âòîðîé ïîðÿäîê òî÷íîñòè ïî h.

Ïðè èññëåäîâàíèè ñâîéñòâ ÿâíîé ðàçíîñòíîé ñõåìû (7.2) íàèáîëåå òðóäî-
åìêèì ýòàïîì áûëî äîêàçàòåëüñòâî åå óñëîâíîé óñòîé÷èâîñòè. Ìàòåìàòè÷å-
ñêèé àïïàðàò, èñïîëüçóåìûé äëÿ èññëåäîâàíèÿ ïðîèçâîëüíûõ ëèíåéíûõ ðàç-
íîñòíûõ ñõåì íà óñòîé÷èâîñòü, ïðåäñòàâëåí â ðàçäåëå ¾Òåîðèÿ óñòîé÷èâîñòè
ðàçíîñòíûõ ñõåì¿ â ó÷åáíîé ëèòåðàòóðå ïî ÷èñëåííûì ìåòîäàì (ñì. [2], [3]).
Ýôôåêòèâíûì ñïîñîáîì ïîëó÷åíèÿ íåîáõîäèìûõ óñëîâèé óñòîé÷èâîñòè ïî íà-
÷àëüíûì äàííûì ðàçíîñòíûõ ñõåì äëÿ ýâîëþöèîííûõ çàäà÷ ÿâëÿåòñÿ ìåòîä
ãàðìîíèê (ñì. [4]).

Ìåòîä ãàðìîíèê.

Ðàññìîòðèì îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå (7.2)

yn+1
j − ynj

τ
=
ynj+1 − 2ynj + ynj−1

h2
, (7.9)

ñ íà÷àëüíûì óñëîâèåì ÷àñòíîãî âèäà y0
j = ei jhϕ, ÿâëÿþùèìñÿ Ôóðüå ãàð-

ìîíèêîé. Çäåñü i � ìíèìàÿ åäèíèöà. Ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ ñ äàí-
íûì íà÷àëüíûì óñëîâèåì èìååò âèä

ynj = qnei jhϕ, (7.10)

ãäå çíà÷åíèå q îïðåäåëÿåòñÿ â ðåçóëüòàòå ïîäñòàíîâêè (7.10) â óðàâíåíèå
(7.9).

Äëÿ âûïîëíåíèÿ óñëîâèÿ óñòîé÷èâîñòè ïî íà÷àëüíûì äàííûì, òî åñòü âû-
ïîëíåíèÿ íåðàâåíñòâà

∣∣ynj ∣∣ =
∣∣qnei jhϕ∣∣ 6 ∣∣y0

j

∣∣ ïðè ëþáûõ n, j è ϕ íåîáõîäèìî,
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÷òîáû ïðè âñåõ âåùåñòâåííûõ ϕ âûïîëíÿëîñü íåðàâåíñòâî

|q| 6 1, (7.11)

ÿâëÿþùååñÿ íåîáõîäèìûì óñëîâèåì óñòîé÷èâîñòè ïî íà÷àëüíûì äàííûì.

Ïîñëå ïîäñòàâêè (7.10) â (7.9) è äåëåíèÿ âñåõ ñëàãàåìûõ íà îáùèé ñîìíî-
æèòåëü, ïîëó÷èì

q − 1

τ
=

1

h2

(
eihϕ − 2 + e−ihϕ

)
=⇒ q = 1− 4

τ

h2
sin2 hϕ

2
.

Òî åñòü, íåðàâåíñòâî (7.11) äëÿ ÿâíîé ðàçíîñòíîé ñõåìû (7.2) èìååò âèä∣∣∣∣1− 4
τ

h2
sin2 hϕ

2

∣∣∣∣ 6 1,

èëè

−1 6 1− 4
τ

h2
sin2 hϕ

2
6 1.

Ïðàâîå íåðàâåíñòâî âûïîëíåíî âñåãäà, à ëåâîå íåðàâåíñòâî ïðèâîäèòñÿ ê
âèäó

τ

h2
6

1

2 sin2 hϕ
2

.

Ýòî íåðàâåíñòâî äîëæíî âûïîëíÿòüñÿ ïðè ëþáûõ çíà÷åíèÿõ ϕ. Ñëåäî-
âàòåëüíî, ïàðàìåòðû τ è h ÿâíîé ðàçíîñòíîé ñõåìû äîëæíû óäîâëåòâîðÿòü
íåðàâåíñòâó

τ

h2
6

1

2
,

êîòîðîå ñîâïàäàåò ñ ðàíåå ïîëó÷åííûì óñëîâèåì óñòîé÷èâîñòè (7.8) ÿâíîé
ðàçíîñòíîé ñõåìû.

7.1.2 Íåÿâíàÿ ðàçíîñòíàÿ ñõåìà äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè

Èñïîëüçóåì äëÿ ïîñòðîåíèÿ àëãåáðàè÷åñêîãî àíàëîãà äèôôåðåíöèàëü-
íîé çàäà÷è (7.1) 4-¼õ òî÷å÷íûé øàáëîí, ñîñòîÿùèé èç òð¼õ ñîñåäíèõ óçëîâ
(xj−1, tn+1), (xj, tn+1), (xj+1, tn+1) äèñêðåòíîé ñåòêè íà (n + 1) �îì âðåìåí-
íîì ñëîå è îäíîãî äèñêðåòíîãî óçëà (xj, tn) íà n �îì âðåìåííîì ñëîå (ñì.
Ðèñ.7.2(a)). Íà ýòîì øàáëîíå ðàçíîñòíàÿ ñõåìà äëÿ çàäà÷è (7.1) èìååò âèä

140



� 7.1 Ðàçíîñòíûå ñõåìû äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà �



yn+1
j − ynj

τ
=
yn+1
j+1 − 2yn+1

j + yn+1
j−1

h2
+ ϕn+1

j ,

j = 1, N − 1, n = 0, K − 1;

y0
j = vj, j = 0, N ;

yn+1
0 = µn+1

1 , n = 0, K − 1;

yn+1
N = µn+1

2 , n = 0, K − 1.

(7.12)

Âî âíóòðåííèõ óçëàõ äèñêðåòíîé ñåòêè íåâÿçêà â ðàçíîñòíîé ñõåìå (7.12)
ðàâíà

ψn+1
j = −

un+1
j − unj
τ

+
1

h2

(
un+1
j+1 − 2un+1

j + un+1
j−1

)
+ ϕn+1

j .

Ïðåäñòàâèì un+1
j±1 è unj â âèäå ðàçëîæåíèé â ðÿä Òåéëîðà

un+1
j±1 = un+1

j ± un+1
x,j h+ un+1

xx,j

h2

2
± un+1

xxx,j

h3

6
+O(h4);

unj = un+1
j − un+1

t,j τ +O(τ 2)

è ïîäñòàâèì â âûðàæåíèå äëÿ íåâÿçêè. Òîãäà íåâÿçêà ïðèìåò âèä

ψn+1
j = (−un+1

t,j + un+1
xx,j + fn+1

j ) + ϕn+1
j − fn+1

j +O(τ + h2).

Òàê êàê un+1
j ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ òåïëîïðîâîäíîñòè (7.1), òî

êîìáèíàöèÿ â ñêîáêàõ â ïðàâîé ÷àñòè ðàâíà íóëþ. Åñëè äëÿ ïðàâîé ÷àñòè
ðàçíîñòíîé ñõåìû (7.12) âûïîëíåíî óñëîâèå ϕn+1

j = fn+1
j +O(τ+h2), òî íåâÿçêà

ðàâíà ψn+1
j = O(τ + h2), j = 1, N − 1, n = 0, K − 1. Ñëåäîâàòåëüíî,

||ψ||τ,h = max
j,n
|ψnj | = O(τ + h2).

Èòàê, ðàçíîñòíàÿ ñõåìà (7.12) àïïðîêñèìèðóåò êðàåâóþ çàäà÷ó (7.1) ñ ïåð-
âûì ïîðÿäêîì ïî τ è âòîðûì ïîðÿäêîì ïî h.

Ðàññìîòðèì âîïðîñ î ìåòîäå ðåøåíèÿ ðàçíîñòíîé ñõåìû. Çàïèøåì ðàç-
íîñòíóþ ñõåìó (7.12) â ñëåäóþùåì âèäå

τ

h2
yn+1
j−1 −

(
1 +

2τ

h2

)
yn+1
j +

τ

h2
yn+1
j+1 = −ynj − τϕn+1

j ,

j = 1, N − 1, n = 0, K − 1;

y0
j = vj, j = 0, N ;

yn+1
0 = µn+1

1 , n = 0, K − 1;

yn+1
N = µn+1

2 , n = 0, K − 1.
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Ââåä¼ì îáîçíà÷åíèÿ:

A =
τ

h2
, B =

τ

h2
, C =

(
1 +

2τ

h2

)
, F n

j = ynj + τϕn+1
j .

Òîãäà, ðàçíîñòíàÿ ñõåìà ïðèìåò âèä
Ayn+1

j−1 − Cyn+1
j +Byn+1

j+1 = −F n
j , j = 1, N − 1, n = 0, K − 1;

y0
j = vj, j = 0, N ;

yn+1
0 = µn+1

1 , n = 0, K − 1;

yn+1
N = µn+1

2 , n = 0, K − 1.

(7.13)

Çàïèøåì (7.13) â ÷àñòíîì ñëó÷àå, êîãäà n = 0 :
Ay1

j−1 − Cy1
j +By1

j+1 = −F 0
j , j = 1, N − 1;

y1
0 = µ1

1, y1
N = µ1

2;

F 0
j = vj + τϕ1

j , j = 1, N − 1.

(7.14)

Ñîîòíîøåíèÿ (7.14) ÿâëÿþòñÿ ñèñòåìîé ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-
íèé îòíîñèòåëüíî íåèçâåñòíûõ y1

0, y
1
1, . . . , y

1
N . Ýôôåêòèâíûì ìåòîäîì ðåøå-

íèÿ ñèñòåìû (7.14) ÿâëÿåòñÿ ìåòîä ïðîãîíêè.

Ðåøèâ ñèñòåìó (7.14), çàïèøåì (7.13) â ñëó÷àå, êîãäà n = 1 :
Ay2

j−1 − Cy2
j +By2

j+1 = −F 1
j , j = 1, N − 1;

y2
0 = µ2

1, y2
N = µ2

2;

F 1
j = y1

j + τϕ2
j , j = 1, N − 1.

(7.15)

Ñèñòåìà (7.15) ÿâëÿåòñÿ ñèñòåìîé ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îò-
íîñèòåëüíî íåèçâåñòíûõ y2

0, y
2
1, . . . , y

2
N . Ðåøàåòñÿ ýòà ñèñòåìû ìåòîäîì ïðî-

ãîíêè.

Ïîñëåäîâàòåëüíî ïåðåáèðàÿ âñå çíà÷åíèÿ n = 0, K − 1 â (7.13), âû÷èñëÿ-
þòñÿ ynj íà âñåõ âðåìåííûõ ñëîÿõ. Òàê êàê äëÿ îïðåäåëåíèÿ ynj íà êàæäîì
âðåìåííîì ñëîå íåîáõîäèìî ðåøàòü ìåòîäîì ïðîãîíêè ñèñòåìó ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé, òî ðàçíîñòíóþ ñõåìó (7.13) íàçûâàþò íåÿâíîé ðàç-
íîñòíîé ñõåìîé.

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû (7.12) èñïîëüçóåì ìåòîä
ãàðìîíèê. Ñîïîñòàâèì ðàçíîñòíîé ñõåìå îäíîðîäíîå óðàâíåíèå

yn+1
j − ynj

τ
=
yn+1
j+1 − 2yn+1

j + yn+1
j−1

h2
.
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Ïîäñòàâèì â îäíîðîäíîå óðàâíåíèå ðåøåíèå ÷àñòíîãî âèäà ynj = qnei jhϕ.
Ïîñëå äåëåíèÿ âñåõ ñëàãàåìûõ íà îáùèé ñîìíîæèòåëü, ïîëó÷èì óðàâíåíèå
îòíîñèòåëüíî ïàðàìåòðà q:

q − 1

τ
= q

eihϕ − 2 + e−ihϕ

h2
=⇒ q − 1

τ
= −q 4

h2
sin2 hϕ

2
.

Îòñþäà ñëåäóåò, ÷òî q =
1(

1 +
4τ

h2
sin2 hϕ

2

) . Òàê êàê çíàìåíàòåëü äðîáè

áîëüøå èëè ðàâåí åäèíèöå, òî óñëîâèå óñòîé÷èâîñòè |q| 6 1 âûïîëíåíî äëÿ
ëþáûõ äîïóñòèìûõ çíà÷åíèé ïàðàìåòðîâ τ è h.

Èòàê, îãðàíè÷åíèé íà τ è h íåò, ïîýòîìó íåÿâíàÿ ðàçíîñòíàÿ ñõåìà (7.12)
ÿâëÿåòñÿ àáñîëþòíî óñòîé÷èâîé. Àáñîëþòíàÿ óñòîé÷èâîñòü ÿâëÿåòñÿ ïðåèìó-
ùåñòâîì íåÿâíûõ ðàçíîñòíûõ ñõåì, òàê êàê âåëè÷èíà øàãîâ äèñêðåòíîé ñåòêè
τ è h â àáñîëþòíî óñòîé÷èâûõ ðàçíîñòíûõ ñõåìàõ îïðåäåëÿåòñÿ òîëüêî íåîá-
õîäèìîé òî÷íîñòüþ ðàñ÷¼òà, à íå îñîáåííîñòüþ ðàçíîñòíîé ñõåìû.

7.1.3 Ðàçíîñòíàÿ ñõåìà ñ âåñàìè äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè

Èñïîëüçóåì äëÿ ïîñòðîåíèÿ ðàçíîñòíîé ñõåìû äëÿ äèôôåðåíöèàëüíîé çà-
äà÷è (7.1) 6-òè òî÷å÷íûé øàáëîí, ñîñòîÿùèé èç òð¼õ ñîñåäíèõ óçëîâ

(xj−1, tn+1), (xj, tn+1), (xj+1, tn+1) äèñêðåòíîé ñåòêè íà (n + 1) �îì âðå-
ìåííîì ñëîå è òð¼õ ñîñåäíèõ óçëîâ (xj−1, tn), (xj, tn), (xj+1, tn) íà n �îì
âðåìåííîì ñëîå (ñì. Ðèñ.7.2(á)). Çàäàäèì ïðîèçâîëüíûé äåéñòâèòåëüíûé ïà-
ðàìåòð σ ∈ [0; 1] � âåñîâîé ìíîæèòåëü äëÿ âòîðîé ðàçíîñòíîé ïðîèçâîäíîé.
Íà ýòîì øàáëîíå äëÿ çàäà÷è (7.1) ïîñòðîèì ðàçíîñòíóþ ñõåìó âèäà



yn+1
j − ynj

τ
= σ

yn+1
j+1 − 2yn+1

j + yn+1
j−1

h2
+ (1− σ)

ynj+1 − 2ynj + ynj−1

h2
+ ϕnj ,

j = 1, N − 1, n = 0, K − 1;

y0
j = vj, j = 0, N ;

yn+1
0 = µn+1

1 , n = 0, K − 1;

yn+1
N = µn+1

2 , n = 0, K − 1.

(7.16)

Ñèñòåìó óðàâíåíèé (7.16) íàçûâàþò ðàçíîñòíîé ñõåìîé ñ âåñàìè äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè.
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Òî÷êà (xj, tn+1
2
) ÿâëÿåòñÿ öåíòðîì ñèììåòðèè äëÿ 6-òè òî÷å÷íîãî øàáëîíà.

Îòíåñ¼ííàÿ ê ýòîé òî÷êå íåâÿçêà â ðàçíîñòíîé ñõåìå (7.16) ðàâíà

ψ
n+ 1

2

j = −
un+1
j − unj
τ

+ σun+1
xx,j + (1− σ)unxx,j + ϕnj .

Ïðåäñòàâèì un+1
j è unj â âèäå ðàçëîæåíèé â ðÿä Òåéëîðà

un+1
j = u

(
xj, tn+1

2
+
τ

2

)
= u

n+ 1
2

j + u
n+ 1

2

t,j

τ

2
+ u

n+ 1
2

tt,j

1

2

(τ
2

)2

+O(τ 3),

unj = u
(
xj, tn+1

2
− τ

2

)
= u

n+ 1
2

j − un+ 1
2

t,j

τ

2
+ u

n+ 1
2

tt,j

1

2

(τ
2

)2

+O(τ 3)

è ïîäñòàâèì ýòè ðàçëîæåíèÿ â íåâÿçêó. Òîãäà ïîëó÷èì

ψ
n+ 1

2

j = −un+ 1
2

t,j +O(τ 2) + σun+1
xx,j + (1− σ)unxx,j + ϕnj . (7.17)

Â òî÷êå (xj, t), ãäå t ëþáîå, âòîðàÿ ðàçíîñòíàÿ ïðîèçâîäíàÿ ðàâíà

uxx(xj, t) =
1

h2
(u(xj+1, t)− 2u(xj, t) + u(xj−1, t)) .

Ïðåäñòàâèì u(xj±1, t), âõîäÿùèå â âûðàæåíèå äëÿ âòîðîé ðàçíîñòíîé ïðî-
èçâîäíîé, â âèäå ðàçëîæåíèÿ â ðÿä Òåéëîðà

u(xj±1, t) = u(xj, t)± ux(xj, t)h+ uxx(xj, t)
h2

2
± uxxx(xj, t)

h3

3!
+

+uxxxx(xj, t)
h4

4!
± uxxxxx(xj, t)

h5

5!
+O(h6).

Òîãäà, âòîðàÿ ðàçíîñòíàÿ ïðîèçâîäíàÿ èìååò âèä

uxx(xj, t) = uxx(xj, t) + uxxxx(xj, t)
h2

12
+O(h4).

Èñïîëüçóåì ïîëó÷åííîå ñîîòíîøåíèå ïðè ðàçëîæåíèè âòîðûõ ðàçíîñòíûõ
ïðîèçâîäíûõ un+1

xx,j è u
n
xx,j, âõîäÿùèõ â (7.17), â ðÿä Òåéëîðà ñ öåíòðîì â òî÷êå

(xj, tn+1
2
).
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Âåðíû ñëåäóþùèå ïðåîáðàçîâàíèÿ:

un+1
xx,j = uxx(xj, tn+1) = uxx

(
xj, tn+1

2
+
τ

2

)
= uxx

(
xj, tn+1

2
+
τ

2

)
+

+uxxxx

(
xj, tn+1

2
+
τ

2

) h2

12
+O(h4) = u

n+ 1
2

xx,j + u
n+ 1

2

xxt,j

τ

2
+

+u
n+ 1

2

xxxx,j

h2

12
+ u

n+ 1
2

xxxxt,j

τ

2

h2

12
+O(τ 2 + h4);

unxx,j = uxx(xj, tn) = uxx

(
xj, tn+1

2
− τ

2

)
= uxx

(
xj, tn+1

2
− τ

2

)
+

+uxxxx

(
xj, tn+1

2
− τ

2

) h2

12
+O(h4) = u

n+ 1
2

xx,j − u
n+ 1

2

xxt,j

τ

2
+

+u
n+ 1

2

xxxx,j

h2

12
− un+ 1

2

xxxxt,j

τ

2

h2

12
+O(τ 2 + h4).

Ïîäñòàâèì ïîëó÷åííûå ñîîòíîøåíèÿ â (7.17). Òîãäà, âûðàæåíèå äëÿ íåâÿç-
êè ïðèìåò âèä

ψ
n+ 1

2

j =
(
−un+ 1

2

t,j + u
n+ 1

2

xx,j + f
n+ 1

2

j

)
+ ϕnj − f

n+ 1
2

j + u
n+ 1

2

xxxx,j

h2

12
+

(
σ − 1

2

)
u
n+ 1

2

xxt,jτ+

+

(
σ − 1

2

)
u
n+ 1

2

xxxxt,jτ
h2

12
+O(τ 2 + h4).

Ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ïîýòî-
ìó, â ïðàâîé ÷àñòè ïåðâàÿ êîìáèíàöèÿ â ñêîáêàõ îáðàùàåòñÿ â íîëü è íåâÿçêà
ðàâíà

ψ
n+ 1

2

j = ϕnj − f
n+ 1

2

j + u
n+ 1

2

xxxx,j

h2

12
+

(
σ − 1

2

)
u
n+ 1

2

xxt,jτ+

+

(
σ − 1

2

)
u
n+ 1

2

xxxxt,jτ
h2

12
+O(τ 2 + h4).

(7.18)

Ðàññìîòðèì äâà ÷àñòíûõ ñëó÷àÿ. Ïóñòü â ðàçíîñòíîé ñõåìå (7.16) ïàðàìåòð
σ = 1

2 . Â ýòîì ñëó÷àå ðàçíîñòíóþ ñõåìó íàçûâàþò ñèììåòðè÷íîé ðàçíîñòíîé
ñõåìîé è íåâÿçêà (7.18) èìååò âèä

ψ
n+ 1

2

j = ϕnj − f
n+ 1

2

j + u
n+ 1

2

xxxx,j

h2

12
+O(τ 2 + h4).

Åñëè ïðè âû÷èñëåíèè ïðàâîé ÷àñòè â ðàçíîñòíîé ñõåìå (7.16) âûïîëíåíî

óñëîâèå ϕnj = f
n+ 1

2

j +O(τ 2 + h2), òî íåâÿçêà

ψ
n+ 1

2

j = O(τ 2 + h2).

Ñëåäîâàòåëüíî, ñèììåòðè÷íàÿ ðàçíîñòíàÿ ñõåìà àïïðîêñèìèðóåò äèôôå-
ðåíöèàëüíóþ çàäà÷ó (7.1) ñ 2-ûì ïîðÿäêîì àïïðîêñèìàöèè ïî τ è h.
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Âòîðîé ÷àñòíûé ñëó÷àé. Ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ
òåïëîïðîâîäíîñòè ut = uxx + f. Ïîýòîìó, â ñëó÷àå äîñòàòî÷íîé ãëàäêîñòè
ôóíêöèé u(x, t) è f(x, t), äëÿ ÷åòâ¼ðòîé ïðîèçâîäíîé âåðíî ðàâåíñòâî uxxxx =
uxxt − fxx.

Òîãäà ôîðìóëà (7.18) äëÿ íåâÿçêè ïðèíèìàåò âèä

ψ
n+ 1

2

j = ϕnj − f
n+ 1

2

j − fn+ 1
2

xx,j

h2

12
+

((
σ − 1

2

)
τ +

h2

12

)
u
n+ 1

2

xxt,j+

+

(
σ − 1

2

)
u
n+ 1

2

xxxxt,j τ
h2

12
+O(τ 2 + h4).

Ïóñòü σ = σ∗ =
1

2
− h2

12τ
è ϕnj = f

n+ 1
2

j + f
n+ 1

2

xx,j

h2

12
+O(τ 2 + h4).

Òîãäà íåâÿçêà áóäåò ðàâíà

ψ
n+ 1

2

j = O(τ 2 + h4).

Òî åñòü, ðàçíîñòíàÿ ñõåìà ñ σ = σ∗ àïïðîêñèìèðóåò äèôôåðåíöèàëüíóþ
çàäà÷ó (7.1) ñ 2-ûì ïîðÿäêîì ïî τ è 4-ûì ïîðÿäêîì àïïðîêñèìàöèè ïî h.
Òàêàÿ ðàçíîñòíàÿ ñõåìà íàçûâàåòñÿ ðàçíîñòíîé ñõåìîé ïîâûøåííîãî ïîðÿäêà
àïïðîêñèìàöèè.

Ïðè âñåõ äðóãèõ çíà÷åíèÿõ σ ∈ [0; 1]

(
σ 6= 1

2
, σ 6= σ∗

)
è ϕnj = f

n+ 1
2

j +

O(τ + h2) íåâÿçêà ðàâíà

ψ
n+ 1

2

j = O(τ + h2)

è ðàçíîñòíàÿ ñõåìà (7.16) àïïðîêñèìèðóåò äèôôåðåíöèàëüíóþ çàäà÷ó
(7.1) ñ 1-ûì ïîðÿäêîì ïî τ è 2-ûì ïîðÿäêîì àïïðîêñèìàöèè ïî h.

Ðàññìîòðèì âîïðîñ î ìåòîäå ðåøåíèÿ ðàçíîñòíîé ñõåìû. Çàïèøåì ðàç-
íîñòíóþ ñõåìó (7.16) â âèäå

σ
τ

h2
yn+1
j−1 −

(
1 + σ

2τ

h2

)
yn+1
j + σ

τ

h2
yn+1
j+1 = −ynj − (1− σ)τynxx,j − τϕnj ,

j = 1, N − 1, n = 0, K − 1;

y0
j = vj, j = 0, N ;

yn+1
0 = µn+1

1 , n = 0, K − 1;

yn+1
N = µn+1

2 , n = 0, K − 1.

Ââåä¼ì îáîçíà÷åíèÿ:

A = σ
τ

h2
, B = σ

τ

h2
, C =

(
1 + σ

2τ

h2

)
, F n

j = ynj + (1− σ)τynxx,j + τϕnj .
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Òîãäà, ðàçíîñòíàÿ ñõåìà ïðèìåò âèä, ñîâïàäàþùèé ñ (7.13)
Ayn+1

j−1 − Cyn+1
j +Byn+1

j+1 = −F n
j , j = 1, (N − 1), n = 0, (K − 1);

y0
j = vj, j = 0, N ;

yn+1
0 = µn+1

1 , n = 0, (K − 1);

yn+1
N = µn+1

2 , n = 0, (K − 1),

(7.19)

ãäå F n
j = ynj + (1− σ)τynxx,j + τϕnj , j = 1, (N − 1), n = 0, (K − 1).

Ïîâòîðèì òî, ÷òî äåëàëè ïðè ðåøåíèè óðàâíåíèé (7.13). Çàïèøåì ñèñòåìó
(7.19) â ÷àñòíîì ñëó÷àå, êîãäà n = 0 :

Ay1
j−1 − Cy1

j +By1
j+1 = −F 0

j , j = 1, (N − 1);
y1

0 = µ1
1, y1

N = µ1
2;

F 0
j = vj + (1− σ)τvxx,j + τϕ0

j , j = 1, (N − 1).

Ïîëó÷èëè ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
íåèçâåñòíûõ y1

0, y
1
1, . . . , y

1
N . Ýôôåêòèâíûì ìåòîäîì ðåøåíèÿ äàííîé ñèñòåìû

ÿâëÿåòñÿ ìåòîä ïðîãîíêè. Ðåøèâ ýòó ñèñòåìó, çàïèøåì (7.19) ïðè n = 1. Ïîëó-
÷èì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
y2

0, y
2
1, . . . , y

2
N . Ðåøàåòñÿ ýòà ñèñòåìû ìåòîäîì ïðîãîíêè. Ïîñëåäîâàòåëüíî

ïåðåáèðàÿ âñå çíà÷åíèÿ n = 0, K − 1 â (7.19), âû÷èñëÿþòñÿ ynj íà âñåõ âðå-
ìåííûõ ñëîÿõ.

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû (7.16) èñïîëüçóåì ìåòîä
ãàðìîíèê. Ñîïîñòàâèì ðàçíîñòíîé ñõåìå îäíîðîäíîå óðàâíåíèå

yn+1
j − ynj

τ
= σ

yn+1
j+1 − 2yn+1

j + yn+1
j−1

h2
+ (1− σ)

ynj+1 − 2ynj + ynj−1

h2
.

Ïîäñòàâèì â îäíîðîäíîå óðàâíåíèå ðåøåíèå ÷àñòíîãî âèäà ynj = qnei jhϕ.
Ïîñëå äåëåíèÿ âñåõ ñëàãàåìûõ íà îáùèé ñîìíîæèòåëü, ïîëó÷èì óðàâíåíèå
îòíîñèòåëüíî ïàðàìåòðà q:

q − 1

τ
= σ

q

h2
(eihϕ − 2 + e−ihϕ) + (1− σ)

1

h2
(eihϕ − 2 + e−ihϕ) ⇐⇒

⇐⇒ q − 1

τ
= −4σ

q

h2
sin2 hϕ

2
− 4(1− σ)

1

h2
sin2 hϕ

2
.

Ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ

q =
1− (1− σ)4

τ

h2
sin2 hϕ

2

1 + 4σ
τ

h2
sin2 hϕ

2

.
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Óñëîâèå óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû |q| 6 1 â äàííîì ñëó÷àå ïðèâîäèò
ê ñèñòåìå äâóõ íåðàâåíñòâ

1− (1− σ)4
τ

h2
sin2 hϕ

2
6 1 + 4σ

τ

h2
sin2 hϕ

2
;

−1− 4σ
τ

h2
sin2 hϕ

2
6 1− (1− σ)4

τ

h2
sin2 hϕ

2
.

Ïåðâîå íåðàâåíñòâî â ñèñòåìå âûïîëíåíî âñåãäà. Âòîðîå íåðàâåíñòâî ïðè-
âîäèòñÿ ê âèäó

−σ8
τ

h2
sin2 hϕ

2
6 −4

τ

h2
sin2 hϕ

2
+ 2 ⇐⇒ σ >

1

2
− h2

4τ sin2 hϕ

2

.

Ñëåäîâàòåëüíî, óñëîâèå óñòîé÷èâîñòè |q| 6 1 áóäåò âûïîëíÿòüñÿ ïðè ëþ-
áîì ϕ, åñëè âåñîâîé ìíîæèòåëü σ óäîâëåòâîðÿåò íåðàâåíñòâó

σ >
1

2
− h2

4τ
.

Çàìåòèì, ÷òî ñèììåòðè÷íàÿ ðàçíîñòíàÿ ñõåìà ñ âåñîâûì ìíîæèòåëåì σ =
1

2
ÿâëÿåòñÿ àáñîëþòíî óñòîé÷èâîé ðàçíîñòíîé ñõåìîé.

Èòàê, íà ïðèìåðå äèôôåðåíöèàëüíîé êðàåâîé çàäà÷è (7.1), èìåþùåé àíà-
ëèòè÷åñêîå ðåøåíèå, áûëè ïîêàçàíû ìåòîäû ïîñòðîåíèÿ ðàçíîñòíûõ ñõåì,
ïðèìåíèìûå è äëÿ êðàåâûõ çàäà÷, äëÿ êîòîðûõ àíàëèòè÷åñêèå ðåøåíèÿ íå
èçâåñòíû.

7.1.4 Ðàçíîñòíàÿ ñõåìà äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè ñ ïåðåìåííûìè

êîýôôèöèåíòàìè

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ïåðåìåí-
íûìè êîýôôèöèåíòàìè

ρ(x, t)
∂u

∂t
=

∂

∂x

(
k(x, t)

∂u

∂x

)
+ f(x, t), 0 < x < l, 0 < t;

u(0, t) = µ1(t), u(l, t) = µ2(t), 0 < t;
u(x, 0) = v(x), 0 6 x 6 l.

(7.20)

Çäåñü ρ(x, t), k(x, t), f(x, t) ãëàäêèå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì

0 < c1 6 ρ(x, t), 0 < c2 6 k(x, t) 6 c3,
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ïðè êîòîðûõ ðåøåíèå êðàåâîé çàäà÷è ñóùåñòâóåò è åäèíñòâåííî.

Ïðîèçâîäíîé
∂u(x, t)

∂t
íà îòðåçêå t ∈ [tn; tn+1] ñîïîñòàâèì ïåðâóþ ðàçíîñò-

íóþ ïðîèçâîäíóþ
∂u(x, t)

∂t
≈ u(x, tn+1)− u(x, tn)

τ
.

Ïðîèçâîäíîé
∂

∂x

(
k(x, t)

∂u

∂x

)∣∣∣∣
x=xj

ñîïîñòàâèì àëãåáðàè÷åñêóþ êîìáèíà-

öèþ, ïîëó÷åííóþ ñ èñïîëüçîâàíèåì èíòåãðî-èíòåðïîëÿöèîííîãî ìåòîäà, ñëå-
äóþùåãî âèäà

∂

∂x

(
k(x, t)

∂u

∂x

)∣∣∣∣
x=xj

≈
(
aux
)
x,j

=
1

h

(
aj+1

u(xj+1, t)− u(xj, t)

h
−

−aj
u(xj, t)− u(xj−1, t)

h

)
,

ãäå aj âû÷èñëÿþòñÿ ïî ôîðìóëå

aj =

1

h

xj∫
xj−1

dx

k(x, t)


−1

≈ k(xj− 1
2
, t).

Èñïîëüçóåì øàáëîí èç øåñòè äèñêðåòíûõ òî÷åê (Ðèñ.7.2(á)). Íà ýòîì øàá-
ëîíå äëÿ êðàåâîé çàäà÷è (7.20) ïîñòðîèì ðàçíîñòíóþ ñõåìó ñ âåñàìè

ρ(xj, t)
yn+1
j − ynj

τ
= σ

(
ayx
)n+1

x,j
+ (1− σ)

(
ayx
)n
x,j

+ ϕnj ,

j = 1, N − 1, n = 0, K − 1;
yn+1

0 = µn+1
1 , yn+1

N = µn+1
2 , n = 0, K − 1;

y0
j = vj, j = 0, N.

(7.21)

Â ðàçíîñòíîé ñõåìå (7.21) ïðè âû÷èñëåíèè çíà÷åíèé êîýôôèöèåíòîâ ρ(xj, t)
è aj ìîæíî âûáðàòü ëþáîå çíà÷åíèå t ∈ [tn; tn+1]. Ñõåìà (7.21) èìååò âòîðîé

ïîðÿäîê àïïðîêñèìàöèè ïî τ è ïî h, åñëè âçÿòü t = tn+ 1
2
, ϕnj = f

n+ 1
2

j +O(τ 2+h2)

è σ =
1

2
. Ïðè äðóãèõ çíà÷åíèÿõ σ, t è ϕnj = f

n+ 1
2

j + O(τ + h2) ñõåìà èìååò

ïåðâûé ïîðÿäîê àïïðîêñèìàöèè ïî τ è âòîðîé ïîðÿäîê ïî h.

Ñõåìà ñ ïåðåìåííûìè êîýôôèöèåíòàìè (7.21) àáñîëþòíî óñòîé÷èâà ïðè

σ >
1

2
.

Ðåøåíèå ðàçíîñòíîé ñõåìû (7.21) ïðîâîäèòñÿ ïî âðåìåííûì ñëîÿì. Ïî-
ñëåäîâàòåëüíî ïåðåáèðàÿ âñå çíà÷åíèÿ n = 0, K − 1 â (7.21), âû÷èñëÿþòñÿ
ynj íà âñåõ âðåìåííûõ ñëîÿõ. Íà êàæäîì âðåìåííîì ñëîå íåîáõîäèìî ðåøàòü
ìåòîäîì ïðîãîíêè ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.
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7.1.5 Ðàçíîñòíàÿ ñõåìà äëÿ íåëèíåéíîãî óðàâíåíèÿ

òåïëîïðîâîäíîñòè

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ íåëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè 

∂u

∂t
=

∂

∂x

(
k(u, x, t)

∂u

∂x

)
+ f(u, x, t), 0 < x < l, 0 < t;

u(0, t) = µ1(t), u(l, t) = µ2(t), 0 < t;
u(x, 0) = v(x), 0 6 x 6 l.

(7.22)

Êîýôôèöèåíò òåïëîïðîâîäíîñòè k(u, x, t) â ýòîì óðàâíåíèè çàâèñèò îò
èñêîìîãî ðåøåíèÿ u(x, t) è ïðåäåëû èçìåíåíèÿ åãî çíà÷åíèé çàðàíåå íå èç-
âåñòíû. Ïðè ÷èñëåííîì ðåøåíèè íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
èñïîëüçóþòñÿ íåÿâíûå àáñîëþòíî óñòîé÷èâûå ðàçíîñòíûå ñõåìû.

Ñîïîñòàâèì êðàåâîé çàäà÷å (7.22) íåÿâíóþ ðàçíîñòíóþ ñõåìó
yn+1
j − ynj

τ
=
(
a(yn+1

j )yn+1
x

)
x,j

+ ϕ(yn+1
j ), j = 1, (N − 1), n = 0, (K − 1);

yn+1
0 = µn+1

1 , yn+1
N = µn+1

2 , n = 0, (K − 1);
y0
j = vj, j = 0, N,

(7.23)

ãäå a(yn+1
j ) = k(yn+1

j , xj− 1
2
, tn+1) è ϕ(yn+1

j ) = f(yn+1
j , xj, tn+1).

Ðàçíîñòíàÿ ñõåìà (7.23) ïðåäñòàâëÿåò ñîáîé ñèñòåìó íåëèíåéíûõ àëãåáðà-
è÷åñêèõ óðàâíåíèé. Ðàñêðûâ â ðàçíîñòíîì óðàâíåíèè âûðàæåíèå äëÿ âòîðîé
ðàçíîñòíîé ïðîèçâîäíîé, ïîëó÷èì ñëåäóþùåå íåëèíåéíîå óðàâíåíèå

yn+1
j − ynj

τ
=

1

h

(
a(yn+1

j+1 )
yn+1
j+1 − yn+1

j

h
− a(yn+1

j )
yn+1
j − yn+1

j−1

h

)
+ ϕ(yn+1

j ).

Äëÿ ïîëó÷åíèÿ ðåøåíèÿ yn+1
j ýòîãî íåëèíåéíîãî óðàâíåíèÿ íåîáõîäèìî íà

êàæäîì âðåìåííîì ñëîå èñïîëüçîâàòü èòåðàöèîííûé ìåòîä, íàïðèìåð, ñëåäó-
þùåãî âèäà

(k+1)
yj − ynj
τ

=
1

h

a(
(k)
yj+1)

(k+1)
yj+1 −

(k+1)
yj

h
− a(

(k)
yj )

(k+1)
yj −

(k+1)
yj−1

h

+ ϕ(
(k)
yj ),

ãäå
(k+1)
yj ýòî (k + 1)-îå èòåðàöèîííîå ïðèáëèæåíèå äëÿ yn+1

j , k- íîìåð èòå-

ðàöèè, k = 0, M − 1, (M 6 5), yn+1
j =

(M)
yj è

(0)
yj = ynj . Çíà÷åíèÿ èòåðàöè-

îííîãî ïðèáëèæåíèÿ
(k+1)
yj ïðè j = 1, N − 1 íàõîäÿòñÿ ìåòîäîì ïðîãîíêè, à

(k+1)
y0 = µn+1

1 è
(k+1)
yN = µn+1

2 .
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7.2 Ðàçíîñòíàÿ ñõåìà äëÿ óðàâíåíèÿ êîëåáàíèé

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ îäíîìåðíîãî ïî ïðîñòðàíñòâó óðàâíåíèÿ
êîëåáàíèé utt = uxx + f(x, t), 0 < x < l, 0 < t;

u(0, t) = µ1(t), u(l, t) = µ2(t), 0 < t;
u(x, 0) = v(x), ut(x, 0) = w(x), 0 6 x 6 l.

(7.24)

Ðåøåíèå äàííîé çàäà÷è ñóùåñòâóåò è åäèíñòâåííî.

Ââåäåì íà îãðàíè÷åííîé ÷àñòè äîïóñòèìûõ çíà÷åíèé ïåðåìåííûõ 0 6 t 6
T è 0 6 x 6 l äèñêðåòíóþ ñåòêó, ñîñòîÿùóþ èç óçëîâ, ÿâëÿþùèõñÿ òî÷êàìè
ïåðåñå÷åíèÿ äâóõ ñåìåéñòâ ëèíèé x = xj = jh, j = 0, N, h = l

N è t = tn =

nτ, n = 0, K, τ = T
K .

Â óñëîâèÿõ çàäà÷è (7.24) ïðèñóòñòâóþò ïðîèçâîäíûå utt, uxx è ut.

Çíà÷åíèÿ ïðîèçâîäíûõ utt è uxx ïðèáëèæ¼ííî çàìåíèì íà âòîðûå ðàçíîñò-
íûå ïðîèçâîäíûå

utt(x, tn) = utt(x, tn) +O(τ 2) =
1

τ 2
(u(x, tn+1)− 2u(x, tn) + u(x, tn−1)) +O(τ 2);

uxx(xj, t) = uxx(xj, t) +O(h2) =
1

h2
(u(xj+1, t)− 2u(xj, t) + u(xj−1, t)) +O(h2).

Ïåðâóþ ðàçíîñòíóþ ïðîèçâîäíóþ ïî t â íà÷àëüíûé ìîìåíò âðåìåíè t = 0
ïðåäñòàâèì â âèäå

u(x, τ)− u(x, 0)

τ
=

1

τ

(
u(x, 0) + ut(x, 0)τ + utt(x, 0)

τ 2

2
+O(τ 3)− u(x, 0)

)
=

= ut(x, 0) + utt(x, 0)
τ

2
+O(τ 2).

Ïóñòü óðàâíåíèå êîëåáàíèé âåðíî â ìîìåíò âðåìåíè t = 0. Òîãäà utt(x, 0) =
uxx(x, 0) + f(x, 0) è âûðàæåíèå äëÿ ïåðâîé ðàçíîñòíîé ïðîèçâîäíîé ïî t, ñ
ó÷¼òîì íà÷àëüíûõ óñëîâèé çàäà÷è (7.24), ïðèìåò âèä

u(x, t1)− u(x, t0)

τ
= w(x) + (vxx(x) + f(x, 0))

τ

2
+O(τ 2).

Ñîïîñòàâèì êðàåâîé çàäà÷å (7.24) ñëåäóþùóþ ðàçíîñòíóþ ñõåìó
yn
tt,j

= ynxx,j + ϕnj , j = 1, N − 1, n = 1, K − 1;

yn0 = µn1 , ynN = µn2 , n = 1, K;

y0
j = vj,

y1
j − y0

j

τ
= wj +

(
vxx,j + f 0

j

) τ
2
, j = 0, N,

(7.25)
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ãäå f 0
j = f(xj, 0) è ϕnj = f(xj, tn) +O(h2 + τ 2).

Ðàçíîñòíàÿ ñõåìà (7.25) ïîñòðîåíà íà 5-òè òî÷å÷íîì øàáëîíå (ñì. Ðèñ.7.4)
è àïïðîêñèìèðóåò êðàåâóþ çàäà÷ó (7.24) ñ 2-ûì ïîðÿäêîì ïî τ è h, òî åñòü
ψnj = O(h2 + τ 2).

Ðàññìîòðèì âîïðîñ î ìåòîäå ðåøåíèÿ ðàçíîñòíîé ñõåìû. Äâà íà÷àëüíûõ
óñëîâèÿ â ðàçíîñòíîé ñõåìå (7.25) îïðåäåëÿþò èñêîìóþ ñåòî÷íóþ ôóíêöèþ
ynj íà âðåìåííûõ ñëîÿõ ñ n = 0 è n = 1 :

y0
j = vj;

y1
j = vj + τ

(
wj +

(
vxx,j + f 0

j

) τ
2

)
, j = 0, N.

Ðàñêðûâ âûðàæåíèå äëÿ âòîðîé ðàçíîñòíîé ïðîèçâîäíîé ïî t, çàïèøåì
ðàçíîñòíîå óðàâíåíèå ñõåìû (7.25) â âèäå

yn+1
j = 2ynj − yn−1

j + τ 2ynxx,j + τ 2ϕnj (7.26)

è áóäåì ñ÷èòàòü ýòî ñîîòíîøåíèå óðàâíåíèåì îòíîñèòåëüíî yn+1
j .

Ïðè n = 1 óðàâíåíèå (7.26) ïðèíèìàåò âèä

y2
j = 2y1

j − y0
j +

τ 2

h2

(
y1
j+1 − 2y1

j + y1
j−1

)
+ τ 2ϕnj , j = 0, N.

Òàê êàê y0
j è y

1
j óæå èçâåñòíû, òî ìîæåì íàéòè y2

j . Àíàëîãè÷íî âû÷èñëÿ-
þòñÿ ynj íà òðåòüåì è âñåõ ïîñëåäóþùèõ âðåìåííûõ ñëîÿõ.

Òàêèì îáðàçîì, äàííàÿ ðàçíîñòíàÿ ñõåìà ðåøàåòñÿ ïî âðåìåííûì ñëîÿì è
ðåøåíèå ðàçíîñòíîé ñõåìû (7.25) ñóùåñòâóåò è åäèíñòâåííî.

Ðàññìîòðèì âîïðîñ îá óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû (7.25). Èñïîëüçóåì
ìåòîä ãàðìîíèê. Îäíîðîäíîå óðàâíåíèå èìååò ñëåäóþùèé âèä

yn+1
j − 2ynj + yn−1

j =
τ 2

h2

(
ynj+1 − 2ynj + ynj−1

)
.

Ïîäñòàâèì â íåãî ÷àñòíîå ðåøåíèå âèäà ynj = qnei jhϕ. Òîãäà ïîëó÷èì:

q2 − 2q + 1 =
τ 2

h2
q(eihϕ − 2 + e−ihϕ) ⇐⇒ q2 −

(
2− τ 2

h2
sin2 hϕ

2

)
q + 1 = 0.

Ýòî óðàâíåíèå èìååò äâà êîðíÿ

q1,2 =

(
1− 2

τ 2

h2
sin2 hϕ

2

)
±

√(
1− 2

τ 2

h2
sin2 hϕ

2

)2

− 1.

Âîçìîæíû äâà ñëó÷àÿ çíà÷åíèé D =
(

1− 2 τ
2

h2 sin2 hϕ
2

)2

− 1:
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1. D > 0

Êîðíè óðàâíåíèÿ ÿâëÿþòñÿ âåùåñòâåííûìè ÷èñëàìè, äëÿ êîòîðûõ âû-
ïîëíåíî ðàâåíñòâî q1 ·q2 = 1. Ñëåäîâàòåëüíî, äëÿ îäíîãî èç êîðíåé âåðíî
íåðàâåíñòâî |q| > 1, òî åñòü óñòîé÷èâîñòè â äàííîì ñëó÷àå íåò.

2. D 6 0

Êîðíè óðàâíåíèÿ ÿâëÿþòñÿ êîìïëåêñíûìè ÷èñëàìè, äëÿ êîòîðûõ êâàä-
ðàò ìîäóëÿ ðàâåí

|q1,2|2 =

(
1− 2

τ 2

h2
sin2 hϕ

2

)2

+ 1−
(

1− 2
τ 2

h2
sin2 hϕ

2

)2

= 1.

Ñëåäîâàòåëüíî, íåîáõîäèìîå óñëîâèå óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû
âûïîëíåíî.

Íåðàâåíñòâî D 6 0 ðåàëèçóåòñÿ, åñëè |1 − 2 τ
2

h2 sin2 hϕ
2 | 6 1. Èòàê, äîëæíû

âûïîëíÿòüñÿ äâà íåðàâåíñòâà −1 6 1 − 2 τ
2

h2 sin2 hϕ
2 6 1. Ïðàâîå íåðàâåíñòâî

âûïîëíåíî âñåãäà, à ëåâîå íåðàâåñòâî ïðèâîäèòñÿ ê âèäó τ2

h2 sin2 hϕ
2 6 1. Îòñþ-

äà ñëåäóåò, ÷òî íåîáõîäèìîå óñëîâèå óñòîé÷èâîñòè âûïîëíåíî, åñëè
τ

h
6 1.

Òàêèì îáðàçîì, ðàçíîñòíàÿ ñõåìà (7.25) ÿâëÿåòñÿ óñëîâíî óñòîé÷èâîé è å¼
ðåøåíèå èìååò âòîðîé ïîðÿäîê òî÷íîñòè ïî τ è h.

7.3 Ðàçíîñòíàÿ àïïðîêñèìàöèÿ çàäà÷è

Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â ïðÿìîóãîëüíèêå
0 < x1 < l1, 0 < x2 < l2 :

∂2u(x1, x2)

∂x2
1

+
∂2u(x1, x2)

∂x2
2

= −f(x1, x2), 0 < x1 < l1, 0 < x2 < l2;

u(0, x2) = µ1(x2), u(l1, x2) = µ2(x2), 0 < x2 < l2;
u(x1, 0) = µ1(x1), u(x1, l2) = µ2(x1), 0 < x1 < l1.

(7.27)

Ââåä¼ì â ïðÿìîóãîëüíîé îáëàñòè íàáîð äèñêðåòíûõ òî÷åê ñ êîîðäèíàòàìè

(x1,i, x2,j), ãäå x1,i = ih1, i = 0, N1, h1 =
l1
N1

è x2,j = jh2, j = 0, N2, h2 =
l2
N2
.
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×àñòíûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà â çàäà÷å (7.27) ïðèáëèæ¼ííî çàìå-
íèì íà âòîðûå ðàçíîñòíûå ïðîèçâîäíûå:

∂2u(x1, x2)

∂x2
1

∣∣∣∣
x1=x1,i, x2=x2,j

≈ 1

h2
1

(u(x1,i+1, x2,j)− 2u(x1,i, x2,j) + u(x1,i−1, x2,j)) ;

∂2u(x1, x2)

∂x2
2

∣∣∣∣
x1=x1,i, x2=x2,j

≈ 1

h2
2

(u(x1,i, x2,j+1)− 2u(x1,i, x2,j) + u(x1,i, x2,j−1)) ,

i = 1, N1 − 1, j = 1, N2 − 1.

Ïðèáëèæ¼ííîå çíà÷åíèå ôóíêöèè u(x1, x2) â òî÷êå (x1,i, x2,j) îáîçíà÷èì
÷åðåç yij.

Ñîïîñòàâèì êðàåâîé çàäà÷å (7.27) ðàçíîñòíóþ ñõåìó âèäà
yx1x1,ij + yx2x2,ij = ϕij, i = 1, (N1 − 1), j = 1, (N2 − 1);

y0 j = µ1, j, yN1 j = µ2, j, j = 1, (N2 − 1);

yi 0 = µ1, i, yiN2
= µ2, i, i = 1, (N1 − 1).

(7.28)

Çäåñü µ1, j = µ1(x2,j), µ2, j = µ2(x2,j), µ1, i = µ1(x1,i), µ2, i = µ2(x1,i) è
ϕij = −f(x1,i, x2,j) +O(h2

1 + h2
2).

Ðàçíîñòíàÿ ñõåìà (7.28) ïîñòðîåíà íà 5-òè òî÷å÷íîì øàáëîíå (ñì. Ðèñ.7.5)
è àïïðîêñèìèðóåò êðàåâóþ çàäà÷ó (7.27) ñ 2-ûì ïîðÿäêîì ïî h1 è h2.

Ðèñ.7.6

R =

0

0

0 0

N1 + 1

Ðèñ.7.5

x2,j+1
u

x2,j

x2,j−1

x1,ix1,i−1 x1,i+1

u u u
u

Ââåä¼ì â ðàññìîòðåíèå âåêòîð y, êîìïîíåíòàìè êîòîðîãî ÿâëÿþòñÿ íåèç-
âåñòíûå yij, óïîðÿäî÷åííûå ïî âîçðîñòàíèþ èíäåêñà j, è ïðè îäèíàêîâîì j ïî
âîçðàñòàþùåìó èíäåêñó i, òî åñòü

y =
(
y10, y20, . . . , y(N1−1)0, y01, y11, . . . , yN11, y02, y12, . . . , yN12, . . .

, y0(N2−1), y1(N2−1), . . . , yN1(N2−1), y1N2
, y2N2

, . . . , y(N1−1)N2

)T
.

Òîãäà ñèñòåìà óðàâíåíèé (7.28) â ìàòðè÷íîé ôîðìå çàïèñè ïðèìåò âèä

Ry = g,
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ãäå âåêòîð ïðàâûõ ÷àñòåé ðàâåí

g =
(
µ1, 1, µ1, 2, . . . , µ1, (N1−1), µ1, 1, ϕ11, ϕ21, . . . , ϕ(N1−1)1, µ2, 1,

µ1, 2, ϕ12, ϕ22, . . . , ϕ(N1−1)2, µ2, 2, . . . , µ1, (N2−1), ϕ1(N2−1), ϕ2(N2−1), . . .

, ϕ(N1−1)(N2−1), µ2, (N2−1), µ2, 1, µ2, 2, . . . , µ2, (N1−1)

)T
,

à êâàäðàòíàÿ ìàòðèöà R èìååò ¾ëåíòî÷íóþ¿ ñòðóêòóðó (ñì. Ðèñ.7.6), êîòî-
ðàÿ ñîîòâåòñòâóåò âûáðàííîìó ïîðÿäêó ðàñïîëîæåíèÿ íåèçâåñòíûõ â êîìïî-
íåíòàõ âåêòîðà y. Ðàçìåðíîñòü ìàòðèöû R ðàâíà N×N , ãäå N = N1 ·N2+N1+
N2 − 3. Êîëè÷åñòâî êîìïîíåíò âåêòîðà íåèçâåñòíûõ y òàêæå ðàâíî N. Åñëè,
íàïðèìåð, N1 = N2 = 100 (l1 = l2 = 1⇒ h1 = h2 = 0.01), òî N > 10 000. Ýô-
ôåêòèâíûìè ìåòîäàìè ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
òàêîé ðàçìåðíîñòè ÿâëÿþòñÿ èòåðàöèîííûå ìåòîäû (ñì. Ãëàâà 1).
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